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BLOWUP OF SOLUTIONS TO DEGENERATE
KIRCHHOFF-TYPE DIFFUSION PROBLEMS INVOLVING THE
FRACTIONAL p-LAPLACIAN

YANBING YANG, XUETENG TIAN, MEINA ZHANG, JIJHONG SHEN

Communicated by Vicentiu D. Radulescu

ABSTRACT. We study an initial boundary value problem for Kirchhoff-type
parabolic equation with the fractional p-Laplacian. We first discuss the blow
up of solutions in finite time with three initial energy levels: subcritical, critical
and supercritical initial energy levels. Then we estimate an upper bound of
the blowup time for low and for high initial energies.

1. INTRODUCTION

In this article we consider the parabolic initial boundary value problem involving
the fractional p-Laplacian

O + [u]gfp*)”ﬁ’;(u = |[u|?%u, in Q x RY, O = du/ot,
u(z,0) = up(x), in Q, (1.1)
u(z,t) =0, in (RM\Q) x RY,

where [u]s, = (fo lu(z,t) —u(y, t)|PK(z — y) dz dy)l/p, p and ¢ satisfy 2 < pA <
q < pt with X € [1,p?/p) and p’ := Np/(N — sp), s € (0,1), Q@ C RY is a bounded
domain with Lipschitz boundary Q. The initial function is ug > 0 on Q, L% is a
nonlocal integro-differential operator, which is defined by

Lip(x) =2 lim lo(@) = e(W)IP[p(@) — ¢(y)] K (z — y)dy,
e—0+ ]RN\BE(:E)
for any ¢ € C5°(RY), where B.(z) denotes the ball in RY with radius ¢ > 0 centered
at € RY. The kernel K : RV \ {0} — R* satisfies the following assumptions
(A1) m(z)K € L*(RY), where m(x) = min{|z|?, 1}; there exists Ko > 0, such
that K (z) > Kol|z|~ ™+ for a.e. z € RV \ {0}.

A typical example for K is the singular kernel K (x) = |z|~N+P%). In this way,
Lhep(x) = (=A)sp(x) for all p(x) € C°(RN). We refer the reader to [7, 14} 22} 139]
for further details on fractional Laplacian and the fractional Sobolev spaces. In this

2010 Mathematics Subject Classification. 35R11, 35K55, 47G20.

Key words and phrases. Kirchhoff-type problem; parabolic equation; fractional p-Laplacian;
blow-up of solution; blow-up time.

(©2018 Texas State University.

Submitted May 4, 2018. Published August 22, 2018.

1



2 Y. YANG, X. TIAN, M. ZHANG, J. SHEN EJDE-2018/155

case, [u]s, becomes the celebrated Gagliardo semi-norm. As well known, prob-
lem has been used to model some physical phenomena occurring in nonlocal
reaction-diffusion problems, non-Newtonian fluid, non-Newtonian filtration and tur-
bulent flows of a gas in a porous medium, and so on. In the non-Newtonian fluid
theory, the quantity p is characteristic of the medium. Media with p > 2 are called
dilatant fluid and those with p < 2 are called pseudoplastics. If p = 2, they are
Newtonian fluids.

To explain the motivation for problem 7 let us introduce a prototype of
nonlocal problem in RV x Rb” . Nonlocal evolutions of the form

utet) = [ [ulo0) — ule DK ~ ) (1.2

and its variants, have been recently used to model diffusion processes. More pre-
cisely, as stated, if u(x, t) is thought of as a density of population at the point x and
time ¢ and K(z — y) is thought of as the probability distribution of jumping from
location y to location z, then [,y u(y,t)K(x —y)dy is the rate at which individuals
are arriving at position z from all other places and [ v u(x, t)K(z —y)dy is the rate
at which they are leaving location x to travel to all other sites. If we consider the
effects of total population, then problem becomes

Opu(z,t) = M(//Rw lu(z,t) — u(y, t)|*K(z — y) dz dy) "
< [ o) = o DK = )

where the coefficient M : Rf — R{ accounts for the possible changes of total
population in RY. This signifies that the behavior of individuals is subject to total
population, such as the diffusion process of bacteria. As a matter of fact, model
is meaningful, since the way of measurements are usually taken in average
sense. It is worthy pointing out that there are some papers dedicated to the study
of Kirchhoff-type parabolic problems. For example, Gobbino in [11] investigated
the properties of solutions for the degenerate parabolic equations of Kirchhoff type

up — M(/RN |Vu|2dx)Au =0, (1.4)

where the Kirchhoff function M : Rf — Ry is continuous, which have been studied
by many authors, see [I1] and the references therein for more details; see also [3] [20]
for wave equations of Kirchhoff type.

In the classical case, let us sketch the recent advances concerning the equation

ug — Au = f(u). (1.5)

Liu and Zhao [I6] considered the initial-boundary value problem with initial data
J(up) < d for I(up) < 0 and I(ug) > 0, and initial data J(ug) = d for I(ug) > 0.
In [30] Xu studied the same problem with critical initial data J(ug) = d, I(ug) < 0,
and initial data J(ug) > d, I(ug) > 0. A powerful technique for treating the above
problem is the so-called potential well method, which was established by Payne and
Sattinger [25]. Gazzola and Weth [12] studied the initial-boundary value problem
of (L.5), where f(u) = |ulP~'u. They proved finite time blow-up of solutions with
high initial energy J(ug) > d by the comparison principle and variational methods.
Xu and Su [32] studied the initial boundary value problem of u; — Au, — Au = uP.
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More precisely, they used the family of the potential wells to prove the nonexistence
of solutions with initial energy J(ug) < d, and obtained finite time blowup with
high initial energy J(up) > d by comparison principle. Very recently, Xu et al. in
[33] discussed the same problem and established a new finite time blowup theorem
for the solution of problem for arbitrary high initial energy.

In the fractional case, Caffarelli and Silvestre [4] introduced the s-harmonic ex-
tension to define the fractional Laplacian operator. Nezza et al. [22] established
the corresponding Sobolev inequality and Poincaré inequality on the cone Sobolev
spaces. Fu and Pucci in [§] proved the existence of global solutions with exponen-
tial decay and showed the blow-up in finite time of solutions to the space-fractional
diffusion problem

up + (=A)u = |[ulf "y, € Qt >0,
u(z,0) = uo(x), z€9Q, (1.6)
u(z,t) =0, xeR"\Qt>0,

provided that M = 1 and p satisfies 1 < p < 2 —1 = Zf—gi More works on
fractional equations can be found in [T}, 13, [I8 29] and the references therein.

In recent years, a lot of interest has grown about Kirchhoff-type problems, see
for example [3, 10, 27 [35]. In these papers, to obtain the existence of weak solu-
tions, the authors always assume that the Kirchhoff function M : RS‘ — Rt is a

continuous and nondecreasing function and satisfies the following conditions:
there exists mg > 0 such that M(t) > mq for all t € R]. (1.7)

A typical example is M (t) = mg+bt™ with mg > 0, b > 0 for all t € Ry . Naturally,
we distinguish the problem into non-degenerate and degenerate cases in accordance
with M(0) > 0 and M(0) = 0 respectively. It is worthwhile pointing out that
the degenerate case is rather interesting and is treated in well-known papers in
Kirchhoff theory, see for example [B]. From a physical point of view, the fact that
M (0) = 0 means that the base tension of the string is zero. For some recent results
in the degenerate case, see for instance [2, [6, 20, 28| 31, [36] and the references
therein. In these papers, the Kirchhoff function M was assumed to fulfill more
general conditions which cover the degenerate case. In this paper, we assume that
M is the simple power function M (t) = t*~! with A\ € [1,p}/p) for all t € R,
which implies problem is degenerate, see [34] 37, [38] for more results about
this type. Pan et al. [24] first studied the global solutions for degenerate Kirchhoff-
type wave problem in the setting of fractional Laplacian by combing the Galerkin
method with potential well theory. Pan et al. [23] investigated for the first time
the existence of a global solution for degenerate Kirchhoff-type diffusion problems
involving fractional p-Laplacian by combing the Galerkin method with potential
well theory. Recently, Xiang et al. [I9] studied a diffusion model of Kirchhoff-type
driven by a nonlocal integro-differential operator, and obtained the existence of
nonnegative local solutions. Also, they showed that the nonnegative local solutions
blow up in finite time with arbitrary negative initial energy. In particular, the
authors gave an estimate for the lower and upper bounds of the blow-up time
under certain hypotheses on M which cover the degenerate case M(0) = 0.

Zhou and Yang [40] studied an evolution m-Laplace equation involving variable
source in which the upper bound of the blowup time for the blow-up solutions with
positive initial energy was estimated. Xu et al. [33] discussed the initial boundary
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value problem of u; — Au; — Au = uP, and estimated the upper bound of the blowup
time for arbitrary high initial energy.

Motivated by the above works, we complete the picture of weak solutions for
problem in the setting of fractional p-Laplacian by potential well theory and
concave function method. More precisely, we shall prove the finite time blow-up of
solutions for problem at three different energy levels: J(ug) < d, J(ug) = d,
J(ug) > d. Furthermore, we will estimate the upper bound of the blowup time at
low initial energy and arbitrary high initial energy.

The outline of this paper is as follows. In Section 2, we recall some necessary
definitions and properties of the fractional Sobolev spaces and introduce the family
of potential wells. In Section 3, we prove the finite time blow-up for problem
with low initial energy J(ug) < d and estimate the upper bound of the blowup
time. In Section 4, we show the finite time blow-up for problem with critical
energy J(ug) = d. In Section 5, we establish a new finite time blowup theorem
for the solution of problem for arbitrary high initial energy and estimate the
upper bound of the blowup time.

2. PRELIMINARIES

2.1. Functional spaces. In this section, we first recall some definitions and prop-
erties of the fractional Sobolev spaces, see [0, 22] [35] for further details.

Let 0 < s <1 < p < oo be real numbers and the fractional critical exponent p?
be defined as

N .
= N_’;p, if sp < N, 2.1)
® 0, if sp > N.

In the following, we denote Q = R?V \ G, where
G = C(Q) x C(Q) C B2V,

and G = RN \ Q. W is a linear space of Lebesgue measurable functions from R¥
to R such that the restriction to  of any function w in W belongs to LP(2) and

[Lu@ﬂ—mw?Ku—wdm@<al

The space W is equipped with the norm
1/p
b = (oo + [ ) — )R (2 ) dnay) "

It is easy to get that || - ||w is a norm on W, see [35]. We shall work in the closed
linear subspace

Wo={uecW:u(x)=0ae in RY\Q}. (2.2)
For any p € [1,+00), we define the fractional Sobolev space W*?(Q) as follows

WP(Q) = {u e LP(Q) : W € LP(Q x Q)},

endowed with the norm

|u y)|P 1/p
lullwsw ) = Hu||Lp(Q)+ le_Hn dzdy) .
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Lemma 2.1 ([35, Lemma 2.3]). Let K : RN \ {0} — R* satisfy assumption(A1).
Then there exists a positive constant Cy = Co(N,p,s) such that for any v € Wy
and q € [1, p{],

||, <Co// [v(@) = v()I” dx dy
|| ||L (Q) axQ ‘x_y|N+ps

< Ko//@ |v(z) —v(Y)|PK(x — y) dx dy.

Definition 2.2. Let p > 1 and W be a reflexive Banach space. A function f
defined and measurable in @ belongs to the space LP(0,T; W), if

T 1/
1O T5w) = ([ rtalfpde) " <o,

Using [8], we can get an equivalent norm on Wy defined as

ety = ([ 1060) = K e =)o)

Definition 2.3. A function u € L*(0, 00; W) is said to be a (weak) solution of
problem (1.1), if u; € L?(0,00; L*(2)) and for a.e. t > 0,

atu(x t)pdx + (u, d)w, /|u|q 2ugdz,
where

(o0, = M(Julfy,) [ ] o) = (o0 e ) ~(0,0)
X [p(x) — d(y)| K (z — y) dz dy,
for any ¢ € Wy.
Then we introduce some functionals
7(w) = < el = <l (23)
I(u) = [lullfy, — llully (2.4)
and the potential well
W={ueWy|I(u)>0,J(u) <d}u{0},
V={ueWy|I(u) <0,J(u)<d}, d= ulélﬁfj(u)
The Nehari manifold
= {ueWo: I(u) =0, [ullw, # 0},
separates the two unbounded sets

Ny ={ueWy|I(u) >0}, N_={ueWy|I(u)<O0}.
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2.2. Family of potential wells. In this section, we introduce a family of potential
wells Ws and its corresponding sets Vs, and give a series of their properties for
problem (L.I). Firstly, let the definitions of functionals J(u), I(u) and the potential
well W with its depth d given above hold. Next, we give some properties of above
sets and functionals.

For § > 0, we define

Ts(w) = dllully, — ullg, d(8) = inf J(w),

6 q*ll’)\
N5 ={ue Wy | Is(u) = 0,||ullw, #0}, 7(d) = (ﬁ> ’

where C, is the embedding constant from W, into L9(£2).
For 0 < ¢ < ¢/(p)), we define
Ws ={ue Wy | Is(u) >0,J(u) <d(6)}U{0},
Vs ={ue Wy | Is(u) <0,J(u) < dd)},

/0 | ||2dT + J(u) < J(ug). (2.5)

Lemma 2.4. Let u € Wy. Then we have
(i) If Is(u) < 0, then ||ullw, > r(5). In particular, if I(u) <0, then ||ullw, >
r(1).
(ii) I]E I)(;(u) =0, then ||ullw, > r(0) or |ullw, = 0. In particular, if I(u) =0,
then ||ullw, > r(1) or ||u|lw, = 0.
(iii) If Isu = 0 and ||u|lw, # 0, then J(u) > 0 for 0 < 6 < q¢/(pA), J(u) =0 for
0 =q/(pA), J(u) <0 for s > q/(pA).

Proof. (i) It is easy to see that ||u|lw, # 0 thanks to I5(u) < 0. Thus from
A A —pA
Ollullfy, < llullf < Clullfy, = Collullyy, llulliv,™

we obtain ||ullw, > r(9).
(ii) On the one hand, if [julw, = 0, then Is(u) = 0. On the other hand, if
lullw, # 0 and I5(u) = 0, then by

A A —DpA
Sllully, = llullg < Clull, el

we obtain |lullw, > 7(9).
(iii) The conclusion follows from Lemma [2.4{ii) and by I5(u) = 0, we have

1 9 A O "
J — ( _ 7) P _ pA T q
()= (5 = g el + llullg = 2 llllg
1 5) pA 1
=(— — - )lulliy, + —Lsu,
(o5~ Dl + 2
which implies (iii). O

Lemma 2.5. d(0) satisfies the following properties:
(1) d(0) = a(d)rPA(0) for a(0) = 1/(pA) = 6/¢,0 <& < q/(p).
(i) lims—o d(d) = 0,d(q/(pA)) =0 and d(6) < 0 for § > q/(pA).
(iii) d(9) s increasing on 0 < § < 1, decreasing on 1 < § < q/(pA) and takes
the mazimum d = d(1) at § = 1.
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Proof. (i) If uw € NV, then by lemma ii) we have ||u|lw, > r(d). Hence from

7w = (55 - g) Jull, + ~Tsta) = @)l > al8)r™ (),

it follows that d(6) > a(8)rP (9).
(ii) For any u € Wo, ||ullw, # 0, we define 8 = 6(5) by

3ll6ullfy, = l16ull, (2.6)

ie. (5||u||€[’,\0 = 097P*|ul|2. Hence, for any & > 0, there exists a unique

8(5) = (Mn%)q;x?

[ullg

satisfying (2.6)), which implies that fu € Ny, we have lims_o 0(5) = 0. It is easy to
see that

511_r}r(1) J(Ou) = gli% J(Ou) =0
and lims_. d(6) = 0. From lemma [2.4] (iii), we can complete this proof.
(iii) It is enough to prove that for any 0 < ¢’ < ¢” <lor 1l <" < ¢ < q/(pA)
and for any u € N, there exist a v € Ny and a constant £(d,46”) such that

J(v) < J(u) —e(d’,0"). In fact, for above u we can define 6(9), then I5(6(d)u) =0
and 0(6”) = 1. Let g(0) = J(fu), we obtain

d 1 _
—59(0) = 2 (1= DI0ulfy, +I5(0w)) = 07 (1 = &) ullfy,.

Taking v = (6" )u, then v € Ng. For 0 < §’ < §” < 1, we have

J(v) = J(u) =g(1) = g(6(5"))

Yod
O

1
:/ (1= 8)0m " ull7 do
0(6")

>(1—8")rPA(§")ePA 1 (8') (1= 0(5")) = (8", 6").
For 1 < ¢” < ¢' < q/(pA), we have

J(u) = J(v) =9(1) = 9(6(5"))
>(8" = 1)rPA(§")PAH(8") (0(8') — 1) = (¢, 8").

Therefore, the conclusion of (iii) is proved. O

Lemma 2.6. Assume 0 < J(u) < d for some u € Wy, and 61 < d2 are the two roots
of equation d(8) = J(u). Then the sign of Is(u) doesn’t change for 61 < 6 < 2.

Proof. J(u) > 0 implies [lullw, # 0. If the sign of I5(u) is changeable for §; < d <

d2, then we choose 0 € (d1,d2) and I5(u) = 0. Therefore, we can get J(u) > d(9),

which contradicts J(u) = d(d1) = d(d2) < d(9). O
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3. BLOW UP WITH LOW INITIAL ENERGY J(ug) < d

Definition 3.1. Let u(t) be a weak solution of problem . We define the
maximal time existence Tax of u(t) as follows:
(i) If u(t) exists for 0 <t < oo, then Tiax = 00.
(ii) If there exists a tg € (0,00) such that u(t) exists for 0 < ¢ < tg, but does
not exists at t = tg, then T = to.

Lemma 3.2 (Invariant set for J(ug) < d). Let ug € Wy, 0 < e < d, 01 < d2 be the
two roots of equation d(6) = e. Then All weak solutions u of problem with
J(ug) = e belong to Vs for §1 < § < d2, 0 < t < Thax, provided I(ug) < 0, where
Tinax s the maximal existence time of u(t).

Proof. Let u(t) be any weak solution of problem with J(ug) = e, I(ug) < 0.
From J(uo) = €, I(ug) < 0 and Lemma [2.6] it follows I5(ug) < 0 and J(ug) < d(9).
Then ug(x) € Vs for 61 < § < da.

We prove u(t) € Vi for 61 < § < d2 and 0 < t < Tiax. Arguing by contradiction,
by time continuity of I(u), we suppose that there exists a dy € (d1,d2) and tg €
(0, Timax) such that u(to) € OVs,, Is,(u(to)) = 0 or J(u(ty)) = d(dp). From

t
/|MﬁM@T+JW)§J@@<d®% 01 <8< 02 0<t < Tax,  (3.1)
0

we can see that J(u(tg)) # d(do). Assume Iy, (u(tg)) = 0 and tg is the first time such
that I, (u(to)) = 0, then Iy, (u(t)) < 0 for 0 < t < ty. By Lemma [2.4i) we have
[lw(to)l|lw, > r(dp) for 0 < ¢ < to. Hence ||u(to)||w, > (o), then ||u(to)|lw, # O.
From u(to) € N, and J(u(to)) # d(do), we have J(u(ty)) > d(dp), which contradicts
BD). 0

Remark 3.3. If the assumption J(ug) = e is replaced by 0 < J(ug) < e in Lemma
[3:2] then the conclusion of Lemma [3.2] still holds.

3.1. Finite time blow-up at low initial energy. In this section, we establish
the finite time blow-up of solutions of problem . By Lemma we know that
Wy is continuously embedding in L?(€2), let S be the best embedding constant.
Then the main result of this section is stated as follows.

Theorem 3.4 (Blow-up for J(up) < d). Suppose that ug € Wo, JJ(ug) < d and
I(ug) < 0. then any nontrivial solution of problem (1.1)) must blowup in finite
time. There exists a T’ > 0 such that

t
. 2 o
Eglnmuh—+w. (3.2)

Proof. Let u(t) be any weak solution of problem with J(ug) < dand I(up) < 0.
We define

t
Mo = [ Jular,
then M’(t) = ||ul|3, and
M"(t) = 2(u,u) = 2/ upudz = 2||ul|d — 2||u\|€‘i‘o = —2I(u). (3.3)
Notice that ’

1 1 1 1 1
J = pA 2 q _ _ = PA 2 I(w):
() = S, — g = (- D)t + L1
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thus

I(u) = qJ(u) -

Applying the basic inequality s < s* + 1 for any s > 0 and o > 1, we can get

M (e) =20 P ey o)

PA
e Ul VT MV /t lur ll3dr — 24 (uo)

2\ 0
z%\mnﬁ 42 /0 Jurl3 = (20 (o) + W>
:w(qp)_\p)\)M'(t) +2g /Ot Jur i — (20 (uo) + z(qP_ApA))’

where C = S?. Note that

([ e [ i)

2
ol — lhuoll3)

1
2
(lullz = 2llul3lluoll3 + lluoll2)

= 2M"(t)]|uoll3 + [luoll2) -

'~
E

It follows that
2 ! 2
(M'(t))" = 4(/ / urudr dT) + 2M' (t)||uol|2 — ||luol|3 - (3.4)
0 Jo
Using the Cauchy-Schwartz inequality, we have
MM - § (M (1))

t t t 9
q
> 2 [ Nular [ ular 20 [ [ wrudedr) + §uol
0 0 0 JQ

~ (207tu0) + 2P e+ LY 0 )01 (e) — gunl B2 1)
- 2C(q — pN) 2(¢ —pN)

> = M’(t)M(t)—(QqJ(uo)+ 3

M) = alluo |30 (1),

We discuss the following two cases:
(i) If J(up) < 0, then

MM (1) - L 1))

2
> 2P pr(a o) — aluolr o) - 2P ar,

Now we prove I(u) < 0 for ¢ > 0. If it is false, we must be allowed to choose a tg > 0
such that I(u(tp)) = 0 and I(u) < 0 for 0 < t < to. From Lemma [2.4]i), we have
lulw, > (1) for 0 <t < to, ||u(to)||w, > r(1) and J(u(to)) > d, which contradicts
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(2.5). From (3.3)), we can get M"(t) > 0 for t > 0. From M’(0) = |juo||3 > 0, we

can see that there exists a tg > 0 such that M’ (ty) > 0. For ¢ > ¢, we have
M(t) > M'(to)(t —to) + M(to) > M'(0)(t —to).
Therefore, for sufficiently large ¢, we obtain
C(qg —p))
PA
Clg—pN)
PA

M(t) > qlfuoll3,

2(q — pA)
M'(t) > —————=

(0> 2,

then
M()M"(t) — %(M/(t))z > 0.

(i) If 0 < J(uo) < d, then by Lemma [3.2] we have u(t) € Vs for 1 < § < 62, ¢ >0
and Is(u) < 0, |lullw, > r(d) for 1 < § < d2, t > 0, where 5 is the larger root of
equation d(0) = J(ug). Hence, Is,(u) < 0 and ||ullw, > r(d2) for t > 0. By (3.3)
we have

M"(t) = 21 (u) = 262 — 1) Jul[ff, — 215, (w)
> 200, — Dlullfp, > 2(8 — 1)rPA(82), >0,
M'(t) > 2(65 — 1)rPA(82)t + M'(0) > 2(82 — 1)rPX(52)t, >0,
M(t) > 2(52 — 1)rPX(82)t%, ¢ > 0.
Therefore, for sufficiently large ¢, we have

C(q —pA)

=2 3100 > gl
2(q — pX
M'(t) > 2qJ (ug) + (qup)'

C(q—pX)
PA
Consequently,
MM (1) - (a1 (1))?

2
2P v - (207(u) +

_ (C(QP;\ pA)

2(q — pA)

) M)~ o 30 ()

M(t) = qlluoll3) M’ (¢)

(AP ar) - 2400 - 2P Y are) >0

The remainder of the proof is the same as that in [32]. O

3.2. Blow up time with low initial energy. We give an upper bound for the
blow up time. By Lemma we know that the Sobolev space Wy — L1()
continuously. Let C, be the optimal constant of the embedding then

l[ullg < Cullullw,, (3.5)
ay = C, T (3.6)
— D\ _— P — DA
gy = LA orames 47 PA A (3.7)

pAg pAg
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By [23] Lemma 3.4], we know that
qg—px 1

PAg

J =
! p)‘q C*q—p/\

=d.

Then the main result of this article reads as follows.

Theorem 3.5. Suppose ¢ > p\, ¢ > 2. Then the solution of problem (L.1)) will
blow up in finite time if the initial value ug is chosen to ensure that J(up) < d and
lwollw, > 1. Moreover, the blow-up time T can be estimated from above by T*,
where

20 V) 2"
T* — q( JCQ ’LLO(.Z')) — — (38)
(g—2)(q —p)\)(l — ((p%\ — J(ug)a; 7)q) q—p,\)
and
1
 t@de= o [ fla)da
Q €2 Jo
where || is the Lebesque measure of .
Lemma 3.6. The energy defined in (2.3) is nonincreasing with
t
Tult) = (o) = [ e (39)
Proof. From (2.3), we have
/ _Liue
7 a(®) = (551l = ¢lul3)
/\u|q uutder/[ }( Dp(— A)puusder
= [ (= ) s
=— / ufdx,
Q
which yields (3.9)). O
We deduce from (2.3]) and ({3.5] . ) that
1 1
t)) = — p)\ff q>7p)‘77 . q 1
J(u(t)) p)\”u”WO qHUHq = o q(C a)?, (3.10)

where a(t) = [Ju(:,)]|w,-
Lemma 3.7. Let g : [0,00) — R be defined by
1 5 1
g(a) = —aP* — =Claf.
(a) ) .
Then the following properties hold under the assumptions of Theorem [3.5:

(i) g is increasing for 0 < a < ay and decreasing for o > aq;
(ii) limg—oo g(@) = =00 and g(an) = Ji.
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Proof. (i) The first derivative of g(«a) is
g (a) =Pt — 071,
Note that ¢’(a) = 0 implied that a; = C, *~ o , hence (i) follows.

(ii) Since p\ < ¢, we have that lim,_ . g(« ) = —00. «q is the extreme point
and a routine computation gives rise to g(ay) = Ji. Then (ii) holds. O

Lemma 3.8. Under the assumptions of Theorem[3.5, there exists a positive con-
stant s > aq such that

[u(-)llw, > a2, ¢ >0, (3.11)
/ lul?dz > (Ciaz)?, (3.12)
2 (- a0n)e) 519

Proof. Since J(ug) < Ji, it follows from Lemma that there exists a positive

constant ag > aq such that J(ug) = g(ag). Let ag = ||uollw,, by (3.10), we have

g(ao) < J(up) = g(ag). Since ap,as > aq, it follows from Lemma [3.7(i) that
Qg > Qg SO holds for t = 0.

Now we prove by contradiction. Suppose that ||u(-,%o)||w, < a2 for some
to > 0. By the continuity of ||u(-,t)|lw, and a1 < a2, we may choose ¢y such that
[lw(-,t0)|lw, > c1. Then it follows from that

J(uo) = g(az) < g([lul-;to)llw,) < J(ulto)),

which contradicts Lemma and (3.11)) follows.
By (2.3) and Lemma we obtain

1 1 1 1
“lultde > —||ullB — J(uo) > —ab™ = J(ug) = —(Chag)?
/Qq|u| T2 p}\HU”WO (ug) > Qo (uo) q( az)?,

DA
and (3.12)) follows.

Since J(ug) < J1, by a straightforward computation, we can check
1
(E—J(uo) >q>1.
Denote § = as/aq, then f > 1 by the fact that as > ;1. So it follows from
J(up) = g(ae) and (3.6) that

J(uo) =g(Bar)
1 1 q q
—A(ﬂoq) - 60* (Bev)
>a”’\<i ~ Ba—PX anq_p/\) (3.14)
-1 p)\ q * 1
_ap/\<i _ 5’1—17)\)
\pA g
which implies that the inequality in (3.13). O

Lemma 3.9. Under the assumptions of Theorem[3.5, we have the estimate

0< H(0) < / |u|?dx, (3.15)
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where H(t) = Jy — J(u(t)) fort > 0.
Proof. From Lemma we know that H(t) is nondecreasing in ¢. Thus
H(t) > H(0) = J1 — J(ug) >0, t >0. (3.16)
Combining (2.3)), (3.7) and (3.11)), J(u(t)) > 0 and as > a7, we have
Ht)=J1—J(u(t) < J; — —al / lulfdz < = / |u|?dx.
This completes the proof. O
Proof of Theorem[3.5, Let

u?(x,t)dx.
Then by the definition of J(u(t)) and H(t), the derivative of M(t) satisfies

M'(t) :/ uurdx
Q

— llullfy, + Il
A (3.17)
=[lull§ — pAJ (u(t)) — ?HUIIZ
I PA g Ay + pAH().
From (3.6, (3.7) and (3.12), we obtain
—p\ ___pra — A
p)\Jl — q D C* a—pX _ u(c*cn)q
q q
_a=pA oyt
= (a2) (Chan) (3.18)
)\
<47P / |u|9dx.
So, we have )
M) > G, (3.19)
where
G (1 _ (&)q)ﬂ
Q2 q
By Holder’s inequality, we have
MI2() < C/ luf9da, (3.20)
Q
where
C =220,
and || is the Lebesgue measure of Q. Then it follows from (3.19) and (3.20) that
C
M'(t) > = M9Y?(t
(1) > ZM3(),

which means that

2q — 2 é _?32
- / o |2 dx - %t) . (3.21)
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Let
- 24/2¢ 24
7= 7(/ \u0|2d:v) P € (0,00). (3.22)
(¢=2)C\a
Then M (t) blows up at time 7. Therefore, u(z,t) ceases to exist at some finite
time T < T, that is to say, u(z,t) blows up at a finite time T
Next, we estimate 7. By (3.13)) and the values of C, C, we have

24/2C - Q"
(1=2C 7 (=2 (1= (G5 — Two)ar™)e) T ) 22

q

The above inequalities combined with (3.22]) give T' < T < T*, where T* is defined
in (3.8). The remainder of the proof is the same as that in [40]. O

4. BLOW UP WITH CRITICAL INITIAL ENERCY J(ug) = d

In this section, we prove the finite time blow-up of solution for problem (|1.1))
with the critical initial condition J(ug) = d.

Theorem 4.1. Suppose that ug € Wy, J(ug) = d and I(ug) < 0. Then any
nontrivial solution of problem (1.1)) must blow up in finite time.

Proof. Let u(t) be any weak solution of problem (1.1]) with J(ug) = d and I(ug) < 0,
T being the existence time of u(t). We prove that T' < co. Arguing by contradiction,
we assume that T = co. Now we define

t
MO = [ luliar
By Theorem [3.4] and J(ug) = d we have
2(q — pA
2 =2 g — 20(w)

2(g —pN) '
=2l + 2 i = 270
S2(a—pA)

t
> 2P (ulfy, — 1)+ 20 [ e Bdr - 247(uo)
p 0

2C(q —pA) 1 T 2(q — p))
> 2l + 2 [ = (207 () + =2
2C(q —p\) , v /t ) 2(q — p))
= M'(t)+2 -ladT — (2 .

ox M0 20 | lucldr — (207 (o) + =)

According to the estimate of the (M’(t))? in Theorem H which is (3.4]), we obtain
M (M)~ 5 (M (1)

2
t t t 9
> 2 [ Nurlfgar [ NulBar —2q( [ [ uudoar)
0 0 0 JQ

- (2qJ(u0) + W)M(t) + WM/@)M@)

q
— qlluo|3M'(t) + 5““0“3
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- 20(g—pN) 2(¢ —pA)
- PA pA
By using the Cauchy-Schwartz inequality, we obtain

M()M"() = £ (M (1))
S 2C(a—pN)
> =2

= (20 (0) — glucl) 21/

—DpA 2(q — pA
+ (C’(qp}\p ) 0(t) — 24 (uo) (qmp Do),
On the other hand, from J(up) = d > 0, I(ug) < 0 and the continuity of J(u)
and I(u) with respect to ¢, it follows that there exists a sufficiently small ¢; > 0
such that J(u(t1)) > 0 and I(u) < 0 for 0 < ¢ < t;. Hence (ug,u) = —1I(u) > 0,
ug # 0, |lug|| > 0 for 0 <t <t;. From this and the continuity of fg l|lur||3d7, we can
choose a t; such that

M(OM(1) ~ (247 (uo) + M) = alluo |30 (2).

(g —pX)

M’ ()M (t) — <2qJ(u0) + 2 5\ )M(t) — qlluol|3 M’ (t)

(4.1)

t1
0< J(u(t)=d =d —/ lur |2d7 < d.
0

Thus we take ¢ = t; as the initial time, then we know that u(t) € Vs for § € (41, d2),
t; <t < oo, where (41,d2) is the maximal interval including 6 = 1 such that
d(0) > dy for § € (d1,02). Hence we have I5(u) < 0 and |lul|w, > r(5) for 6 € (1, d2),
t1 <t < oo, and Is,(u) <0,||ullw, > r(d2) for t1 <t < co. Thus from (3.3) we
obtain
M"(t) = =21 (u) = 2(8> — 1)l|ullfy, — 215, (u)
> 2(62 = 1)Jullfy, (42)
> 2(6y — D)rPA(82) = C(02), t1 <t < o0,
M'(t) > C(8)(t —t1) + M'(t1) > C(62)(t — t1), t1 <t < o0, (4.3)

M(t) > %C((Sg)(t — )+ M(t) > %C(Jg)(t — )%, t <t< oo (4.4)

From (4.3)) and (4.4) it follows that for sufficiently large ¢t we have

C(qg—pA
Y 010> gl

and

2(q — pA)

€= s a0 28
p

pPA
Thus yields
M(OM'(t) = S(M'()* > 0,

which gives
(M(0)" =~ () (MOM'(1) - (a+ DM'@)?) <0, a=12=

From this it follows that there exists a T > 0 such that
lim M~%(t) =0, and lim M(¢) = +oo,
t—T, t—T1
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which contradicts that T = +o0. O

5. BLOW UP TIME WITH HIGH INITIAL ENERGY J(ug) > 0

In this section, we establish a finite time blowup theorem for the solution of
problem (|1.1)) with arbitrary high initial energy. At the same time, we estimate the
upper bound of the blowup time.

Theorem 5.1. Let u(x,t) be a weak solution to problem (1.1)), up € Wy. Suppose
that J(ug) > 0 and

PAg
q—=pA
hold. Then the solution u(x,t) blows up in finite time, where B is best constant of
inequality ||u|\€§‘0 > Bu||?* with B = SP*. In addition there exists a ty as

J(uo) < Blluol/5* (5.1)

2¢(0)
0<t; < P
R CENVEIOF
such that .
lim/ |u||3dT = +o0, (5.2)
t—tq 0
where
t t
o() = ([ lulBar) + = uoll [ fular + <. (53)
0 0
B(g — p))||uo|[5*
l<a< 5.4
pAgJ (uo) (54)
1 2B(g—pN) 2 2(g —pN)
— 2pA S ) .
0<e< pAaHuoH%< luoll3 — 2pAaT(uo) = =), (5.5)
1
>~ 2|ull (5.6)

4
Lemma 5.2 ([15]). Suppose that a positive, twice-differentiable function ¥ (t) sat-
isfy the inequality
() - (1 +0)(W'(1)* 20, t>0,
where 6 > 0 is a constant. If 1¥(0) > 0 and ¢'(0) > 0, then there exists 0 < t; <
Qﬁﬁ%) such that (t) tends to oo ast — ty.
To prove the high energy blowup, we first establish the following lemma.

Lemma 5.3. Assume that ug € Wy satisfies (5.1). Then v € N_ = {u €
WollI(u) < 0}.

Proof. Let u(t) be any weak solution of problem (1.1). Multiplying (1.1]) by u(t)
and integrating on €2, then we have

()13 =

14
pA dt

1d
PA .
||UHW0 + 5dt|lUIIZ,

that is,

d/1

1
_ 2 _ 2 (= pA T q
Jue(t)13 = g (o5l = Il
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Then, we could obtain

d

7 W) = — [l (B)][5 < 0. (5.7)
Multiplying (1.1]) by v and integrate on £ x (0,t), we have

1 1 ¢ \
Sllulld = Slluolls + f (lulfy, — lluld)dr = 0;
2 2 0

that is,
1d
iallullg =—1I(u). (5.8)
Note that
q—pA A1
J = 4 -1
(uo) 5y ||U0||Wo+q (uo)
B(q—pA) PA 1
> 7 -1 .
> P g1+ (o)

Then indicates that I(ug) < 0.

Next, we prove u(t) € N_ for all ¢ € [0,7). Arguing by contradiction, by the
continuity of I(t) in ¢, we assume that there exists an s € (0,7') such that u(t) € N_
for 0 <t < s and u(s) € N, then by we have

d
a||u(t)|\§ = —2I(u) >0, forallte]0,s), (5.9)
which implies that ||ug||3 < [|u(s)||3. Then, we have
A A
[uoll5™ < llu(s)lI5™. (5.10)
From (5.7) it follows that
J(u(s)) < J(up) forallte[0,s). (5.11)
By the definition of J(u) and u(s) € A/, we arrive to
g—pA x| 1 B(g—pA) oA
J(u(s)) = wllP? + I (u(s)) > ———||ul|5".
(uls)) = 22l + 2 1uts)) = L e
Combining (5.1)) and 7 we obtain
B(a=pA) |\ 1o B(q —pA) A
< J PA,
L2 full® < () < 2P o
that is
A A
lus)lI5™ < [luoll5™
This contradicts ([5.10f). (I

Now we show high energy blowup and estimate the upper bound of the blowup
time of solutions for problem(|l.1)).

Proof. Arguing by contradiction, we assume the existence time of solutions T' =
~+oo. Integrating of (5.7) with from 0 to ¢,

5@+ [ lerlBr = (o). (5.12)
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From (5.8) we have
d
Zllull3 = —21(u)
= —2(lullfy, — llull?)
1 1 2pA
_ - pA a _ ZpA q
= ~2pA (ol = llell) + (2= =)l

2q — 2pA
= —2pA\J (u) + THqu

(5.13)

In the rest of the proof, we consider the following two cases.
(i) J(u) > 0, for all ¢ > 0. From (j5.1]), we choose « satisfying (5.4). Substituting

(5.12) into (5.13)), as J(u) > 0 in this case we obtain

(g —p))
q

d 2
@HUI@ = 2pA (e = 1)J (u) — 2pAat (u) + [[ullg

(5.14)

[[ullg-

t 9 — o)
> ~2phad(us) + 20ha | [urlfdr + <qqp>
0

From Lemma we know that ||u||§é‘O < ||ul|Z. Therefore, applying the basic
inequality s < s* + 1 for any s > 0 and « > 1, we obtain

d
@3
t 2(q — pA
> —2prat(uo) + 2030 [ furlar + 22
0
‘ 2(q — pA
> —2pAad (ug) + 2p/\a/ l|ur ||3dT + (qqp)|u||€{,\o (5.15)
0
! 2 2(qg —pA) 2
> —opha(up) + 2p)\a/ Jur B + =Ly, 1)
0
¢ 2B(q — pA 2(q — pA
> —2pha (ug) + 2p/\a/ lur|2dr + @qp)nug _2a=pd)
0
Then
d 2B(q — p\ 2(qg — pA
e = M ()

which yields

(g—pX)
3 > fluollZe™ T

+ 73((1 q_p)\) (p/\on(uo) + 4 ;p/\) (1 — 62B<qq7px)t).

(5.17)

Next, we define y(t) = f(f |lu(7)||3dT. Since the solution u(z,t) is global, thus the
function y(t) is bounded for all ¢ > 0. Then we have

, d
y'(®) = lu@®ls v = Sl
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Substituting (5.17)) into (5.15)), we obtain

(QB(C] p)\) M)ezmqq—m)t

luoll3 — 2pAcr] (uo) — .

y'(t) >

+2 )\a/ wr||2dr
p o | H2 (5.18)

t
> phacual} + 203 [ [lurldr
0
= A(t).
By (5.4), we can take £ > 0 small enough such that

1 (QB(q —pA)
pAalluol3

2(qu>\))7

luoll3 — 2pAa (ug) — ,

€< (5.19)

then we pick ¢ > 0 large enough such that
1
c> 15_2Hu||‘21. (5.20)

We now define the auxiliary function op(t) = y?(t) + e~ 1| uo||3y(t) + c. Hence

@' (1) = (2y(t) + e Hluoll3) ' (1), (5.21)
@"(t) = (2y(t) + e luoll3) y" (8) + 20y (1)) (5.22)

Set § = 4c — 72||ug||3, because of (5.6), § > 0. Now, from (5.21)) we can write

= (2y(t) + M lwol13)” (' (1))?
= (497(t) + 4e™ o3y (t) + e *|luoll2) (v (1))?
=

(5.23)
Ay? () + 4e ™ uo 13y (t) + 4c = 8) (¥'(1))?
= (4p(t) = 0)(y' (t))*.
The above equality yields
4p(t)(y'(1))* = (¢'(1)* + (Y’ (1))*. (5.24)
By integrating
1d 2
5 ()3 = (u, ) (5.25)

from 0 to ¢, we obtain

1 t
5 (a1 = Juol) = [ ()
0
Hence

t
()2 = [fuo3 + 2 / () dr.
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This equality along with the Holder and Young’s inequality give
(' (1)

= [lu(®)ll3

t 2
= (ol +2/ (. ) )
0

< (1ol +2( [ utgar) ([ uciar) )’ o2
< lluoll} + 4y(t) / Joar 137 + 2elfuo |2y(t) + 25l / Jour
— B(t).
From and , we obtain
20(t)¢" (1) =2 (2(1) + e o |2) 4(1) + 205/ (1)) (1)
2 (29(t) + e L uoll2) " (1)olt) + A5/ (1)) (1) (5.27)
=2 (29(t) + = uo12) " (D0(t) + (' (1) + 65/ (£))*.

2C(g=pN)

By (5.19) and the fact that e™ « > 1 and ¢ > 0, we obtain
20(8)¢" (t) = (1 + a) (&' (1))

t
> 20(0) (29(0) + = uoll) (20hac | sl + pracuol}) ~ dap(t) B0
0

> 2phasglt) 20(6) + & uol) (2 | furlBtr + ell) — dae(B(0)
= 2pAaB(t)p(t) — 4aB(t)e(t) > 0;

that is, .
P00 (1) - ()7 >0, te0.T],
which implies that
(020" = = (@Ol ~ (B + D)) <0, f= 7= >0

Since ¢(0) > 0 and ¢’(0) > 0, by Lemma there exists t, such that

2(0)
0<t,<—" "’
(= 1)¢'(0)
such that

tlir? e P(t)=0, and tlir? o(t) = 400,

which contradicts T' = +o00. Now, by considering the continuity of ¢ with respect to

y, we can conclude that y(t) tends to co at some finite time which is a contradiction.

(ii) There exist some ¢ such that J(u(#)) < 0. Since J(ug) > 0, by the continuity

of J(u) in t, we can assume that there exists a first time ¢y > 0 such that J(u(tg)) =

0 and J(u(f)) < 0 for some # > to. We take u(f) as a new initial datum, then from

Lemma we have u(t) € N_ for t > £. Then similar to the proof of Theorem
[3:4] we can prove the finite time blowup of the solution.

Combining the above two cases, we conclude that u(x,t) blows up in finite time.

O
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