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FACTORIZATION OF SECOND-ORDER STRICTLY
HYPERBOLIC OPERATORS WITH LOGARITHMIC SLOW
SCALE COEFFICIENTS AND GENERALIZED MICROLOCAL
APPROXIMATIONS
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ABSTRACT. We give a factorization procedure for a strictly hyperbolic partial
differential operator of second order with logarithmic slow scale coefficients.
From this we can microlocally diagonalize the full wave operator which results
in a coupled system of two first-order pseudodifferential equations in a mi-
crolocal sense. Under the assumption that the full wave equation is microlocal
regular in a fixed domain of the phase space, we can approximate the problem
by two one-way wave equations where a dissipative term is added to suppress
singularities outside the given domain. We obtain well-posedness of the corre-
sponding Cauchy problem for the approximated one-way wave equation with
a dissipative term.
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1. BASIC NOTIONS

In this section we specify the basic notions that will be needed for our construc-
tions. As the problem is treated within the framework of Colombeau algebras we
refer to the literature [0, (24, 23] [15] [0, [§] for a systematic treatment of this field.

One of the main objects in our setting are Colombeau generalized functions
based on Gr= which were first introduced in [2]. The elements in this algebra are
given by equivalence classes u := [(uc)-¢(0,1)] of nets of regular functions u. in the
Sobolev space H® = NiezH* satisfying certain asymptotic seminorm estimates.
More precisely, we denote by Mg the nets of moderate growth whose elements
are characterized by the property

Vo € N" 3N € N: [|0%uc| z2mny = O(e™Y) ase—0.

Negligible nets will be denoted by Ny~ and are nets in Mpye whose elements
satisfy the following additional condition

Vg € N: |lucp2@ny = O(e?) ase — 0.

Then the algebra of generalized functions based on L?-norm estimates is defined as
the factor space Gy = My /Ngy=. By abuse of notation, we continue to write
Gr2(R™) for Gyo. For simplicity, we shall also use the notation (uc). instead of
(e )ee(0,1) throughout the paper.

Using [2, Theorem 2.7], we first note that the distributions H > = UgezH* are
linearly embedded in G2 (R™) by convolution with a mollifier p.(x) = e "p(s~12)
where ¢ € S(R™) is a Schwartz function such that

/(p(x) dr =1, /xagp(m) dx =0 foralla e N, |a| > 1. (1.1)

Further, by the same result, H>°(R") is embedded as a subalgebra of Gr2(R").
As different growth types are crucial in regularity theory we introduce the set of
logarithmic slow scale nets by

I = {(we)E eROY 3y e (0,1]3e>0Ve e (0,7) : ¢ < we,

1
In € (0,1] ¥p > 03¢, > 0: |we|? < c¢plog (g), €€ (0,17]}.
Further, we call a net (w.). € Iljs logarithmic slow scale strictly nonzero if there
exists (r:)e € i and an n € (0, 1] such that |w.| > 1/r. for € € (0,n]. The different
growth type then result by convolution with a mollifier ¢ -1 (z) = w:"¢(wex) with
the same ¢ € S(R™) as above.
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More generally, we introduce Colombeau algebras based on a locally convex
vector space F topologized through a family of seminorms {p; };cs as in [I3, Section
1]. To continue, the elements

Mg :i={(u). € EOU:Vie I3IN e N:p;(u.) = O(e™N) as e — 0}
M = {(u). € EOU:IN e NVieI:pj(u)=0E"N
M= {(u.). € O i e T I(we)e € e : pi(ue) = O(w,) as e — 0}
Ne = {(us). € ECY Vi e IVgeN:p;(u.) = O(?) as e — 0}

)ase — 0}

(1.2)

are said to be E-moderate, F-regular, E-moderate of logarithmic slow scale type
and F-negligible, respectively.

Then, Ng is an ideal in Mg and the Colombeau algebra based on E is defined
by the factor space Gg = Mg /NEg and possesses the structure of a C-module. The
space of the regular Colombeau generalized functions G = M /Ny is again a
C-module whereas the space of the logarithmic slow scale algebra glse = M /Ng
is a C-module.

Example 1.1. Setting E' = C one gets the ring of complex generalized numbers
C=Gc with the absolute value as the corresponding seminorm. Furthermore, we
denote by R = Gg the ring of real generalized numbers.

Further, let © be an open subset of R™. Then the Colombeau algebra G(Q2) =
En () /N () is obtained by taking E = C°° () endowed with the topology induced
by the family of seminorms pg ;(f) = sup{|0®f(z)| : z € K, |a| < i} with K € ,
i€ Nand f eC>®(Q).

Another example is the Colombeau algebra G, ,(2), 1 < p < oo, when E is
set to WP(Q) and the topology is determined by the collection of seminorms
pi(f) = sup{||0*fll, : |a| < i}, f € W P(Q), as i varies over N. We note that
Gr2 = Gg2. For more general Colombeau algebras based on Sobolev spaces we
refer to |2 Section 2]. Using the notation there we have the following identities:
Enp(Q) = My () and Ny p(Q) = Nyyoen (o).

2. PSEUDODIFFERENTIAL CALCULUS

In this section we introduce a general calculus for pseudodifferential operators
which are standard quantizations of generalized symbols. Since most of the tech-
niques are similar to the usual theory of pseudodifferential operators we also refer to
[T7,131]. A detailed discussion on pseudodifferential operators with Colombeau gen-

eralized symbols can be found in [9, 8]. As usual, we write D, = —i0,, = —z'a‘a‘ .

We shall initially discuss the main notions of generalized symbols. As alrea]dy
indicated above we will study symbols which satisfy asymptotic growth conditions
with respect to (w.). € Tlis. As usual, we use the notation (¢) := (1 + |£[2)1/2.

We let p,5 € [0,1] and m € R. We denote by S5 = ST(R" x R") the set
of symbols of order m and type (p,d) as first introduced by Hormander in [L6],
Definition 2.1]. Since the symbol class S,T(; satisfies global estimates we remark
that our space Mgm, is different to that in [12, Section 1.4].

In the following, we will typically encounter subspaces of MS;_LS subjected to

logarithmic slow scale asymptotics we can choose in (1.2)) E = s and obtain
symbols of the form:
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Definition 2.1. Let m € R. The set of moderate logarithmic slow scale symbols
S5 15¢(R" x R™) of order m and type (p, §) consists of all (a.). € S (R" x R™)(0:1]
such that for all o, 3 € N™ there exists (w). € I :

qg%) (as) == sup |a?a£a6(x’€)|<£>fm+p|a|f5\ﬁ| =O0(w:) ase—0.
(z,£)ER?™
An element of S,  (R" x R") is said to be negligible if it fulfills the following
condition:

Va, € N" Vg e N: qég)(ag)—(’)(aq) as e — 0.

The subset of all negligible elements of 7% ;. .(R" xR™) is denoted by N7 (R" xR™).
Then, logarithmically slow scale symbols of order m are defined as the factor space

Spélsc(Rn X Rn) = (Rn X Rn)/ ;:%(Rn X Rn)

;T,L(S,lsc
and in the following we will assume that § < p. In the case that p =1 and 6 =0

we use the abbreviation S|7.. for S7% .-

Remark 2.2. Moreover, the space glgcoo of logarithmic slow scale symbols of order
—oo consists of equivalence classes a whose representatives (a.). have the property
that

Vm € R Va, f € N" 3(w.). € Iise : ¢ (ac) = O(we) as e — 0.

Since (we ). is a logarithmic slow scale net, we note that the net of a symbol (a.)c

in S| can always be estimated as follows

Va, 3 € N": q((xmﬁ)(ag) = (’)(log (é)) ase — 0.

To give an example, let P(z, Dz) = 3|, < @a(x)Dg be a partial differential oper-
ator with bounded and measurable coeflicients. Then the logarithmically slow scale
regularization of the symbol is given by pe(z,§) := (p(.,§) * ¢,-1)(z) and (pc)e is
contained in ST, (R™ x R™).

Also, we will make use of the following symbol class:

Definition 2.3. Let U C R™ x R™ be open and conic with respect to the second
variable. We say that a generalized symbol a is in Ng}& 1s.(U) if it has a representa-
tive (a), with a. € S7%5(U) for fixed € € (0, 1] and for any compact set K C pry(U)
(independent of €) and Vi := {(x,€) € U : £ € K} we have: for all o, 3 € N” there
exists (we)e € Mg exists C > 0:

108 07 ac(w,€)| < Cw. (&)™ AW (2, ¢) € Vi
for e sufficiently small and where V& := {(x, X§) : (z,€) € Vi, A > 1}.

Note that Definition is equivalent to Definition [2.3] in the case that U =
R"™xR™. For completeness, we recall the definition for global symbols 7" (U) which
is similar to that for local symbols, see [4 Definition 2.3, page 141]: For U being an
open subset of R" xR"™, which is conic in the second variable, we say that a € ST, 5(U)
if a € C*°(U) and for each compact K C pry(U) and Vi = {(2,£) € U : & 6 K}
we have

Va, 3 € N™: sup |0 Pa(x,€)|(g)~mTrled =018l < oo,
(z,6)EVE
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We choose the following convention for defining the Fourier transform Fu of a
function u € L*(R"):

Fu(§) :=u(&) := / ey () do = lirg e @@y (z) da.
n o—=YV+ JRrn
Then the Fourier transform is an isomorphism on L? and the inverse Fourier trans-
form of u € L? is given by the formula

Flu(z) ::/ e Ty (&)de = li%l e ey (&) de.
n o=Vt JRn
where we have set d¢ := (27) ™ d¢. More information on the Fourier transform
acting on Gr2 can be found in [I]. As already mentioned above, we will focus
on generalized pseudodifferential operators having the following phase-amplitude
representation:

Definition 2.4. Let (a.). € a € Ngfé’lsc(R” x R™) and let (u.). be a representative
of u € Gr2. We define the corresponding linear operator A : Gr2 — G2 by

A(z, D)u(z) := / e ea(z, uly) dy d¢ = (A-(z, DYuc(2)). + Ny (R”)
where

Ada Daus(o) = [ €0 aulan€ucti) dy 6 = [ aclo)inte) de
=7, (ag(x,g)ae(ﬁ))

where the last integral is interpreted as an oscillatory integral. The operator A is
called the generalized pseudodifferential operator with generalized symbol a. Later

on, we will sometimes write A € \D;’fé,lSC(R”) to denote that A is a generalized

pseudodifferential operator with symbol in §,T§,ls J(R™ x R™). In the case that

(p,0) = (1,0), we will write A € U (R™) for short.

Isc

2.1. Generalized point values of a generalized symbol. As above, let U x
I € R™ x R™ be open and conic with respect to the second variable and (a.). a
generalized symbol in ST ;. (U x T').

Definition 2.5. Let I' C R™ be an open cone. On
Cari={(¢)e eTOUIN eN: ¢ = O(e™N) as e — 0}
we introduce the equivalence relation
(Ve ~ (D)e & ¥mEN: [l — 2| = O(c™) ase—0

and denote by =T M/ ~ the generalized cone with respect to I'.

Lemma 2.~6. Let a € S;”L(;,ISC(U x T) and 56 L. Then the generalized point value

of a at (z,¢) = [(2, (¢))el,
a(z,€) = [(a=(2,¢))e]
is a well-defined element of C.
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Proof. The proof is similar to that of [I5, Proposition 1.2.45]. We let (z, (¢:)c)e €
U x Iy and (ac)e € S 15.(U x I'). For any index i € N C; denotes a positive
constant, (w; c)e a logarithmic slow scale net and N; a natural number. Then

lac(2,¢)| < Crwn e (1 + [C])™ < Crwy o (1 4 Coe™N2ymax(m0) < gye=Ns

$0 (as(2,¢))e € Ry = M. _ N o
We now show that ¢! ~ ¢? implies a(z, (') ~ a(z,¢?). So let ¢! ~ (2. Then

1
acer¢h) = ac(e DI £ I = 21 [ 1Dcac(en 4 ol = ] do
0
< Cywy o (1+ Ce™ NoymaxtmOcl — (2] < Cge™NoeP

for all p > 0 and € small enough. Hence (a(z,¢(2)): — (ac(z,¢2))e ~ 0.
Finally, if (a.). € Ngm (U x I') we have

lac(z,C)| < CP(14 |C)™ < CeP(1 + Crpe™ Nrymax(m,0)

for any p > 0 as e — 0. So (a:(z,¢:))e ~ 0. -

In the case of generalized logarithmic slow scale coneswe obtain a similar result.
Definition 2.7. Let I' C R™ be an open cone. On
Tarse = {(C)e € DO J(w,). € Mige : |G| = O(we) as e — 0}
we introduce the equivalence relation
(C)e~ () & ¥meN: | — | =0(™) ase — 0
and denote by flsc :=D'ar1sc/ ~ the generalized logarithmic slow scale cone of I'.

Lemma 2.8. Leta € ~Z‘5’ZSC(U xT) and E € Dise. Then the generalized point value

of a at (276) = [(Z, (CE)E)]f

a(z,¢) == [(a=(z,¢:))e]
is a well-defined element of @150.

2.2. Asymptotic Expansion. To prepare the factorization theorem of section
we will have to consider products of pseudodifferential operators. In the sequel
we will construct a complete symbolic calculus for generalized pseudodifferential
operators.

We therefore start with some general observations concerning the notion of as-
ymptotic expansion of a generalized symbol in §;’féylsc. The presentation of the
results are inspired by the results given in [8, Section 2.5] and [9]. There, the
techniques are described by means of generalized symbols as well as for slow scale
symbols. The modification to logarithmic slow scale symbols is evident.

The definition of the asymptotic expansion is now the following:

Definition 2.9. Let {m;}; be a strictly decreasing sequence of real numbers such
that m; — —oo0 as j — 0o, mg = m.
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(i) Further, let {(a;.)c}; be a sequence with (a;c)e € Mgm;. We say that the

formal series Zj‘;o(a]‘@)g is the asymptotic expansion for (ae)e € C(R™ x
Rn)(071]7 denoted by (aE)E ~ Z] (afj,E)E? if and Only if

N-1
a: = ) aje): € Mgy YN > 1.
7=0 ’

(ii) Further, let {(a;):}; be a sequence with (a; ) € Sp 31sc- We say that the
formal series Z;}io(aj,s)s is the asymptotic expansion for (a.). € C*(R™ x

Rn)(0’1]7 denoted by (a¢)e ~ Zj (aj#_:)s, if and only if

- Z a’jﬁ)E S:)névlsc VN 2 L.

In both cases, (ao,)e is said to be the principal symbol of (a)..

Also, we introduce the special case M Sm5 (R™ x R™) C ./\/ls;n& of classical gen-
eralized symbols.

Definition 2.10. We say that a generalized symbol (a.). € ./\/lsm is classical,
denoted by (a.). € MS',T&,CN if there exists a sequence {(a;.)- }J with symbols
(@je)e in Msm i(R™ x (R™\ 0)) homogeneous of degree m — j in [§| > 1, j € N,
such that for any cut-off function ¢ € C§°(R™) equal to 1 near the origin we have
N-1
(as(z,f) -Ya- ¢(§))a3,5(x,5))€ € Mgn o~ quadvN > 1. (21)
3=0
As above, we will write (a:)s ~ Zj(aj)g)s if holds and we call (ag ). the
principal symbol of (ac)e.

Replacing ng;n;é by Mf.;s;%&, one obtains classical symbols of logarithmic slow
scale type. 1

As a result, we obtain that any infinite sum of symbols of strictly decreasing
orders can be summed as follows.

Theorem 2.11.

(i) Let (ajc)e € M s™ with mj \, —0o as j — 00, mg = m as in (i) of Def-

inition |2.9. Theri there exists (ac)e € Mgm such that (ac)e ~ > i(aj.e)e-
Moreover, if (al)e ~ > ;(aj.e)e, then (ac —al)e € Mg-=.

(ii) Let (ajys)E € Spélgc with mj \, —00 as j — 00, mg =m as in (i) of Def-

inition . Then there exists (ac)e € Sp's . such that (ac)e ~ 3, (aj.e)--

Moreover, if (al)e ~ > ;(aj.e)e, then (a: —al)- € S °

Isc

Remark 2.12. The proof of this theorem can be found in [8, Theorem 2.2]. The
same proof remains valid for classical symbol classes. We recall the construction of
the symbol (a.). of Theorem [2.11}

Let ¢ € C*(R™), 0 < (&) < 1 such that ¥(§) =0 for |{] < 1 and ¢(§) =1 for
|¢] > 2. As in [8] Theorem 2.2] one can define

asxf le) ]Ega]E(x f)

jEN
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where );. are appropriate positive constants with A\j11. < Aj. < 1, A\jc — 0
as j — oo. In case (i) of Theorem [2.11) A;. are taken to be the inverse of an
appropriate strictly positive net. In Theorem m (ii), it turns out that (\;.) can
be chosen to be an inverse of a logarithmic slow scale net.

We also remark that Theorem [2.11] can be carried over to classical symbols in a
corresponding way.

Noting that in Theoremm (i) one can replace the moderateness by negligibility
we introduce as in [8, Definition 2.6 (ii)]:

Definition 2.13. Let {m;}; be as in Definition[2.9} Further let {a;}; be a sequence

in S;"g 1se- We say that the formal series Z;io a; is the asymptotic expansion of
a€ Sp,&,lscv denoted by a ~ > aj;, if and only if there exists a representative (ac)e

of a and, for every j representatives (a;.). of a;, such that (a:): ~ > (ajc)e-
Similarly, we introduce the following definition for classical symbols.

Definition 2.14. Let {a;};en be a sequence with a; € Sp 5 . (R™ x (R™\ 0)) homo-
geneous of degree m — j. We say that the formal series > - j—0 @ 18 the asymptotic

expansion of a € Sp 5.cl.1sc: denoted by a ~ Zj aj, if and only if there exists a

representative (ac). of a and, for every j representatives (a;j.). of aj, such that
(as)e ~ Zj (aj,e)e-

2.3. Composition and Adjoint of Pseudodifferential Operators. In this
subsection we briefly recall the composition law of two pseudodifferential opera-
tors and adjoint operators. A detailed discussion for slow scale regular generalized
symbols can be found in [9], Section 5]. Again, the adaptation to logarithmic slow
scale symbols is evident.

Therefore, for logarithmic slow scale symbols,we obtain the following result.

Theorem 2.15. Let A(z,D;) and B(z, D) be two pseudodifferential operators
with generalized symbols a € ;"g 1sc and b € 0, 5le respectively. Then the product

AB is well-defined and maps G2 into itself. Moreover AB is a pseudodifferential

operator with generalized symbol a#b in S;’% ;;’C”Q having the representation
a#b(x, &) ~ Z D5 x,€)0%b(x, £).

|a|>0

For the proof we refer to [9, Theorem 5.15]. We note that Theorem can also
be stated for classical symbols. In detail, if a € sm and b € then

P, 5 cl,lsc
ami+mo
a#b mn Sp d,cl,lsc”

Also useful is the following theorem.

mo
p,0,cl,lsc?

Theorem 2.16. Let A(x, D,) be a pseudodifferential operators with generalized
symbol a € Sp s.1sc- Lhen the adjoint operator A* is in V7!
given by the asymptotic expansion

s sc and its symbol a* is

il
@ (@6 ~ Y - DeDZa(w,§).

la|>0

For the proof see [9, Theorem 5.12].
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3. GOVERNING EQUATION IN THE COLOMBEAU SETTING

The present survey is devoted to wave propagation in inhomogeneous acoustic
media in the case of non-smooth background data. The operator structure is mo-
tivated from wave propagation phenomena occuring in a number of physical appli-
cations, such as underwater acoustics or seismology. Hence, the evolution direction
is the depth coordinate.

3.1. Derivation of the inhomogeneous wave equation. The acoustic wave
equation characterizes fluid motions and can be derived from the conservation laws
of mass and momentum together with the equation of state of thermodynamical
equilibrium. This system of acoustic equations can be linearized and therefore
describes small perturbations from a state of rest of the pressure U(t,z) € R, the
density p/(t,z) € R and the velocity v/(¢,2) € R™ that moves in a fluid with given
wave speed ¢(z) and density p(z), (x € R, ¢ € R). To explain how these waves are
generated or added to the fluid one can introduce so-called sources by adding source
terms in the equation of mass, momentum and energy. Assuming an isentropic
process the linearized acoustic system can be written as (cf. [20, 211 25| B])

op’ -

87/; = div(pv’) + m (mass conservation)
w1 - :
E =-VU+f (momentum conservatlon)

p
ou op -
o = o (—82 + U’Vp) (equation of state)

where the mass source term m and the force source term f are supposed to vanish
in the undisturbed state. Here m represents a volume injection of a source such as,
for example, bodies whose volume is oscillating. An example for a body force f of
a source is an oscillating rigid body of constant volume. Note that these equations
also hold for the fluid at rest.

Substituting the state equation into the equation of mass and using the conser-
vation of momentum to eliminate the velocity term gives

1 1 02
div(-VU) - —=—=U =F
iv( p ) c2p Ot?
where F':= — aTgt/ £ +div(f/p) denotes the source function. We remark that in the

absence of sources one derives the homogeneous wave equation.
In the following we will study the Colombeau generalized partial differential
equation of the form

n—1
1 1 11
LU = (0:=0. 4+ Y 0a,~0n, — ~—0})U=F 3.1
( P = ]p J p62 t) ( )

with the (pressure) wave field U € Gr2(R""1) and F € Gr2(R™"1) a source term.
For the space coordinates we will allocate the vertical direction z, which we call the

depth, the lateral directions are denoted by .

We assume that the coefficients % = %(x, z), 1 =1

‘e ¢

(z, z) are Colombeau general-

ized functions in glogfoo = MU« N}y and meet the following requirements:

there are representatives (i> € %, (L) € C% such that
€ €

Pe Cg
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(i) there exist Holder continuous functions p%, L € CO*(R™) for some p €

(0,1) such that for all (z,2) € R® we have - = L xp 1 L =L xp

Pe P We Ce c We
where p is asin (1.1), (we)e € s and the convolution is taken with respect
to x and z

(if) 3In € (0,1] 3 constants ¢, ¢1, po and py such that 0 < ¢g < c.(x,2) < ¢ <
oo and 0 < pg < pe(z,2) < p1 < oo for all (z,2) € R™ and € € (0, 7].
The lower bound assumption is sometimes referred to as strong positivity (cf. [I0}
Section 1] or [7, Section 2]). The upper bound means uniform boundedness of the
0-th derivative of the representatives. For more details on the assumption (i) we
refer to the remark given below.

Given a regularized operator as above, we carry out all transformations within
algebras of generalized functions from now on. More explicitly, we will study the
action of the linear operator L from G2 into itself in the following sense: on the
level of representatives L acts as

1 [t | 11
(1e)e — ((azzaz + ;ax%a% - Eéaf)%)s V(e € M.

This explains our governing equation in (3.1)) where U = [(u¢).].

Remark 3.1. To realize the logarithmic slow scale type conditions on the coeffi-
cients of a partial differential operator, one usually uses a rescaling in the molli-
fication. In our case, the regularization is obtained by convolution with the log-
arithmically scaled mollifier ¢ ,-1(.) := wl'p(w:.) with ¢ € S(R") as in and
(we)e € I

For completeness, we give the following implications for our type of coefficients:
Let u € C%*(R™) be a real-valued Holder continuous function with exponent u €
(0,1) and such that inf(u) > ¢ for some positive constant c¢. Further ¢ is a mollifier
as above and (w:): € . One may think of w. = log(log(1)) as an explicit
example. Then 3¢ > 0 : we > ¢ for all ¢ € (0,75] and for all p > 0,3c, > 0 :
w? < ¢plog(L) for all € € (0,1]. So given some (w). € Il the logarithmic slow
scale regularization of u is given by u.(z) = u* ¢ -1 (z) and satisfies the following
estimates (see [I8, Theorem 7], or |28 Section 5]):

o) lal =0
80‘ £ co — al— 0
0%l {O(%| 9 oo €70
and
Juo > 03n € (0,1] : Juc(z)| >ug z€R™, € (0,7

Here, the latter inequality is the strong positivity and the first estimate guarantees
that the net (uc)e is in MY . Moreover, note that u € C%* implies that for
every x € R™ we have

e () — u(z)| < / u(z — wi ') — u(@)] ()| dy = OW:*) & — 0.

Again, with a slight abuse of notation we write u for the equivalence class of the
Colombeau regularization of u € C%*, i.e:

u:= (te)e + Nwoo.o € g};fm.
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3.2. Time extrapolation of the wave field. In a paper of Garetto and Ober-
guggenberger, see [[3], the authors studied well-posedness of Cauchy problems with
respect to the time variable for strictly hyperbolic systems and higher order equa-
tions in the Colombeau setting using symmetrisers and the theory of generalized
pseudodifferential operators. There they imposed conditions concerning the asymp-
totic scale of the regularization parameter of the operator. Concretely, the authors
proved existence, uniqueness and regularity of generalized solutions in the case that
the regularization parameter is chosen logarithmic slow scale. More details can be
found in [I3] Theorem 4.2].

3.3. Depth evolution processes. The concept of one-way wave equations, also
known as paraxial wave equations, was first introduced by [5] and has become a
standard tool in depth migration processes due to ill-posedness of the full wave
equation. In fact, they are expressions for the first depth derivative of a wave field
and thus of the form

0, +iBy(z,z, Dy, Dy). (3.2)

where By are (microlocal) pseudodifferential operators. Our derivation of one-way
wave equations starts with a factorization of the operator L in (3.1) into terms of

the form (3.2).

Remark 3.2. As already noted in subsection [3:2] one obtains well-posed problems
in the model of time migration for strictly hyperbolic operators. We therefore give
the following link.

Note that the operator L in is strictly hyperbolic in the following sense:
Let 6 € (0,7/2) be a fixed angle and

I = {(x,z,T, ) ER" xR : 7 #£0,|c*(z,2)77 €| < sin@}.
For completeness we recall the following definition.

Definition 3.3. The operator L in (3.1 is called generalized strictly hyperbolic
in Ij if there exists a choice of representatives of the coeflicients in géf;foo (R™) such

that the corresponding principal symbol of L. ({; x, z, 7, £) has 2 distinct real-valued
roots ((je)e, j = 1,2 such that

|<1,6(x7 Z, T, 5) - <2,6($727T7§)| 2 C6<(T7 £)> (33)

holds for some strictly nonzero net ((.)., for all (z,z,7,§) € I, and ¢ sufficiently
small.

4. ELLIPTICITY OF PSEUDODIFFERENTIAL OPERATORS

In this section, we introduce the notion of elliptic operators which enables us to
construct a parametrix for such operators. Furthermore such operators will play an
important role in the characterization of the generalized wave front set (cf. section

).

4.1. Ellipticity. In [I0, Definition 1.2] and [8, Proposition 2.7] the authors intro-
duced the concept of slow scale ellipticity which can be carried over to logarithmic
slow scale ellipticity easily. With this in mind, we define the property of logarithmic
slow scale ellipticity for our class of operators as follows.
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Definition 4.1. We say that a generalized symbol a € §1smc is logarithmic slow
scale micro-elliptic at (zg, &) € T*R™ \ 0 if it has a representative (a.). such that
the following is satisfied: There exists a relatively compact open neighborhood U
of z, exists a conic neighborhood T of &, exist nets (r:)c € s, (Se)e € Mg and
a constant n € (0, 1] such that

0,62 (O™ (@6 €UXT, |2, ce Ol (@)

In the sequel, we will sometimes use the abbreviation lsc for logarithmic slow scale.
We denote by Ellis.(a) the set of points (zg, &) € T*R™ \ 0 where a is logarithmic
slow scale micro-elliptic. If there exists a representative (a.): € a such that
holds for all (zg,&) € T*R™ \ 0 then the symbol a is called logarithmic slow scale
elliptic.

Definition 4.2. More generally, we say that a generalized symbol a € §;’g is slow
scale micro-elliptic at (zg,&) € T*R™\ 0 if (4.1)) holds for some nets (r¢)e, (sc)c €
IT,,.

Note that a logarithmic slow scale elliptic symbol is also slow scale elliptic but
not vice versa.

Remark 4.3. We first observe that condition is independent of the choice
of representative. Indeed, let (a.). € a as in Definition and (al). another
representative of a. Then for some arbitrary but fixed p > 0 there J¢; > 0, In; €
(0,1] such that on U x T' we have

laZ(2,&)| = lac (2, )| = |(al — ac)(z, )| = %<§>m(1—018562p) €l = re, & € (0,m].

g
Since there exist 1y € (0,1] and ¢y > 0 such that s. < cae™? for € € (0,n],we
obtain

1—c15.6% > 1—ciepe? > 1/2 Ve € (0, min(ns, (20102)71/”)}.

1/p) we obtain

Redefining 7 := min(n;, 72, (26102)7

1
!/

a.(T > —
| E( ’£)| —_ 235

Moreover, we notice that the notion of (logarithmic) slow scale ellipticity is stable
under lower order (logarithmic) slow scale perturbations. For a proof one reworks
essentially the lines in [I0, Proposition 1.3]. For completeness we give the proof of
the following proposition.

Om (2,6 eUxT, || >re, e €(0,n).

Proposition 4.4. Let (a.). € S|
at the point (xo,&y). Then

(i) for all a, B € N™ there exists (\:)e € Il In € (0,1]:
1080Pac(,6)] < Aelac(, 16" U XT, €] > 12, ¢ € (0,1
(ii) if (b-)e € S (R™ x R™) with m’ < m, then (@EI) is valid for the net
(ae + be)e.

Proof. We first show (i). Since (a:). € Sji. is logarithmic slow scale elliptic we

obtain: for all o, 8 € N™ there exist (w.)e € s, ¢ > 0, and 1 € (0, 1] such that
080 ac(w,8)] < cw: (€)1 < cwes (€)1 ac(a, €)|

(R™xR™) be logarithmic slow scale micro-elliptic
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on U x T for |£| > r., € € (0,n]. Setting Ac := wese then (A;): € My as desired.
To show the second part let (b.). € S/. Then

1 / 1 / 1
ac(@, ) +be(, ) = —(E)" —we ()™ = —(©" (1~ esewel)™ ) 2 50"
on U x T, |&] > 7! := max(re, (2cscwe )/ m=m)) and (). € T O

We note that the previous proposition can also be carried over for symbols that
are slow scale micro-elliptic.

Remark 4.5. In case of smooth symbols the notion of lsc-ellipticity reduces to the
classical one and is therefore equivalent to the complement of the characteristic set.
Indeed, given a € S™(R™ x R™) and a representative (ac). of an lsc-elliptic symbol
a € S.(R™ x R™) then there exist nets (sc)e, (re)e € Ilisc and constants ¢ > 0,
7 € (0,1] such that for every ¢ € N we have:

a(2,€)| 2 la-(,6)] ~la(z,€) ~ a-(z, )] > (O™ (=~ et for le] 2 e, & € (0,1]

As we are allowed to fix an € small enough the last expression is bounded away from
0. In particular Elljs.(a) is equal to the characteristic set Char(a(z, D)). Note that
this result remains valid if one replaces lsc by sc (cf. [LI0, Remark 1.4]).

Before we proceed, we give an equivalent characterization of the notion of lsc-
ellipticity concerning the principal symbol. In [I9, Proposition 3.3] it is proved that
a generalized partial differential operator with regular coefficients in G = G&% is
We-elliptic (weak elliptic) if its principal symbol is S-elliptic (strong elliptic). For
the precise meaning of weak and strong ellipticity consult [I9]. Referring to this we
want to give the following proposition.

Proposition 4.6. Given a generalized symbol (a.): € l1sc then the following
properties are equivalent:
(i) (ae)e is lsc-elliptic
(ii) the principal symbol (am.c)e satisfies the following condition: there exists
(sc)e € Uise, m € (0,1] and r > 0 such that

(e (@, ) > (O™ (,€) € TR with |¢] > 7 and < € (0,7].

Proof. The proof follows similar arguments to those used in [I9, Proposition 3.3].
We first assume that condition (ii) holds. Then there exist nets (s:)c € Hige, (we)e €
II}sc and constants ¢, > 0 such that

Jac (2, )] = lam.e(2,6) + Y am—je(,6)|

j>1
> (" — avele)™!
1

v

—(©m(1- cwesee)™)

Se
for |£| > r and ¢ small enough. Setting r. = max(r, 2cws:) then (r:). € s and
we obtain

lac(z,€)| >
for some 71 € (0, 1], showing (i).

5%@m\ﬂzme€®ﬂ
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To prove that (i) implies (ii), suppose that (a.). satisfies (4.1) on R™ x R™. Let
¢ € R™,|¢| =1 and choose £ € R™ such that |[¢] > 7. and ( = £/|€| with (r:)e € g
as in (4.1). Then 3(sl): € Hise, 3(rl)e € e, In € (0,1] so that

1S (@, Q)I€1 7] = lac(x, €)]1€] 7™
j=>0
l m 1 — i —1\m
> s 3 GE Sg(lfl )
min(2™/2,1) 1
- s sl

for [¢] > 7L == max(1,7¢), & € (0,7].
Now fix N € N, N > 1. Since (a.). € S{” we obtain V(t.). € Iljc, V1 < j < N,
El(wj,s)s € I, 377 € (07 1] such that

11
Iflj =l <t

and ¢ € (0,7]. At this point we are free to choose (t.). € I such that & = 4; .
On the other hand, we can use Theorem [2.17] for classical symbols to bhOW that

Hwe)e € s, In € (0 1] such that

Z amfj,s(xaC)‘ai” S |£|N+1| Z Am—j,e .’ﬂ C | — |€|N+1 <C>m7N71

|am—j.e(2; Ol 75

> tows V3
r |§| Z 121]'aéXN(TE7( ewjﬁ) )

j>N+1 j>N+1
- 2m7N lws 1
TNt T s

for any |¢| > max(1,7., (2™ Nl s

!
1>
rl = maxi<j<n(1,7e, (2™ N=1y. sl )wr

obtain: 3n € (0, 1] such that

+1) and € € (0,n]. At this point we reset
T (tewje)'/7). Then (rl). € Tl and we

o (3,0 2 1 3 o O =1 X eI

1 _
Z?‘|Zam —je(@, Q)] 7+ Z am—je(@, Q)€™ 9|
€ j=N+1
Lo 1
T sl 28l 2sl
for |&] > rl,e € (0,7n] by the above. Thus, since a,, . is homogeneous of degree m

in the second variable

1 1
Jam.e(@,€)] > 3| > (O™ forall ¢ €R”, [¢] > 1
€ 1>

for € sufficiently small. O

Remark 4.7. Again, Proposition [£.0] remains valid if we replace logarithmic slow
scale by slow scale.
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4.2. Strong ellipticity. As already announced in section [3] we are interested in
the depth extrapolation of the wave field U in . We will therefore introduce a
notion of (logarithmic) slow scale ellipticity which in addition has a certain behavior
with respect to ¢, the dual variable of the depth.

We first introduce some notation. We denote by (7,&,¢) € R x R*™! x R the
dual variables corresponding to (¢,7,2) € R x R"™! x R. Thus, we will work on
a 2(n + 1)-dimensional phase space. We already mentioned in subsection that
given a symbol a € gfgc(R"H x R™"*1) and a generalized point (t,m,z,T,f,g) in
R"+1 x R x R then the generalized point value of the symbol a at (¢, z, 2, 7,¢, Z)
is well-defined in C.

Moreover let I'y C R"*! be a (classical) conic neighborhood of (79, &, (o) of the
form

T, = {/\(7—7§§C) c Rt \0: (1,60) € Bs( (70, 0; Co)

|(70,&0; Co)|

for some s > 0 small enough, where By(n) denotes the open ball with radius s
around 1 € R"*! and S1(0) := {n € R*"*1: |n| = 1}. We set

Tonr = {(A(r6¢))e € T [N €N [ = O(e™Y) as e = 0, A > 0}
and introduce an equivalence relation on I'y by
(C2)e ~ () ©Ym > 010 = Z[=0(E™) €—0.
We then denote by L, := =T's a/ ~ the generalized cone with respect to ¢ generated

) nSY(0), A >0}

from I's. So F is a generalized conic neighborhood of (79, &, (o)-
Moreover we recall that I'y — F The canonical embedding of I'y into Fs is

glven by (vavé-) ( 757 (C) +NR)
Also note that in the definition of I's a7, (7,&; () € PE,O*” means that

(1,6:¢c) € Bs(|(7'07§0; Go)|

With this notation we now give the definition of strong lsc-micro-ellipticity.

) N S*(0) for every fixed ¢ € (0, 1].

Definition 4.8. Let a be a generalized symbol in g’lTC(R”“ x R*+1). We say that
a is strong logarithmic slow scale micro-elliptic at a point (to, o, 20, 70, 0; C0) €
T*R™1\ 0, and we write (to, zo, 20, 70, £0; (o) € Ellji.(a), if there exist a relatively
compact open neighborhood U of (to, 2o, 20), a (classical) conic neighborhood I' of
(70, €0, Co) such that T' < T where I' = I'j;/ ~ is the generalized conic neighborhood
of (70,&0, o) generated from T' as above, nets (r.)., (s:). € Iisc and an 7 € (0,1]
such that

ac(t 5,7, 6 G 2 (RGN U x Ty, (166 2 e, e € (0] (42)

Figure 1 below shall illustrate the relation of the sets I'; and I'; 57 in the following
special situation. We fix a point (zo, 20) € R", let (3 := L5 (20, 20)78 — 0| and
let I’y be a conic neighborhood around (79,&p, (o). Then for any s > 0, however
small, we can define

s2 — 012 (10,20)70 |£0‘2 & G (Os; ]_]
e = (560720)% €| €€ (0,04]
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for some positive constant C's depending on s > 0 and which will be specified below.
Then

_ ’(CLQ _ é)(xo,zo)fg‘ < Clro)wst Ve € (0,1].

16— 6.2

Now let r(s) be a function depending on s such that r(s) — 0 as s — 0. Then,
since C(m9)w;# < r(s)/2 for all € small enough, i.e. for € less or equal a Cs > 0
(with C5y — 0 as s — 0) we obtain

|66 — G2l < r(s)/2 Ve e (0,C4).
By the definition of Cg?s we even get
66— GEl < 7(s)/2 Vee (0,1].

So in particular we have (7o, &o,(§%) € T's for all € € (0,1] and (52 — (§ as e — 0.
Therefore, if we are working in an open ball around (79, &, (o) with radius r(s) >
0 we can find a generalized point (79, &0, (3 .)e such that (79,%o,(5 ) is contained

in BT(S) ((To,fo, C())) for all € € (O7 1].

e

ol ot

oA Ry

$1(0)

(7.8)

(t0,60)

FIGURE 1. Here the shaded area corresponds to the set I's. The
dashed line through (79, &, (g .) and the origin move to to the line
through (79, &, (o) and the origin as e — 0 respectively.

Remark 4.9. In particular, since I' — T condition (4.2) implies

@t 5,276 01 2 RGN UXT, [(m&Q| 2 c€ O (43)

€

so the symbol a is logarithmic slow scale micro-elliptic at (tg, xo, 20, 70, €0; Co)-

Remark 4.10. The definition of strong slow scale micro-ellipticity is straightfor-
ward. Again, one simply replaces lsc by sc in Definition [4.8

Lemma 4.11. Let a € S (R™*! x R™). Then a is strong logarithmic slow
scale micro-elliptic at (to,xo, 20, 70, &0; Co) if and only if it is logarithmic slow scale

micro-elliptic there. So if a satisfies (4.3), then it also satisfies (4.2) and vice versa.

Proof. The first direction is already shown by Remark

On the other hand suppose that the symbol a is logarithmic slow scale micro-
elliptic at (to, 70, 20, 70, £0; Co) € T*R™1\0. Then there exists a representative (a.).
of a such that the following is satisfied: 3 relatively compact open neighborhood U
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of (to, o, 20), 3 (classical) conic neighborhood T of (79, &o; (o), I nets (r¢)e, (sc)e €
Iisc, 31 € (0,1] such that

lac(t, 2,760 = —((1,§0))™ on U T, (1,6 ()] = re, e € (0,7

In particular, since I" is conic a neighborhood of (79, &p; (o), it is of the form
D= {\71,&0) eR*™INO | (1,6¢) € Bs( (70, €05 Co)

(70, 03 o)
for some s > 0 small enough.
We define ' := T M/ ~ the generalized cone with respect to ¢ constructed from
I" as above.
Take (1,&;¢:)e € T'pr. Then (7,6;¢.) € T for any fixed € € (0,1] and IN € N
such that || = O(e™V) as ¢ — 0. Hence 35 € (0, 1]:

<(T,§; Ce))m on U x 'y, |(7-7£§<e)| >Te, €€ (0,77]~

1
Se

) N SY0), A > 0}

‘af(taxvz77—7§;<—€)| Z i
85
As a conclusion we obtain that (to, zo, 20, 70, &0; (o) € Ellj;.(a), i.e., the symbol a is
strong logarithmic slow scale micro-elliptic at the point (o, 2o, 20, 70, 0; Co0)-

We have therefore shown that logarithmic slow scale micro-ellipticity at a par-
ticular point is equivalent to strong logarithmic slow scale micro-ellipticity at that
point. (Il

An inspection of the proof of Lemma shows the following result.

Corollary 4.12. Given a € §;’g then a is strong slow scale elliptic at a phase space
point if and only if a is slow scale elliptic at that point.

Lemma 4.13. Let L be the generalized differential operator given in (3.1). Then
Ellse(L) is a subset of the complement of ¥, where

Y= {(t,l‘,Z,T,g,C) € T*RHJFI \O : CQ - C%(x,Zﬁj + |£‘2 - O}

and 612 € COH(R™) is as in the beginning of section |5 Note that X is a conic set
and independent of the regularization parameter ¢ € (0,1]. Moreover we have the

following inclusion relations:
¥ C Ells(L)¢ C Elhs.(L)°.

Proof. Let (to, 0, 20, 70,0, o) € T*R™ 1\ 0 be an arbitrary but fixed point of X.
Hence, (¢ = L5 (20, 20)78 — |0/

Assume that the operator L with generalized symbol in giC(R”H x R*HL) s
slow scale micro-elliptic at the point (to, %o, 20, 70, €0, (o) € T*R**1\ 0. Then by
Corollary there is a relatively compact open neighborhood U of (¢, zo, 20), a
conic neighborhood T of (79, &g, (o) such that for some (r.)e, (s:)e € IIs. and some
n € (0,1] we have

Le(e, 27,6 )| 2 (16, 6))?

for all (¢t,x,2,7,&,(.)e € U x Ty, [(1,€,(.)| > e, € € (0,m] and I = Tpr/ ~ is the
generalized conic neighborhood of (79, &, ¢o) from above such that T' < T.

For ¢ small enough we now define (3 _ := % (20, 20)78 — |€0|* which tends to ¢3
(for fixed 79 € R) as ¢ tends to 0. ’
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Then one can choose (79, &0, (o.c)e € I'ar, i.€. there is a positive constant s such
that

(70,05 Co)

(70, €05 Co,e) € Bs (m

) NSH0) for every fixed e € (0,1]

since
(70, €05 C0,e) — (70,05 C0) ase — 0.
On the other hand the principal symbol of L. vanishes on (zo, 20, 70, €0, Co.c), i-€.
O'(Lg)(.'l/'(), 20,70, an CO,E) =0

for all € small enough. So, by Proposition [4.6] and Remark [£.7] the symbol L is
not strong slow scale micro-elliptic and therefore not slow scale micro-elliptic at
(to, xo, 20, 70, &0, (o) - & contradiction. O

Lemma 4.14. Let L and ¥ be as in Lemmal[{.13 Then ¥ = EII, (L).
Proof. By Lemma it suffices to show the inclusion X¢ C Elljs.(L). To do this,

we introduce the continuous function
1
J@,2,m60) = ¢ = (0,27 + P,
which coincides with the limit of the principal symbol of p.L. as ¢ — 0. So,
¥ ={(t,x,2,7,£C) € TR\ 0 : |f(z,2,7,& ()] >0}

is an open subset of the phase space.

Now given a point (o, xo, 20, 70, £0, (o) € X, there exist a relatively compact
open neighborhood U of (tg,xo,20), a conic neighborhood I' of (19, &p,¢p) and a
(small) 6 > 0 such that

[f(@,2,7,6 Q)] = |¢* —

Since f is homogeneous of degree 2 in (7,¢&,() it follows that

7@ 76Ol = |6 — <52 4 [EP| 28 & QP UXT, (60|21

Hence, there exists a constant Cs € (0, 1], depending on ¢ > 0, such that
1 1 1
o (Let v, 2,7 6,0)| 2 |2 = (@207 +16P] = | (5 = =5 ) (@.2)7]
€

> 6|(r,¢, <)|2 — Cw *|(7,€, )
zlhfcw UxT, [(1,6¢)] > 1, e € (0,Cj).

L)+ [EP| = 0l(r,€,0)1* U x (TN SH(0)).

Therefore, L. is Isc-elliptic at (to,xo, 20, 70, 0, Co), Which is the desired conclusion.
O

Remark 4.15. We define the set
A= {(t,:mz,nf;(e)g e R"1 x (R" x RO)\ 0

1
¢ = 5 (0,2)7 ~ g3, 3N eN: |G| = O(=™) as e - 0}.

€
If a is a symbol on ¥, then the evaluation on A/ ~ is in general not defined. If
a is a symbol on T', then the generalized point value of a at a point of T'p;/ ~ is a
well-defined element on C.
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A fixed generalized point (tg, o, 20, 70,0, C0,c ) € Ans satisfies

1
(e = g(fo,ZO)Tg — |&l)?.
€

Since 19 € R is fixed we obtain

1 1
@e= g($0720)73 — &l = ¢ = 072(930720)73 — &l
£

as € — 0 and where (to, x0, 20, 70, €0, (o) € X. Moreover,

1 1 B
G = G1=1(5 ~ 7)o, )75 < Cursg.
€

In the next subsection we will construct an approximate inverse for logarithmic
slow scale elliptic pseudodifferential operators.

4.3. Construction of a parametrix. In this subsection we will discuss unique-
ness and existence results concerning the invertibility of elliptic pseudodifferential
operators. Recall that the asymptotic expansion is unique modulo operators of or-
der —oo. As a consequence we will show that one obtains uniqueness of a parametrix
modulo operators of infinite order.

Note that given (ac). a symbol of class S|_.>° the operator defined by (u.). —
(ae(x, D)ue)e, ((ue)e € Mpyeo) has a regular kernel representation in the sense that
moderate nets are mapped into regular nets. In the following theorem we shall
work on the level of representatives.

Theorem 4.16. Let (a.). € S[. be logarithmic slow scale elliptic, i.e. 3(re)e €
Hlsm El(ss)s S Hlsc; 377 S (01 ]-]

jac(z, €)1 2 (™ 162 e, < € (0,1

g

Then there exists (pe)e € S such that (pe#ac)e = 1 modulo S| >°.

Isc Isc

Proof. Step 1: As in [8, Proposition 2.8] we show that there exists (p_m ) € S 0"
such that
(P—m,eae — 1) € S .7 (4.4)
For the proof we let ¢p € C*(R"), 0 < ¢ < 1,¥(§) =0 for |§| < 1 and ¢(&) =1 for
|€] > 2. Then
P-me(T,§) = ae_l(xafW(ﬁ/Te)

with (r:)e € Iljs as in the theorem does the job. Indeed one can show that

|08 0z (,6)] < we(av, B)(€) 1M aZ (@, €)| [€] = 7

for some w(a,B) € s (cf. [9, Lemma 6.3]). Then, by the properties of the
function v,we obtain (p_m.c)e € S." for [{] > 2r. and || < 7.. On the set
re < |€] < 27, we observe that

‘8?852771%,5 (.Z', f)'

=12 (C‘f) g 0 (@, )08~ P(&/r2)| <
o' <a
<> <%>”E<a”ﬂ>lazl<x,5><s>—“"r;'a—“"X[rer) sup (0~ y)(¢/r.)

«
o' <a
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<> <(f>u%(acx%rslaaﬂaxzrsﬂ“a"<£>"la'sup|<8““%bxf>

a
o' {la
and therefore, (p,.c)e is in S, To show (4.4)) we write

P-mete(w,€) = aZac(2,€) +aZtac (2, &) (Y(E/re) = 1) = 1+ (Y(&/re) — 1),
Since for any [ > 0 and o € N\ 0,

sup () ((&/re) — D] < e(v)(2re)!

re <|€]<2re
sup  [(©)'OF((E/re) — D= sup [T (0% Y) (/)
re<[€|<2re re<[€]<2re
< ()1 2r.)!
we have shown .

Step 2: We recursively define for k£ > 1:

—_\l
pfmfk,€($7§) = _{ Z (ry)!a’zyas(xvg)agpmj,E(xvg)}a;1($7§)¢(§/re)‘

[v|+i=k
j<k

By the same arguments as in [9, Propositions 6.5 and 6.6], one can show that each
(P—m—k.e)e is in S, % and by Theorem there exists a net (p.). € S;,." with
(pe)e ~ Zj (P—m—jie)e-

Step 3: The aim is to show that (p.#a. — 1). € S...>°. Therefore, let (o.). be the

Isc
generalized symbol with the asymptotic expansion

7€)~ 3 S (029.D3a) (2.9)

[v|>0

and we will show that (o, — 1) in S.>°. We write

1
-2 JDlasagpe

<N
Z D z Qe Z 8519 m—le + Z *D z Qe Z pfmfl@-
\7\<N I<N \7\<N I>N

Since the left-hand side and the last sum on the right-hand side are in Slch we

obtain
Z Dasz:agpmlE GSISCN.
|'y|<N I<N

We now write

Z Daezafpmle

\’y|<N I<N

=pP- ma@fs"’Z{pmkaaa"l‘ Z gp mlaD as}
[y|+l= k
1<k

1
Y
+ § vl gp—m—l,eD;aa
[yl+i>N
[v|<N,I<N
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where the last expression is in SI;CN . The second sum on the right-hand side vanishes
for || > 2r. and [¢] < 7. by construction. So it remains to estimate this expression
on the set 7. < |£] < 2r.. We observe for any [ > 0 and o € N” that

sup (€)' 0gv(E/ro)l = sup ()TN0 Y)(E/re)| < e()r ¥ (2r.)!

re<[€]<2re re<[€]<2rc

and we conclude that this term is contained in Slch .
Using Step 1, i.e. (p—m,cac)e =1 mod S| >°, we obtain for every N > 1
1 _
(0e — Z j(agpsD;as))E = (0 —1); mod SISCN

lyl<N

and the proof is complete. ([

Recall that a € E;;LC is called lsc-elliptic if one of its representatives (ac)e is lsc-

elliptic. Then, the operator p(x, D) has the symbol (p.): + Ng-m € S;.7" and (pe)e

Isc
is as in Theorem Furthermore, by Step 3 of the same theorem we obtain

p(z, D) o a(z, D)u(x) = (/ e @y (1) dydf)s + Ny (R").

Therefore, we obtain the following result.

Theorem 4.17. Let a € S|} be a logarithmic slow scale elliptic symbol of order
m. Then there exists a logarithmic slow scale elliptic pseudodifferential operator of
order —m with symbol p € S;.™™ such that for all u € Gr2

Isc
a(z,D)op(x,D)u=u+r(z,D)u
p(z, D) oa(z, D)u =u+ s(x,D)u

where r(x, D) and s(x, D) are reqularizing operators, that is they map G2 into G35
(see section [6]).

5. A FACTORIZATION PROCEDURE FOR THE GENERALIZED STRICTLY
HYPERBOLIC WAVE OPERATOR

Concerning products of logarithmic slow scale pseudodifferential operators that
approximate the generalized operator L from (3.1)), we will follow the ideas in [22]
Appendix II], [I7, Chapter 23]. First we recall from (3.1)),

11

2
sl =

n—1
1 1
L(2,2,Dy, Dy, D) = 0:=0. + > _ Oy, —0a,
O N (5.1)

1
=:0,-0.+ Ap(z,2,D¢, Dy)
p

where the coefficients 1/p and 1/c? are in G5° (R™) in the variables (x,z). This
implies that L is an operator of class U2 _(R™ x R"*1) and a representative (l.).
of the symbol of L is in S (R™ x R™*!). Furthermore, the symbol of the operator

A, is in SZ_(R™ x R™) and is given by
n—1

Ay(z, 2, Dy, Dy) = —% (C%a,? - ni agj) +y (azj %)azj.
j=1

Jj=1
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Note that this operator is only a pseudodifferential operator in (x,t) depending
smoothly on the parameter z on the level of representatives for any fixed ¢ € (0, 1].
We denote by a, € gic (R™ x R™) the principal symbol of A,.

Moreover, we set

1 n
A(z,z,Dy, Dy) = —6—2(:1;72)@2 + Z 8§j.

As already mentioned in section [3] the operator L is not globally strictly hyperbolic
but we can restrict the analysis to an appropriate space on which the operator
becomes strictly hyperbolic. In particular, we follow Stolk in [29] and introduce the
following set of points on which we will then establish the factorization. Therefore
we recall from section [3

I = {(x,z,r,f) ER" X R":7#£0, |c*(x,2)771¢| < sin&} (5.2)

for some fixed 0 € (0,7/2) and c*(x, z) = lim._q cc(x, 2) in CO*(R") as in section
Then Ij is a subset of R™ x (R™\ 0), independent of the regularization parameter
e € (0,1] and conic with respect to (7, ).

Fix 6 € (0,7/2) and denote by a the (principal) symbol of A, i.e.

ac(x,2,7,€) = —¢? e€(0,1].

c2(33 2)
Then a is logarithmic slow scale elliptic on I, and the generalized roots [((;c)c] of
the principal symbol of L are given by (. := Fiv/a-(z, z,7,§) which satisfy (3.3)
on Ij, i.e.

|<1,E(Ia Z,T, g) - CQ,E('T7 2, T, §)| 2 C|(T7 6)‘ on Ié7 for |(T7 §)| Z M

for some constants C' > 0, M > 0 and all ¢ sufficiently small.
Indeed, on Ij we have

|ac(z, 2,7, &) = 02(7 i35 ‘— “C*z (z,2) ~ P ’ ‘(02 (z,2) c*z(lx,Z))TQ‘

7,2

>——(1
- 0*2(x,z)(
for some generic constant C' > 0 and e small enough. So, in particular a, is

logarithmic slow scale elliptic, since the generalized function 1/p is strongly positive
(see assumption (ii) in section [3).

—sin%6) — CwZH7? > C(m* + €

Remark 5.1. In the classical theory of pseudodifferential operators the character-
istic set plays an important role in microlocal analysis. We recall that the charac-
teristic set is defined as the set of points where the homogeneous principal symbol
of the operator vanishes. Concerning vanishing properties of the homogeneous prin-
cipal symbol in the generalized setting, we make the following remarks. We denote
by (Ic)e the principal symbol of L.
(1) First note that
1

la(C;%Z,T» g) = _WC2 + ap,s(l'vzaTvg)

= (ig—i as(az,z,ﬂf))

- (913 S (ic+ivatezng) =0
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on I, |(1,€)| > M for some constant M > 0 is not (classically, i.e. independent of
g) solvable in T*R"*! as e — 0.
But for any (z, z, 7, &) € Ij there exists two distinct (.(z, 2, 7,§) such that
1

lE(CE;$7ZaTa 5) = _ps(l‘ Z) Cz? +GP’E(I,Z,T, f)

_ (z'ce —i as@’“’f))m

for all |(7,€)] > M > 0 and € € (0,1]. In particular, this is satisfied if we set for
fixed (z,2,7,§) € I

(2{6 +ivac(z, 2,7, f)) =0

T2

CE(JC,ZJUf) ==+ _|§|2 —><-(.’L’,Z,T,§) == - ‘5'2 as e — 0.

Cg(xaz) C*Z(IC,Z)

So, the equation has a generalized solution for fixed (x, z,7,§) € Ij.
Note that the generalized principal symbol can always be factorized, i.e.

1
ls(C;va7T7£):7p6(x z><2+aﬂ,€(xvz77.7£)
= (z( +ivae(z, 2,7, f)) ps(alv,z) (ZC —ivae(x, 2, T, §))

on Ij, |(1,€)| > M regardless of whether the symbol vanishes or not.
(2) The roots (1 c(x, 2,7, §), (2..(z, 2, 7,&) of the equation

1
pe(,z)

are called the generalized characteristic roots.

Caz +ap75(x,z,r,£) =0

Before we state the main theorem of this section, we give a few more details
about notation. In the following we will study operators of the form

2
S=>"8j(x,2 Di, Dy)07
j=0
on R™*1 where the coefficients are operators with symbols S; € Sl];’c for some real
numbers k;, j = 0,1, 2. Further, we write

2
S = S;(w,2,Dy, D)0 on I}

§=0

when the symbols of the coefficients S; are restricted to the set I.

We will now establish the factorization procedure in order to write the operator
L in terms of two first-order pseudodifferential operators of the form L; = 0, + A;

on Ij where A; are pseudodifferential operators with generalized symbols in Sllsc,
j =1,2. We are now in the position to show the following result.
Theorem 5.2. Let L = 32%@ + A,(z,2,D, Dy) and Ij) be as in (5.1) and (5.2)

respectively. Then, on the set I, there are generalized Toots {(C1,c)e, (C2,c)e} of the
principal symbol of (L¢)e that fulfill the separation property

|<175(CIJ,Z,T, 5) - 4276(‘%3277—7 £)| Z C|(Ta €)| on Iéa fOT’ |(7_a £)| 2 M
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for some constants C > 0, M > 0,n € (0,1] and all ¢ € (0,n]. Furthermore, the
operator L can be factorized into

1
L :L1;L2—|—R on I (5.3)

where L; is written as L; = 0, + A; and A; = Aj(z,2,Dy,D,) is a parameter-
dependent logarithmic slow scale (classical) generalized pseudodifferential operator
of order 1 in (t,x). The principal symbol of A; can be chosen either equal to
(_Z{j,a)e = (:Fi\/@)sy J = 1,2 or equal to (iCj,E)E = (:Fi\/@)a; J=12on Ié
Furthermore, the remainder is given by R =Ty + 20, for some pseudodifferential
operators I'; = T'j(x, z, Dy, Dy) with parameter z and generalized symbol y; in S >°
on I, j=1,2.

Remark 5.3. Note that the product L1%L2 in is not a pseudodifferential
operator on R"*!. But one can overcome this by introducing a generalized cut-off
Y(t,x,z, Dy, Dy, D,) such that the difference ¢L1%L2 - L1%L2 is insignificant on
some adequate subdomain of the phase space T*R"™*! under a microlocal point of
view. This will be specified in the next section where we introduce a generalized
version of microlocal analysis.

5.1. Technical Preliminaries. As already mentioned above, the symbol (a.) is
logarithmic slow scale elliptic on I}, 8 € (0,7/2), i.e. for any (xo, 20,70,&0) €
Ij there exist a relatively compact open neighborhood U of (zg, 20) and a conic
neighborhood T' of (79,&p) such that for some (r.): € s, (sc)e € s and a
constant 7 € (0, 1] we have

lac(x, z,7,&)| > %((7’,5))2 for (z,2,7,€) € U X T, |(1,€)| > 7e, € € (0,7).
g

As demonstrated in Proposition[£.4] we have stability under lower order logarithmic

slow scale perturbations, and therefore the total symbol of the operator (A, . ). itself

is logarithmic slow scale elliptic on Ij.

To describe a factorization for the operator L, we have to give a meaning to the
square root of the symbol of A on the set Ij.

Note that the square root of (ac). is prescribed on the set Ij. Outside of Ij it is
in general not defined but we choose it without the singularity of the square root.
We remark that such an extension is equal to (/az). when restricted to .

To cut off singularities of the square root of (a.)., we define a generalized symbol
(xXe(,2,7,€))e € S2.(R™ x (R\0) x R"~!) homogeneous of degree 0 for |(7,&)| > 1
and such that

1 on Iél
0 outside I 52

XE(I7 277—75) = {
for angles 01,05 € (0,7/2), 01 < 0. Then, (xe\/ac)e € SE(R™ x (R 0) x R*71)
and its restriction to I, is equal to (y/ac).. Moreover, (Xcy/ac)e vanishes outside
I, .
Remark 5.4. For the construction of x. we define for every fixed ¢ € (0,1] the
function

fe(z,2,7,6) == co(z,2)6771  on R™ x (R\ 0) x R"1,
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Then, for every fixed € € (0,1] we let x. be the smooth function defined on R™ x
(R\ 0) x R"™1 0 < y. <1, which is given by

0, |fe] > sinvya
Xe(z,2,7,6) =4 L, |fe| < sinyy (5.4)
1- L , siny < |fe] < sinys

T — T
ItelFel=sinng ~ sy —17e]

for some fixed angles 1, 72 with 0 < 01 < y3 < y2 < 02 < 7/2.
We therefore get x. = 1 on Ij since there exists n € (0, 1] such that

Iy, CH{(2,2,7,8) 1 7 #0, |ec(x,2)¢/7| <sinyi} e € (0,7)].

To show the inclusion, let (v, z,7,§) € Iy and f(z,z,7,§) = lim. o fe(2, 2,7, §).
Then there exists a constant C' > 0 such that

|fg($,Z7T7£)| < |(f€ - f)(l‘,Z,T,é-” + ‘f($,Z,T,£)|
< [(ee(w, 2) — (2, 2))/ 7| + | (, 2)§ /7]
<sinf;(1 — Cw;H)
Since w;* tends to 0 as € — 0 and 67 < 71, there exists n € (0, 1] such that the

right-hand side of the last equation is bounded from above by sin~y;.
Similarly, one can show that there exists n € (0, 1] such that for all £ € (0,7):

{(z,2,7,8) : 7 #0, |c"(x,2)§/7| = sin b}
< {(1‘,2’,7’, 5) - T 7é 0, |C€(SL‘,Z)€/T| 2> Sin’Y2}
and hence x. = 0 outside Ij (note x. is defined only for 7 # 0). Indeed

|fe(@, 2,7, > | f(2, 2,7, 8)| — |(fe — f) (@, 2,7, 8)|
> |c*(x, 2)E/ 7] (1 _ @ 2) (@, 2) D

c*(x, 2)
> sinfa(1 — Cw 7 #) > siny,

as ¢ — 0. Now, since % € gf;foo and for every e € (0,1] the function x. is smooth
on R™ x (R\ 0) x R"~! and homogeneous of order 0 for |(7,&)| > 1, we can conclude
that x. € S2 (R x (R\ 0) x R"~1) ([14, Example 1.2]).

Isc

5.2. Factorization procedure. The aim is to decompose the operator L as an-
nounced in in Theorem [5.2} Therefore, we give a construction scheme for
the generalized symbols (a;.). of the operators A;, j = 1,2 by means of their
asymptotic expansions (in the sense of Definition , that is

aj(x,2,7,6) ~ S b (2,276 in Sl (1)) (5.5)
pn=0

where the sequence {bgu)}ﬂeN consists of appropriate elements bg“ ) e Slls;“ (Ip),
j =1,2 and will be constructed recursively. Recall that means that there are
representatives (a; ). of a; and (bﬂ))‘E of bg.” ) such that for any cut-off ¢ equal to
1 near the origin we have
N—1
(ase = Y=o €SN p). (5.6)

n=0
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Proof of Theorem[5.3 For the proof we apply a decomposition method similar to
[22, Appendix II] and [I7, Chapter 23]. In the following, we will show the desired
factorization in the case that the principal symbol of A; is equal to (—i(j.). =
(Fiy/ac)e, j = 1,2. The proof for the second possible choice of the principal symbol
of A; is essentially the same.

We now give a construction scheme for the symbols a; of the operator A;, j =
1,2, by means of their asymptotic expansions. To begin with, let (;. = £,/a.,
j=1,2and ¢ € (0,1]. For j =1,2 we set on Ij

b(o) = —i(j e, ;15 = bioe), Agle) = Op(aﬁ))

)

where A(l) should be thought of as the operator whose symbol has the classical

asymptotic expansion a( ) on I;. We emphasize that A( ) is intrinsically the re-
striction of a globally deﬁned operator restricted to the set I} as the symbol can
always be multiplied by a generalized cut-off function () of the form as indicated
in ) which is identically 1 on I (with 6; equal 6). Moreover, the function ¢ as
in cuts off the Singularities near 7 = 0.

We define L(l) =0, + A( e J=12¢¢€ (0, 1]. Using Lglgpl L(lg as a first
approximation to L. we obtaln an error of the form

L)1) - 1.
:(aZ+A ) (a +Agg) 8;8

_(am L i 1,0 <1>i W (5.7)
- (Al,ap + pe A2,E)62 + az(ps AQ,&) + Al,s e A2,a AP75

=: ZF(l 9?77 on Iy.

. 7z

Since Agl) and —A2) have the same principal symbol on Ig) it follows that the
symbols of the operators Fg-l) = F;l)(m,z, D;, D,) are in Scl s o1 I, j=1,2.

To improve this approximation we proceed by induction. For convenience of
the reader, we also compute the second order approximation of L. Therefore let

€ (0,1] be fixed and define
0 = oD 4 D)

]aE' J,€7

A = opal?), LP) =0, +4%).

Here bgls) will be specified immediately and in such a way that the symbol of Aﬁ)

with classical asymptotic expansion ( (2 )) is in S}

e o115~ From the above we already
know that

2
1 )
LgU;LgU ~L=>Y 1We*.
We can formally write on Iy,
1
2
Lg,ging - Ls
pe

1 N 1/ a 1
= (£ + ng)fp (282 + BEY) - L.
€



EJDE-2018/42 FACTORIZATION OF HYPERBOLIC OPERATORS 27

2
_ (1) p2-j COARESEY (1) 1) <1>i (1
;:1 o2 + (0. + Af) BL+ Bl — (0. +482) + B )by

1

)

I\JA
m

_ (1) 52—j ON )
(2= 4 (B176p5 + pEB ()0 +o. ( >

1 1
+ BN = A5 4 AT 5 Bglg +B{") = B!
" Pe P 7

We now specify (bgg) , (b(ng) as follows: as (a§1€)> = :F(i‘/a5> (j =1,2)is
€ e /e
non-vanishing on Ij the matrix

is invertible on I.

Then on I,
1 1 1
P (a% —1> (’ﬁ%) _ (bél%) (5.8)
aglg - aélg —a3. 1 V2,e by

where the net (p.). has the same properties as the net (1/p¢)e.
Recall that 3C > 0,3n € (0, 1] such that

i (@, 2,7,)| > C|(r,€)| on Ij, < € (0,]
and for all v, 5 € N there exists (we). € s, V(z, 2,7, §) € I

0860 )01 (2,7, ) = Ol (. 11 for [(7,€)] > Las e — 0.

cl,lsc

So (agls) 1) € S, 4. on Ij. Then, modulo S;;>°(I}) there are uniquely determined

symbols (b(l)) , (bgg) € S on I, homogeneous for |(7,£)| > 1 solving the system

1.
Al L

€ €
1
L v Log)

on the set Ij where (’yj( E)) denotes the principal symbol of F(.l), j = 1,2. Note that

(b(l)) € S.(I}) and is homogeneous for |(7,€&)| > 1. Since (a 55))6 is logarithmic
(2))

slow scale elliptic and (b(l)),S is of lower order, we conclude that (a; ). is also
logarithmic slow scale elhptlc

We write BJ(’IE) = Op(b;}e)) and obtain
1 2
2 2 2 —j

with F;z) = Fg-z) (z,z, Dy, D;) having symbols in S

cl, lsc

onlj, j=1,2.
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For N > 1 assume (b;-fg)a € S..*(I}) is homogeneous of order 1—y for |(7,£)| >

1 and determined for all u < N, j =1,2. For € € (0,1] we set

N—

N N N N N

oV = Z o, A = op@a(V), LW .=a, + A,
pn=0

Again, here A(N) is the polyhomogeneous generalized pseudodifferential operator

with symbol ( ¢ €)> in S} 1se- Furthermore, we assume
€

1
L(N) L(N) L= ZF(N)82 7
j=1
with I‘EN) = Fg-N)(% z, Dy, D;) having symbols in S
For the induction step we specify b( ) b(2 ) as follows: We denote by ('y]( E)>

on Ij, j=1,2.

cl, lsc
the top order symbol of I‘;N). Since ( g E)) is logarithmic slow scale elliptic on I,

1 ( 1 1 >
Pe agg aglg

is invertible on Ij and the system

7 = 1,2, the matrix

11
Ay L L

e Pe

N N 1 1
Wyl L 44
Pe

is uniquely solvable for (bg?) ) (bg?) €St N on Ij. Moreover, bg{\g) are homo-
geneous for |(7,&)| > 1. We write Bj(-,]!) := Op(b},) and indeed we obtain

1
Lgﬂ)ngﬂ) _ L.

= (L(N)+B§E))p€( <N>+B< >) L.

2
. 1
=S 1Moz 4 (82 + A(N)> B + BV (8 + Aé{?) + B > — BN
=1 :

g

€

2
| 11 1
=Y riWezi 4 (B~ + B0, + 0. ( B ) + B — Ay
= P pe e p
A L g L poo
e e

Zr“v“ 927

where TV — F(_N+1)( N+1)
J j

x, 2, D¢, D;) have symbols in SJZ e on Ij.
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Then with a;, j = 1,2, such that

a; NZbE-”) on I
pn=0

we found the desired operator A; that solves the problem. (Il

Remark 5.5. Theorem allows for two distinct factorizations, i.e.
1
L=(0.+ All);(az + As1)+ Ry = (0, + A12)p(5’ + Ags) + Ry on I.

where the principal symbol of (A4;1.). is equal to (Fi/az)e, j = 1,2 and that
of (Aja,c)e is equal to (£i\/az)., j = 1,2. Ry and Ry denote the corresponding
remainders of the factorizations.

For completeness, we will compute the zeroth-order term for the symbols of
(A11,e)e and (Ajo2.)e explicitly as they will be used later in section First, we
calculate (A11.).. Recall from that

n—1 (1)
dayl 0 19
1 _ Ps _ 71/2 Ps
Tie Z 3 oz, ; o,
and
M _ g (La®) — 4V KA 0
Yo, = 8Z(;a ) #( ) —Qpe — 1 E (8arj ;)fj mod Sig..
£ le £
Hence

. n— laa(l 8@(1)

75,1228z(i 1))_*2 ¢, 3%. -

1 9al/? 9al/?

_ia (8%5 1 8p5 ) i

T2, 0z ap,. 0z pe Ejzl o9& Ox;

We set b, = as/ and by (5.8) obtain

e 1 2 9b. 9b. (aap,s 1 apsi)

26 5'§j 8% 0z ape 0z pe

(5.9)
n— 8p€
2pgb ij —|—0rder(—1).
Using the same arguments, for the operator Ajs we obtain the expression
1 ab Ob:  1¢0a,. 1 Op: 1
12 = 1be ( )
2, 8§j Ox; 4\ 0z ap,. 0z p;

(5.10)

n— 35
2pb Zﬁj P +0rder( 1).
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6. GENERALIZED WAVE FRONT SET

Given a pseudodifferential equation with smooth symbols, regularity properties
can be used to describe the behavior of the solution. To study propagation of
singularities the notion of the wave front set was introduced. We recall that the
complement of the classical wave front set of a distribution w is the set WF(u)®
and measures smoothness near a point in the sense that the Fourier transform of a
localized piece of u is rapidly decreasing in an open cone.

Another version is the Sobolev-based wave front set, where one studies subsets
WE™(u) of T*R™\ 0, m € N such that

(w0,80) ¢ WE™ (u)

if there exists a P € U™ elliptic at (z0,&) such that Pu € L?*(R"). In this
sense, wave front sets give a description of local smoothness of a distribution since
WE" (u) = 0 if and only if u € H]?.(R"). As pointed out in [32, Section 4], there
is the following relation between these two versions.

Theorem 6.1. Let u € D'(R™). Then
WF(u) = Uy WF* (u).

Relating to the notion of wave front sets to pseudodifferential operators with
smooth symbols, it is well known that for any P € ¥™ with homogeneous principal
symbol P,, one has the following inclusion (on T*R"™ \ 0)

WF(u) € WF(Pu) U Char(P)

where Char(P) = P,,1(0) N T*R™ \ 0 is the characteristic set depending on the
principal symbol of the operator. Moreover, pseudodifferential operators do not
increase the wave front sets. For more information, we refer the reader to [I7]
Section 18].

In the framework of Colombeau generalized functions in Gr2(R™), we follow this
idea and measure regularity by considering rapid decay on cones in the frequency
domain after localization in space. We refer to [23] [10, [IT], 19] for more details on
the commonly used notion of a generalized wave front set based on G*-regularity.

6.1. Generalized Microlocal Analysis. Recall that a function u € Gr2(R") is
regular, denoted by u € GP5(R™), if and only if there exists a representative (u.).
of u such that exists N € N so that for all & € N"

HDau5||L2(R”) = O(€_N) as ¢ — 0.

As already indicated above, we introduce the following definition which is similar
to [10]:

Definition 6.2. A generalized function v € Gr2(R™) is said to be microlocally
regular at (zo,&) € T*R™\ 0 if there exist ¢ € C°(R™) with ¢(z¢) = 1 and a conic
neighborhood T' C R™ \ 0 of & such that there exists N € N for all [ € N:

(&) F(pue) |2y = O(™N) ase—0. (6.1)

For v € Gr» we denote by WF,(u) € T*R™ \ 0 the generalized wave front set
of w which is defined as the complement of all points in phase space where u is
microlocally regular.
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Moreover, we say that two generalized functions u,v € Gr2(R™) are microlocally
equivalent at (xg,&p) € T*R™\ 0 if and only if there are ¢ € C°(R™) with ¢(zo) =1
and a conic neighborhood I' C R™ \ 0 of &y such that exists N € N for all [ € N:

(€)' F (¢(ue —ve)) |2y = O(e™™)  ase—0.

As a matter of fact, the localization of a function in G2 allows us to replace the
L?-norm estimates in by L°°-norm estimates. Indeed, let © € G2 such that
holds. Further, let ¢ € C>®°(R"), 0 < v < 1, and supp(¢)) C T, ¥ = 1 on
I for some open cone I'' C I'. By the Sobolev embedding theorem we have that
H™*%i C ¢ for all m > n/2 and hence we obtain for (u.). € My~ that 3N € N
such that for every [ € N,

sup (€)!pue (€)|

gelr

< sup ()19(€)|puc (€)] < ¢ max [ DU(EV Y duel| 2 @n)
EeR™ la|<m 3

< e max [%(Da)! (Wgue) "z o) < el m)| (€)' 66u=(€) |z ey

< e(¢,m) (€)' Sue(©) | L2y = O(e™N) as e — 0

for some positive constants ¢ and c(¢, m).
On the other hand, we assume that a function u € G2 satisfies: there exists
N eNforalll e N:

sup(€)![puc (€)] = O(e™N) ase — 0.
el

Then
€'ty = [ (@M Fun(@)Pde < e [ (0 ag

for a certain N uniformly over all [ € N and all ¢ sufficiently small.

As we pointed out in subsection one can construct a generalized parametrix
for a logarithmic slow scale elliptic operator A(z, D) € ¥ modulo some regu-
larizing error in W, > that maps G2 into G75. This fact can be deduced by the
L?-boundedness theorem for operators with symbol of class S°, see [22 Theorem
4.1].

We now introduce the generalized microsupport of a symbol as follows: Let
p € S and (z0,&) € T*R™ \ 0. Then the symbol p is G73-smoothing at (xo, &)
if there exist a representative (p:). € p, a relatively compact open neighborhood
U of z¢ and a conic neighborhood T' of &y such that 3V € NVm € R Vo, 5 € N”
V(z,&) e U x T:

|0802p(2,)] = O™ N) (&)™ ol as e — 0.

The generalized microsupport of p, denoted by psupp, (p), is defined as the com-
plement of the set of points (x¢, &) where p is G75-smoothing.

In the sequel we give an essential overview of the concepts in [19] which will be
employed in this section more frequently, referring to [19] for the proofs of the main
results and for further explanations.

Moreover we follow the ideas made in [I0] where the authors measured regularity
of a generalized function in u € G(2) and 2 some open subset of R™ when acting
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on generalized pseudodifferential operators with slow scale symbols. Our definition
is (for u € Gr2) is now the following:

Definition 6.3. For any u € Gr» we define

Wiee(u) = Mo pye, w0 Bllic(p)°
p(z.D)ucdyy

where Ell,.(p) denotes the set of points where p is slow-scale elliptic. Note that in
the manner described in [I0] we have that for any slow scale elliptic symbol p € ST
there exists a parametrix ¢ € S,/ such that p#q = ¢#fp =1 in Sgg.

As in [I0, Proposition 2.8] one can show the following result: Let 7 : T7*(R™)\0 —
R™: (2,£) — 2. Then for any u € Gr= we have

T(Wie(u)) = sing Suppg(”)

where R™ \ sing supp, (u) := {z € R" : 3U, C R" open such that u|y, € G75}.

Before we proceed, let us briefly recall the three main theorems in [I0, Theorem
3.6, Theorem 3.11, Theorem 4.1] but applied to the symbol classes and function
spaces we use. We renounce to give the proofs as they can be obtained by minor
changes in the arguments.

Theorem 6.4 ([10]). For any P = p(x, D) € ,, V% and u € G2 we have
Wie(p(z, D)u) € Wie(u) N psupp,, (p).
Moreover, we have the following theorem.
Theorem 6.5 ([10]). For u € Gr2(R™) we have

WFy(u) = Wse(u) = Npe  yoChar(P) (6.2)
Puegrs

We recall from [I0] that a Colombeau generalized function u € G is generalized
microlocal regular, or G*°-microlocally regular, at (xg,&y) € T*R™\ 0, and we write
(0,&0) ¢ WFy(u), if there exists a ¢ € C°(R") with ¢(xp) = 1 and a conic
neighborhood I' € R™ \ 0 of & such that: 3N € N such that for all | € N we have

sup(€)'|F(gue)(€)] = O(e™™) ase—0.
ger

Note that, instead of specifying the test function ¢ as above, one may equivalently
require the existence of an open neighborhood U of xg such that for all ¢ € C*°(U)
the estimate (6.2)) holds.

Theorem 6.6 ([10]). Let P =p(z,D) € , Y7 and u € Gr2. Then
WEy(Pu) C WFy(u) C WFy(Pu) U Ells.(p)©.

In particular, this relation holds for any P € ,, ¥i_.

7. MICROLOCAL DECOMPOSITION OF THE WAVE EQUATION

The purpose of this section is to establish a microlocal diagonalization of the
operator L. In what follows, we will restrict our analysis to the following subset
Iy, of the phase space

Ip, == {(t,x, 2,7, ) € T*R"™N\ 0 : (z,2,7,€) € IéQ, I<| < C|7|},
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assuming that WFy(U) C Iy, (cf. [29]). Recall that if LU = 0, then by section
and @ we have that WF4(U) C Ells.(L)® = Ellisc(L)® = X. The inequality || <
L(z,2)|7] on ¥ implies |¢| < c5'|7| on ¥ and explains the inequality |¢| < C|7| on
Iy,. The microlocal diagonalization will then be stated on the set Iy,.

To decompose LU = F microlocally on Iy, into a system of two first-order compo-
nents, we will consider (u4,u_) that are obtained from (U, %(’LU ) by an logarithmic

slow scale elliptic 2 x 2 pseudodifferential operator matrix @ = Q(z, z, Dy, D,.), i.e.
there exists P = P(x, z, Dy, D,.) the generalized parametrix such that PQ = QP =
I modulo an operator with symbol in S_°. Then, with the change of variables

()=o) (F)=e(z) o

we search for an equivalent model to the equation
LU = F microlocally on Iy,

with U, F € Gr2(R""!) in terms of two first-order generalized pseudodifferential
equations of the form

(8z —iBi (z, z, Dt,Dz))u+ = f4+ microlocally on Iy,

‘ : (7.2)
((’L —iB_(z, z, Dt,DI))u, = f_ microlocally on Iy,,

where uy, f+ € Gr2(R") and By = Bi(z,z, Dy, D,) are logarithmic slow scale
pseudodifferential operators of order 1. Note that the operators By are acting
in (t,z) and depend on the parameter z. Moreover, we will show that there is a
choice of the normalization @) of the wave field such that the operators B4 become
self-adjoint.

We start by rewriting the homogeneous equation LU = 0 in Gy 2 into a first-order
system with evolution parameter z:

[Jaz - <_31p gﬂ (},gU) =0 (7.3)

with U € Grz(R™"1), I the 2x2 identity matrix and
A, = A,(x,2,D;,D,) = 74)2 + Zax] s
Note that A, is a logarithmic slow scale elliptic pseudodlfferentlal operator of order

2 on Iy, . For brevity, we will drop the identity matrix I in equation (7.3).

Lemma 7.1. For suitable chosen QQ and B4+ we can write

P{@z - (—?4p g) }Q — 0, — (“? zg) +R (7.4)

where R = R(x,z, Dy, D,) is a 2x 2 pseudodifferential operator matriz with entries

in St

isc and that are of order —oc on I .

For the proof we introduce the following notation. Let R be a pseudodifferential
operator valued 2x2 error-matrix with entries of the form

2
S " Rj(x,2, Dy, D)0* (7.5)
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and the symbol of R; = R;(z,2,Dy,D,) is in gl;?o, j = 1,2. In the following we
will sometimes write W} /¥ to denote an operator of the form (7.5). Similarly we
write ¥ 75 s for an operator of the form

2
> Rj(w,2,Dy, Dy)02

§=0
with R; = R;(x, z, Dy, D) having symbols in S_> for j = 0,1
Proof of Lemma[7.4. We will now search for appropriate choices of the operators

P,Q,R and B4, where Q, P, R are as above and B4 as already indicated in
and (7.2)) such that equation (7.4) holds on Ij_, i.e. R is of order —oc on Iy, .

P, P, ) 1
We set P = <P;1 PZ) We first apply the left-hand side of (7.4) to P (iaz)
and obtain
9. —p 1 Pr2(8.20. + A,) + S0
r (Ap 62) or (;1;82> <P22(3 19, +4,)+507) (7.6)

on Iy , with SIE) in ¥ on I, . Similarly, we compute for the right-hand side

9. —iBy 0 1
(0% 0 i)+ ()

7.7
_(0:=iB)(Pato. + Pu) + 5D (7.7)
— \ (9 —iB_)(Pa270. + Por) + 5@ Lo,

where §(2%) ¢ v lse On Iéz. Summarizing this, allows us to write

2
1 1 .
Pra(0.0. + 4,) = (0: = iBy)(Pra 0. + Pru) + > RMg2
j*O

1
PQQ(aZ;aﬁA) (0, —iB_ )(pz2 Lo, + Poy) +ZR g2
7=0

on Iy where R;i) = Rg-i)(x, 2, D¢, D) have symbols in S| ;> on I , j =0, 1,2

Otherwise, in view of Theorem the operator L = 82%(% + A, can be written
in the form

L=(0.+ A11) (0. + Agr) + Z R\Y>7 on Iy, (7.8)

j=1
with the symbols of A3 = Aji(z,2, Dy, D) in S on Iy,, j =1,2. Here A11 and
— Ay have the same principal symbol equal to —z(\/(TE)67 where a, := Cg(m > |§|2

Isc

is the principal symbol of pA,. Also we obtain

= (0. +A12) (9. + As) + ZR“”)ag i onj (7.9)

j=1
where the symbols of Ajo = Ajs(z,2, Dy, D,) are in S, on Iy,, j = 1,2. At this
point, A;p and —Ajzy have the same principal symbol equal to i(y/az).. Expansion
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of the right-hand side of (7.8)), respectively (7.9)), results in

2
1 1 1 1 1 1 00) Ao i
0o=0.+ Ap = 0=, + (Arr~ + ~Aog) s + 0 (= Aog) + A~ Azi + Y R 927
P P p P p p =
on Iy , k = 1,2. Equating coefficients gives Ao, = —pAlk% modulo an operator

Siee” on Iy, k=1,2. Using this, equations (7.8) and (7.9) now read

Isc

1 1 1
o”'Z;az + Ap = (Oz + Au) (;az — AH;) (mod \Ill_,losoc) (710)
1 1
= (62 =+ Alg) (;8,2 — Alg;) (mod \Ill_,losoc) (711)

on Ij . At this point we choose Pi2 and Pse such that the requirements of The-
orem are satisfied on Iéz and we denote by Ple and P{zl the corresponding
parametrixes. Inserting P1_21P12 into (|7.10) and P2_21P22 into ([7.11)) yields

1 _ 1 1 oo
625&2 + Ap = (Oz + All)P121 (Plgzaz — P12A11;) (mod \112,1512)
1 1 .
= (az + A12)P221 (P22;az — P22A12;) (mod \112,156)'
on Iy, . We define
7Z'B+ = P12A11P1_21 + Plgaz (P1_21) on IéQ (7 12)
—iB_ = P22A12P2_21 + ngaz (P2_21) on IéQ '
to denote the uniquely determined solutions to
(0. + An) P! = P, (0. —iBy)
(0. + A12) Pyy' = P3y (9. —iB_),

modulo logarithmic slow scale smoothing operators on I, gQ. Consequently, B4 are
operators with symbols in S, on I, with real principal symbols. Note that By

are only prescribed on [, 52. Thus

2,lsc

1 1 1
azfaz + Ap = P1721 (az - ’LB+) (Plzfaz - P12A117) (mod wo )

p p P
2,lsc

1 1
= P2721 (az - ZB,) (PQQ;@z - P22A12;) (HlOd o )

on I(',Q. Further, if we choose for P from above Pj; := —P12A11% and Py :=
—P22A12% we obtain

1 1
P A I T e on Ij, (7.13)
—P22A12% Pys 0 Py _A12% 1

where P15 and Pso are logarithmic slow scale elliptic pseudodifferential operators
(in the sense of Theorem on Iy, .

Since the principal symbol of Ay; is —i(y/a:). and the principal symbol of A;,
is i(y/ac)e, it follows that P is logarithmic slow scale elliptic (in the above sense)
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whenever Pjo and Py satisfy the requirements of Theorem [£.16] Furthermore, the
approximative inverse matrix @) of P is given by

~C C PLl 0
Q= 12 on Iy,
A0 14 A121C 0 Py

where C' is the generalized parametrix of An% 7A12% in the sense of Theorem
We have therefore found appropriate operator-valued matrices P, @, R and opera-
tors B4 solving on Iy, .

Outside [ éz, we choose P logarithmic slow scale elliptic and of the same order as
in on Ij . Then Lemma is satisfied also on the complement of Ij, . |

We note that the derived one-way wave equations are not unique. Only the
principal symbol remains the same for any choice of P;5 and Psy. Recall that the
principal symbol of the operator B is directly related to the generalized wave front
set of the full wave equation. In the smooth setting it turns out, that in order to
also describe the wave amplitudes, the subprincipal symbols of By are needed (cf.
133, 271).

Moreover, by , and the zeroth-order terms of B also depend
on the partial derivatives with respect to z of the coefficients, i.e. 9,c.(x,z) and
02pe(x,2). In the following, we will show that for an appropriate choice of the
operator () such zeroth-order terms can be eliminated. In particular, we have the
following result.

Lemma 7.2. Let Q, P, B+ and R as in Lemma|7.1. Then there is a choice of
Q such that the operators B+ become self-adjoint on I, . Moreover, the symbols of
the operators B+ are of the form

i 2 Ob b
r— — _— A
bi(x,2,7,8) = :t(b + % 2 3 xj> + order(—1) on Iy, (7.14)

Proof. In the following, we will restrict ourself to the set Ij, and show that By can
be chosen self-adjoint. The result follows by an argument used in [29].

We will tackle the problem by choosing generalized classical pseudodifferential
operators Pis, Py such that

Ql=P= <(1) _01> Q <? _OZ) (7.15)

is valid modulo a smoothing operator matrix and where @* denotes the adjoint of
Q. We therefore explicitly compute the right hand side and obtain

L0 g (0 =) _ —i(P,!) C* LAY, i(Pg') O
0 -1 i 0 —i(Pg')* —i(Py )" C* LAY, i(Py')C* )
Then ([7.15) is equivalent to the following two systems of equations
1 1
— Py A= = —i(PRH)*CH = At
P (Pr2) P

Py =i(PR' ) C*
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and
1 o o 1
*P22A12; = —i(Pgp')* — Z(Pzzl)*C*;ATz
Poy = i(Py')*C*.
Solving these systems is equivalent to solving the equations

1 1 1 1
i(A = — —A7) = PRH(PRY)*  —i(Ap= — —A},) =P, yx
(llp P 11) 12(12) (12p P 1) 22(22)

where we used the fact that %A"{l - %A’{Q =(CH =@

As a next step, we will choose szl and P{21 equal to the self-adjoint square root
of i(AH% - %A’{l) and —i(A12% — %A’{Q) respectively. We show that Pp,' can be
chosen in such a way. The result for Pj," follows by the same method. We first
note that the operator T := Z(Alr — fAi‘l) is self-adjoint. As we are searching
for the square root, we are interested in an asymptotic expansion X = > - =0 0 X @)
with XU) ¢ \111/2 I with X ~ +T/2 in Scl lsc:

Therefore, let X{” := (0= L )1/2 (bsp%)l/2)*)/2 be self-adjoint in Sllsf where
b. is the principal symbol of zA11 . Then

X2 =7+ RO with R € 57,

Moreover, the remainder Réo) is self-adjoint. Suppose we have Xg(j)7 j=0,....N,
such that
N
> X0 =T, 4+RM (7.16)
§=0
with RV ¢ SN self-adjoint. Then with h e app—— - OO SRR

2 V ba/PE
self-adjoint since b./p. is real-valued and ( - holds with IV + 1 instead of V.

We recall from ([7.4) that

p(% Pacase(l Pesroai (B 2)en

Using ([7.15) we obtain for the second term in the middle expression

P(a )e=-( S e (L)

Now this term is the sum of an anti-self-adjoint diagonal matrix and a self-adjoint
off-diagonal matrix. Also we have

pdQ _ (1 0 [P@rl 0

8z 0 -1 0z 0 -1/°
So this expression is again the sum of a self-adjoint off-diagonal part and an anti-
self-adjoint diagonal part. Hence —: B are anti-self-adjoint and B4 are self-adjoint.

It remains to show that By has the form (7.14). To compute the zeroth order
term of B, we need to incorporate the principal and the subprincipal symbol of

P[,'. We define the operator P,' = Op(\/§a,1,/4p*1/4) + Ry of order 1/2 and the
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symbol of R; is in Sl;l/ ?. Then the parametrix Pjo has the following asymptotic
expansion

1
P = ¢[ﬂ p;/4p;/4 Rla 1/2P;/2

. n—1 .
Lot 3 da. ¢ 71/2 aPs 1/2,-3/4]
* ﬂ(SaE 200,57 Z ) ;] +

+ order(—5/2).
where 1 is a cut-off function as in the proof of Theorem We obtain

0P 1(da,. 1 dp. 1
0z ape 0z pe

) + order(—1)

and after some calculation

11 —1/2 apg

P12,5A1175P1_2,16 =An,.— 5;% . D, —-—&; + order(—1).
Using (5.9 and from section |5 e obtain
n—1
1 0b. Ob,
(1)

—iby . = —ib. + —
c ‘ 2b€ -1 8@ 8xj

where b, := \/a.. Similarly, if we write P2—21 = Op(—\/ia;l,/4p_1/4) + Ro, Ry €
g-1/2

sc_» then one can show that

1 2 9b. ob.
2b, 2= 9€; O

—ib_ . =ib. — (=1).

So the proof is complete. O

Remark 7.3. We derived the decoupled system by using the two different
exact factorizations of the full wave equation. Having factorized the equation,
we were able to write down the normalization matrix explicitly. As a result, we
obtained the decomposition in two first-order hyperbolic wave equations. Here, the
factorizations were shown by induction and we got a direct connection between the
exact factorizations of the wave equation and the decoupled first-order system.

This method is different to the one used in [29]. There, the first-order wave
equations were obtained by recursively defining a normalization matrix which diag-
onalizes the matrix in in the sense of . Moreover, no exact factorization
of the wave equation is directly used as input data.

With this in mind, we are now in the position to state the following main result.

Theorem 7.4. Let L = 0,50, + Ap(x,2,Dy, D) and U, F € Gr2(R™'). Then
there are first-order pseudodifferential operators B+ and a globally elliptic pseudod-
iffential operator matriz Q as in Lemma[7.1] such that the equation

LU =F microlocally on Iy, (7.17)
holds if and only if
Lo+ug = (32 — iBi(x,z,Dt,Dz))ui = fx microlocally on Iy, (7.18)
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U+ . ~H-1 U f+Y _ -1 (0
()= o) ()= (2)
Here By is as in (7.12)) on Iéz and @ as in ([7.13]) on Iéz. Moreover, by Lemma

the matriz Q) can be chosen such that B4 become self-adjoint on Iéz.

Proof. We define a microlocal cut-off ¢» = ¢(x, 2z, Dy, D, D,) around £ =7 =0. In
particular let ¢ (z, z, 7, £, () be a homogeneous symbol of degree 0 in (7, &, ¢) outside
a compact set that satisfies

where

0 <] > 3C|7|

L|¢l <2Cr], [¢] > 1.

We note that 1) satisfies the requirements of [16, Theorem 18.1.35] since it vanishes
if [¢] > 3C|7|.

So given an operator W € ¥ on Iéz the operator given by yW is in ¥ on
Iy, by [I7, Theorem 18.1.35]. Also, the symbol of YW is equal to the symbol of W
modulo W, > on Iy, .

As already announced in section the operators L;, j = 1,2 in (5.3]) are not
pseudodifferential operators on R"*!. But, when applied to the cut-off function
Y = Y(x,2,Dy, Dy, D), we see that ¥ L; equals Lji and Ly equals L; modulo
V. > on Iy, j=1,2.

Isc

We may regard (7.6) and (7.7)) as microlocal equations on Ip,. Then LU = F
microlocally on Iy, if and only if

P P =P microlocally on Iy,,
v (Ap o. )9 (to.u a4, o.)\Go.u y on Iy

U € Gr2(R™"1). On the other hand we achieve

9. —iB 0 U
d’[( 0 8z—iB_>+R]P(18ZU>

p

_ (0. —1iB4 0 U .
= ( 0 9, — iB) P (;@U) microlocally on Iy,

for U € Gr2(R"1). Thus

p(0 =P\ (. U \_/(0-—iBy 0 p( U
A, 0. )\;0.U) ~ 0 9. —iB_ S0.U

holds microlocally on Ip,. Therefore equation ([7.17) is equivalent to

0\ _ (0.—1iBy 0 U .
P <F) = < 0 o, — iB_) P <[1)5'ZU> microlocally on Ip,.

8. APPROXIMATED FIRST-ORDER WAVE EQUATIONS

,(/)(xazaTagvg) = {

One particular technique for wave modeling is the one-way wave equation which
is often used since it requires only one boundary condition, as it is a first-order evo-
lution equation. In the case that the background data is smooth, it also provides a
way to propagate in a predetermined direction [26]. Our background data involves
generalized functions and due to the lack of an available theory connecting propa-
gation of singularities with a generalized Hamiltonian flow we need a substitute.
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With view to Theorem [7.4] we now introduce approximated first-order equations
to (7.18]) of the form
Liuy = (0, —iBy(x,2,D¢,D;) + C(x,2,D¢, Dy))ur =0 2z > 2o (8.1)
where the operator C' has a symbol in SllsC and serves as a correction term which
should suppress certain singularities of the solutions. In detail, we choose the
principal symbol ¢ = [(¢.)c] of C such that
ce(w,2,7,§) =0 on I
ce(x,2,7,6) > n(r* + €]?)7  outside I, .
for some positive constant 7 € R, all € € (0,1] and where 0 < 6; < 02 < w/2. The
precise definition of the damping operator will be given in the subsection below. In
this case, the operator C' is chosen logarithmic slow scale elliptic outside Ij and
therefore C' is also slow scale elliptic there. Without the operator C' in (8.1) the
operator L reduces to Ly + and is a standard first-order hyperbolic operator on
16/72' In the region where c¢ is logarithmic slow scale elliptic the principal symbol
of Ly is logarithmic slow scale elliptic and therefore ¢ leads to a suppression of

singularities of the solution to Liuyr = 0, z > zp. In detail, we have for the
singularities of the solution to Lyu4+ =0, z > zg that

WFg(ui) - WFg(Liui) U EHICSC(Li)
g Eulcsc(LO,:l:) N ElllCSC(C)
C{(t,z,2,7,6C) € TR\ 0: (z,2,7,€) € Iy, I < Clrl} 2> 2

since Lyuy = 0 for z > zg. So, C suppresses singularities outside Igg. Moreover,
having solutions uy to Lyuy = 0, z > zp with initial conditions uy(29) = usp
then they are also approximations to Lo +u4+ = 0 microlocally on Iy, for z > 2
with the same initial conditions. This can be seen by

WFy(Lius — Lozus) = WFy(Cug) € WF,(ug) Npsupp,(C) 2z > 2o
where psupp,(C) C I° and therefore
WFg(Liui — L07iu:|:) N Igl =0 z> 20-

We conclude that Liuy = Lo +u4 microlocally on Iy, , z > 2. Then

" <3z —OZB+ 5 —OiB ) (“*) =0 microlocally on Ip,, z > z

u—

and by the proof of Theorem [7.4] this is equivalent to

0: —p Ut _ 57 -
w |: F (AP 8Z> Q B R:| (u> = 0 mlCI‘OlOCaHy on 1917 z > 20- (82)

Since the entries of the pseudodifferential matrix R are operators with symbol in

Siee” on Iy, we have

R <u+> =0 microlocally on Iy,, 2z > 2p.

We now define U being microlocally equivalent to Qiuq + Q_u_ on Ip,,z > 2o
where we have set Q1 = Q11 and Q_ = Q12, i.e.

U:=Qiuy +Q_u_+f
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for some fz 0 microlocally on Ip,, z > z9. Then

U U .
(;@U) =Q <uj) microlocally on Ip,, 2 > 2z
since uy = Qyuy = Qorut and u_ = Q_u_ = Qqou_ microlocally on Iy, , z > 2.
Hence ({8.2)) holds if and only if

_ U .
PP (fl‘; 8p) (18 U) =0 microlocally on Ip,, z > 2z
z P z

which means that LU = 0 microlocally on Iy, 2 > 2.
In summary,we obtain the following. If u. solves the problem

Liug =0 on (2,Z) xR" (8.3)
ux(z0) =uxo onR"” (8.4)

then U := Qiu; + Q_u_ + f for some f = 0 microlocally on Iy, z € (20,72)
solves

LU =0 microlocally on Iy,, z € (20, Z).

8.1. Requirements on the damping operator. We now give sufficient condi-
tions on the damping operator C for the operator L. such that the Cauchy problems
in — are well-posed. The well-posedness will be the content of the next
section.

We define the principal symbol of ¢ of C by

Ca(xv Z, T, 5) = O.)(.’I}, Z, T, 6)(1 - Xa(ma ZaTag))

with x. as in subsection [5.I] and w is a smooth symbol homogeneous of degree 1
in (7,¢) and bounded below by some constant times (72 + |¢[>)'/2. Then c. €
SL.(R™ x R™). Now, since c.(z, z,7,£) is real-valued and homogeneous of degree 1,
there exists a self-adjoint symbol C. € S (R™ x R™) with principal symbol equal
to c.. This can easily seen by the following. Defining

ce +ct
C,==—= 5 <,

then C. is the self-adjoint symbol as desired (cf. next section).
In the following, we will work with such a self-adjoint damping operator C. =
CE(O) + Ce(l) of order 1 with parameter z and Cék) e Sl-k (k =0,1). We set

cl,lsc
C’E(O) = ¢, and get

00, )08 6O (&, 2,7, 6)] < Cuna(1+ [(r, €)1+

(2,2)
la]+]8]

< Cwe(L+ (1, Q)7 (1 + ee(a, 2,7,€))

Lol 4181
1 lalH151

on the support of C’E(O) = ¢, since we have 1 + c.(x,2,7,&) > 1+ (2 + [¢]>)'/?
there. We thus get
Vo, € N VL > |a| + |3| + 2k Fw. € Iige 3C > 0 In € (0,1]:

a ol — ey Lol 181 _lal+18]
107, 108 6 CP (@, 2,7,8)| < Cwc(1+](m, NI 27 (e, 2,7, ) 7t

(,2)

for all e € (0,n], k=0,1.
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9. WELL-POSEDNESS OF THE APPROXIMATED FIRST-ORDER EQUATIONS

To avoid an overkill through parameters, we will reduce the problem (8.3))-(8.4)
and show well-posedness for the generalized Cauchy problem

Pu:= (0, —iA(z,2,Dy) + B(z,2,D,))u = f on (0,Z) x R" (9.1

u(0,-) =up on R".

where u = u(z,x) € Gr2(R"™Y) and f = f(z,2) € Gr2(R™™!) under the following
assumptions:

(i) A is a generalized pseudodifferential operator with symbol in SL_(R"+! x
R™).
(ii)) B i)s a generalized pseudodifferential operator of order v > 0 with non-
negative real homogeneous principal symbol b = B(®) = BO)(z z €) ie. b
is homogeneous for || > 1 and in glgc"o for €] < 1.
(iii) Moreover, there are representatives (BS’))E and (BQ))E of B and B :=
B — B respectively such that the derivatives of (Béo))g and (Bél))E can
be estimated as follows: Va € N, for all 3 € N"*1 Juwg ., w; o € I such

that
lal 81 _ lal+18l
100,02 B (@, 2,6)| = Owo.)(1 + [E) T (1 4+ BO(w, 2,6))' =%
for |a| + 18] < L as e — 0 and
la|+18]+2 || +]8|+2
0, 08 B (1, ,6)| = Oy o) (1)1l =555 1y pO) g gpi— =2

for 2+ |a| +|5] < L as ¢ — 0.

Remark 9.1. In this section we construct a square root for the operator 1 + B
modulo a smoothing operator with symbol in S’ ©(R™*! x R™). Using this square
root we show that the Cauchy problem ({9.1] . has a unique solution that satisfies
an energy estimate.

Lemma 9.2. Assume that B(z,x, D) is a self-adjoint generalized pseudodifferen-
tial operator with symbol in S| (R™ ™! x R™), v > 0, that satisfies (ii), (iii) and
2y < L. Then, there exists Q(z,z,D,) € \Iﬂ/Q7 2 ZSC(R”) with d2Q(z,z,D,) €

\Iﬂ/%jn’u (R™) such that Q is self-adjoint and Q2 =14+ B+ R where R is a
L>

genemlzzed pseudodifferential operator with symbol in S (R x R™).

Remark 9.3. In the proof we will use the following fact.

Let f :[0,00] — R be a classical symbol of order ¢, i.e. Vk € N, 3C}, > 0 such
that [ £ (y)] < Cx(1 +y)°*, then f o B is a symbol in S} m;‘XS‘SlOS)c

First note that |f(B(®)| < C(1+ B®)? < Cw.(1+ \f|)7‘mx(‘s 0)

So let (o, ) # 0. Using Fa di Bruno’s formula,we obtain that the expression

o’ 80‘]‘(3(0)) is a sum of terms of the form

(z,z)

k
cfM (BT 0. 08 B (9.3)
j=1
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for some constant ¢ and such that >, a; = a, >, 8; = B and (ay, B;) # 0. Since
B satisfies (iii) one can estimate the expression in (9.3) by

Cu}e(l + |€|)_|O,H_ \ulzlﬁl,‘/(l n B(O))(S_ \a\2r|5| S Cwe(l i |§D'Ymax(670)—|0é‘+ \alzlﬁl,‘/
where the constant C' and the logarithmic slow scale net w. depend on « and S.

The proof of Lemma follows the same lines as in [30, Lemma 3|. To get the
energy estimates, we will adapt a version of the sharp Garding inequality theorem
of Hrmander as stated in [I7, Theorem 18.1.14].

Lemma 9.4 (Sharp Garding inequality). Suppose that a € gllsc(R" x R™) has a
representative (ag)e such that there exists n € (0, 1],

Rea.(z,&) >0 Ve e (0,7).

Then there exists a logarithmic slow scale net (we). € s and a constant C > 0
such that

Re(ac (2, Dy)u,u) > —Cuw.||ul|3. (9.4)
for all u € S (R™) and € € (0,7].

Proof. The proof follows the same lines as in [I7, Theorem 18.1.14]. Let r € SIOSC
and (r:)c € r be a representative. Then, there exist a logarithmic slow scale net

(we)e € Mg, a constant C' > 0 and an n € (0, 1] such that
|(r(z, D)u, u)| < Cwellull72 € (0,n]

and

Re(r.(x, D)u,u) > —Cuw.||ul|2. € € (0,n]
Now let a. € SL. and write
a:+a; a.—a;

2 2

Then, since the second term on the right side is anti-self-adjoint it follows that

Re(aE ;a‘su,u) =0.

Re(ac) —

it suffices to show (9.4)) with a replaced by Rea.
As a next step, we let ¢ € C5°(R?*") be an even function with L%-norm equal
to 1. Also we define ¢ € . by (z, D) := ¢(x, D)*¢(x, D). Then, 1 is even and

[ ¢y, n) dydn = 1.
The aim is to write a. as a superposition of two terms a; . and ag . where a; .
is of the form

ar,e(x,€) : / Y((x —y)g(n), (€ —n)/an))a(y,n) dydn e € (0,1]

with q(n) = (1 + |n|?)*/. Then, one can show that there exists an 1 € (0, 1] such
that

a: = Rea, +ilma, =

Moreover, since

(a1:(2, D)u,u) >0 uwe 7, e (0,1
and D?Dgaoﬁ(x &) = DaDg(aE(x &) —a1(x,§)) is a finite sum of terms

by (2, ) = /m (& = 1)a(m), (€ — n)/a(n))be(y, n) dy di
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—be(2,§) //zbl(y,n)dydn e €(0,1]

where 1; € .7 is even and (b.). € Sf;'al Then by the same arguments as in [I7]
Theorem 18.1.14], one can show that if (b;). € Sf.. then there exists a logarithmic
slow scale net (w.). such that |bgc(x,&)] = O(w)(1 + |¢))#~! as e — 0. This
completes the proof. O

Remark 9.5. Suppose that r € S2_. Then there exist a representative (r.). € 7, a
logarithmic slow scale net (w1 ). € Ilisc, a constant C; > 0 and an 71 € (0,1] such
that |r.(z,§)| < Crwi for all e € (0,7;]. Hence, the symbol (r.(z,£) + Crwie)e
satisfies the requirements of Theorem ie.

Re(re(z,&) + Crwi ) >0 €€ (0,m].

We therefore can conclude that there exist (wa¢)e € s, @ constant Cy > 0 and
an 72 € (0, 1] such that for any u € . and ¢ € (0,72] we have

Re((re(z, Dy) + Crwy o )u,u) > —Cowa o ||ull3 2
which is equivalent to the following: there exists C' > 0 and (w;)c € 5. such that
Re(r-(x, Dy )u,u) > —Cuw.||ul|?.
for all v € . and € small enough.

Concerning the well-posedness of the Cauchy problem (9.1)-(9.2), we will first
show the following energy estimate as shown in [30], [I7]. A slight change in the
proof shows that there is also an energy estimate when the symbols depend on ¢.

Lemma 9.6. Let A and B satisfy (i), (ii), (iii) with 2y < L. If s € R and (A\¢): €
Ilisc is generalized real and larger than some logarithmic slow scale net depending
on s, then for every u € C*([0, Z]; H*) N C°([0, Z]; H**Y) with 4 := max(y, 1) and
every p € [1,00] we have

1 z —Aez P 1/p 7 —Aez

(5 1=t e ds) ™ < @l +2 [ P e
(9.5)

with the interpretation of the mazximum when p = oo

Proof. Let (A.)c be a representative of A. Since the principal symbol of A is real-
valued, we have

Re(—iAc(z, 2,§)) > —Crwi ¢
for some constant C; > 0 and some (w1 ¢)e € g, for all € sufficiently small. Using

the sharp Garding inequality we obtain J(wac)e € Ilise I3C2 > 0 Iy € (0, 1] such
that

Re(—iAc(z, 2, Dy)v,v) > *0200275"1)”%2 ve H! (9.6)
for z €10, Z], € € (0, m2].

Note that by Remark the property is invariant under zeroth-order per-
turbations of —iA.(x, z, D,). Now using Lemmawe can write B, = Q%2 —1— R,

for some self-adjoint Q. € 57/2 (R"1 xR™) and some R. € S;.>°(R"T! xR™).

J o
LvLaléc Isc
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We therefore obtain: 3(we)e € I IC > 0 Iy € (0, 1] such that

Re((—iA: + B.)(x, 2, Dy)v,v) = Re((—iA. — 1 — R.)(x, 2, Dy )v,v) + (Q%v,v)
= Re((_ZAE -1- RE)(:I:’ 2, Dx)rU, U) + (Qt‘vy QEU)
> —Cuol2: ve H
(9.7)
for any z € [0, Z] and € € (0, n].

We first consider the corresponding L2-energy estimates, i.e. s = 0. Therefore,
set fo := 0,u—(iAe — Be)(w, 2z, Dy )u. Then, taking the scalar products with respect
to z we have

9
0z
and hence

2Re(f(2),u(z))e <
0

= Dt pua) . + 2Re(((fiAE + Bo)(2, 2, D) + A)u(2), u(z))e—zm

9 _ox
> ey (2)|)?
> — e P u(z)| s
under the requirement that (A\;). € I with A, > Cw,, where C' and w, are as in
(9.7). Integration from 0 to z, Z < z < Z then gives

0
P u(z) 3 = ~2hee P U@ + P2 Re(5-u(2), u()
z

z
P ~ O £2 [ e () i

Setting
M.(z) ;== sup e*’\ngu(é)Hg
0<z<z
we obtain
M. < O +2M2) [ e )us d
0
Hence

z B 2 z _ 2
()= [ @i dz) < (IuOlee + [ 122 )
which yields
e lu(2) 2 < [[u(0) 12 +2 / e L (2) 2 dz. (9.8)

for all (Ao)e € i with A\ > Cw.. In we set \. = Cw, and multiply the
obtained result by the factor e(¢“==*<)2. Then

z
e P A L L
0
If we choose ()‘E)E € Il with Ae > 20‘4}57 then Cw, — Az < —% and hence

Ae 7 s - —2=(2-2) g2
e F u(z)| g2 < €= FF[u(0)]| 2 +2/ e fe(D) | ppe” FETDdz (9.9)
0
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This shows the desired energy estimate in the case that p = co. For 1 < p < co we
observe for the LP-norm of the first term on the right-hand side of :

z
/ e~ EPE = 2 (1—6_%172) < 2 )
0 AeD AeD

So,
2\1/p
w2 llee < (57) (0}

Concerning the LP-norm of the second term on the right-hand side of , we
compute

4 Ae Z Az Ae o p
2p/ e_sz</ e EZ||f€(2)HLzeTZd2> dz
0 0
z

2 . # . . \P
— o L ([N @l )|
0

0

Aep

2 z Ae # Az Ae = p—1 N Ae
pol [T ([ e fe e de) e N oo ¥ e

e JO 0

Ae
—=2 %

le

2 d i Az = — 25 (2—2) g2 Pl —AeZ
<22 [([ 1@l 266 e
e JO 0
2 z P
< 2 —Aez 5 .
<Z(2 / e fo(2)l] g2 d2)

Summarizing and using the Minkowski inequality, we obtain for every p € [1, 0]

z 1/p
(e =ute . d2)
0

2\1/p z
< | — . 2 —Aez . 2
<(50) " (I )ee +2 / | Pz, ) |2 d2)

which shows the theorem in the case that s = 0.
The L?-energy estimate can now be used to obtain the H*-energy estimates for

s € R, s # 0. Therefore, let u € C*([0, Z]; H*(R™)) N C°([0, Z]; H*T7(R™)). Then
(Dy)*P-(D,)~* satisfies the same assumptions as P. and

(Da)u € CH([0, Z]; L*(R™)) N C°([0, Z); HY (R™)).

Note that in particular we have an estimate of the form (9.7 if we replace —iA.+ B-
by (D,)*(—iA.+B:){(D,)~*® and v by (D,)*u but now with a lower bound C(s)w,(s)
depending on s. Using the L?-energy estimate we obtain

1 d —Aez p /p 1 g —Aez s P !
(5l =utelaeds) ™ = (5 [ e Do e e dz)

0

/p

zZ
< K(D2)*u(0, )l L2 + 2/0 e | Dy)* Pe(Dy) (Do) ulz, )| 12 dz

A
= ||'LL(O’~)HH5 +2/ e_)\EzHPE'U,(Z,~)||Hs dz
0

since P.(D;) *(D,)®* — P. € S;.>°. This completes the proof. O

Isc
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Theorem 9.7. Let A and B be generalized symbols with parameter z € [0, Z] that
satisfy (), (#4) and (i3i) with 2y < L. Then, for every f € Gr2((0, Z)xR™) and ug €
Gr2(R™) the Cauchy problem (9.1)-(9.2) has a unique solution u € Gr2((0, Z) x R")
and the energy estimate remains valid for this solution.

Proof. Let (ge)e € g, (f:)e € f be representatives. We fix € € (0, 1] and consider
the smooth Cauchy problem
Poue=fe on (0,Z) xR"
ue(0,-) =up. onR™

Then, by [I7, Theorem 23.1.2] and [30, Theorem 5], we obtain the existence of a
solution u. € C*>([0, Z]; H>*(R™)). Note that the additional regularity with respect
to z variable follows from .

Concerning uniqueness, assume that f. = 0 and ug,. = 0. Furthermore, suppose
that moderateness of the solutions is already shown. We apply the energy estimate

(19.5) and get

€7>\5ZH’U,€(Z7 )||H'5 § zren[gl)é] ||e*>\szu6(z, )”Hf' =0 Vs Z 0

(9.10)

Therefore, u. = 0.

It remains to show that (u.). € £y 12((0,2) x R™). For moderateness with
respect to z € [0, Z] we note that [[uc|r2((0,2)xrn) < ZSup,eo, 2] l|te L2 mn).-

Since is applicable for u. € C>([0, Z]; H>(R™)), we obtain

e ez, Y < max e uc(z, )

s

A
< e (0, )| g —|—2/ e_’\5z||P5uE(z7.)||H5 dz.
0
Hence
zZ
et Moz < A2 (0.9 +2 [ Pt ) e ).
0

and therefore u. is moderate with respect to x if and only if A is of log-type, which
is indeed satisfied because of the assumption (A;). € Iljs.. Recall that a net r. is
of log-type if 7| = O(log(1)) as £ — 0.

Concerning the z-derivatives, we write

0:(Dy)’ue = (D3)°(iAc — Be)(x, 2, Dy)ue + (Ds)° f2

and obtain that for every s > 0 there exists an N € N such that ||0,(D;)%uc||r2 =
O(¢~) uniformly in z. For the higher order z-derivatives one uses an induction
argument when differentiating the equation (9.10]). O
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