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ABSTRACT. We consider an initial-boundary-value problem for a class of p-
biharmonic parabolic equation with logarithmic nonlinearity in a bounded do-
main. We prove that if 2 < p < g < p(1+ %) and ug € W, the problem has
a global weak solutions; if 2 < p < ¢ < p(1 + %) and up € Wy, the solutions
blow up at finite time. We also obtain the results of blow-up, extinction and
non-extinction of the solutions when max{1, f—_&} <p<2

1. INTRODUCTION

In this article, we consider the p-biharmonic parabolic equation with the loga-
rithmic nonlinearity,

up + A(|AulP?Au) = |u|f%ulog(|ul), x € Q,t >0,
u(z,t) = Au(z,t) =0, z€9Q,t>0, (1.1)
u(z,0) = up(x), x €,

where () is a bounded domain in R™ with smooth boundary 02, p, q are positive
constants, and ug € (W, *(2) N W22(Q))\{0}. The term A(JAul[P~2Au) is called
a p-biharmonic operator.

In the past years, there have been many contributions devoted to the higher
order equation. Liu and Guo [I0] considered the following p-biharmonic parabolic
initial-boundary value problem

au p—2 p—2
§+A(|Au| Au) + MulP™Pu =0, x €, (1.2)
where p > 2 and A > 0. By using the discrete-time method and uniform estimates,
they established the existence and uniqueness of weak solutions. Hao and Zhou [6]
considered a p-biharmonic parabolic equation

up + A(|AulP2Au) = |u]? — L/ |u|dz, (1.3)
92 Ja

2010 Mathematics Subject Classification. 35K35, 35A01, 35K55.

Key words and phrases. p-biharmonic parabolic equation; blow-up; decay; extinction;
non-extinction.

(©2019 Texas State University.

Submitted July 26, 2018. Published January 22, 2019.

1



2 J. WANG, C. LIU EJDE-2019/08

where max{1, fﬁ} < p < 2,q > 0. Hao and Zhou obtained results on blowup,
extinction and non-extinction of the solutions. The relevant equations have also
been studied in [I1 [@].

In this paper, we study the parabolic p-biharmonic equation with the logarithmic
nonlinearity. The second order parabolic equation with the logarithmic nonlinearity
is studied. Chen considered the semilinear heat equation with the logarithmic
nonlinearity [3] and the semilinear pseudo-parabolic equations with the logarithmic
nonlinearity [4]. Ji, Yin and Cao [8] established the existence of positive periodic
solutions and discussed the instability of such solutions for the semilinear pseudo-
parabolic equation with the logarithmic source. Nahn and Truong [I2] studied the
nonlinear equation

up — Auy — Apu = |ulP~2ulog(|ul). (1.4)
It is a pseudoparabolic type equation, where Ayu = div(|Vu[P~2Vu) and A, is the
p-Laplacian. By using the potential well method, Nahn and Truong obtained results
of existence or nonexistence of global weak solutions, and proved the large time
decay of global weak solutions and the finite time blow-up of weak solutions. Cao
and Liu [2] considered equation . They discussed two cases: global boundedness
and blowing-up at co. Moreover, they proved the asymptotic behavior of solutions
and gave some decay estimates and growth estimates. He, Gao and Wang [T]
considered the pseudo-parabolic p-Laplacian equation

up — Auy — Apu = |ul? *ulog(|ul), (1.5)

where 2 <p < ¢ <p(1+ %), they derived the decay and the finite time blow-up for
weak solutions.
We begin our work by introducing some notation that will be used in this paper,

/ _ Ou __
U = Fp = Ut,

llls = ullze@), lelles = lullwz gy = (1Aull3 + 19lls + full)*,

for 1 < s < 400. We also use notation X, to denote (Wy?(Q) N W?22(Q))\{0}
and W27 (Q) to denote the dual space of W2*(9), where s’ is Holder conjugate
exponent of s > 1.

For u € (W, P(Q)NW?2P(Q))\{0}, we define the energy functional .J and Nehari
functional I as follows

1 1 1
) = Laup - L / ] Log(|ul)dz + — [lulls, (1.6)
p q.Jo q

I(u) = || Aulff — /Q |ul* log(|ul)d. (1.7)
Let
N ={u€ Xo:I(u) =0}
be the Nehari manifold. In section 2, we will show that N is not empty. Thus, we

can define
dzuueljva(u). (1.8)
In Section 2, we show that d is positive and is attained by some u € N. Now as in
[12], we introduce the following sets
le{UEX():J(U)<d}, WQZ{UEXO:J(U):CZ}, W =Wy uUWs,
Wi ={ueW;:I(u) >0}, W,/ ={uecWy:I(u)>0}, WT=W"uWw,,
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W, ={ueW;:I(u) <0}, Wy ={uecWy:I(u)<0}, W =W, UW;.

Clearly, WrNW = =0 and WT UW~ = W. We refer to W as the potential well
and d as the depth of the well. The set W™ is regarded as the good part of the
well, as we will show that every weak solution exists globally in time, provided the
initial data are taken from WT. On the other hand, if the initial data are taken
from a part of W~ we will prove a blow-up result for weak solutions.

The plan of this paper is as follows. In Section 2, we collect some properties
of the energy functional J and the Nehari functional /. In Section 3, we proved
that the existence of the local weak solutions and the existence of the global weak
solutions. In Section 4, we establish some properties of the weak solutions, such as
the finite time blow-up, extinction and non-extinction of the solutions.

2. PRELIMINARIES

In this section, we collect some properties of the energy functional J and the
Nehari functional I, which following lemmas will be used for our main results.

By the Gagliardo-Nirenberg multiplicative embedding inequality that J and I
are continuous. Moreover, we have

1 1 1 p 1
J(u) qf(u) + (p q)HAU\Ip + q2|

Let v € Xy and consider the real function j : A — J(Au) for A > 0, defined as
follows

. AP A4 A4 A
i) = J(Au) = —||Aull) — */ [ul?log(|ul)dz — — log Aflullf + — [[ul[§-
p q Ja q q

|ul[d. (2.1)

The following lemma shows that j(\) has a unique positive critical point A* = \*(u).

Lemma 2.1. Let u € Xy. Then
(1) limy o+ J(A) =0 and limy— 4o j(A) = —o0;
(2) there exists a unique \* = A*(u) > 0 such that j'(A*) = 0;
(3) J(A) is increasing on (0, \*), decreasing on (\*,4+00) and attains its maxi-
mum at \*;
(4) I(Au) >0 for 0 < XA < X*, I(Au) <0 for A > X*, and I(\*u) = 0.

Proof. For u € Xg, by the definition of j, we have
) AP A4 Al Al
JA) = —llAu]y - */ |ul? log(Jul)dz — — log Allull§ + — [[ull{.
p q Ja q q

It is clearly that (1) holds because 2 < p < g and ||lul|q # 0. Now, by straightforward
calculations, we obtain

5O = (a3 [ it logulde — AP logAfulg).  (2:2)
Q
Since A > 0, let k(A) = A17P5"()\), through direct calculation, we have
CVEE S ((q - p)/Q [u|* log(Jul)dz + (g — p) log Al|ul|§ + IIUHZ)

Hence, there exists a

(P — q) Jg |ul"log(|ul)dx + IIUHZ) >0

A1 = exp
( (¢ —p)lullg
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such that &'(A) > 0 on (0, A1), &' (A) < 0 on (A1, +00) and k'(A1) = 0. Therefore,
k() is increasing on (0, A1), decreasing on (A1, +-00). Because of k(0) = [|Aulb > 0
and limy_ 1o, k(A) = —oo, there exactly exists a A* > 0, such that k(\*) = 0, i.e.
J'(A*) = 0. So (2) holds. Then j'(\) = AP~1k()) is positive on (0, \*), and negative
on (A*;400). So (3) holds. The last property, (4), is only a simple corollary of the
fact that

T0w) = Wl = A1 [ Julog(Jul)dz ~ X7 log Afulls = A7 (V)
Q
The proof is complete. O

Consequently the Nehari manifold IV is not empty, and the number d defined by
(1.8) is meaningful. The blow lemma gives us that d is positive and is attained by
some u € N.

Lemma 2.2. d is positive and there is a positive function uw € N such that J(u) = d.

Proof. According to (2.1)), we only need to prove that there exists a positive function
u € N such that J(u) = d. Let {uy}?2; C N be a minimizing sequence of J. i.e.

klim J(ug) = d.

It is clearly that {|ug|}32, C N is also a minimizing sequence of J. So, without
loss of generality, we assume that uy > 0 a.e. for all k¥ € N.

On the other hand, we have already observed that J is coercive on N which
implies that {u}3>, is bounded in W, () N W2P(Q). Let > 0 is a sufficiently
small such that ¢ +p < 5, so the embedding WP < LItH is compact, and
there exists a function v and a subsequence of {uz}72 ;, still denoted by {ux}2,,
such that

up — u, weakly in WOLP(Q) NW2P(Q),
ur — u, strongly in LITH(Q),
Uk(x) — u, a.e. in ).

Thus, we have u > 0 a.e. in 2. By Lebesgue dominated convergence theorem, we
see that

/ jullog(ful)dz = lim / |9 Tog (g )z (2.3)
Q — Jo
/ |u|9dx = lim / |ug|?dx. (2.4)
Q k—oo Jo
The weak lower semicontinuity of || - ||y2.» implies
|Aull, < likminf | Augllp- (2.5)
— 00
Combining (1.6)), (1.7), (2.3), (2.4) and (2.5), we deduce that
J(u) < likm inf J(ug) = d, (2.6)
I(u) < likm inf I'(ug) = 0. (2.7)

Thanks to ur € N one has ur € Xo and I(ug) = 0. Thus, by using the fact
logx < (ep) ta* for x > 1 and the Sobolev embedding inequality, we obtain

8wl = [ o log(fus])do
Q
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- / g |9 Jog(fug ) dz + / g |9 og (Jug )z
(e |ur(2)[>1} {we:|ur(2)|<1}

< / x| og (Jux )
{we:|ur (2)[>1}

< (ep)™! / g |
{zeQ:|uk(z)|>1}

- + +
< (ep) Mlurllgiy < CllAuxlgiy,

for some positive constant C, which implies
| el ol )de = 1w >
From this inequality and (| -, we derive

/ |u|?log(|u|)dz > C.
Q

Therefore, we have u € Xj. We easily obtain I(u) < 0 by (2.7), now we show that
I(u) = 0. Indeed, if it is not true, we have I(u) < 0, then by Lemma there
exists a A* such that 0 < A* <1 and I(A\*u) = 0. Thus, we conclude that

ol . 1
d<J(A )—(*—*)IIA(A )II£+q7H>\ ullg

e/ 1 1
<or(G- 5)\\A up lul)
<( phmmf( - — = HA k”p q2||uk||g>

< (A" )phkmmfj(uk) = ()\ Pd < d.

This is impossible, so we derive I(u) = 0 and u € N. From (2.6) and (L.8)), we have
J(u) = d, and the proof is complete. O

3. EXISTENCE OF WEAK SOLUTIONS

In this section, we state our main results on the problem (1.1). To begin, we
give the definition of the weak solution to the problem (|1.1)).

Definition 3.1. A function u(t) is said to be a solution to problem (L.1)) over
[0, 7] if u € L>=(0,T; Xo) with v’ € L?(0,T; L*(Q)), satisfying the initial condition
u(0) = up(z) € Xop, and

(ug, w) + (|AuP~2Au, Aw) = / lu|?™2ulog(|u|)wdz, (3.1)
Q

for all w € Wy P(Q) N W2P(), and for a.e. t € [0,T].

Then we are concerned with the existence and uniqueness of local weak solutions
to problem (|1.1)).

Theorem 3.2. Let up € X, 2<p < q<p(l+2). Then there exists a T >0 and
a unique weak solution u(t) of (1.1)) satisfying u(0) = ug. Moreover, u satisfies the
energy inequality

/0 ' (s)||3ds + J(u(t)) < J(ug), 0 <t <T. (3.2)
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Proof. We shall employ the Galerkin’s method. The proof will be divided in 3
steps.

Step 1: Approximate problem. In the space Wol’p(Q) NW?2P(Q), using a basis
{w;}32, we define the finite dimensional space V,,, = span{wi,ws,...,wm}. Let
Uom be an element of V,,, such that

Uom = Z amj(t)w; — ug, strongly in Wy* () N W2P(Q), (3.3)
=1
as m — oo. We find the approximate solution u,,(z,t) of problem (|1.1)) in the form
U (2,1) = Z Amj (t)wj (z), (3.4)
j=1

where the coefficients a,,;(1 < j < m) satisfy the system of ordinary differential
equations

() + (| At P2, Awi) = / |7 20 log (fum Jwidz, (3.5
Q
for i € {1,2,...,m}, with the initial conditions
amj(O) = Qmj, j e {1,2,...,m}. (36)
The standard theory of ordinary differential equations, yields that there exists a
positive T}, such that a,,; € C*[0,T,,], and therefore u,, € C([0, Tp]; Wy P(Q) N
W2P(Q)).
Step 2: A priori estimates. Multiplying (3.5) by a,i(t), summing for i =

1,...,m, and then integrating with respect to time variable on [0, ¢], we know that
t
Snl(t) = S (0) + / / i (2, )| Log (2, )] da ds, (3.7)
0 Ja
where .
1
Sn(t) = 3lluml3+ | 18w (s) I3 (38)
On the other hand, for any p > 0, similarly we have
/Qlum(t)lqlog(lum(t)l)dw < (ep) Hum @DII515, (3.9)

where p is chosen such that 0 < p < p(1+ %) —¢q. Then by the Nirenberg inequality
and Young’s inequality, we obtain

U (1) 10g([tn () ) dz < C|| Atyr (8) |27 || ttrm (1=0)(a+n) 3.10
Q b ?

p(1—0)(q+p)

< el Aum ()l + Ce)llumlly """, (3.11)

1 1 2 1 1\-1
=G )G
2 qg+p/\n p 2

Here, we choose p > 0 such that 0 < < p(1+ 2) — ¢ and (g + p) < p hold. Let
p(L—0)(g+p) _ p(2q+2p+n)—n(qg+p)

C2p—6(g+w)]  pA+n)—nlg+p)

where € € (0,1), and

)
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then a > 1 because 2 < p < ¢ < p(1+ 2). Therefore, combining (3.3), (3.7), (3-8)
and (3.10]), we have

t
S(t) < Ci+ Ch / S (s)ds, (3.12)
0

where C and C are positive constants independent of m. By the integral inequality
11—

of Gronwall-Bellman-Bihari type, there exists a positive constant T" < % such
that
Sm(t) < Cp, Vte[0,T)]. (3.13)
Consequently, for any m, the solution of exists on [0, T7.
Next, multiplying by al,;(t), summing for i = 1,...,m, and then integrat-
ing with respect to time variable on [0, ], we derive

t
/ |l (s)]|3ds + J(tm (1)) = J(um(0)) = J(uom), ¥t € [0,T). (3.14)
0
By the continuity of the functional J and (3.3), we deduce that there exists a
positive constant C' such that
J(uom) < C,  Vm. (3.15)
From this, it follows from (|1.6]), (3.10)), (3.13)-(3.15)) and using Hoélder’s inequality,
we obtain

1 1 1
C = J(um(t)) = —||Aun|} — f/ |[um|? log(|um|)dz + — [lum I
p q.Jq q

1 ¢ C(e) 1
> (= = =) Aunl} - [ml[3* + q7||um||3

pod y (3.16)

> (5= ) lAumly — S 1)+ sl
> (5 = 5 Aunlp + 5 luml — Cs.
P q q
Combining this inequality and , we obtain
lum || Lo (0,75w2p )y < C,  Vm, (3.17)
|l 20,5020y < C,  VYm. (3.18)

It follows from (3.8]) and (3.13) that

|| Ay [P~2 Aty | <C, VYm. (3.19)

Lo (0,T;W; 27 (Q))

Step 3: Passage to the limit. By the Kakutani and Banach-Alaoglu-Bourbaki
Theorem, combining (3.17))-(3.19)), there exist functions v and X and a subsequence
of {um }°_; which we still denoted by {u,}5°_; such that

U — u  weakly* in L>(0,T; Wy (Q) N WP(Q)), (3.20)
ul, — ' weakly in L*(0,T; L*()), (3.21)
| At [P2 Aty — X weakly* in L0, T; W27 (Q)). (3.22)

Because of (3.21)) and (3.22)), it follows from Aubin-Lions-Simon lemma (see [13]
Corollary 4]) that

Uy — u, strongly in C([0, T]; L*(£2)), (3.23)
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SO, U — U, a.e. (z,t) € Q x (0,T). Clearly, this implies that

12 Tog(fum ) — [7 2ulog([ul), ac. (5,0) €Qx (0,T).  (3:24)
On the other side, because 2 < p < ¢ < p(1 + %) < nﬁ’;p, we can choose p > 0
such that (¢ — 14 p)¢’ < nf’;p. Then by a direct calculation and using Sobolev’s
inequality, we have
/ |®,,, (z,1)|7 da
Q
:/ \@m(x,t)|q/d9c+/ |, (, 1)|7 da
{:EEQ:lum(:lZ,t)‘Sl} {weﬂilum(w’t)|>l} (325)
< (ela = )10 + (en) " [ o (0] 99
{z€Q:|um (z,t)|>1}

< O + G| Aup ()| < ©

where ®@,,(z,t) = |um(z,t)|9  log(|um(z,t)|), and we have used the fact that
|z log x| < (e(q —1))7! for 0 < 2 < 1 while logz < (ep) ta# for z > 1, > 0.
Hence, by Lions’s lemma (see [I3, Lemma 1.3]), it follows from (3.24]) and (3.25)
that

[t 72 J0g (|t |) — [u|? 2ulog(|ul), weakly* in L*°(0, T3 L7 ().  (3.26)
Passing to the limit in (3.3) and (3.5) as m — oo, by (3.20))-(3.22)) and (3.24)), we

can show that u satisfies the initial condition u(0) = uo and

o (V) wdzx wdx = w(t)|?72u(t) log(|u wdzx .
/Q (t)wd +/QX<t>A a /Q| 1 2u() log(u(t) Jwdz,  (3.27)

for all w € WS P(Q) and for almost every t € [0,7]. Finally, by the well known
arguments of the theory of monotone operators, we know that

X = |Auf~2Au,

which implies
(W (t),w) + (\Au|p*2Au,Aw> :/ \u(t)|q72u(t) log(|u(t))wdz, (3.28)
Q

for all w € WP(R2) and for almost every t € [0, 7.
Step 4: Uniqueness. Firstly, as a result from (3.28)), we derive that

<U’(t),v(t)>+<|Au\”’2Au7Av(t)>=/QIu(t)lq’Qu(t)10g(|ﬂ(t)\)v(t)dx, (3.29)

for all v € L2(0, T; WP (Q)).

Now, assume there are two solutions u; and us to the problem with the
same initial condition ug € Wy (Q) N W2P(Q). Let w = uy — ug, then w(0) = 0
and

w e L20,T; Wy P () nW2P(Q)), o € L*(0,T; L*()).
Let
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then, it follows from (3.29) and the monotonicity of the operator A(|Au|P~2Au)
that

01 < [ (P (3) = Flua(e).un(5) = wa(e))as,

where F(s) = |s|772slog(]s|). As a consequence, the uniqueness is derived from the
locally Lipschitz continuity of F': R* — R and Gronwall’s inequality.

Step 5: Energy inequality. Now we show that the solution u satisfies the energy
inequality (3.2]). For this, let § € C[0,T] is a nonnegative function. Then, it follows

from (3.14)) that
T e , T T )
/0 5(t) /O I, (s)||2dsdt + /0 T (1 (£))5()dt = /0 T(um (0)5()de.  (3.30)

The right hand side of (3.30) converges to fOT J(ug)d(t)dt as m — oo. The sec-
ond term in the right hand side, fOT J(um (t))6(t)dt, is lower semi-continuous with
respect to the weak topology of L2(0,T; Wy (Q2) N W?22(Q)). Hence

T T
/ J(u(t))5(t)dt < Timinf / T (1 (1))5(8) . (3.31)
0 0

m——+00

Therefore, we obtain

/OT 5(t) /Ot |’ (s)||3dsdt + /OT J(u(t)d(t)dt < /OT J(ug)d(t)dt.
Since ¢ is arbitrary nonnegative function, we obtain the energy inequality
/Ot ' (s)||3ds + J(u(t)) < J(ug), 0<t<T.
The proof is complete. O

Next, we state the sufficient conditions for the global existence of weak solutions

to the problem (1.1).

Theorem 3.3. Let ug € W, there exists a unique global weak solution u of (1.1
satisfying the initial condition u(0) = ug. We have that u(t) € W holds for all
0 <t < +o00, and the energy estimate

/0 /()2 + J(u(t)) = J(uo), 0 <t < +o0. (3.32)

Moreover, the solution decays algebraically provided uy € W, .
To prove Theorem we need the following lemma.

Lemma 3.4 ([T1]). Let f : Rt — RT be a nonincreasing function and o is a
positive constant such that

400 1
/ o (s)ds < —f(t), Vt>0.
0 w

Then f(t) < f(0)(2EZ) 7, for all t > 0.

1+wot
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Proof of Theorem[3.3 To prove the existence of a global solution to (1.1]), we first
choose a sequence

{ym}m=1 < (0,1)
such that lim,, . ym = 1. Since I(ug) > 0, by Lemma we have I(vug) >
0 and J(ymuo) < J(ug) < d. Then, for every m, we can take a sequence of
approximation solution w,, € C([0, Tjui); Wy P () N W2P(Q)) such that

Ui (0) = Ymug, strongly in WyP(Q) N W2P(Q), (k — o0), (3.33)
and

/0 et ()25 + T (e (8)) = T (0)); 0 <t < Tpos  (3.34)

where T}, is the maximal existence time of w,x(t).

For each m, by and the continuity of I, J, we can choose k = k,, sufficiently
large such that [|tm,, (0)—=ymuollwzr@) < &, I(tm,, (0)) >0, and J(um,, (0)) <
d. For simplicity, we denote uy, by wm, Um, (0) by uom, and Tp,, by Trn,
respectively. Then, we conclude u,, € C1(0,T),; Wg’p(ﬂ) NW2P(Q)), ugm € Wi,

U (0) = tom — g, strongly in Wy P(Q) N W2P(Q), as m — oo, (3.35)

and .
/ !, (5)]|3ds + J(t (t)) = J(uom), 0 <t < Ty (3.36)
0
Therefore, it follows from (2.1)) that
1 1 1
(]; — §)||Aum(t)||§ + ?Hum(t)ﬂg <d, VYm. (3.37)

Combining ({3.35)) and (3.37)), and by using Holder’s inequality, we obtain

[ B + 180 I + O
0 (3.38)

t
< [t o) B + 1 (1)1 + Cllun (0 < €

This implies that T}, = 4+00. Then we can conclude that there is a unique global
weak solution u(t) € W of the problem (I.1)) as in the prove of Theorem (3.2
which satisfies the energy inequality

/0 I/ (5)|2ds + J(u(t)) < J(ug), 0 <t < +oo. (3.39)

Secondly, we show that the algebraic decay results. Since ug € W+, i.e. I(ug) >
0 and J(ug) < d, we have u(t) € W for each ¢ by a standard contradiction

argument. It follows from (2.1]) and (3.39) that

1 1 1
(]; - 5)||AU(L‘)H§ + q7||u(f)\|3 < J(u(t)) < J(uo). (3.40)
Since I(ug) > 0, there exists a A\, > 1 such that T(A\,u(t)) = 0. This implies that

L1
p q
Al + (o))

d < J(Aau(t) = ( A @) + %H/\*U(t)\lg
¢ (3.41)
< AH{(

ESE N

1
p
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It follows from (3.40) and (3.41]) that

(3.42)

On the one hand, we obtain

q

0 =I(Au(®) = AZ[[Au(®)} - Xi/ |u(t)["log(Ju(t)])dz — Xl log Aul|u(t) 1§
Q
= A (u) — (AL = AD)[[Au(t)[[; — Allog A |u(®)][g-
From this inequality and , we deduce that
d \&1
> — — P> P
1) 2 {1- (505)" HIAu@IE 2 Clu@ls,, (3.43)

On the other hand, by the compact embedding W2P(§) < L2(Q2), we see that

ATIw@»@::—ATw%@m@»@

1 1 3.44
= ()1 - S (D)3 (340

< Cllu(®)13,,

By (3.43) and (3.44]), we obtain
T
1 2/p 1 s 1 )
<= <= <=

[ 1taoyas < S (1) < 1A < L)1, (3.45)

for all ¢ € [0,T], and where w is a positive constant.
Let T — +o0 in (3.45)), it follows that

“+o0 “+oo 1
[ @B <e [ tue)is< SR, (340
t t
Since p > 2, we can choose f(t) = [Ju(t)]|3, and 0 = § — 1 in Lemma to obtain

1+o0
2 2
le@I3, < ol (1527

The prove is complete. (I

N
)”‘2, vt > 0.

4. BLOW-UP AND EXTINCTION OF SOLUTIONS
Firstly, we state the theorem for finite time blow-up for weak solution of problem
(1) in when 2 < p < g <p(1+2).

Theorem 4.1. Let ug € Wi, and u is the unique weak solution to (1.1)). Then u
blows up in the finite time.

Proof. Since ug € W, , by Theorem [3.2] we obtain a unique local solution of (T.1)
satisfying the energy inequality
t
/ /() [13ds + T(u(®)) < J(ug), 0 < t < Tonas (4.1)
0

where Thax is the maximal existence time of u(t).
Next, by a contraction argument, we conclude that u(t) € W for ¢t € [0, Tinax]-
We assume that u(t) leaves Wi at time t = to, then there exists a sequence {t,}
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such that ¢, — to as n — oo and I(u(t,)) < 0. By the lower semicontinuity of
| - |l2,p, we obtain
I(u(tp)) < liminf I'(u(t,)) <O0.

Because u(to) leaves Wy, we have I(u(tog)) = 0. Thus, by the variational definition
of d and the energy inequality, this leads to a contraction

= inf < ,
d ulngv < J(u(tg)) < d

Hence, we derive u(t) € Wy for ¢ € [0, Tinax]-

At the last, we show that the solution u(t) is not global, that means, it blows
up at finite time. Assume by contraction that the solution u(t) is global. Then, for
any T > 0, we consider I": [0, 7] — R defined by

t
= [ Iutszas (12)
Then, by direct calculations, we have
t
I'(t) = T7(0) = u®)]3 — lluollz = 2/0 (u'(s),u(s))ds, (4.3)
() = 2(u',u) = —2I(u). (4.4)

Combining (2.1) and (4.1), we obtain

" 2 q 2q p
T (1) = 20(u) = =207 () + ~ulf + (5 - 2) 1 dull
(4.5)

t 2 2q
> —2q¢J (uo) + 2(1/ 1’ (s)13ds + 5||U||3 + (; —2) || Al
0

Since u(t) € Wy for t € [0, Tinax], so I(u) < 0, then there exist a A* € (0, 1) such
that I(A*u) = 0. Thus, by the definition of d, we have

11 1 .
(5 — f)HAqu + ?||u||g > J(\'u) > d. (4.6)
It follows from and ( . ) that
(0 2 2 [ 14/(5)3ds + 2q(d ~ J(uo)). (147)
0
By (4.4) and I(u) < 0, we know I'”(¢) > 0, so we obtain
I'(t) > T7(0) = |luoll3 >0, Vt>0. (4.8)
From (4.3) and Holder’s inequality, we obtain
1 2 ¢
0@ -0 < ([ wenunas) < [l [l @9

Combining @ and (| @, we have
PO > [ o) as(20 [ 106013 + 200 - J(wo))

> 2(I'(#) = I(0))" +2q(d — J (wo)L(2).
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Now, fix tg > 0. The (4.8]) implies
to
I(t) > T(to) = / u(s)|2ds > [luolZto > 0, ¥t > to. (4.10)
0

Hence,
T (t) — % (T'(t) — I"(O))2 > 2¢(d — J(uo))||uol/3to >0, Vt>tyg.  (4.11)
We choose T > t, sufficiently large, and let
G(t) =T(t) + (T —t)||luol)3, ¥V t € [0, T].

Then G(t) > I'(t) > 0, G'(t) = I(t) — ||uol|3 = I'(t) — I'(0) > 0 and G"(t) =
I'(t) > 0. Thus, (4.11) implies

Gt)G"(t) — %(G’(t))Q > 2q(d — J(uo))||uol3to > 0, ¥Vt > tg. (4.12)

By setting y(t) = (G(t))~ (9272, inequality ([#12) becomes
_a¥2
y'(t) < —alg = 2)(d — J(uo))|luoll3t0(G()) = <0, Vi € [to,T].
This inequality implies that y is a concave function in [tg, T, for each T' > to. Be-
cause of y(to) > 0 and y'(t) = —52(G(t))"#G'(t) < 0, for all ¢, there exists a finite
time T such that lim, ;.- y(t) = 0 if we choose T sufficiently large. Consequently,

lim, ;- G(t) = +oo. This implies that lim, ;- fot |lu(s)||3ds = +o00. Hence, we

see that
lim ||u(t)\|§ = 400
t—T,

which contradicts the assumption of u(t) being global. The proof is complete. O

Next, we discuss the finite time blow-up, extinction and non-extinction of the
weak solution to the problem in the case of max{1, %} <p<2 and ¢ > 0.

Before showing these results, we claim that the local existence of the weak solu-
tion to the problem can be obtained by using Galerkin approximation method.
Let u(x,t) be the weak solution to the problem . We introduce some function-
als and notations as follows:

1 1 1
E(t) = —|Aullp — */ [ul? log(lul)dz + — [|ul|3, (4.13)
p q.Ja q
1 t
M(t) = / W2de, H(t) = / M{(s)ds. (4.14)
Q 0

Since the embedding W7 () < L?(£2) holds if max{1, 2%} < p < 2, there exists
an optimal embedding constant B such that

[ullz < Bl Aul,. (4.15)

Furthermore, it is not difficult to obtain the inequality

/t/ lus|? dx ds + E(t) < E(0). (4.16)
0o JQ

Then E(t) is nonincreasing with respect t. Now, we show some lemmas, which will
be used later.
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Lemma 4.2. Assume that p < q and E(0) <0. Then

t
M'(t) zq/ /|us|2 dx ds. (4.17)
0 Jo

Proof. Through direct calculations, we have

"= | vudr= | u (- ulP72Au w9 2ulog(|u])) dz
M0) = [ e = [ (=A0A0280) + fuf'~2ulog((u)) d

:—/ |Au|pdm—|—/ |u|?log(|ul)dz
Q Q

(4.18)
1
= —qE(t) + (g -1) / |Au|Pdx + f/ |u|?dx
p Q q4Jq
> —qE(t).
Then, by the assumption F(0) < 0 and (4.16)), we obtain
¢ ¢
M(t) > —qB(0) + q/ / lu(s)[2 dz ds > / / o |2 da ds,
0 Jo 0 Jo
the proof is complete. O
Lemma 4.3. Assume that ¢ > 2 and E(0) <0, then
q(H'(t) — H'(0))* < 2H(t)H"(¢). (4.19)

Proof. By Holder’s inequality and (4.17)), we obtain
H'(t) — H'(0) = M(t) — M(0)

¢ t
:/ M’(s)ds:/ /uusda:ds
0 0 Jo
t 1/2 t 1/2
< (/ /|u|2dxds) (/ /|us|2dxds)
0 Jo 0o Jo

VY2 b (1) 2 (M (1))

<
f(q
2

Moreover, by (4.17) again, we have

t t s
H(t) - H'(0) = / M'(s)ds > q / / . [2dzdrds > 0.
0 0 0 Q

)P (H ()2 (1 (1) 2.

Then the conclusion follows from the two inequalities above. The proof is complete.
|

Lemma 4.4 ([0, Lemma 1.2]). Suppose that 6 > 0, a > 0, 8 > 0 and h(t) is a
nonnegative and absolutely continuous function satisfying h'(t) + ah®(t) > 3, then
for 0 <t < o0, it holds

h(t) > min {A(0), (%)1/"}.



EJDE-2019/08 p-BIHARMONIC PARABOLIC EQUATIONS 15

Lemma 4.5 ([6l Lemma 3.2]). Assume 0 <l <r <1, a>0,52>0 and p(t) is a
nonnegative and absolutely continuous function, which satisfies

¢'(t) + ap(t) < B (1), >0, (4.20)
p(0) >0, B"H0) <a. '

Then
o(t) < [—ag(1 =Dt + " H0)] ™1, 0<t<Ty,
QD(t) = 07 t 2 TOv

where ag = a — Bp"H0) > 0 and Ty = ay ' (1 — 1)~ ~H0).

Theorem 4.6. Assume that p < q, ¢ > 2, E(0) < 0 and ||ug|l2 > 0. Then the
solution to problem (L.1)) blows up in the finite time.

Proof. We will give the proof by contradiction. Suppose that the solution u(z,t)
to the problem (1.1]) exists for all ¢ > 0. Then by the definition of weak solution,
we know that u € C([0, +00); L2(£2)). For any tog > 0, we claim that

to
/ / |us|? da ds > 0. (4.21)
0 Q

Otherwise, there exists a fop > 0 such that fofo Jo lus|?dzds = 0, and hence
u(x,t) = 0 fora.e. (z,t) € Qx(0, o). Thus it follows from (£.18) that [, |Au[Pdz =
Jo lul?log(|ul)da for a.e. t € (O to), and then we obtain from (4.16)) that

/\Au\pdm—i——/ |u|?dz

for a.e. t € (0,%y), which combines E(t) < FE(0) < O and p < ¢ implying
Jo |AuPdz = 0 and [, [u|?dz = 0 for a.e. t € (0, o). By , we have [[u(-,t)||2 =
0 for a.e. t € (0,%). Furthermore, since u € C([0, +oo),L2(Q)), we obtain ||Ju(-,t)||2 =
0 for all ¢ € [0,g], especially |lug|z = 0, which contradicts to the assumption

|luollz > 0. Then (4.21)) holds.
Now, fix tg > 0, and let p = fto Jo lus|? dzds. By (4.21)) we know that p is a
positive constant. Integrating (4 over (to,t), we obtain

M(t)ZM(to)—i—q/ / /|u7|2dxd7ds

. (4.22)
> / / \uT\dedes > p(t —to).
to JO Q
Hence,
. 4 _ 3 —
t—I}IJPoo H'(t) = tl}gloo M(t) = +o0. (4.23)
Combining (4.23) and the fact that ¢ > 2, we have
WP 4

SR TH () - HOF - 3¢+2
Therefore, there exists t* > ty such that

3qg+2

=5 (H' @) <g[H'(t) = H'(0)] vt >t
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Consequently, by (4.19)), we obtain

3¢g+2

1 S S(H(1)? < 2H(t)H' (t) Yt > t*.

Then we consider the function z(t) = (H(¢))” = . By direct computations, we
obtain

() = -T2 (H )T @) < 0,
20y = T2 0) (2 ) - B (1)
(2—2)

<" (H(t)) ™ (H'(t)* <0,

for all ¢ > ¢*, which imply that z(¢) is a decreasing concave function. Moreover,
since z(t) > 0, we obtain z(t) cannot converge to 0 as ¢ — +o00. However, since
lim;, 4o H(t) = 400, we obtain from the definition of z(t) and that z(t) is conver-
gent to 0 as t — 400, which is a contraction. The proof is complete. (I

Theorem 4.7. Assume that p > q and E(0) < 0. Then the solution to problem
(1.1) does not go extinct in finite time.

Proof. Recall the M (t) defined in ). According to (4.14]) and (4.16]), we obtain

)
—/ |Au|pdm+/ | Tog(|u])da
Q Q

P 1
= w|?log(|u|)dx — pE(t —f/ u|?log(|u dx—|—f/ ulldx
[ tto(tubds om0 2 [ fultox(ul)dz + = [ ju w1

1 t
LL [ uprtog((ul)ds ~ pEO) + [ Jultdstp [ [ o dods
Q q° Ja 0 JQ
p
a-p /Q fullog(Jul)dz — pE(0).

Case 1: p > q. By p < 2, we obtain ¢ < 2. Then there exists p > 0 such that
q+ p < 2, hence

T2 [ ulos(fude = TE [ jufrras
Q euq

q+u
2 / |u|2dx
epq

— AME q-HL
where A = 78 10175 > 0. So, by (4.24]) and (4.25)), we see that

(4.25)

M'(t) > —AM ™" — pE(0).
By Lemma [4.4|and F(0) < 0, we have

M(t) > min {M(O), (_pi(o))ﬁ}, t>0.

Since M(0) = 1|luo|3 >0, A > 0 and E(0) < 0, we derive M (t) > 0 for all ¢ > 0.
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Case 2: p = q. Since E(0) < 0, from we obtain M'(t) > —pE(0) > 0.
Hence, we have
M(t) > M(0) —pE(0) >0, t¢>0.
Again as in Case 1, we obtain M (¢) > 0 for all ¢ > 0.
The two cases above imply ||u(-,t)||2 = 1/2M (t) > 0 for all ¢ > 0. Then for any
s > 1, by the interpolation inequality, we have
1/2

lullz < flully*llull*,
where s’ = s/(s — 1) > 1. Combining the above inequality with |lu(-,t)||2 > 0, we
know that Vs > 1, there does not exist T* > 0 such that lim; 7+ ||ulls = 0. The

proof is complete. O

atp—2

Theorem 4.8. Assume that p < q, ¢ < 2 and 0 < |ju||§™"7? < B~?|Q|" 5.
Then the solution to problem (1.1)) must become extinct in finite time. Furthermore,
we have the following estimates:

1
2-g—p

_ _ 1 — Py
lu(e)llz < [Iuol3™ = 2 = p) (B = 101 Jugllg7) e 7, 0<i <,

”u(t)H? =0, t=>T,

where

_ 1 2—q—u — -1 2
T.=|@=p) (B~ 1017 ol )] huoll3
and p > 0 is sufficiently small such that ¢ + p < 2.
Proof. Multiplying the first equation of (|1.1)) by v and integrating over €2, we have

1
f/u2dx+/ |Au|pdx:/ |u|?log(|ul)dz.
2 Ja Q Q

Recall the M (t) defined in (4.14]), then the above equation is equivalent to the
inequality

M'(t)+/ \Au\deg/ |u|?1log(|u|)dz. (4.26)
Q Q
Then (4.15)), (4.26) and Holder’s inequality imply
1 _atu —q—u _ _gtn
M'(t) + 202 B P MP/2 () < — 25" |Q| 5 M (1)
ep

that is,
M'(t) + aMP/2(t) < BM 2" (¢),

where o = 2P/2B~? > 0, f = $2Q+T“|Q|27%7“ >0,and 0 < & < &2 < 1. By
atp—2

Lemma and the assumption 0 < ||uo$™" ™" < B=?|Q|" =, we obtain

M(t) < [~ao(1 = D)+ M'EO)] =7, 0<t<T,
M(t)=0, t>T.,,

where ag = a — BM 5" (0) > 0 and T, = ozo_lﬁM%Tp(O). Then the conclusion
follows by ||u(-,t)||]2 = v/2M(t). The proof is complete. O
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