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LIMIT CYCLES IN PIECEWISE SMOOTH PERTURBATIONS OF
A QUARTIC ISOCHRONOUS CENTER

HAIFENG SONG, LINPING PENG, YONG CUI

ABSTRACT. This article concerns the bifurcation of limit cycles from a quartic
integrable and non-Hamiltonian system. By using the first order averaging
method and some mathematical technique on estimating the number of the
zeros, we show that under a class of piecewise smooth quartic perturbations,
seven is a lower and twelve an upper bound for the maximum number of limit
cycles bifurcating from the unperturbed quartic isochronous center.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Non-smooth phenomena exists in mechanics, electrical engineering and the the-
ory of automatic control, etc. [2] 4, 13| [T6]. Motivated by the practical problems,
a great interest in the limit cycles of piecewise smooth differential systems, which
belong to non-smooth systems, has emerged in the recent years, see for instance
[18, 19, 20l 211 22, 23] 24, 25]. Many innovative methods and theoretical results
have been established since the first studies on the piecewise linear differential sys-
tems appeared in the book [I]. For example, the conjecture that a class of piecewise
liénard equations with n + 1 intervals has up to 2n limit cycles was proved in [30].
By developing new methods for computing the Lyapunov exponents, Hopf bifurca-
tion of non-smooth systems was discussed [8, [0, [14]. The Melnikov method for Hopf
and homoclinic bifurcations was extended to non-smooth systems [3], 12} [15] 20} [21].
In addition, the first order Melnikov functions for planar piecewise smooth Hamil-
tonian systems were applied to study Poincaré bifurcation [19], while the averaging
theory for discontinuous dynamical systems was developed to detect limit cycles
of piecewise continuous dynamical systems [23]. By using the averaging theory, an
estimate was presented on the number of limit cycles bifurcating from the period
annulus around the linear center with the singular line parallel to the switching line
[18]. More results on this topic can be found in [5] [7, 10, [T} 13} 16l 22| 24 25] and
the references therein.

However, non-smooth property leads to some new bifurcation phenomena which
are unique to non-smooth systems (see the review book [5]), such as the border
collision bifurcation including grazing bifurcation, corner-collision bifurcation and
sliding bifurcation. Besides, non-smooth systems possess some properties which
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are impossible for smooth systems. For example, the study in [I5], [24] shows that
piecewise linear system can have two limit cycles surrounding the origin. Moreover,
three limit cycles surrounding a unique equilibrium may exists in piecewise linear
systems [7]. In [§], it is even proved that piecewise quadratic system can have nine
small amplitude limit cycles. Hence the study on the limit cycles of non-smooth
system is very interesting and challenging. So far it seems that there are few papers
in the literature studying limit cycle bifurcations inside the class of piecewise smooth
polynomial differential systems of higher degree. In the present paper we choose
the following quartic integrable and non-Hamiltonian system

B\ (—y+ady+ayd (11)

y)  \ z+a’y? +y '
to study the limit cycles bifurcation under a class of piecewise smooth quartic
perturbations as follows

—y+ 23y + 2y +ePi(z,y)
(x) e+ oyt +eQu(ay) )] v=0 (1.2)
) [~y + 2By + 2B + ePo(z,y) .
z+ 2%y +yt +eQa(x,y) r<0
where 0 < |e| < 1, Pi(z,y), Qi(x,y), i = 1,2 are respectively the quartic polyno-
mials in the variables x and y, given by

P1$y Z azﬂ?y7 ley Z bzﬂfy,

i+j=1,4 i+j=1,4
P Z C,]QZ y , Q2 x y Z dl]'r y
i+j=1,4 i+j=1,4
Obviously, system (1.1)) has

(1.3)

1 T
H(z,y) = 3(22 +y2)3/2 o (22 —|—y2)1/2 =h
as its first integral with the integrating factor u = (22 +12)~5/2, and has the unique
finite singularity (0,0) as its isochronous center. The period annulus denoted by

{(z,y): H(z,y) = h, h € (1,+00)}

starts at the center (0,0) and terminates with the separatrix passing the infinite
degenerate singularity on the equator. The phase portrait of system is shown
in Figure [T}

The objective of this article is to give lower and upper bounds for the maximum
number of limit cycles of system bifurcating from the periodic orbits of quartic
isochronous center . It is challenging to estimate the number of limit cycles
in non-smooth perturbations of a polynomial differential system of high degree,
which is closely related to the simple zeros of the corresponding averaged function.
The techniques we use mainly include the first order averaging method and some
effective results on extended Chebyshev systems with positive accuracy. Our efforts
in the present paper focus on simplifying the averaged function and determining
the number of simple zeros of Wronskian determinants of Wr(t) and Wg(t) (see
Section 5 for more details), whose expressions are the collection of the arc tangent
function. After making some appropriate transformations, qualitative analysis and
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FIGURE 1. Phase portrait of system (|1.1)) in the Poincaré disk

algebraic calculation, we obtained the main results on the limit cycles bifurcation
from the isochronous center (|1.1)).

Theorem 1.1. For system (1.2) with |e| # 0 sufficiently small, we have the fol-

lowing:

(a) there exists a system (1.2) which has at least seven limit cycles bifurcating
from the periodic orbits of the quartic isochronous center (1.1)),
(b) at most twelve limit cycles bifurcate from the periodic orbits of the quartic

isochronous center (|1.1)).
With a similar as for Theorem [I.1} we have the following theorem.

Theorem 1.2. For any sufficiently small |e| # 0, results (a) and (b) in Theorem

LIMIT CYCLES

%

)

TT———

_\\% \‘.\| \

(M1/6.,0)

[17] are also true for the piecewise smooth system

where

Ai(z,y) = Z aijz'y’ + anzy + ana’y + aosy’,
B = biziyd 4 bonz? 4 boo? + b 2 4 pangd
1(@,y) = Z i T Y + 020" + 002y~ + 0127Y” + 03077,
Ag(w,y) = Z 'y’ + enwy + e x’y + cosy’,

Bsy(z,y) = Z dijz'y’ + daox® + dogy® + drawy® + dsoa®.

—y+ 23y + ay® + A (z,y)
z + 2%y* + y* +eBi(z,y)
—y + 23y + 2y® + e Az (z,y)
x+ 22y? + y* + eBa(x,y)

Based on Theorems we obtain the following result.
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Corollary 1.3. labelcl For systems and , the following two results hold.
(1) The lower bound of the mazimum number of limit cycles of systems (1.2))
and bifurcating from the periodic orbits of the corresponding unper-
turbed quartic isochronous centers |5:0 and |5:0 18 respectively

seven.
(2) The upper bound of the mazimum number of systems and bi-
furcating from the periodic orbits of the corresponding unperturbed quartic

isochronous centers (1.2)|c—o and (1.4)|.—o is respectively twelve.

Remark 1.4. Note that system has been studied in [27, 28] under two classes
of continuous perturbations, which turns out that at most two and three limit cycles
can bifurcate from the unperturbed system using the first order averaging method.
Comparing this result with Theorem (1.1} it shows that for system , more
limit cycles can be produced under discontinuous perturbations than continuous
perturbations by the first order averaging method.

The rest of this paper is organized as follows. In Section [2| we briefly present
the averaging theory for discontinuous differential systems, Sturm’s Theorem and
some useful results. Section[3]is dedicated to derive the averaged function of system

(1.2). Theorem is proved in Sections 4| and

2. PRELIMINARY RESULTS

In this section, we summarize the first order averaging theory for discontinuous
differential systems, introduce the transformation lemma, and present Sturm’s The-
orem and some important results on ECT-systems, which will be used in the proof
of the main results. See the book [26] for a more general introduction to averaging
methods, [29] for the details about ECT-systems.

2.1. Averaging theory.

Lemma 2.1 ([23]). Consider the discontinuous differential system

d

CT:) = cF(0,r) + 2R(0,r,¢), (2.1)
with

F(0,r) = F1(0,7r) + sign(h(0,7))F2(0,7),

where F1,Fo : R x D - R" R;,Ry : R X D x (—¢9,60) > R" and h: Rx D - R
are continuous functions, T- periodic in the first variable 6 and D is an open subset
of R™. We also suppose that h is a C' function having zero as a reqular value, and
the sign function sign(u) is given by

1 u >0,
sign(u) =<0 u=0,
-1 u<0.

Define the averaged function f: D — R™ as

T
Fr) = /O F(0,r) db. (2.2)

Assume that the following hypotheses (i), (it) and (iii) hold.
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(i) F1,Fs, R1, Ra and h are locally Lipschitz with respect to r.

(ii) There exists an open bounded subset C C D such that for the sufficiently
small |e| > 0, every orbit starting in C (C'UAC) reaches the set of discon-
tinuity only at its crossing regions.

(iii) For a € C with f(a) = 0, there exists a neighborhood V' of a such that
f(2) # 0 for all z € V\{a} and the Brouwer degree function dg(f,V,a) # 0.

Then, for sufficiently small |e| > O there exists a T-periodic solution r(0,e) of
system such that r(0,e) = a as e — 0.

Remark 2.2. If f is a C'! function and the Jacobian determinant J¢(a) # 0, then
the hypothesis (iii) in Lemma holds, see [6].
2.2. Transformation lemma. Consider a planar differential system
&= P(x,y) +ep(z,y),
¥ =Q(z,y) +eq(z,y),
where the functions P(z,v), Q(x,y), p(z,y), q(x,y) : R? — R are continuous, and &

is a small parameter. Suppose that system (2.3) with e = 0 has a continuous family
of periodic orbits

(2.3)

{m} c{(@,y)|H(z,y) =h, he (he hs)}
around the center (0,0), where H(x,y) is a first integral of system (2.3])|c—o and h.
and hg correspond to the center and the separatrix polycycle, respectively.

Lemma 2.3 ([6]). Consider system (2.3) with e = 0 and its first integral H =
H(x,y). Assume that xQ(x,y) — yP(x,y) # 0 for all (x,y) in the period annulus.
Let p: (Vhe, vVhs) x [0,27) — [0, 4+00) be a continuous function such that
H(p(r,0) cos 0, p(r,0) sin @) = 2, (2.4)

for all v € (Vhe,vVhs) and all € [0,27). Then the differential equation which
describes the dependence between the square oot of energy r = v'h and the angle 0
for system (2.3)) is

dr _ @ +y*)(@Qp— Pq)

do 2r(Qz — Py) + 2re(qx — py)’
where = u(x,y) is the integral factor of system (2.3)) with ¢ = 0 corresponding to

the first integral H, and x = p(r,0)cos@, y = p(r,0)sind, and P, Q, p and q are
defined as before.

(2.5)

Remark 2.4. For the integrable and non-Hamiltonian systems, it is generally
difficult to find the suitable transformations as described in Lemma 2.3

2.3. Sturm’s theorem and ECT-systems.

Lemma 2.5 (Sturm’s theorem). Assume that a univariate polynomial p(x) with
square-free factor has the definition in (a,b]. Its Sturm sequence is given as follows

po(l‘) = p(x), pl(‘r) = p/(l'),
p2(x) := —rem(po(x),p1(x)), ps(z) = —rem(p1(z),p2(x)),...,
pit1(x) == —rem(p;—1(x), pi(x)),...,0 = rem(pm—1(z), pm(z)),

where rem(p;—1(x), pi(x)) stands for the reminder of p;—1(x) divided by p;(x). Let
o(€) denote the number of sign variation of the Sturm sequence at the point &.
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Then the number of distinct real roots of p(x) in the half-open interval (a, b] is
o(a) —o(b).

To prove the main results, some definitions of ECT-systems and useful results
in [29] are needed.

Let hy, ha, ..., h, be analytic functions on an open interval L of R. An ordered
set [h1,ha,...,hy] is an extended complete Chebyshev system (in short, ECT-
system) on L if, for all i = 1,2,...,n, any nontrivial linear combination

has at most ¢ — 1 isolated zeros on L counted with multiplicities. For more details,
see the book[I7].

Sometimes the standard results on ECT-systems can not be directly applied to
bound the number of zeros of h(z) = Ath1(z) + A2ha(z) + -+ + A\phy(x). In order
to study the maximum number of simple zeros of the function h(z), we quote the
following result from [29] which provides a very effective estimation for the number
of simple zeros.

Lemma 2.6. Let [hy, ho,..., h,] be an ordered set of analytic functions on the
open interval L, and Wi(z),k = 1,2,...,n be the Wronskian determinant for the
functions hy, ha, ..., hy depending on x:

hi(x) hy () . hy.(x)
W) =| A (27)
V@) hE @) o a T ()
Assume that all the zeros v; of Wy are simple for i =1,2,...,n. Then the number

of isolated zeros for every linear combination (2.6 does not exceed
n—1+vy+vn1+2Wp-2+ - +v1)+ A1+ 00+ Ay,

where \; = min(2v;,v;_5 + - +vy) fori=4,...,n— 1.

3. PROPERTIES OF THE AVERAGED FUNCTION OF SYSTEM (1.2))

For )
T
H - _
(x,y) 3(x2+y2)3/2 (x2+y2)1/2’

we choose the function p = p(r, ) as follows in a very technical way

,
plr,0) = (r?2 + 3cos0)1/3’

such that )

H (p(r,0) cos, p(r,0) sinf) = %, re (V3,+00).
According to Lemma [2.3] in the coordinates
rcosf rsind
(r2 + 3cos9)1/3’ v= (r2 +3cos0)1/3’
system is transformed to

dr {€X1(9,r)+521/1(9,r,5), if cosf >0

r € (V3,+00), (3.2)

Tr =

(3.3)

do eXo(0,7) +2Ya(0,7,¢), if cosh <0,
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where
Xi (07 ’I“)

3(r + 3cos)?

= 5 [(TQ cos @ + 2cos? 0 + 1)Pi(6,r) + (12 + 2 cos 0 sin 0)Q; (6, r)} ,

Yl(a, T7 6)
—X;(0,7)[ cosO(r* + 3cos0)Q;(6,r) — sinO(r? + 3 cos 6) P;(6,r)]
(r2 + 3 cos 0)2/3 + e[ cos 0(r? 4 3 cos 0)Q;(0,r) — sinf(r? + 3cos ) P;(0,7)] ,

and P;(0,7), Q;(0,r) are respectively derived from P;(z,y) and Q;(x,y) given in

(1.3) and the variable changes (3.2) for i = 1,2.
Let

Fi6,r) = 5[X10,m) — (-1 Xa(6,1)],
Ri(0,7,¢) = %[Yl(&r, €) — (—1)iYa(6,r, g)], i=1,2.

Then system (3.3) takes the form

d
d% = cF(0,7) + 2R (0,1, 2), (3.4)
where
F(0,r) = F1(0,r) + sign(cos ) F5(0, 1),
R(0,7,e) = R1(0,r,¢) + sign(cos )Ry (0, 1, €).

Based on Lemma the averaged function of system ((3.4) is

/2 37/2

X1(6,r)do +/ X2 (6,r)d6. (3.5)

/2

f(r):/o " (0, r)d0 =

After substitution of X;(0,r) and X5(0,r) into the averaged function (3.5), we have

—7/2

f(r)
3 (72 "0 sin’ 0
=5 (r* —|—3cost9)1/3 [(7‘2 cosf +2cos? 6 + 1) Z aij%
T J—r/2 itj=1,4 (7"2 + 3 cos 9) 3

9 sin’ 0
+ (r? + 2 cos Osinf) Z biijm
iric1a  (r?+3cosf)s

]da

3 3m/2 i g0sin’ @
+ = (r® +3cos€)1/3 [(7“2 cosf +2cos? 0 + 1) Z CU%
2r Jase (r2 +3cosf)s

. cos’ @ sin’ 0
+ (r* 4+ 2cosfsin 0) Z dij———————————

- Jas
i+j=14  (r?+3cosf) *

3 /2
=5 {a10(r2 cos? 0 + 2 cos® 0 + cos ) + by (r*sind + 2 cos O sin? §)
r —7/2
1
+ m |:a,04 + (0,04 + blg)T2 cos + (a22 + 2b13) COS2 0

+ (—2&04 + age + b3 — 2b13)r2 cos®
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+ (—3a04 + aqo + aso — 4b13 + 2531) cos* 6

+ (aps + ago — azz + b1z — by )r? cos® 0

+ 2(ags + ago — ase + bz — b31) cos® 9] }dﬂ
3 37/2

+ o {clo(r2 cos? 0 + 2 cos® O + cos ) + do; (r?sinb + 2 cos 0 sin” 0)
r /2

+ 72 1 3cos0 {004 + (coa + d13)7? cos 0 + (cag + 2d;3) cos? 0

+ (—2co4 + cog + d31 — 2d;13)7? cos® 0
+ (—3coq + cao + coo — 4dy3 + 2d31) cos* 0

+ (coa + ca0 — Co2 + di3 — d31)r” cos® 0

+ 2(coq + ca40 — ca2 + di3 — d31) cos® 0} }d&.

To simplify the averaged function f(r), we list some useful results on the integrals
which can be obtained by a straightforward calculation.

Proposition 3.1. The following equalities hold:

/ﬂ/2 1 " 4 . r2 _3
= arctan |/ ———
—rj2 7%+ 3cost Vit —9 r2+3’
/W/Q cosf o= 472 . 2 _3
—————df = - — ———=arctan/ ——,
—n/2 T? +3cosb 3 3vri_9 213
/7T/2 cos? 6 2 qr? 44 . 2 _3
—————df = - — — + ———=arctany/ ——
—rj2 T2+ 3cosf 39  9/rf-9 213
/”/2 cos® 0 T 2r? N mrd 4rS . r2_3
2 L 9an = 2 " a — — ——————arctan\/ ———
—nj2 7%+ 3cost 6 9 27 27Vri—9 213
/W/2 cos* 6 9 R N 2rrt S N 4r8 . r2 —3
—_—d = — + — — — + ————arctan{/ ——
—rj2 T2+ 3cosf 9 18 27 81 ' 81vVit—9 213
/2 cosP T 4?2 ot 206 8
_xj2 7%+ 3cost 8 27 54 81 243
410 ¢ r2 —3
— —————arctan{/ ———,
243v/r* —9 r2+3
/”/2 o0, 16w At w2t
a2 43cos0 45 24 81 162 243 729
n 4r12 ¢ r2—3
———— arctany/ ——,
729vrt =9 r2+3
37/2 1 o A 23
) do = - arctan -
x2 T + 3cosf VIiE—9  JrfZ9 2 +3
/3”/2 cos T 272 n 4r? " r2 —3
29 gV =97 arctan ,
x/2 72 + 3cosf 3 3Vr =9 3Vrf -9 243
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/3”/2 cos? 6 de__2_7rr2+ 2t B 47t arctan\/m
a2 r2+3cosf 39 9T —9 9rF—9 r?2+3’

/3“/2 cos> 0 o 2r? N rd 2718
a2 r2+3cosh 6 9 27 27y/rt -9
n 46 " r2 —3
————arctan{/ ——,
27Vt =9 r?+3
/3”/2 cos* @ 4 w2 2wt n 27r®
a2 Tr2+3cosf 9 18 27 81  81vri—9
4r8 . 2-3
——— arctan ,
81Vri—9 °+3
/3”/2 cos® @ o 4r? n mrt . 276 . wr8 2710
w2 T2H3cos® 8 27 54 81 243 243119
N 410 . r2 -3
———— arctan/ ——,
2434 — 9 r?+3
/3”/2 cos 16 _mr? 4t m® 2% arl®  2mrl”
/2 r2+3cosf 45 24 81 162 243 729 729v/r4 — 9
4p12 2-3
— ——————arctan/ ——.
729vr1 — 9 r?+3

Using Proposition we obtain the averaged function as stated in Proposition
0.2

Proposition 3.2. The averaged function f(r) can be rewritten as

Fr) =1 () + R o) + B fo(r) + Kafalr) + K fo(r)

(3.6)
+ ko fo(r) + ko fr(r) + ksfs(r)], 1€ (V3,+00),
where
Al =1, fa(r) =12,
2-3 9
fa(r) =2r8/rt — 9arctan | :2 T3 ngo + 378 4 Zﬂrfj —ort)
2_3
fa(r) = 2r*\/rt — 9arctan :2 T3 gr6 + 3r4,
r2—3 0. 956
f5(r) = v/r* — 9arctan a3 fo(r) =r®/rd —9 —2r10 4 U
fr(r) =r*/rt =9 — 2% fo(r) = /14 =9,
and
k1 = 15 (105@10 + 30bo1 + 26a40 + 9aze — 14ags + 4b31 + 6b13 — 105¢19 — 30do:

— 26¢40 — 9co2 + 14coq — 4d3; — 6dy3),
:%(36@10 + 36bo1 — a40 — 3aze + 15aps + b3y + 3b13 — 36¢10 + 36do1 — cao

— 3co9 + 15¢04 + d31 + 3di3),

ko
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ks = %(—Mo + age — aga + bs1 — b1z + cap — c22 + coa — dz1 + di3),
1
ky = 27( asa + 2ag4 + b13 + c22 — 2c04 — d13),
ks = 2(—aos + cos), ko = —=(—ca0 + + dat — dis)
5 = 3 o4 T Co4), 6 — 243 Cq0 T C22 — Co4 31 13),
ky = ;7( Coo + 2¢cp4 + d13) ks = —gco4.
Moreover, the coefficients k1, ks, ..., ks can be chosen arbitrarily.

Proof. After substitution of Proposition [3.I] and by a straightforward calculation,
we obtain the formula (3.6)) of f(r).

The second result follows from

O(k1, ko, k3, kq, ks, ke, kv, k) t
1, M2, V3, 4y 5, VG, T, 8 ‘ - _ #O (37)
d(ai0, aos, azz, b3, coa, c40, c22, d13) 253280326
which implies that k1, ko, . .., kg are independent. So the coefficients of the function
filr),i=1,2,...,8 in (3.6) can be chosen arbitrarily. O

For convenience, we consider F(r) = rf(r) which has the same zeros as f(r)
in r € (v/3,400). Since the expression of F(r) includes the square root terms as

Vrt—9 and "z—_?’, the first and the most important step is to eliminate these
r?2+3
ones. As a result of r € (v/3, +00), let

3(1+t%)
2 = t 1
T2 (0,1), (3.8)
then
6t r2 —3
4 — =
9= et (3.9)

Substituting (3.9) into the formula F(r), we obtain

G(t) :—F(r)’T: Yo

e (0) + maga(t) + magn(t) + maga() + mags(t)
+ mege(t) + mrgr(t) + msgs(t)].
Let
g(t) =m1gi1(t) +maga(t) +mags(t) + maga(t) +msgs(t)
(3.11)
+mege(t) + mrgr(t) +megs(t),
where

gi(t) = (2 =1)°  gat) = (£ + 1)(* = 1)*,
g3(t) = t(t* = 1)",  ga(t) = (£ = 1)(1* + 1)*(t — 1),
gs(t) = (12 +1)3(3 — 4t + 106> — 4¢> 4 3t%),
ge(t) = t(t* — 1)* arctan(t), (3.12)
gr(t) = (2 = 1)*(£* + 1)*[r — 2+ (7 + 2)t* — St arctan(t)],
gs(t) =(t% + 1)2[31 — 8 + (217 — 24)t% + (217 + 24)t* + (37 + 8)t°
— (48t + 96t° + 48t°) arctan(t)],
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and
my = 4k‘1, mo = —12]4;2, ms = —24k8, my = 108]67,
ms = 4186]{67 me = —24k5, mr7 = 54k4, mg = 81]€5

In summary, we have the following proposition.

(3.13)

Proposition 3.3. In r € (\/3,4+00), the number of zeros of f(r) is the same as
that of F(r), which also equals to the number of zeros of g(t) defined by (3.11)) for
te(0,1).

4. PROOF OF THEOREM [1.1{(A)

We start by studying the properties of the function g(¢) in ¢ € (0,1).

Proposition 4.1. The generating functions g1 (t), g2(t), ..., gs(t) of g(t) defined by
(3.11) are linearly independent. And the coefficients mi, ma, ..., mg can be chosen
arbitrarily.

Proof. First we prove that g1(t), g2(t),. .., gs(t) are linearly independent functions.
Suppose that

e191(t) + eaga(t) +-- - +eggs(t) =0, te€(0,1).
We need to show e; =0 for all i € {1,2,...,8}. To this end let
h(t) = e191(t) + eaga(t) + - - - + esgs(t).
Then we can get Taylor expansions of the function h(t) near ¢ = 0:
h(t) = so + s1t + sot? + s3t® + s4t? + s5t° + s6t° + 5717 + 551> + O(t°),

where

so=—e1+ex+es+3es+ (m—2)er + (3m — 8)es, s1 = e3 — 2eq4 — 4es,

S92 = Bep — 3ea + e4 + 19e5 + eg + (m — 6)er + (277 — 88)es,
s3 = —4des — 16es,
54 = —10e; + 2e5 — 2e4 + 42e5 — ?eg +(—2r+ %)@ + (667 — 208)es,
s5 = bGes + 4eq — 24es,

113 52 1008
s¢ = 10ey + 2e9 — 2e4 + 42e5 + ﬁe(; + ( — 2T+ 3)67 + (667r - )eg,
S7 = 7463 - 1665,
243 30 3064
sg = —bey — 3es +eq4 + 19e5 — geg + (7r — H)@ + (277r T )eg.
Noting that s3 = s7 and that the Jacobian determinant

‘8(80, 51, 82,53, 84, 55,56,58) | 398032896 55312384 , 158527913984
8(61762563764365766767;68) B 7 7 1575 ’
we have that sg, s1,..., Sg, sg are independent. Thus h(¢) = 0 implies that so =
s1 = -+ = s¢ = sg = 0. Consequently, the functions g (¢), g2(t), ..., gs(t) defined

by (3.12)) are linearly independent.
It follows from

‘8(m1,m27...

>m8)
= 6347497291776 # 0,
O(k1, ke, ... ks) ’ 7
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| O(ky, ko, k3, ky, ks, ke, kr, kg) = ! 20

d(a10, aos, azz, b31, coa, c40, c22, d13) 258280326
that my,mo, ..., mg are independent. Hence the coefficients mq,ms,...,mg in
(3.11) can be chosen arbitrarily. O

Lemma 4.2 ([I0]). Consider n linearly independent analytical functions f;(x) :
D — R,i=12,...,n, where D C R is an interval. Suppose that there exists
k€ {1,2,...,n} such that fy(x) has constant sign. Then there exist n constants
¢i,i=1,2,...,n, such that Y ., ¢; fi(x) has at least n — 1 simple zeros in D.

Proof of Theorem (a). By Lemmal[d.2)and Proposition [4.1] there exists a linear
combination of g1(t), g2(t), .. ., gs(t), namely g(t) = A1g1(¢)+A2g2(t) ++ -+ Asgs(t),
such that the function g(t) has at least seven simple zeros. This means that we can

get the averaged function f(r) corresponding to g(t) having at least seven simple
zeros in r € (\/§7 +00). Following this fact and Lemma we obtain the result in

Theorem [L.1[a). O

5. PROOF OF THEOREM [1.1|(B)

This section is devoted to explore the upper bound of the maximum number of
zeros of the averaged function f(r) given by (3.6]). Proposition in Section 3 has
shown that the number of zeros of f(r) in r € (v/3,400) is the same as that of
zeros of ¢g(t) in ¢t € (0,1). Hence, we investigate the zeros of g(t) instead of f(r) in
the following.

For g1(t), g2(t), ..., gs(t), after a straightforward calculation, we obtain

Wi(t) = (t—1)5(t+1)5  Wa(t) = —4t(t — 1)3(t +1)%,
Wa(t) = 4(t — 1)*2(t + 1), Wy(t) = 192(t + D) (t — 1)'7,

Wi (t) =92160(¢ + 1)7(t — 1)*3(5¢10 + 14¢° + 17745 + 72t7 + 71445 + 84¢°

+ 714t% + 7263 + 177t + 14t + 5),

294912
We(t) = — %(t — )Pt +1)%(4 — 141t — 574t* — 2051¢% — 8564t*
+ 4823t5 — 3309015 + 36793t" — 51744t + 36793t7 — 3300010 (5.1)
+ 4823t — 8564112 — 2051t — 574t — 141¢15 + 4¢1°),
135(t — DM@+ 1)1
Wa(t) = W1 (t) + Wra(t) arctan(t
7(t) S383608(2 £ 1)° (Wr1(t) + Wra(t) arctan(t))
1215(t — )13+ 1)13
Ws(t) = W1 (t) + W (t) arctan(t
5(t) 4611686018427387904( s1(t) + Was (t) arctan(?)
+ Wss(t) arctanQ(t)),

where Wr1(t), Wra(t), Ws1(t), Wsa(t) and Wys(t) are cumbersome polynomials give
by (A.1) in the appendix.

Based on and Sturm’s Theorem, a straightforward calculation leads to the
following result.

Proposition 5.1. (1) The Wronskian determinants Wy (t), Wa(t), Ws(t), Wy (t)
and Ws(t) do not vanish for t € (0,1);
(2) Ws(t) has only one simple zero in the open interval (0,1).
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For Wx(t) and Wg(t), we have Propositions [5.2] and
Proposition 5.2. W;(t) has a unique zero in t € (0,1) which is simple.

Proof. Let
Wz (t) = Wri(t) + Wra(t) arctan(t),

then Wr(t) has the same zeros as W(t) in t € (0,1).

Using Sturm’s Theorem, we can know that Wz (t) < 0, Wra(t) > 0 for all ¢ €
(0,1). Let
_ Wa(t)
N Waa(t)
then we have Wr(t) = Wqa(t)T(t), and

27021597764222976¢(t% 4+ 1)2Z(t)
W2, (1) ’

where Z(t) is a polynomial of degree 40 given by in the appendix. Using
Sturm’s Theorem, we can obtain that Z(¢) has exactly two zeros, denoted by t;
and to, in t € (0,1). Using Maple software, t; and t3 can be easily isolated as
Ty €[22l 106803 ] and T, € [ 2169 783391 A straightforward calculation shows
that Z(0) > 0 and Z(1) > 0, thus the function T'(¢) is monotonically increasing in
the intervals (0,71) and (¢2,1), and monotonically decreasing in the interval (¢1,%2).

Using Maple software, we obtain 7'(0) < 0, T(1) > 0, T'(t1) < 0 and T'(t2) < 0.
Therefore, the function T'(t) has a unique zero in (f3,1) which is simple. This
completes the proof. O

T(t)

+ arctan(t),

T'(t)

Proposition 5.3. Wg(t) has ezxactly two zeros in t € (0,1) and both zeros are
simple.

Proof. Let
We(t) = Wey(t) + Waa(t) arctan(t) 4+ W (t) arctan®(t),
which has the same zeros as Wg(t) in ¢t € (0,1). We will study Wg(t) instead of
WS[(Jts)i.ng Sturm’s Theorem, we know that Wgy(¢) < 0 and Wga(t) > 0, Wgs(t) < 0
for all ¢ € (0,1). Moreover, we have
A(t) = W (t) — 4Ws1 (1) Wes (1)

5.2
= 285221385051351615336758221209600(£> + 1)2D(t), (5:2)

where D(t) is a polynomial of degree 36 without multi-factor given in Appendix
By Sturm’s Theorem, it shows that D(t) > 0 for all ¢ € (0,1).
Let

 —Wasa(t) + /A  —Wes(t) — VA
p(t) = 82W83(t) L palt) = 82W83(t) ,

wu(t) = arctan(t),

then
W(t) = W () (1(t) — pa (8)) (1(t) — pa(2))-
This means that the abscissae of the intersection points of p(t) with pq(¢) and pa(t)

coincide with the zeros of the function Wg(t). Hence we only need to count the
number of zeros of v (t) := p1(t) — p(t) and vo(t) := pa(t) — u(t).
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Firstly, we investigate the number of zeros of the function 14 (t). According to
the definition of v (t), we have

n —t(My(t) + Ny (t)\/A(L))
dt  1979120929996800(¢2 + 1)Ma(t)Na () \/A(?)

\VA®) = A)
1152921504606846976

the polynomials M;(t), Ni(t), Ma(t) and No(t) are given in Appendix More-
over, applying Sturm’s Theorem, we have My (t)No(t) > 0 for all ¢t € (0,1). There-

b

where

fore, it is enough to study the zeros of the function M (t) + N (¢)4/A(t) instead of
dvy /dt, which are also the zeros of the following function

ME(t) — NE(t)A(t) = 3865470566400(t — 1)%(t + 1)%(t* + 1)° M (t),

where M (t) is a polynomial of degree 82 given in appendix Using Sturm’s
Theorem and Maple software, we obtain that M(t) has t; € [470%, 362172618},752 €
[146434894, %} and t3 € [}8%, S}gg] as its zeros in ¢t € (0,1). By analyzing the sign of
M;(t) and Ni(t) at the points t1,ts and t3, we obtain that only t5 and t5 are the
zeros of dvy /dt.

After direct calculation and the analysis, we obtain that v1(0) > 0, v;1(t2) < 0,
vi(t3) > 0 and v1(1) > 0. Therefore, the function v4(¢) has exactly two simple
zeros in ¢ € (0,1).

Secondly, the analysis about the function v,(t) is similar to the above case.
Consequently, we obtain that the function v5(¢) has no zero in the interval (0, 1).

In summary, the function Wg(¢) has two simple zeros in ¢ € (0, 1), so the Wron-
skian determinant Wg(¢) has two simple zeros in ¢t € (0,1). This completes the
proof of Proposition [5.3 O

Proof of Theorem (b). Using Propositions[5.1}[5.3] we obtain that Wi (t), Wa(t),
Ws(t), Wy(t) and Ws(t) do not vanish in ¢t € (0,1), Ws(t) and Wr(t) have a unique
simple zero in t € (0,1) respectively, and Wg(t) has exactly two simple zeros in
t € (0,1). Thus using Lemma we obtain that the number of isolated zeros of
the function g(t) given in oes not exceed

8—1424142x1=12,

which implies that the averaged function f(r) has at most twelve zeros in r €
(v/3,+00). By virtue of Lemma we obtain Theorem (b). O

6. APPENDIX
6.1. A.1.
Woi(t) = — 90134261942886272t%* + 574208952489738241

+ 6168366923881833472t*% — 93361380050692407296t%

+ 231673561802179739648t%° — 1044449069557396144128t*°
+ 1519010698846583390208t '8 — 3588194162349129072640t'7
+ 3713780183143147896832t'6 — 5344318846011112947712¢°
+ 3874601048314220642304t* — 3484232030880702398464¢3
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+ 885167535841434533888t1% — 272188215446399287296¢ !

— 1780046586218136207360¢'° + 973119042081732034560t°

— 1731233895934367367168t° 4 569814992215650664448t"

— 577252798107797225472t° + 110055450318471610368t°

— 56809015928664752128t* + 3801530110012357632t>

+ 7442633638994796t — 57420895248973824 t — 62269395476345.

W (t) =3377699720527872 (1% 4 1)3 (171 — 1215t 4 16880¢1° — 2936414
+ 125472t — 85780t'2 + 141840t — 27018t + 5056t° — 27018t
+ 141840t™ — 85780t5 + 125472t° — 29364t*
+ 16880t — 1215t% 4 17).

Wei(t) =1185891528496708711017713611077698411¢%°
— 2266004888243560189771265096527380480¢°
+ 3835522024174547959633389010613268920¢ '8
— 4714044509535283562829585653516206080¢17
4 3881022138916230431364589772180153865t'6
— 2148878442618162181729270487675043840t1°
— 1683587088444303269065255220992513200¢
— 5244580781673026505805039792910499840¢13
— 65041115710872267568416817281855584501 "
— 21659231139657798060138444726982410240t !
— 7168395263392474039295741559570432t1°
— 26639982466026538766147171225289359360¢°
+ 6520837826701808329738108022055495090t°
— 11678566756143409397689586845860495360t
+ 2243677705024017984489213850889196720t°
— 1058739491241092199782953625554255872t°
— 1658102767738292126602207791694603785¢*
+ 51003390698621628220461827363962880t>

— 962907095624491580737423254276895160t>
— 2792212620088545515111061777285120¢
— 5422849968395893240759698283.

Wea(t) = — 16888498602639360 (12 + 1)(134174442711528278343¢'8

15



16 H. SONG, L. PENG, Y. CUI EJDE-2019/107

— 114031142565020958720t'7 + 189677878383987820241¢*6
— 120336182043339653120¢'° + 75259129312831332460¢*
+ 120912642795643076608t % — 3503509027040144092¢"2
+ 9655717601082343424t! — 597756385533301886398¢1°

— 308910905640597061632t° — 1154215927107858985538t°
+ 9655717601082343424t" — 647825083481790469412¢°

+ 120912642795643076608t° — 64810778177331781740t*

— 120336182043339653120¢> + 3130228862997854511¢2
— 114031142565020958720 ¢t — 165332199491799367).

Was () =4563542160821625845388131539353600 (t — 1) (¢ + 1)(211% — 3401
+ 818t* — 340t% + 211) (¢ + 1)°.

6.2. A.2.
Z(t) =27021597764222976t(13510798882112896t*° — 557320453887148800t>°
+ 702561541869938048t%® + 14568018894637086976¢37
— 26400101015648370944t%5 — 594309643526618057472t>°
+ 8369831821077324280832t3* — 31926223798113055981312¢33
+ 111167461187962183024384t%2 — 11762947363129579100416t3!
— 1758032932760516097727744t3° + 10919540674355160671449856¢>°
— 43640914019377804089929216t%® + 132773796854708013459128064 27
— 329600636163665084127721472t%5 + 690790880313384305445008128%°
— 1243529438957662468719622272t%* + 1945832602586207995294138368t%3
— 2667488186096564230379160704t*% + 3217510671604529979408769664 ¢
— 3423771052004058459647616249t%° + 3217510671604529924739735808t'°
— 2667488186096564185492657483t® + 1945832602586207939629673864¢'7
— 1243529438957662457746067088t'6 + 690790880313384269397499822 ¢1°
— 329600636163665074867438968t'* 4 132773796854707981703554310¢'3
— 43640914019377781658542970t'2 + 10919540674355152051925870¢
— 1758032932760503352465558t 10 — 11762947363128648582330t"
+ 111167461187962661085448t% — 31926223798112199097958t"
+ 8369831821076973826368t° — 594309643526604041918¢°
— 26400101015644673797t* 4 145680188946366515941>
+ 702561541869769241t% — 557320453887099798 ¢ + 13510798882111488).

D(t) =1988501876129629500474705489760443483505t°°
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6.3. A.3.
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+ 5884500572433515234379892676130793963118¢>*

+ 605609151411869753708915666107244087369t>2

+ 43403895762289312289381530865074236817408t>!

— 83326798894808862552273652737549113512368t>°
+ 281632057350203689330390282952609649131520¢°
— 339528795975034095415480066886365024048652t
+ 678809005652106319968345619462656062652416t>7
— 555930300928416176019762380766425394374776¢°
+ 806289180568398165762752168272129307967488¢°
— 338568141236418399632409945569940635178492t*
+ 768996116339222076327406729182906345848832t%3
+ 19346189464397818679236507699066293500464t%
+ 1245902406 7565966346628 733857404215204249601>!
+ 1685300430369601136273132458149941037870862°
+ 1377590181459632184339865975836731859009536
+ 886245187942348322666541942973828390552340 %
— 59974653752892282730714799986761443311616¢7
+ 1982197348295878629950986704693415027236430t'6
— 1462561668541303465068912603777582902542336t 5
+ 1877456207255899142320772683203168908655152¢ 1
— 1182759951478895156946986977153738623418368t '3
+ 789113167879454688412117734071632371329540¢ 2
— 340239082216778844038353935241933198721024¢*
+ 120883842434726856318939067238891247441800°
— 23896876747383011358282864079587474669568t”

+ 550656586770623643578827126624169535988t°

+ 1127054208895437603409452578172708061184t"

— 193844721745407853396522073439738810800¢°

— 66660031965017298888426839047824998400t°

+ 31017349107330149006541280157099231305t*

— 1031028333780566802157428913880580498¢2
+ 27261506022822924725379464415987057.

M, (t) =4096673085353190194511879500402655232t8
+ 112783926943216041984000¢*”

17
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— 176749032758087775067883548852928970752t1

+ 1228213281222990033084022531825021747200t45

— 3508810938757526971116624189910883713024¢**

+ 10270091954524747904683195724640792084480t*3

— 15530726474847139937102638755039520161792¢42

+ 30176716325435442693628145949741573734400t

— 26752250516228936574696436991366999195648¢°

+ 36782489482734311562675092674075416330240t>°

— 52759969225738181742463797458448948183041%8

+ 18740582887894664818456154461665283276800t>7
+ 39430037038655154922335666315761906270208t36

+ 56257143613989628172023527918541870202880t%°

+ 37599369369896660457667642717714078064640t>*
+ 181612163953928006794362081193160375009280¢3
+ 13108177732362627495412503248277241331712t32

+ 2414023478399639449945060123215077258035203
+ 62182914699514024883231988674092522322688t>°

+ 188844921295306433185745485770609194434560¢°
+ 158764445605467449671738793017251446600192t
+ 165424873945363892933971292859618715238400¢ 7
+ 253904829185589141023293854293611822218496°
+ 143979240327386804388758851161353323806720¢2°
+ 3541708674524137470700807958427135205837441*
+ 36122387361941591111294958120310186967040¢%3

+ 38153457052599939146207996068954043508 7872t
— 14145127315094810392842420043812364615680¢ 2

+ 265506476678135645364013623738120072152640t°
+ 79643957597205869838674504433429160919040¢°
+ 1315428507169242749038181542988018255541 76t
+ 110331982330162890025381302375172748083200¢7
+ 135101541647538796914383643990092765276352t°
— 26615671228057093583723516155658156113920¢1°
4 191647616136837221714307026988046479588096¢
— 127020037880017902874858206240447953633280t 3
4 147303021744186142839498986906251721187584¢12

EJDE-2019/107
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— 85134430530610887904363638001970089820160¢'*
+ 52488073138030399517428966451366901991447¢'°
— 20878814394846701478009683127735618109440¢°
+ 6825881093957994691258356909265638298016°
— 1235450864288637065741436368214892216320t"
4 28706402053952889048372787969647560730t°

+ 46012062126586609978860499737237258240t°

— 7284327511482175992305996261232662188*

— 1886299262964271953864180210912460800¢>

+ 729611530820898442630207636388052583t>
+ 1145461758017037926400¢ — 12527108124574209819610743262400540.

N (t) =5192289730544231936t%° — 21017024027449868825612°

+ 810690154173195878400t% — 2728769321208895530304¢%*
+ 1933353098783647334400t%% — 4289869168445257579776t>2
— 1687574778619436728320t%1 — 1370094094634001316800¢°
— 2511311297963171512320t'° — 950648044803963584256¢'%
— 836031346326456238080t'7 — 4380301932747977724608t'6
— 1946112359477941370880t'5 — 6046571210673199090432¢'4
— 1946112359477941370880t'3 — 4380301932747980630144¢ 12
— 836031346326456238080t'! — 950648044803960622685t°

— 2511311297963171512320t7 — 1370094094634002837216°
— 1687574778619436728320t7 — 428986916844525712009415
+ 1933353098783647334400t° — 2728769321208895456412t*

+ 810690154173195878400t% — 210170240274498844621>
+ 5192289730544271028.

Mo(t) = 2110 — 551¢% 4 11585 — 1158t* 4 551¢% — 211.
Ny (t) =211t 4 504t 4 513¢16 4 1232t + 1886t'? — 18861 — 1232t5 — 513t*
— 504t% — 211.

2
M(t) :(211t8 — 340¢% + 818t* — 340¢2 + 211)
x (30676871629244625837380721971609933392507252049142874112t66

+ 53695913464341334517506106987677682656870405°
— 33283039894015533115478292402746232502108683008086324019205*
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+ 37601661532493916814331178143876596765941620235716068900864¢°%

+ T77354965623947277501198048139694037055794098811606925312152

— 13353997410818205317066414054308296560283184165088918461480965"

+ 10723180942643368514869558568496153673041071253128128176848896t°

— 53177302134945949862677875396799587306332842797643371363958 7841

+ 197935838538945537355617214841711905669650465471811482042761216t°°

— 597605759536265775686603273228991747421687151926225411990618112¢°7
+ 1525783074161600867430969784000207780338108533389732553877880832¢°°
— 33768586882802055761428137529349886363983754497289504742954762241°°
+ 6587102631237989580875362429492511063151935917814943981437452288¢>*
— 11455960530460382420643912657409223547240304191108354321156145152¢%3
+ 17897643161052981540409653519875865201377438250549440169788833792t°2
— 25245277512783553536770863539167118633219966406943012270142128128¢°*
+ 32254499443698851174420586008925468855662024925561407660170936320¢°°
— 37417678727294479685943544958393406963378226538789073356108857344t4°
+ 39590085804648345586450494104293576536797286421333358915788724224148
— 38683201549515933693764355839645427590987193668392882416289579008t*7
+ 36087160534844323789191692965391223173198179095747275067441673216t*6
— 34499946132018986875954966600977581850868790515468076057867845632t*5
+ 369963547211871005351559329350694461652148465611754577622835504641**
— 45641154789165665499647727899276895492283531065872467211854020608t*3
+ 60211176007552580262453066483948592573381841604376800677451691776t*2
— 77678628136693488560689465708620702837033248085430715399320633344¢ 4
+ 92984397476883151347369503303417936615454274292903216236638158848t*°
— 100928683575136442545393521143541163866137718276298538722023964672t°
+ 984600799785165545029589259559738092525008661776737072265949754241%°
— 86334940888079088574954860956658994575606440487697722830393180160t37
+ 69117336063675327375410309326471249739454750218825375878483985088t%6
— 53374574726853926009631904184407676087817244675217242076605317120¢%
+ 44821891718014625843531337302258090868151185029826280279114133568t34
— 45741114878900494919323979326338632959565882482826055169320419328t%3
+ 54082132395497148696837086559722992440907211813987109072313855808t>2
— 64653386271690935657181968649633664278720447767539435525509480448t%!
+ 716879217170741515258789411707680376060505836152777838232568959801>°
— 71438536464497281647629820222668057211364266093806409119090343936¢%°
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+ 63455137360971507609076346769410602568720136169427249719638657300¢>°
— 5014760796674450791820495817567407985923431291906931942457501286417
+ 35208665212721782248514721807635270183515823060006914310784332400¢%°
— 218829455476575655629051293279554361782889853542111051360288768001°
+ 11954092927965701609277582135070077780172869692368653334094663651¢%4
— 5670262858758178119978437161547820024142210116010929214124589056t%3
+ 22868036526445384811856002816220008189153202242548557026717044872
— 754829976075168666057850204877299439166265785614654918931185664¢>!

+ 188258928876 760239471287985747967712862372128643293067403664758°

— 27482109511582887740269423190297150878290506816801802588258304¢ 9

— 14577314601740433776742749330269528923978332634714568086598261 8

+ 1637629127692112544148906971787044581645163705608508158705664¢ 7

— 24414408134336522518175948970397134590310921835938082057777¢'6

— 291681393923171779440009342273838481463376979880741900910592¢°

+ 141076982381254080588480322059479675788021865245672317397871¢'4

— 35816616423690528925876272164725856455624429033258057351168¢ '3

+ 3298680533060632108478209109572005049737352693263909014743t 2

+ 749170830156840828059348814185316109144026663283361623040**

— 2037628381777221702231686591405455215812620108209792091971°

— 54416850940847772011552007231437190025115624301046595584¢°

+ 30349038143981737653986188414318145559960361079287202562t

— 1014789942075700630070917465090579799425427186589349888t"

— 247254139406773045382817953234425694076602308791588282615

+ 6960940608738052467795865210062766503593394905755688961°

— 15912825645159475308591618336040742393047672519929193t*

— 11545110858218294718821303391187563004265987418231808t°

+ 791055236892403013600467328471716068814254991559639t>

— 166760863354331881118658214309075988480 ¢

—»4522589232023915633658478185240030199129129090316).
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