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OPTIMAL BILINEAR CONTROL FOR GROSS-PITAEVSKII

EQUATIONS WITH SINGULAR POTENTIALS

KAI WANG, DUN ZHAO

Abstract. We study the optimal bilinear control problem of the generalized
Gross-Pitaevskii equation

i∂tu = −∆u+ U(x)u+ φ(t)
1

|x|α
u+ λ|u|2σu, x ∈ R3,

where U(x) is the given external potential, φ(t) is the control function. The

existence of an optimal control and the optimality condition are presented for
suitable α and σ. In particular, when 1 ≤ α < 3/2, the Fréchet-differentiability

of the objective functional is proved for two cases: (i) λ < 0, 0 < σ < 2/3; (ii)

λ > 0, 0 < σ < 2. Comparing with the previous studies in [6], the results fill
the gap for σ ∈ (0, 1/2).

1. Introduction

In the study of optimal control of partial differential equations [10], optimal con-
trol of Gross-Pitaevskii (GP) equations is a new topic [5, 6, 7, 8, 9, 11, 12] which
was originated from the experiments of quantum control for Bose-Einstein conden-
sates. In this article, we consider the optimal bilinear control problem governed by
the generalized GP equation

i∂tu = −∆u+ U(x)u+ φ(t)
1

|x|α
u+ λ|u|2σu, (t, x) ∈ [0,∞)× R3,

u(0, x) = u0(x).
(1.1)

where U(x) is the given external potential to confine the atoms in the experiment,
λ ∈ R, φ : [0,+∞)→ R is the control function to manipulate the the control poten-
tial 1/|x|α. In the whole text, we assume U ∈ C∞(R3;R) and U is subquadratic,
i.e.,

∂kU ∈ L∞(R3), for all |k| ≥ 2.

In [7], the mathematical frame for the study on the optimal control of GP
equation is established for the first time, the existence of an optimal control with
bounded controlled potential is obtained, and under the assumption λ > 0, σ ∈ N
with σ < 2/(d − 2), the first-order optimality conditions is derived by virtue of
the Gâteaux-differentiability of the objective functional. After that, in [6], similar
results are extended to Coulombian potential (α = 1) with 1/2 ≤ σ < 2/3 for
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λ < 0 or 1/2 ≤ σ < 2 for λ > 0. Furthermore, the Fréchet-differentiability with
respect to the control of the objective functional is proved. However, both the
Gâteaux-differentiability in [7] and the Fréchet-differentiability in [6] of the objec-
tive functionals are dependent on the local Lipschitz continuity of the solution u(φ)
with respect to the control φ. However, when 0 < σ < 1/2, the local Lipschitz con-
tinuity no longer holds, the method becomes invalid, and the corresponding results
are absent.

In this note, we consider a more general unbounded control potential |x|−α with
1 ≤ α < 3/2 rather than α = 1 in [6]. With the aid of Σ2 regularity of the solution,
through a rather elaborate analysis, we obtain a new kind of continuity estimate
for the state u with respect to the control φ when 0 < σ < 1/2 (see equation (3.3)
below ). Based on this estimate, we prove that the Fréchet-differentiability of the
objective functional is still true for 0 < σ < 1/2. This fills the gap in the results of
[6].

This article is organized as follows: in section 2, some estimates and inequalities
are given. In addition, we show the global existence and Σ2 regularity of the
solution; in section 3, the property of continuity of the Σ solution is discussed; and
in section 4, the first-order Fréchet-differentiability of the objective functional is
obtained. Besides, the rigorous characterization of the optimal control is derived.

Notation and conventions. Throughout this article, we use the abbreviations
Lr = Lr(R3), Wm,r = Wm,r(R3), and L2 which is equipped with the scalar product

〈ζ, ξ〉L2 = <
∫
R3

ζ̄(x)ξ(x)dx,

where <z denotes the real part of a complex number z. We define

Σm := {u ∈ L2 : xj∇ku ∈ L2 for all multi-indices j and k with |j|+ |k| ≤ m},

with the norm

‖u‖Σm =
∑

|j|+|k|≤m

‖xj∇ku‖L2 ,

we will write Σ in stead of Σ1, and set

Σ1,r := {u ∈ Lr : xu,∇u ∈ Lr}.

Recall that [2] a pair of exponents (q, r) is admissible on RN if 2/q = N(1/2− 1/r)
with q ≥ 2. In what follows, C > 0 will stand for a constant that may be different
from line to line when it does not cause any confusion.

2. Preliminaries

In this section, we firstly recall a Gronwall-type estimate (see [4]), which would
be invoked throughout the paper. Thereafter, we study the existence and regularity
of the solution of system (1.1).

Lemma 2.1 ([4]). Assume that B = (B1, B2, . . . , Bn), p = (p1, p2, . . . , pn) and
q = (q1, q2, . . . , qn) satisfy Bj > 0, 1 ≤ pj < qj ≤ ∞, for j = 1, 2, . . . , n. Then fore
ach A, T > 0, there exists Γ = Γ(T,B, p, q), such that if fj ∈ Lqj (0, T ) satisfy

n∑
j=1

‖fj‖Lqj (0,t) ≤ A+

n∑
j=1

Bj‖fj‖Lpj (0,t) for all 0 < t < T ,
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then
n∑
j=1

‖fj‖Lqj (0,T ) ≤ AΓ .

Next, we establish the existence and regularity of the solution for system (1.1).

Lemma 2.2. Assume that 1 ≤ α < 2, 0 < σ < 2/3 if λ < 0, or 0 < σ < 2 if λ > 0.
Let φ ∈ H1

loc(0,∞) be a real-valued function, U ∈ C∞(R3) be subquadratic. Then
for every u0 ∈ Σ, system (1.1) admits an unique mild solution u ∈ C([0,∞),Σ) ∩
Lγloc((0,∞),Σ1,ρ) for all admissible pair (γ, ρ). Moreover, for every T > 0, we have

‖∇u(t)‖2L2 + ‖xu(t)‖2L2 ≤ C0 exp
{
C
(
T + T

1
2 ‖φ′‖L2(0,T )

)}
(2.1)

for all t ∈ [0, T ], where C0 depends continuously on E(0), ‖u0‖Σ, ‖φ‖H1(0,T ) and
T .

Furthermore, if u0 ∈ Σ2, then for every admissible pair (q, r), the solution of

(1.1) satisfies u ∈ C([0,∞),Σ2) ∩ C1([0,∞), L2) ∩W 1,q
loc ((0,∞), Lr).

Proof. Firstly, we prove the local well-posedness for (1.1). The Duhamel’s formu-
lation for (1.1) reads

u(t) =S(t)u0 − i
∫ t

0

S(t− s)φ(s)
u(s)

|x|α
ds− iλ

∫ t

0

S(t− s)|u|2σu(s)ds, (2.2)

where S(t) = e−itH with H = −∆ + U . Since [∇, H] = ∇U and [x,H] = ∇, then
we have

[∇, S(t)] = −i
∫ t

0

S(t− s)∇US(s)ds, [x, S(t)] = −i
∫ t

0

S(t− s)∇S(s)ds. (2.3)

We denote Φ(u) the right hand side of (2.2). It follows from (2.3) that

∇Φ(u)(t) = S(t)∇u0 − i
∫ t

0

S(t− s)φ(s)
1

|x|α
(
∇u− αx

|x|2
u
)
(s)ds

− i
∫ t

0

S(t− s)∇(|u|2σu)(s)ds− i
∫ t

0

S(t− s)∇UΦ(u)(s)ds,

(2.4)

and

xΦ(u)(t) = S(t)xu0 − i
∫ t

0

S(t− s)
(
φ(s)

x

|x|α
u+ |u|2σxu

)
(s)ds

− i
∫ t

0

S(t− s)∇Φ(u)(s)ds.

(2.5)

Let 1/|x|α = V1(x) + V2(x), where

V1(x) =

{
1/|x|α |x| ≤ 1

0 |x| ≥ 2,
and V2(x) =

{
0 |x| ≤ 1

1/|x|α |x| ≥ 2

are nonnegative. Apparently, V2 ∈ L∞ and V1 ∈ L
3

2−ε for any 0 < ε� min{1/2, 2−
α}.

We denote

G(u) := −i
∫ t

0

S(t− s)φ(s)
u(s)

|x|α
ds,

G∇(u) := −i
∫ t

0

S(t− s)φ(s)
1

|x|α
(
∇u− αx

|x|2
u
)
(s) ds,
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Gx(u) := −i
∫ t

0

S(t− s)φ(s)
xu(s)

|x|α
ds,

and let (q0, r0) = (4(σ+1)/3σ, 2σ+2), by Strichartz’s estimates (see [1, Proposition
2.2]) and Hölder’s inequality, there exists l > 0, such that

‖G(u)‖Lγt Lρx(0,l) ≤Clε/2‖φ‖L∞(0,l)‖v1‖
L

3
2−ε
‖u‖

L
2

1−ε
t L

6
1+2ε
x (0,l)

+ Cl‖φ‖L∞(0,l)‖V2‖L∞‖u‖L∞t L2
x(0,l).

(2.6)

Similarly, we have

‖Gx(u)‖Lγt Lρx(0,l) ≤ Clε/2‖φ‖L∞(0,l)‖v1‖
L

3
2−ε
‖xu‖

L
2

1−ε
t L

6
1+2ε
x (0,l)

+ Cl‖φ‖L∞(0,l)‖V2‖L∞‖xu‖L∞t L2
x(0,l).

(2.7)

and

‖G∇(u)‖Lγt Lρx(0,l) ≤ C‖φV1∇u‖
L2
tL

6
5
x (0,l)

+ C‖φ2∇u‖L1
tL

2
x(0,l)

+ C
∥∥φV1

u

| · |
‖
L2
tL

6
5
x (0,l)

+ C‖φV2
u

| · |
‖L1

tL
2
x(0,l)

≤ Clε/2‖φ‖L∞(0,l)‖v1‖
L

3
2−ε
‖∇u‖

L
2

1−ε
t L

6
1+2ε
x (0,l)

+ Cl‖φ‖L∞(0,l)‖V2‖L∞‖∇u‖L∞t L2
x(0,l),

(2.8)

where the second inequality in (2.8) holds by using Hardy’s inequality (see [2,
Lemma 7.6.1]).

Set X1 := C((0, l),Σ) ∩ Lq0((0, l),Σ1,r0) ∩ L
2

1−ε ((0, l),Σ1, 6
1+2ε ). It is easily to

deduce that Φ defines a contraction mapping from a suitable ball in X1 into itself
by Choosing l sufficiently small. Then, the local-existence holds by a standard
contraction mapping argument. One can find more details in [2, 6].

Now, we show the global existence. For every T > 0, the only obstruction to
well-posedness on [0, T ] is the existence of a time 0 < T0 < T such that ‖∇u(t)‖2L2 +
‖xu(t)‖2L2 → +∞ as t→ T0. So the key is to prove (2.1).

It is easily to check that system (1.1) enjoys mass conservation, i.e., ‖u(t)‖L2 =
‖u0‖L2 for all t ∈ R. However, the energy is not conserved. Indeed, the energy
corresponding to (1.1) may be written as:

E(t) =

∫
R3

(
|∇u(t, x)|2 +

(
U(x) + φ(t)

1

|x|α
)
|u(t, x)|2

)
dx

+
λ

σ + 1

∫
R3

|u(t, x)|2σ+2dx,

(2.9)

and its evolution reads

E′(t) = φ′(t)

∫
R3

1

|x|α
|u(t, x)|2dx. (2.10)

Since U(x) is subquadratic, there exists a constant CU > 0, such that∣∣∣ ∫
R3

U(x)|u(t, x)|2dx
∣∣∣ ≤ CU(‖xu(t)‖2L2 + ‖u0‖2L2

)
.
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When 0 < σ < 2/3 and λ ∈ R, it follows from (2.9) that

‖∇u(t)‖2L2 ≤ E(0) +

∫ t

0

E′(s)ds+ CU
(
‖xu(t)‖2L2 + ‖u0‖2L2

)
+ |φ(t)|

∫
R3

1

|x|α
|u(t, x)|2dx+

|λ|
σ + 1

‖u(t)‖2σ+2
L2σ+2 .

(2.11)

By Hardy’s inequality, we have∫
R3

1

|x|α
|u(t, x)|2dx ≤ C(α)‖∇u‖αL2‖u0‖2−αL2 . (2.12)

Gagliardo-Nirenberg’s inequality implies that

‖u(t)‖2σ+2
L2σ+2 ≤ CGN‖∇u(t)‖3σL2‖u0‖2−σL2 for all t ∈ [0, T ]. (2.13)

Substituting (2.12)-(2.13) into (2.11), and using Young’s inequality, we infer that

‖∇u(t)‖2L2 ≤ C1 + 2CU‖xu(t)‖2L2 +

∫ t

0

|φ′(s)|‖∇u(s)‖2L2ds, (2.14)

with

C1 ≤ |E(0)|+ CU‖u0‖2L2 + CT
1
2 ‖u0‖2L2‖φ′‖L2(0,T )

+ C
(
‖φ‖L∞(0,T ) + 1

) 2
2−α + C‖u0‖

2(2−σ)
2−3σ

L2

(
‖φ‖L∞(0,T ) + 1

) 3σ
2−3σ .

(2.15)

where C in (2.15) depend on α, σ. Hence C1 depends continuously on E(0), ‖u0‖L2 ,
‖φ‖H1(0,T ) and T .

On the other hand∣∣ d
dt
‖xu(t)‖2L2

∣∣ = 4
∣∣∣= ∫

R3

xū(t)∇u(t)dx
∣∣∣ ≤ 8‖xu(t)‖2L2 +

1

2
‖∇u(t)‖2L2 , (2.16)

where =z denotes the imaginary part of a complex number z.
Combining (2.14) and (2.16), we have∣∣ d
dt
‖xu(t)‖2L2

∣∣+
1

2
‖∇u(t)‖2L2

≤ C1 + C‖xu0‖2L2 +

∫ t

0

2
(
C + |φ′(s)|

)(∣∣∣ d
dt
‖xu(s)‖2L2

∣∣∣+
1

2
‖∇u(s)‖2L2

)
ds.

Then, using Gronwall’s inequality twice, we obtain (2.1).
When λ > 0 and 0 < σ < 2, it follows from (2.9) that

‖∇u(t)‖2L2 ≤ E(0) +

∫ t

0

E′(s)ds+ CU
(
‖xu(t)‖2L2 + ‖u0‖2L2

)
+ |φ(t)|

∫
R3

1

|x|α
|u(t, x)|2dx.

Then, by a similar but slightly simpler argument as above, we obtain (2.1).
Finally, combining [6, Proposition 2.5], [2, Theorems 4.8.1 and 5.3.1], we can ob-

tain the Σ2 regularity of the mild solution, we omit the details here. This completes
the proof. �
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3. Continuity with respect to the control

In [7], the Lipschitz property of the mild solution u with respect to the control
φ, which is heavily depended on the nonlinearity, was used in the heart of the
argument. In order to get the same property of u(φ), the authors in [6] considered
the problem under the assumption σ ≥ 1/2. When 0 < σ < 1/2, the Lipschitz
estimate is failed by following the methods of [6, 7]. In this section, we will establish
a new kind of continuity estimate for the mild solution with respect to the control
φ. Our result reads

Theorem 3.1. Assume that 1 ≤ α < 2, 0 < σ < 2/3 if λ ∈ R, or 0 < σ < 2 if
λ > 0. Let u0 ∈ Σ, U ∈ C∞(R3) be subquadratic, and u1, u2 be two mild solutions
of (1.1) corresponding to control parameters φ1, φ2 ∈ H1(0, T ), respectively. Then
there exists δ > 0, such that when ‖φ1 − φ2‖H1(0,T ) < δ, we have

‖u1 − u2‖Lγt Lρx(0,T ) ≤ C‖φ1 − φ2‖H1(0,T ). (3.1)

Furthermore, when σ ≥ 1/2, we have

‖∇u1 −∇u2‖Lγt Lρx(0,T ) + ‖xu1 − xu2‖Lγt Lρx(0,T )

≤ C‖φ1 − φ2‖H1(0,T )

(3.2)

for any admissible pair (γ, ρ), where C = C(T, γ, ‖u0‖Σ, ‖φ1‖H1(0,T )).

Let 0 < σ < 1/2, if we assume further that u0 ∈ Σ2, then

‖∇u1 −∇u2‖Lγt Lρx(0,T ) + ‖xu1 − xu2‖Lγt Lρx(0,T )

≤ C‖φ1 − φ2‖H1(0,T ) + C‖φ1 − φ2‖2σH1(0,T ),
(3.3)

where C = C(T, γ, ‖u0‖Σ, ‖φ1‖H1(0,T ), ‖u1‖L∞((0,T ),Σ2)).

Proof. Since u1 = u(φ1) and u2 = u(φ2) are two mild solutions of system (1.1), we
have

u1(t)− u2(t)

= −i
∫ t

0

S(t− s)
( 1

|x|α
(φ1u1 − φ2u2) + λ(|u1|2σu1 − |u2|2σu2)

)
(s)ds.

(3.4)

Let (q0, r0) = (4(σ+1)/3σ, 2σ+2) and (q1, r1) = (2/(1−ε), 6/(1+2ε)) be admissible
pairs. For every t ∈ [0, T ], applying Strichartz’s estimate to (3.4), we have

‖u1 − u2‖Lγt Lρx(0,t) ≤ C‖V1(φ1u1 − φ2u2)‖
L2
tL

6
5
x (0,t)

+ C‖V2(φ1u1 − φ2u2)‖L1
tL

2
x(0,t)

+ C‖|u1|2σu1 − |u2|2σu2‖
L
q′0
t L

r′0
x (0,t)

.

It then follows from Hölder’s inequality that

‖u1 − u2‖Lγt Lρx(0,t) ≤ C‖u1 − u2‖Lq1t Lr1x (0,t) + C‖u1 − u2‖L1
tL

2
x(0,t)

+ C‖u1 − u2‖
L
q′0
t L

r0
x (0,t)

+ C‖φ1 − φ2‖H1(0,t).
(3.5)

This and Lemma 2.1 imply

‖u1 − u2‖Lγt Lρx(0,T ) ≤ C‖φ1 − φ2‖H1(0,T ), (3.6)

where C depends on T , γ, ‖u1‖L∞((0,T ),Σ), ‖u2‖L∞((0,T ),Σ), ‖φ1‖H1(0,T ).
On the other hand, combining (2.4) and (2.5), we obtain

∇u1(t)−∇u2(t)
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= −i
∫ t

0

S(t− s) 1

|x|α
(
φ1

(
∇u1 −

αx

|x|2
u1

)
− φ2

(
∇u2 −

αx

|x|2
u2

))
(s)ds

− i
∫ t

0

S(t− s)
(
∇(|u1|2σu1)−∇(|u2|2σu2)

)
(s)ds

− i
∫ t

0

S(t− s)∇U(u1 − u2)(s)ds,

and

xu1(t)− xu2(t)

= −i
∫ t

0

S(t− s) x

|x|α
(φ1u1 − φ2u2)(s)ds− i

∫ t

0

S(t− s)(∇u1 −∇u2)(s)ds

− i
∫ t

0

S(t− s)(|u1|2σxu1 − |u2|2σxu2)(s)ds.

Consider the complex-valued function g(ξ) = |ξ|αξ with α > 0, the first-order
Wirtinger derivatives ∂zg(ξ) and ∂z̄g(ξ) satisfy the follow properties [3]:

|∂zg(ξ)| ≤ C|ξ|α, |∂z̄g(ξ)| ≤ C|ξ|α,

|∂zg(ξ1)− ∂zg(ξ2)| ≤

{
C|ξ1 − ξ2|α if 0 < α < 1,

C(|ξ1|α−1 + |ξ2|α−1)|ξ1 − ξ2| if α ≥ 1.

This estimate also holds for ∂z̄g(ξ). Thus if 0 < α < 1, we have

|∇g(ξ1(x))−∇g(ξ2(x))| ≤ C|ξ1 − ξ2|α|∇ξ1|+ C|ξ2|α
∣∣∇ξ1 −∇ξ2∣∣.

And if α ≥ 1, then

|∇g(ξ1(x))−∇g(ξ2(x))|
≤ C(|ξ1|α−1 + |ξ2|α−1)|ξ1 − ξ2||∇ξ1|+ C|ξ2|α

∣∣∇ξ1 −∇ξ2∣∣.
Therefore, when 0 < σ < 1/2, applying Strichartz’s estimates and Hardy’s inequal-
ity, we obtain

‖∇u1 −∇u2‖Lγt Lρx(0,t) ≤ C‖φ1 − φ2‖H1(0,T ) + C‖∇u1 −∇u2‖Lq1t Lr1x (0,t)

+ C‖u1 − u2‖L1((0,t),H1) + C‖xu1 − xu2‖L1
tL

2
x(0,t)

+ C‖u1 − u2‖2σLq0t Lr0x (0,t)
‖∇u1‖

L

4(σ+1)

4+σ−6σ2

t L
r0
x (0,t)

+ C‖u2‖2σL∞t Lr0x (0,t)
‖∇u1 −∇u2‖

L
q′0
t L

r0
x (0,t)

.

Since σ + 1 < 4(σ + 1)/(4 + σ − 6σ2) < +∞, it follows that

‖∇u1‖
L

4(σ+1)

4+σ−6σ2

t L
r0
x (0,T )

≤ C‖u1‖L∞((0,T ),Σ2).

It thus follows from (3.6) that

‖∇u1 −∇u2‖Lγt Lρx(0,t)

≤ C‖φ1 − φ2‖H1(0,T ) + C‖φ1 − φ2‖2σH1(0,T )

+ C‖∇u1 −∇u2‖Lq1t Lr1x (0,t) + C‖∇u1 −∇u2‖L1
tL

2
x(0,t)

+ C‖xu1 − xu2‖L1
tL

2
x(0,t) + C‖∇u1 −∇u2‖

L
q′0
t L

r0
x (0,t)

,

(3.7)

where C depends on T , γ, ‖u1‖L∞((0,T ),Σ2), ‖u2‖L∞((0,T ),Σ), ‖φ1‖H1(0,T ).
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On the other hand, we have

‖xu1 − xu2‖Lγt Lρx(0,t)

≤ C‖φ1 − φ2‖H1(0,T ) + C‖∇u1 −∇u2‖Lq1t Lr1x (0,t)

+ C‖xu1 − xu2‖
L
q′0
t L

r0 (0,t)
+ C‖∇u1 −∇u2‖L1

tL
2(0,t),

(3.8)

where C depends on γ, ‖u1‖L∞((0,T ),Σ), ‖u2‖L∞((0,T ),Σ).
Collecting (3.7) and (3.8), using Lemma 2.1, we deduce that

‖∇u1 −∇u2‖Lγt Lρx(0,T ) + ‖xu1 − xu2‖Lγt Lρx(0,T )

≤ C‖φ1 − φ2‖H1(0,T ) + C‖φ1 − φ2‖2σH1(0,T ),
(3.9)

where C depends on T , γ, ‖u1‖L∞((0,T ),Σ2), ‖u2‖L∞((0,T ),Σ), ‖φ1‖H1(0,T ).
To prove (3.1) and (3.3), we firstly notice that E(0) = Eφ(0) depends on ‖u0‖Σ

and |φ(0)|, thus it depends on T , ‖u0‖Σ and ‖φ‖H1(0,T ). So it remains to show
that there exists δ > 0 such that if ‖φ1 − φ2‖H1(0,T ) < δ, then ‖u2‖L∞((0,T ),Σ) ≤
C
(
T,Eφ1(0), ‖u0‖Σ, ‖φ1‖H1(0,T )

)
. Indeed, by (2.1), we know that u depends con-

tinuously on φ, so it can be obtained by choosing δ sufficiently small.
When σ ≥ 1/2, it holds that

‖∇u1 −∇u2‖Lγt Lρx(0,t) ≤ C‖φ1 − φ2‖H1(0,T ) + C‖∇u1 −∇u2‖Lq1t Lr1x (0,t)

+ C‖∇u1 −∇u2‖L1
tL

2
x(0,t) + C‖xu1 − xu2‖L1

tL
2
x(0,t)

+ C‖∇u1 −∇u2‖
L
q′0
t L

r0
x (0,t)

.

Together with (3.8), we can obtain (3.2). This completes the proof. �

4. Minimizers of the optimal control problem

For T > 0, we consider H1(0, T ) as the real vector space of control parameter φ.
We denote by Σ∗ the dual of the energy space Σ. Let X(0, T ) := L2((0, T ),Σ) ∩
W 1,2((0, T ),Σ∗). then we set

Λ(0, T ) :=
{

(u, φ) ∈ X(0, T )×H1(0, T ) : u is a mild solution of (1.1)

with φ(0) ∈ BR
}
,

where R > 0 is a given constant and BR := {φ(0) ∈ R : |φ(0)| ≤ R}.
Following [7], we define the objective functional as

F (u, φ) := 〈u(T ), Au(T )〉2L2 + γ1

∫ T

0

|E′(t)|2dt+ γ2

∫ T

0

|φ′(t)|2dt. (4.1)

Then our optimal problem is to study the following minimizing problem

F ∗ = min
Λ(0,T )

F (u, φ) (4.2)

With the same argument as in [6], we can obtain the existence of a minimizer
for the optimal control problem (4.2) as follows.

Lemma 4.1. Let 1 ≤ α < 2, and U ∈ C∞(R3) be subquadratic. Assume that
0 < σ < 2/3 if λ ∈ R, or 0 < σ < 2 if λ > 0. Then, for any T > 0, R > 0 and
u0 ∈ Σ, the optimal control problem (4.2) has a minimizer (u∗, φ∗) ∈ Λ(0, T ).
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Using the Lagrange methods in [10], we define the Lagrangian of the optimal
control problem (4.2) as

L(u, v, φ) = F (u, φ)− 〈v, P (u, φ)〉L2
tL

2
x(0,T ),

where

P (u, φ) := i∂tu+ ∆u− U(x)u− φ(t)
1

|x|α
u− λ|u|2σu.

Then we can derive the adjoint equation

ivt + ∆v − U(x)v − φ(t)
1

|x|α
v − λ(σ + 1)|u|2σv − λσ|u|2σ−2u2v̄

=
δF (u, φ)

δu(t)
,

v(T ) = i
δF (u, φ)

δu(T )
,

(4.3)

where δF (u,φ)
δu(t) and δF (u,φ)

δu(T ) denote the first variation of F (u, φ) with respect to u(t)

and u(T ) respectively. Easily, we have

δF (u, φ)

δu(t)
= 4γ1(φ′(t))2

(∫
R3

1

|x|α
|u(t, x)|2dx

) 1

|x|α
u,

δF (u, φ)

δu(T )
= 4〈u(T ), Au(T )〉L2Au(T ).

Thus, (4.3) defines a cauchy problem for v with the initial data v(T ) ∈ L2. And
we have the following existence results for the adjoint system.

Lemma 4.2. Assume that 1 ≤ α < 3/2, 0 < σ < 2/3 if λ ∈ R, or 0 < σ < 2 if
λ > 0. Let U ∈ C∞(R3) be subquadratic. Then, for every T > 0, φ ∈ H1(0, T ) and
u0 ∈ Σ2 , the cauchy problem (4.3) admits a unique mild solution v ∈ C([0, T ];L2)∩
Lγ((0, T ), Lρ) for all admissible pair (γ, ρ).

Proof. It follows from Lemma 2.2 that u ∈ C([0, T ],Σ2) is a mild solution for
(1.1). And then, when α = 1, by the Hardy inequality, it is easily to check that
δF (u,φ)
δu(t) ∈ L1((0, T ), L2). When 1 < α < 3/2, there exists ε0 > 0, such that for

every ball B0(r) ⊂ R3, it holds 1/|x|2α−2 ∈ L
3

1−2ε0 (B0(r)). Combining Hölder’s
inequality and the Strichartz’s estimates, we have∫

R3

|u(t, x)|2

|x|2α
dx ≤ C

∥∥ 1

| · |2α−2

∥∥
L

3
1−2ε0 (B0(r))

‖∇u‖2
L

3
1+ε0

+ C‖∇u‖2L2 . (4.4)

Hence we deduce that δF (u,φ)
δu(t) ∈ L

1((0, T ), L2) for 1 ≤ α < 3/2. Then, we can get

the local existence in time by a standard contraction mapping argument.
Multiplying (4.3) by v̄, integrating over R3 and taking the imaginary part, we

obtain

d

dt
‖v(t)‖2L2 = λσ=

∫
R3

|u|2σ−2u2v̄2dx+ =
∫
R3

δF (u, φ)

δu(t)
v̄dx.

Noting that u ∈ L∞([0, T ]× R3), it then holds that

d

dt
‖v(t)‖2L2 ≤ C + C‖v(t)‖2L2 .
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By Gronwall’s inequality, we infer that v ∈ C([0, T ], L2). And v ∈ Lγ((0, T ), Lρ)
can be concluded by Strichartz’s estimates. This proves the existence of a global
solution. �

According to the argument of well-posedness for equation (1.1) and Theorem 3.1,
for any given initial data u0 ∈ Σ, u behaves as a continuous function of φ. Then
the objective functional can be treated as a functional of φ, i.e., F(φ) = F (u(φ), φ).
In the following theorem, we consider the Fréchet differentiability of the objective
functional F .

Theorem 4.3. Assume that 1 ≤ α < 3/2, 0 < σ < 2/3 if λ ∈ R, or 0 < σ < 2
if λ > 0. Let u0 ∈ Σ2, φ ∈ H1(0, T ) and U ∈ C∞(R3) be subquadratic, then
the objective functional F(φ) is Fréchet differentiable, and for any direction h ∈
H1(0, T ),

F ′(φ)h = <
∫ T

0

h(t)

∫
R3

1

|x|α
ū(t, x)v(t, x) dx dt

+ 2

∫ T

0

φ′(t)h′(t)(γ2 + γ1ω
2(t))dt,

(4.5)

where v ∈ C([0, T ];L2(R3)) is the solution of the adjoint equation (4.3) and ω(t) is
a weight factor defined as

ω(t) =

∫
R3

1

|x|α
|u(t, x)|2dx. (4.6)

Proof. Recalling the definition of Fréchet differentiability, we need to verify that

F(φ1)−F(φ) = linear terms in (φ1 − φ) + o(‖φ1 − φ‖H1(0,T )),

then as ‖φ1 − φ‖H1(0,T ) → 0, the desired result can be obtained.
Consider the difference of F(φ1) and F(φ), which can be written as a sum of

three terms

F(φ1)−F(φ) = F1 + F2 + F3,

where

F1 := 〈u1(T ), Au1(T )〉2L2 − 〈u(T ), Au(T )〉2L2 ,

F2 := γ2

∫ T

0

[(
φ′1(t)

)2 − (φ′(t))2]dt,
F3 := γ1

∫ T

0

(
(φ′1(t))2ω1(t)2 − (φ′(t))2ω(t)2

)
dt,

where ω1(t) defined as (4.6) with u replaced by u1.
Firstly, we consider the case 0 < σ < 1/2, we start from the term F1, which can

be written in the form

F1 =2〈u(T ), Au(T )〉L2

(
〈u1(T ), Au1(T )〉L2 − 〈u(T ), Au(T )〉L2

)
+
(
〈u1(T ), Au1(T )〉L2 − 〈u(T ), Au(T )〉L2

)2
.

(4.7)

By the essential self-adjointness of A, we have

〈u1(T ), Au1(T )〉L2 − 〈u(T ), Au(T )〉L2

= 2〈u1(T )− u(T ), Au(T )〉L2 + 〈u1(T )− u(T ), A
(
u1(T )− u(T )

)
〉L2 .
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It follows from Theorem 3.1 that∣∣〈u1(T )− u(T ), A
(
u1(T )− u(T )

)
〉L2

∣∣ ≤‖u1(T )− u(T )‖L2‖A‖L‖u1(T )− u(T )‖Σ
≤C‖φ1 − φ‖2H1(0,T ) + C‖φ1 − φ‖2σ+1

H1(0,T ).

Substituting this into (4.7), we obtain

F1 = 4〈u(T ), Au(T )〉L2〈u1(T )− u(T ), Au(T )〉L2 + o(‖φ1 − φ2‖H1(0,T )). (4.8)

The quadratic expansion of φ1 is given by

(φ′1(t))2 = (φ′(t))2 + 2φ′(t)
(
φ′1(t)− φ′(t)

)
+
(
φ′1(t)− φ′(t)

)2
.

It then holds that

F2 = 2γ2

∫ T

0

φ′(t)
(
φ′1(t)− φ′(t)

)
dt+O(‖φ1 − φ‖2H1(0,T )). (4.9)

Finally, we consider F3. Note that

ω1(t) = ω(t) + 2<
∫
R3

1

|x|α
(
ū(u1 − u)

)
(t, x)dx+

∫
R3

1

|x|α
|u1 − u|2(t, x)dx.

Using Hölder’s inequality, Hardy’s inequality and Theorem 3.1, we deduce that∫
R3

1

|x|α
|u1 − u|2(t, x)dx

≤ C‖∇u1 −∇u‖αL2‖u1 − u‖2−αL2

≤ C‖φ1 − φ‖2−αH1(0,T )(‖φ1 − φ‖H1(0,T ) + ‖φ1 − φ‖2σH1(0,T ))
α

= o(‖φ1 − φ‖H1(0,T )).

Hence

ω1(t)2 = ω(t)2 + 4ω(t)<
∫
R3

1

|x|α
(
ū(u1 − u)

)
(t, x)dx+ o(‖φ1 − φ‖H1(0,T )).

Therefore,

F3 = γ1

∫ T

0

(φ′1(t))2
(
ω2

1(t)− ω2(t)
)
dt+ γ1

∫ T

0

(
(φ′1(t))2 − (φ′(t))2

)
ω2(t)dt

= 4γ1

∫ T

0

(φ′(t))2ω(t)<
∫
R3

1

|x|α
(
ū(u1 − u)

)
(t, x) dx dt

+ 2γ1

∫ T

0

φ′(t)
(
φ′1(t)− φ′(t)

)
ω2(t)dt+ o(‖φ1 − φ‖H1(0,T )).

The adjoint equation (4.3) yields

4γ1

∫ T

0

(φ′(t))2ω(t)<
∫
R3

1

|x|α
(
ū(u1 − u)

)
(t, x) dx dt

= <
∫ T

0

∫
R3

v̄Q(u1 − u)(t, x) dx dt−<
∫
R3

iv̄(T, x)(u1 − u)(T, x)dx,

(4.10)

where v is the solution of (4.3) and

Q(u1 − u) =i∂t(u1 − u) + ∆(u1 − u)− U(x)(u1 − u)− φ(t)
1

|x|α
(u1 − u)

− λ(σ + 1)|u|2σ(u1 − u)− λσ|u|2σ−2u2(u1 − u).
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Sine u, u1 ∈ C([0, T ]; Σ2) ∩W 1,∞((0, T );L2), the right hand side of (4.10) is well
defined. Moreover, it is easily to check that the last term of the right hand side of
(4.10) is equal to −F1 + o(‖φ1 − φ2‖H1(0,T )).

By the fact that u and u1 are solutions of (1.1), we infer that

Q(u1 − u) = (φ1(t)− φ(t))
1

|x|α
u1 +R(u1, u), (4.11)

where the remainder is given by

1

λ
R(u1, u) = |u1|2σu1 − |u|2σu− (σ + 1)|u|2σ(u1 − u)− σ|u|2σ−2u2(u1 − u).

Since 0 < σ < 1/2, the remainder R(u1, u) can be bounded by

|R(u1, u)| ≤ C|u1 − u|2σ+1.

Let (q0, r0) = (4(σ + 1)/3σ, 2σ + 2), and in view of Theorem 3.1, we obtain∣∣∣< ∫ T

0

∫
R3

v̄R(u1, u)(t, x) dx dt
∣∣∣

≤ C‖v‖
L
q′0
t L

r0
x (0,T )

‖u1 − u‖Lq0t Lr0x (0,T )‖u1 − u‖2σL∞t Lr0x (0,T )

≤ C‖φ1 − φ‖H1(0,T )

(
‖φ1 − φ‖H1(0,T ) + ‖φ1 − φ‖2σH1(0,T )

)2σ
= o(‖φ1 − φ‖H1(0,T )).

(4.12)

On the other hand,

(φ1(t)− φ(t))
1

|x|α
u1 = (φ1(t)− φ(t))

1

|x|α
u− (φ1(t)− φ(t))

1

|x|α
(u1 − u). (4.13)

Thus, using (4.4) for 1 < α < 3/2 and Hardy’s inequality for α = 1, from Theorem
3.1 it follows that∫ T

0

(
φ1(t)− φ(t)

)
<
∫
R3

1

|x|α
v̄(u1 − u)(t, x) dx dt

≤ C
∫ T

0

(
φ1(t)− φ(t)

)
‖v(t)‖L2

(∫
R3

|u1 − u|2

|x|2α
(t, x)dx

) 1
2

dt

= o(‖φ1 − φ‖H1(0,T )).

(4.14)

Combining (4.10)-(4.14), we deduce that

F3 =−F1 +

∫ T

0

(
φ1(t)− φ(t)

)
<
∫
R3

1

|x|α
v̄u(t, x) dx dt

+ 2γ1

∫ T

0

φ′(t)
(
φ′1(t)− φ′(t)

)
ω2(t)dt+ o(‖φ1 − φ‖H1(0,T )).

(4.15)

Collecting (4.8), (4.9) and (4.15), we obtain (4.5) by taking ‖φ1 − φ‖H1(0,T ) → 0.
When σ ≥ 1/2, the argument is slightly simpler. Indeed, by Theorem 3.1, u1−u

has the Lipschitz property as (3.1) and (3.2). Therefore, any higher order (at least
quadratic) error of ‖u1 − u‖ is bounded by O

(
‖φ1 − φ‖2H1(0,T )

)
. Then (4.5) can be

derived by the same argument as above. This completes the proof. �

Assume that (u∗, φ∗) is a minimizer of the optimal control problem (4.2), and if
φ ∈ H1(0, T ) satisfies (φ−φ∗)(0) = (φ−φ∗)(T ) = 0, it holds that F ′(φ∗)(φ−φ∗) =
0, see [7]. Furthermore, if we assume that the φ∗ is sufficiently smooth, we have
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the following characterization, which is the control equation corresponding to our
optimal control problem.

Corollary 4.4. Assume that (u∗, φ∗) ∈ Λ(0, T ) be a minimizer of the control prob-
lem (4.2). Let v∗ be the corresponding solution of the adjoint equation (4.3). Also,
denote by ω∗ the function defined in (4.6) with u replaced by u∗. Then φ∗ ∈ C2[0, T ]
is a classical solution of the following ordinary differential equation

d

dt

(
φ′∗(t)(γ2 + γ1ω

2
∗(t)

)
=

1

2
<
∫
R3

1

|x|α
v̄∗(t, x)u∗(t, x) dx ,

subject to the initial data φ∗(0) = φ0 and φ′∗(T ) = 0.
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