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LOW MACH NUMBER LIMIT OF COMPRESSIBLE NEMATIC
LIQUID CRYSTAL FLOWS WITH WELL-PREPARED INITIAL
DATA IN A 3D BOUNDED DOMAIN

BOLING GUO, LAN ZENG, GUOXI NI

Communicated by Hongjie Dong

ABSTRACT. In this article, we consider the low Mach number limit of the
compressible nematic liquid crystal flows in a 3D bounded domain. We es-
tablish the uniform estimates with respect to the Mach number for the strong
solutions with large initial data in a short time interval. Consequently, we
obtain the convergence of the compressible nematic liquid crystal system to
the incompressible nematic liquid crystals system as the Mach number tends
to zero.

1. INTRODUCTION

In this article, we establish the uniform estimates of strong solutions with respect
to the Mach number in a bounded domain Q C R3 to the compressible nematic
liquid crystal flows [§].

pe +div(pu) =0, (1.1)

1
(pu)¢ + div(pu @ u) + gVP(p) —pAu— A+ p)Vdive = —=Vd-Ad,  (1.2)
di +u-Vd=Ad+|Vd?d, |d=1, (1.3)

where the unknowns p, u and d stand for the density, velocity, and the macroscopic
of the nematic liquid crystal orientation field, respectively. The pressure P(p) is
a C* function satisfying P’(-) > 0 and P’(0) = 0, such as the well-known y—law
P(p) = ap”(y > 1) which satisfies the assumptions. The parameter ¢ > 0 is the
scaled Mach number. The physical constants g and A denote the shear viscosity
and bulk viscosity of the flow and satisfy

>0, 2u+3)>0.

In fluid mechanics, the Mach number is an important physical quantity to de-
termine whether the fluid is compressible or incompressible. If the Mach number is
small, the fluid should behave asymptotically like an incompressible one, provided
velocity and viscosity are small. As a result, the low Mach number limit problem
has attracted much attention in recent years. When d is a constant vector field,
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the system (1.1)-(1.3) becomes the compressible Navier-Stokes system, of which
the low Mach number limit problem has obtained a great number of results in the
past decades. The readers may refer to [5], [10) [IT], 12} [14], for instance, and the
references therein for details.

Furthermore, a lot of progress on the low Mach number limit for the compressible
nematic liquid crystal equations have been made. In [4], the authors concerned the
low Mach number limit of system — with periodic boundary conditions. In
[2], Bie, Bo, Wang and Yao obtained global existence and the low Mach number
limit for compressible flow of liquid crystals in critical spaces. Particularly, for
the bounded domain case, the low Mach number limit of weak solutions to the
compressible flow of liquid crystals was proved in [I3], and Yang [I5] firstly studied
the low Mach number limit of the strong solution to system — provided
the initial data small enough. Motivated by the articles mentioned above, in this
paper, we intend to establish the low Mach number limit of the strong solution
for the system — with the lager initial data in a short time interval. The
main difficulty comparing to the periodic case [4] and the whole space case [2] is the
uniform high-norm estimates with respect to the Mach number and a time interval
independent of the Mach number. In a bounded domain, after integrating by parts
for the high-order derivatives, we have to estimate the boundary term which we
will skillfully apply the slip conditions to control.

The low Mach number fluid can be regarded as a perturbation near the back-
ground isentropic fluid, where the density is usually set to be constant. Hence, we
introduce the density variation by o€ as follows,

pf=1+e0",
and we will take P’(1) = 1. Then the non-dimensional system (1.1)-(1.3]) can be

rewritten as the form

o + div(cu®) + %div u® =0, (1.4)

pf(uy +u - Vu) + %P'(l +€e0°)Vo© — pAu® — (A + p)Vdive® = —Vd° - Adf,
(1.5)
d§ 4+ uf - Vd° = (Ad" + |Vd|*d), |d°|=1. (1.6)
System — is supplemented with the initial and boundary value conditions,
(o, us,d)(-,0) = (a5, ug, dg)(-) in €, (1.7)
u®-n=0, curlu®xn=0, 6867{: =0, on 99, (1.8)

where n is the unit outer normal vector to the smooth boundary 0f).
Firstly, the local existence results for problem (|1.4)-(1.8]) can be established in a
similar way as in [§].

Proposition 1.1 ((Local solution)). Let Q C R? be a bounded, simply connected
domain with smooth boundary 0Y. Assume the initial data (o, u§,d§) satisfy the
condition

(0Fo (0),  Oyuc(0)) € H*H(Q), 9fd(0) € H*™H(Q), k=012,

(1.9)
/Uodxzo, 1+ €0y > m,
Q
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for some constant m > 0. Moreover, under the compatibility conditions
OFuc(0)-n=0, nxcurlu§=nxcurluf(0) =0, ondQ, k=0,1,

c (1.10)
dd (O):O on 092, k=0,1.
on

There exists a constant T€ > 0 such that the initial boundary value problem —
has a unique solution (o€, uf, d°) satisfying
1+ec®>0 inQx (0,7,
ko e C(j0,T¢), H* ),
oFu € C([0,T¢), H*>~*) N L?(0, T¢; H>"),
okdc e C([0,T¢], H3>*)n L*(0, T H**), k=0,1,2.

o

To simplify the statement, we used o§(0) to denote the quantity of|;—o which
can be obtained from (1.4)). The other quantities are defined in a similar way. For
simplicity, we denote

1

Me(t> = sup {‘|(067US7VCI€)('7S)||H2 + H(U;u;VdZ)('vs)”Hl + HlJFEiU’(S)HLOC

0<s<t
t
el (08t VL) (9l | + / (1 e + s 12

1/2
(0, s, VSl )ds b
Then, we state the main results in this article as follows.

Theorem 1.2. Assume that (o€, u¢, d) is the solution obtained in Proposition
and the initial datum (0§, u§, d§) further satisfies

(06, ug, Vo)l 2> + l(of, ug, VAZ)(0)|| mr + €ll(os, ugy, V) (0)][ 2 < Do.
Then there exist two positive constants Ty and D such that (o€, uc, d¢) satisfies the
uniform estimates

M(Ty) < D, (1.11)
where Do, Ty and D are constants independent of € € (0,1).

Based on the above uniform estimates, by applying the Arzela-Ascolis theorem,
we can prove the following convergence result in a standard way.

Theorem 1.3. Let (o¢,u¢,d¢) be the solution obtained in Theorem and the
initial data (0§, u§,d§) further satisfies that
(ug, Vdg) — (ug, Vdo)  strongly in H® for all0 < s <2 ase— 0,
eos — 0 strongly in H® for all0 < s <1 ase— 0,
Then (p¢,u,Vd) — (1,u,Vd) strongly in C([0,Tp]; H*) as the Mach number

e — 0, and there exists a function w(x,t) such that (u,m,d) satisfies the follow-
ing classical incompressible nematic crystal equations

U +u-Vu+ Vr — pAu = —Vd - Ad,
divu =0, (1.13)
di +u-Vd=Ad+|VdJ*d, |d =1,

(1.12)
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with the initial and boundary conditions
(U, d)|t:0 = (UO,do), in Q
od 1.14
u-n=0, curluxn=0, — =0, ondQ. ( )

on

2. PROOF OF THEOREM

We use the methods applied in [6, 5] [7]. According to similar arguments to those
in [5l [6], we know that to prove Theorem it is suffices to prove that

M(Ty) < Co(Mg) exp(t/*C(M(1))), (2.1)
for all ¢t € [0,7°] and for some given nondecreasing continuous functions Cp(-) and
C(-).

For the sake of simplicity, we will drop the superscript € of o€, u¢, d and so on.
Moreover, in the following, we will write M€(t) and M§ as M and My, respectively.
The symbol C' denotes a generic constant and its value may change from line to

line.
Firstly, we list some lemmas which will be used throughout this paper.

Lemma 2.1 ([9]). Let Q be a bounded domain in RN with smooth boundary 09
and outward normal n. For any u € HY(Q) withu-n =0 oru xn =0 on 99,
there exists a positive constant C' independent of u such that

lull2(0) < C(|ldivul|2 o) + || curlul|L2q)), (2.2)
where the vorticity curlu = (Oyus — O3uz, O3u; — Oyusz, Oyus — Oaur) ™.

Lemma 2.2 ([14]). Let Q be a bounded domain in RN with smooth boundary 09
and outward normal n. Then, for any v € HY(Q), s > 1, there exists a constant
C > 0 independent of u, such that

+ [Jull fs-1(0))-
(2.3)
Lemma 2.3 ([B]). Let Q be a bounded domain in RN with smooth boundary 09

and outward normal n. Then, for any u € HY(Q), s > 1, there exists a constant
C > 0 independent of u, such that

[ull @) < Ol divull o) + | curlull ge-1 () + lluxnll yooy o0,

[ull o) < Clll div ull a1y + | cwrlullgro-1(0) + llu-nfl 1oy 50 2.0

+ [Jull go-1(a))-
From Lemmas and we have
|| curlul| g2 < C(||A curlu| g2 + ||ul| g2), (2.5)

for u-n =0 and curlu X n =0 on 9. In fact, the latter one gives (see [1L [7])
curlcurlu-n =0 on 0N.

Firstly, we know that p and its derivatives always appear as a coefficient of u and
its derivatives. Thus, for simplicity, we use the standard energy method in [5], 12]
to obtain

oGy Ol + lloeC Ollar + llow( 0l + H%(',t)lle < Co(Mo)(VIC(M)). (2.6)
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Now we use the method in [5] [6l, [I5] to prove a priori estimates on o, u and d.

Multiplying (1.4)-(1.5) by o and u, respectively, and integrating over Q x (0,t), we
obtain

1 ‘ .
§|\(0,\//3u)\|%2+/0 (/g curlu, /A + 2 diva) |7 2ds

t t / _ p!
:—1/ /JQdivuda:ds—&—/ / P P(lJreU)uVUda:ds
2 Jo Ja o Ja

€

t
1
—/ /(U'V)d'ﬁdddeJr§||(an\/Pouo)||%2
0 JQ

(2.7)
t t
< Co(Mo) +C / V0|2, Vul?ds + C / lullzollo 1| Vol 2ds
0 0
t
e / lallzo | V| 5 | Ad] 2 ds
0
< Co(My) exp(tC(M)),
where we have used
— Ay = —Vdivu + curl curl w. (2.8)

Multiplying (1.5)) by V divu and integrating the result over 2 x (0,¢), we find

t t
()\—|—2u)/ HVdiquQLQdS—l/ /Vdivu-Vod:vds
0 €Jo Ja
t
:/ /(put+pu-Vu+Vd~Ad)Vdivudxds
0 Jo

t / _ p!
+/ / P'(1+eo) P(l)VJ-Vdivudmds
o Ja

€

1 1 1 [
= —f/ p(divu)?de + 7/ p(divug)?dz + f/ / pi(divu)? do ds
2 Jo 2 Ja 2Jo Ja

¢ ¢
f/ /Vp~utdivudxds+/ /(pu~Vu+V~Ad)Vdivudxds
0 Jo 0 Jo

t / - P
+/ / P'(1+e0) P(l)vU.vdivudxds.
0 JQ

€

Then we obtain

t 1 t
/p(divu)de—i—/ HVdiquQLst—f/ /Vdivu-vadxds
Q 0 €Jo Ja

t
< Co(Mo) +/0 (IVullzzllulle> + 1Vl g2 Ad| L2

+lolla2l|Vaoll2)||V divu| g2ds
< Co(Mo) exp(tC(M)).
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To eliminate the singular term in (2.9), we take V to (|1.4) and multiply the result

by Vo to find
1 ) 1t .
— [ |Vo|*dx + - Vo - Vdivudzds
2 Ja € Jo Ja

1 K 2.10
= 7/ |Voo|>de — / / Vdiv(ou) - Vodzx (2.10)
2 Jq 0 Jo
< Co(Mo) exp(tC(M)).
Summing (2.9) and (2.10), we obtain
t
|(divu, Vo). +/ |V divul|?2ds < Co(My) exp(tC(M)). (2.11)
0
Denote w = curlw. Taking curl to (1.4)), we have
pOrw + pu - Vw — pAw = f, (2.12)

where f = Vp x dyu+ V(pu;) x 0;u — VAd; x Vd;. Multiplying (2.12)) by w, we
obtain

t
[| curl w||3. +/ / | curl curl u|? dz ds < Co(Mp) exp(VtC(M)). (2.13)
o Jo
From Lemma and the boundary condition g—i = 0 on 012, we know that
IVd|lg: < C(]|div Vd|| g2 + || curl Vd|| 2) = C||Ad]| 2 (2.14)
Applying V to (1.6]), we have
Vd; — VAd = V(|Vd|*d) — V(u - Vd). (2.15)

Multiplying (2.15) by Vd; and integrating over Q2 x (0,¢), we obtain

1 t
5/ |Ad|2d:c+/ /|th\2da;ds
Q 0 JQ

t
= %/ IAdo|2dx+/ /(V(|Vd|2d)_v(u.w)).wtdm
Q 0o Jo

t
g/ /(|Vd|3+|Vd||V2d\—|—|Vu||Vd|+|u\|V2d\)thdxds
0 Ja (2.16)

t
S/O ldllZrs (IVll 2 + [IV2d] 2 + [Vl £2) [V r2ds

t
+ / a2 192 |Vl | s
0
< Co(My) exp(tC(M)).

Combining (2.14) with (2.16]), we obtain

t
|Vd||3: —|—/ / |Vdi|? dx ds < Co(Mp) exp(tC(M)). (2.17)
0o Jo
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Multiplying by 0yw — Aw, we obtain

2 7 / | curl curl u|?dx + / (p|Aw|* + plws|*)dx

= /prtAwd:E - /Qp(u -V)w(wy — Aw)dz + /Q flw — Aw)dz

=1 + 1)+ 1,
where by using (2.8]), we have

—,u/ Aw - wydx :u/ curl curl w - wydx
Q Q

(2.18)

*u/ curlw - curlwfder/ (wr x n) curlwdS
o

th/ | curlw|?dz.

Then, we estimate I, I and I3 as follows.

I =— / pwy curl curl wdx
Q

=— / pcurlw curl weda — / curlw - (Vp X wy)dx
Q

Q
1d
=——— [ pleurlw*dz + C||p||r=|| curlw]| 12 ||V curl w|| ;>
1Vl o || curlw]] £ flwel 22
1d
<= g [ plewrlelda + Cllpls fullul s
1/2 1/2
+wmwmmwmﬂnw4,

|| <CllpllLe=lIVwlL2([|wel 2 + [[Aw| z2)
<Cllpllm=lull = lullt|| m + [Julls)
and

(3| < O fllzz(lwell e + Jullms),
where

£ <CI(V ol Byl 1V (pu) [Vl [V2d][Vd]) | 2

1/2 1/2 1/2 113/2
<Cllplla19eull 2710l 7 + Clloll =l 1 Nl 32+ C s
<C(M).
Substituting the above estimates into (2.18) and integrating over (0,t), we obtain

t
|| curl curl ul|%, +/ /(|A curl u|? + | curl u|?) da ds
0o Jo (2.19)

< Co(Mo) exp(vVtC(M)).
Applying 0; to (1.4) and (1.5)), respectively, we obtain

1
ow + —divu, = —div(ou), (2.20)
€
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pug + pu - Vug — pAuy — (A + p)Vdiv

1 2.21
= —prur — (pu)s - Vu — E(Pl(l +eo)Vo)y — Vd; - Ad — Vd - Ady. (2.21)
Multiplying (2.21)) by —V divu, we have
2 P(1) [*
At 2u |V div u|?dz — L/ / Vo:Vdivudzx ds
2 Q € 0o Ja
_ )‘—gzu/gwdivuo\gdx
t / _p
+/ / <P (Uteo) =P (I)VCI’) Vdivudzds
€
0 J ¢ (2.22)

t
+ / / (pust + pu - Vug + prus — (pu): - Vu)Vdivudz ds
o Ja

t
+/ /(thoAd+Vd~Adt)Vdivud:cds
o Ja

A+ 2p

5 / |V div uo|?de + Iy + I5 + Ig.
Q

We estimate I, I5 and I as follows.
1 <€ [ oIV vl ol + [¥oul2)ds < 1€(a1),
102 [ ol ol + 10(a1) < 1 0)
1< [ Vel 9 vl (19 + ) <€)

To eliminate the singular term, we apply V to (1.4)) and multiply the result by

Vo, to obtain
t 1 [t
/||VJtH%zds+f/ /VJtVdivudxds
0 €Jo Ja

. (2.23)
= —/ / Vdiv(ou) - Vo dzds < tC(M).
0 Ja
Summing and , we have
t
/ |V div u|®dz +/ |Voi|22ds < Co(Mp) exp(tC(M)). (2.24)
Q 0
Applying 9; to (1.5) and multiplying the result by 9;V div u, we have
t 1/t
/ / |0;V div ul? dz ds — = / / O;Vo - 0;Vdivudrds
0 JQ €Jo Ja
(2.25)

g/t/(|V(put+pu.Vu)|2+|V(ova)|2+|V(Vd-Ad)|2)dxds
0 Q
< tC(M).
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To eliminate the singular term, taking 9;V to (1.4)) and multiplying the result by
0;Vo, we obtain

t
1/ |8¢VU|2da:+1/ /&-Vdivu-&iVdeds
2 Ja €Jo Ja

1 t
= 7/ \8iVUo|2dx+/ /aiV(Udivu—i—VU-u)aiVadxds
2 Ja 0 Ja

(2.26)
< Co(Mo) + /Ot [ull s [l | 22 ds
< Co(Mo) exp(VEC(M)).
Summing with , we obtain
N /Ot /Q |V2 div u|? dz ds < Co(My) exp(VtC(M)). (2.27)

To obtain a priori estimate on ||d|| e (73, we use elliptic regularity theory, ,
and .

V| i

< O|IVdyl|zz + Ol Vu - Vd| g2 + Cllu - V2d|| 2 + O Vd|*|| 2 + [[[Vd||V2d] || 12

< O||Vdy| 2 + C||Vull s [ Vd] o + Cllul o [|V?d] s + C||Vd| £6[|V*d] 15

1
< ClIVdyllz2 + 5[Vl 2 + Co(Mo) exp(tC (M),

where we used Nirenberg’s interpolation inequality and Young inequality. Then,
we conclude that

IVl < C[Vdsl|1s + Co(Mo) exp(tC(M)). (2.28)

Hence, to obtain the estimate on ||Vd|| L (fr2), it is sufficient to estimate ||Vd; || s (L2)-

Taking 0; to (|1.6)), we obtain
dig + (u - Vd); = Ady + (|Vd|?d);. (2.29)
Multiplying (2.29) by —Ad; and integrating over Q x (0,t), we have

1 t
Q 0o JQ

1 t
:7/ |th(0)|2d9c+/ / (ut~Vd+u~th
2 Jo 0 Jo

— |Vd|?d, — dd,|Vd]?)Ad, dz d
[V[d; — do] |) ravas (2.30)

t
< Co(Mo) +C’/ IVdllzoe llutllze + l[ullLe (V]| L2) | Adi]| L2 ds
0

t
+ C/O (IVAll7wlldell e + IV oo [ Vel 22) [ Ady ]| L2ds
< Co(Mp) exp(tC(M)).

Substituting (2.30)) into (2.28)), we obtain
IVdll > < Co(Mo) exp(tC(M)). (2:31)
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Then, by using calculations similar to those in [5], we can obtain the basic a

priori estimates for oy, ug. Multiplying (2.20)), (2.21) by o; and wu;, respectively and
integrating over 2 x (0,t), we obtain

t

(loellZz + lluell7=) +/ [(curlug, divuy)[[F2ds < Co(Mo) exp(tC(M)).  (2.32)
0

Multiplying (2.20)), (2.21) by —Ao; and —V div u, respectively, we obtain

1 1/t
5/ \Vot|2dx+f/ /Vdivut-VUtdxds
Q €Jo Ja

1 t
=3 |V (0)*dz + / / div(oiu + ouy) Aoy dx ds (2.33)
Q 0o Jo

1
:7/ |V (0)|2dx + I7,
2 Ja

where

t t
17:/ /u~VJtAJtd9:ds—/ /V(Ut divu +w Vo + odivu) de ds
0 JQ 0 JQ

t 1t
:—/ /@uﬁmtajatdmds—l—f/ /divu|VUt|2dxds
0o Ja 2J)o Ja

t
f/ /V(otdivu+utVU+Udivut)dxds (2.34)
0 JQ

t t
gtC(M)—i—C(M)/ Hu||H3ds—|—C(M)/ e g2l
0 0
<VtO(M),
and
1 t
f/p(divut)de—F()\—&—Qu)/ /|Vdivut|2dx
2 Jo o Ja

/1 t
—m/ /Vat-Vdivutdacds
0 JQ

€

1 t P'(1 —P'(1
= 7/ po(divut(O))QdaE—i—/ / ( (1+e0) ( )VU> V div u; dx ds
2 QO 0 Q € t

t
+/ /(%Ut(diVUt)2 — euy - Vo divuy) dx ds (2.35)
0o Ja

t
- / /(ptut + (pu - Vu))V divuy de ds
0o Ja

t
o Ja
< Co(Mo) + VtC(M).
Summing (2.33)), (2.34) and (2.35)), we obtain
t
/(\V0t|2 + (divut)z)der/ / |V div u|? do ds
Q o Ja

S C()(Mo) eXp(ﬁC(M>)

(2.36)
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To complete the estimate of [|us||Lee (1), we apply 9; to (2.12) to obtain

prwr + pwi + (pu)t - Vw + pu - Vwy — pAwy
= Vpe X up + Vp x uy + VA(d;) x Vd; (2.37)
+ VAd] X V(d])t + V(pui)t X Oju + V(pui) X O;Uy.

Multiplying (2.37) by w; in L2(2 x (0,t)), we deduce that

1 t
f/ p|wt|2d:c—|—u/ /|cur1wt|2dxds
2 Ja 0 Ja

1 t
= - / plw: (0)[2dx + / / (Eat|wt|2 — eopwy — (pu)y - Vw — pu - th>wt dx ds
2 Ja 0o Ja\2
t t
+ 6/ /(Vat X ug + Vo X ug)wy de ds +/ / VA(d;)e x Vdgw dx ds
o Ja 0 Ja

t
+/ /(VAdj x V(dj)e + V(pu;)e x Oiu+ V(pu;) x dug)wy dx ds
0o Jo

= Co(Mo) + Is + Iy + I1o + 111,
(2.38)
where, by using (2.32)) and integrating by parts, we have

t t
fu//Aw'wtd:vds:u//curlcurlwt~wtdzds
o Ja o Ja
t t
Zu//|curlwt\2dxds+u// curlwy - (wy X n)dS
0 JQ 0 Jog
t
z,u/ /|curlwt|2da:ds.
o Ja

We estimate I; (i = 8,9,10,11) as follows.

t
I Z/ / VA(dj)e - (Vd; X wy) dads
0 Q
t t
_ _/ A(dy): div(Ve; x wp) da ds +/ A(dy)eV(dy); - (we x n)dS
0 Q 0 o0

t
:/ / A(d});Vd; - curlw; dx ds < VIC(M).
0 Ja
With calculations similar to those in [5], we have

|Js| + o] + [J11| < VEC(M).

Substituting the above estimates into (2.38)), we obtain

t
/p|curlut\2d;v+/ / |curleurlu:|? dz ds < Co(My) exp C(VC(M)).  (2.39)
Q o Ja
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Now, we have a priori estimate on ||Vdy|[ps(g1). Multiplying (2.29) by —Ady
and integrating over Q x (0,t), we obtain

1 t
7/ |Adt\2d:c+/ / \Vdy|? dz ds
2 Q 0 JQ

= %/Q\Adt(mlzdﬂfo /Q[(U‘Vd)tf(IVdFd)t}Adtt dz ds

. (2.40)
< Co(Mo) + C/ IVl gz [luell L2 + [[ull g2 (| Ve 2
0
+ IVl m2(Vde| £2) | Adee || 2 ds
< Co(Mp) exp(VIC(M)).
By the same reasoning as for (2.14}), we conclude that
t
INCA —|—/ / |Vdy|? da ds < Co(My) exp(vVtC(M)). (2.41)
0 Ja

Finally, we only need to estimate eoy, euyr, eVdy to close the energy estimates.

Multiplying 0 (1.4)), O (1.5)), s (1.6]) by €204s, €2us and €2Adyy, respectively, and

integrating over 2 x (0,t), we derive that
t
6”(0“7 Ut , tht)”%z + 6/ H(utt; tht)”%{l ds é Co(Mo) exp(t1/4C’(M)) (242)
0
Collecting the estimates obtained in (2.7), @.11), @.13), .17), @.19), (2.24),
@27, @:31), (:32), (236), [239), ([241), and [2.42), we have
(o, w)||z + ||(div u, curl u, curl curlu, V divu)| 2 + || (Vo, V)| g1 + ||V g2
+ ||(O't,ut)HL2 + ||(Vat,divut,curlut)||Lz + Hth”Hl + e||(att,utt, tht)||L2

+ |[(div u, curlw, curl curl w)|| 22y + (V2 div u, Acurlu)|pz(p2)

+ [[(div ug, curlug, curl curlug, V div ug)|[ 22y + €l (o4, uee, Vi) |2 (a)

< Co(Mo) exp(t*/*C(M)).
(2.43)
Thus, (2.1 holds. this completes the proof of Theorem
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