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CRANK-NICOLSON LEGENDRE SPECTRAL APPROXIMATION
FOR SPACE-FRACTIONAL ALLEN-CAHN EQUATION

WENPING CHEN, SHUJUAN LU, HU CHEN, HAIYU LIU

ABSTRACT. In this article, we consider spectral methods for solving the initial-
boundary value problem of the space fractional-order Allen-Cahn equation. A
fully discrete scheme based on the modified Crank-Nicolson scheme in time
and the Legendre spectral method in space is established. The existence and
uniqueness of the fully discrete scheme are derived, and the stability and
convergence analysis of the fully discrete scheme are proved rigorously. By
constructing a fractional duality argument, the corresponding optimal error
estimates in L2 and H® norm are derived, respectively. Also, numerical ex-
periments are performed to support the theoretical results.

1. INTRODUCTION

Research of fractional differential equations has been a lively topic in mathe-
matical theory and real applications in the last few decades. For most fractional
differential equations, however, we cannot obtain the exact solutions, it is natural
to resort to numerical solutions. Up to now, there are several numerical techniques
to solve fractional differential equations, such as finite difference methods [8} [17],
finite element methods [7] 15 2], spectral methods [9] 10} 12} [19].

Allen-Cahn equation was introduced in 1979 [2] to model phase transitions in
iron alloys, it has become a basic model equation for the diffuse interface approach
developed to study phase transitions and interfacial dynamics in materials science.
There has been an increasing interests in Allen-Cahn equation from local to mem-
ory (time fractional) or nonlocal (space fractional) case [0, 20]. The fractional
Allen-Cahn equation replaced the standard temporal or/and spatial integer order
differential operator by a corresponding fractional order one, such as Riemann-
Liouville, Caputo, Riesz, fractional Laplacian operators, etc.

In this article, we study the spectral approximation to the following space-
fractional Allen-Cahn equation (SFACE)

wup — Ly + flu)=0, zeA, te(0,T],
U(I,O) = UO(x)ﬂ z €A, (1.1)
u(xl,t) =0, te€][0,T],
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where A = (—1,1), a € (1/2,1), u = u(x,t) represents the concentration of one
of the species of the alloy, the parameter ¢ represents the diffuse interface width,
f(u) = u® — u, the nonlinear term, is the derivative of a free energy double-well
potential F(u) = 1(u? — 1)2. Operator £(*) in the Riesz case is defined by

0%, 1

E(a) _ - _ _ D20¢ zD20¢
Y O|x|?e 2cos7ra( 105 U+ 2D u),

where _1 D2, , D3% represent the left and right Riemann-Liouville (R-L) fractional

derivatives operators, respectively. For n — 1 < 8 < n, n € N, the operators ,1Df
and fo are defined as

dar [*
_1D§U, = ﬁ@ [1($ — S)n—ﬁ—l’u,(s) dS, (1 2)
1" gr 1 .
Dy = I‘En—)ﬁ)daﬂ’/m (s — )" P~ Lu(s) ds,

where T'(+) is the standard Gamma function.
The fractional Allen-Cahn equation (1.1]) can be viewed as an L2-gradient flow of
the following fractional version of Ginzburg-Landau-Wilson free energy functional

E(u) = /A (F(u) - ?u[ﬂ(a)u)dx = %Mi —|—/AF(u) dz.

Recently, there have been several studies on the SFACE. Akagi, et al. [I] proved
the existence and uniqueness of weak solutions to the related initial-boundary value
problem of the SFACE after setting a proper functional framework. Hou et al.
[8] considered Crank-Nicolson scheme in time and second order central difference
approach in space for solving the SFACE with small perturbation and strong non-
linearity, a nonlinear iteration algorithm is proposed and the unique solvability, en-
ergy stability and convergence are proved. Burrage et al. [5] solved the SFACE by
implicit finite element method on both structured and unstructured grids. Bueno-
Orovio et al. [4] provided a numerical algorithm based on Fourier spectral method
in space and backward Euler discretization in time to solve the SFACE. However,
there is no theoretical analysis has been provided in [4} [5].

In this article, we construct a numerical approach by applying the modified
Crank-Nicolson scheme in temporal and the Legendre Galerkin spectral method in
spatial discretizations to . The existence and uniqueness of the fully discrete
scheme are proved. The stability and convergence are derived strictly by introducing
a fractional duality argument. It will be shown that the convergence rate of the
numerical scheme is O(72 + N~™) in L?-norm.

The organization of this article is as follows. We commence by reviewing some
preliminaries of fractional order functional spaces endowed with inner products
and norms, and give some useful lemmas in the next section. In section [3 The
fully discrete spectral scheme is constructed by applying Crank-Nicolson difference
scheme to temporal discretization and Legendre spectral method to the spatial
component, the existence and uniqueness of the fully discrete scheme are derived.
In section [4] the stability and convergence analysis of the fully discrete scheme are
strictly proved, respectively. We present some numerical experiments in section
which support the theoretical results. We conclude by summary and discussion in
the last section.



EJDE-2019/76 CRANK-NICOLSON LEGENDRE SPECTRAL APPROXIMATION 3

2. PRELIMINARIES

In this section, we introduce some definitions and notation of fractional derivative
spaces endowed with inner products and norms, then give some basic properties of
fractional derivative and some lemmas, which will be used in the context.

The L%(A) inner product is denoted by (-,-) and the LP(A) norm by | - ||1»
with the special case of L?(A) and L>°(A) norms being written as || - || and || - ||oo,
respectively. For k € N, we denote the seminorm and norm associated with the
Sobolev space H¥(A) by | - | and || - ||z, respectively. For nonnegative real number
r € RT\Z™, we use H"(A) to denote the fractional Sobolev spaces, the semi-norm
| - |- and norm | - ||, will defined below. Let E be a Sobolev space, we define
space-time functional space L?(0,T; E) as

T
L*(0,T;E) :== {u: (0,T) — E : / |ul|% dt < oo, u is measurable},
0

and similarly we can define some other spaces for space-time functions. Throughout
this article we use C' to denote a generic nonnegative constant whose actual value
may change from line to line.

Definition 2.1 (see [7, [15]). Let r > 0. Define the semi-norm

A 27|~ 12 1/2
e = | ol il oy = ([ ol ) ™

and the norm
1/2
lullr = (llel® + |ul?)
where 4 denote the Fourier transform of u. Define H{j(A) as the closure of C§°(A)
in H"(A) with respect to norm || - ||, and use H="(A) to denote the dual space of
H{(A), with norm denoted by || - || .

7

Remark 2.2 (see [I5]). Let @ be the expansion of u by zero outside of A, then
uly = || ®)-

Next, we introduce some useful fractional derivative spaces and related proper-
ties, which are used in the formulation of the numerical analysis, one can refer to
[, [15] for more details.

Definition 2.3 (see [7, 15]). Let x> 0. Define the semi-norm
[ulyuay = |l-1D5ull,
and the norm
) ) 1/2
gy = (llull® + ufg ) -
Denote Jj 5(A) as the closure of C§°(A) with respect to norm || - || ju (4)-
Definition 2.4 (see [7, [15]). Let x> 0. Define the semi-norm
ul gy = [le DY ull,
and the norm
1/2
lull sz ay = (el + Jul )

Denote J% (A) as the closure of C5°(A) with respect to norm || - || ().
R,0 0 JR(A)
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Definition 2.5 (see [7,[15]). Let 1> 0, p# n — 2, n € N. Define the semi-norm

|1/2

|U|Jg(A) = |(—1D5U» D)7,

and the norm

)1/2

lull gz = (el + Ju 3§'(A)

Define Jg ((A) as the closure of C§°(A) with respect to norm | - || ju(a)-

Remark 2.6. If the domain A in definitions replaced by the entire line R,
the corresponding semi-norms should be denoted, respectively, by

[ul yu®y = [|—oo DhullL2(w),
ulye®) = lleDhcullL2(w)
JER) = (‘(*onguergou)l)

Let J¥(R), J3(R), J§(R), and H*(R) denote the closure of C§°(R) with respect
to [[ull yx ), lullz ), llullje®) and [[ull gu(r), respectively.

Lemma 2.7 (see [1,[15]). Let p >0, p#n—1/2, n € N. Then
(1) JLo(A), Jro(A), Jgo(A), and HY(A) are equal, with equivalent semi-
norms and norms;
(2) JH(R), JR(R), J§(R), and H*(R) are equal, with equivalent semi-norms

lu 1/2

and norms;
(3) A function u € L*(R) belongs to J'(R) if and only if |w|*a € L*(R), specif-
ically |ul yr gy = [[lw* @]l L2®) = [ulnr)- Simalarly, |ulnw) = [ulm®).-

In what follows, we will use H§(A) uniformly by the equivalent property of
JEo(A), Jito(A) and HE(A), and make no distinction between the three of them
unless otherwise stated.

Lemma 2.8 (see [1,[15]). Let p > 0 be given. Then
(1Dl DY) = (oo Did, o D)
= cos(mp1) | oo D 2 sy
— cos(mp)lla DL 2 -
Hence we have the following relations.
Lemma 2.9 (see [7,[15]). Let u >0, A= (—1,1), u € H}'(A). Then
(—1D%u, o Diu) = cos(mpu)lul?.

Proof. We can obtain the result by Remark 2.2 and Lemmas 2.7] -8 immediately.
g

Via integration by parts, one can verify readily the following result.
Lemma 2.10 (see [16]). Let 0 < s <1, u € H3*(A), v € H{(A). Then we have
(L1 D*u,v) = (1 D3u, . Djv), (.D3%u,v) = (,Dju, _1D:v).
Lemma 2.11 (Fractional Poincaré-Friedrichs inequality [7, [15]). For u € H}'(A),
[[ull < Clul,,
and for0 <s<p, s#n—1/2,neN, |uls < Clul,.
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Lemma 2.12 (Gagliardo-Nirenberg inequality [13]). Let @ C R™ be a bounded

domain having the cone property and let w € L1(Q) and its derivatives of order m,

D™u, belong to L™ (), 1 < q,7 < 0o. For the derivatives Diu, 0 < j < m, we have
ID7ullLr < (D™ ullLr + llullza) ull 7.,

where .
lzlJrs(lfm)nL(l—s)l
p n q
for all s in the interval % < s < 1, (the constant ¢ depending only onn,m, j,q,r,s),
with the following exceptional case:

If1 <r<oo, and m —j—n/r is a nonnegative integer then holds only for
s satisfying j/m < s < 1.

The following discrete Gronwall’s inequality is also used in the theoretical anal-
ysis.
Lemma 2.13 (Discrete Gronwall Lemma [14]). Assume that k,, is a non-negative
sequence, and that the sequence ¢, satisfies

¢0 < 9o,

n—1 n—1
¢n<go+zps+zks¢sa TLZ]_

s=0 s=0

Then if go = 0 and p, = 0 for n > 0, it follows that

n—1 n—1
(bng(g()"'zps)exp(zks)a n > 1.
s=0 s=0

The following lemma will be used in the proof of the existence of numerical
solutions.

Lemma 2.14 ([I8]). Let X be a finite dimensional Hilbert space with inner product
(,+) and norm || - ||, and Let P be a continuous mapping from X into itself such
that

(P(£),6) >0 for ||| =K > 0.
Then there exists £ € X, ||£]| < K, such that P(§) = 0.

We define

1
a(u,v) £ m((_ngu,gD?’U) + (wD?uv —ID?’U))7 Vu,v € HS(A)a (21)

for convenience. By the linearity of the left and right R-L derivatives, we can verify
readily that a(u,v) is a symmetric bilinear form, which has the following property.

Lemma 2.15. The bilinear form a(-,+) is continuous and coercive.

Proof. By Holder inequality, Lemmas [2.7] and 211} yield
1
2| cos ey

< C’1|u|a|v|a, Yu,v € H (A),

ie., a(-,-) is continuous on H§(A) x H§(A).

la(u,v)| < (-1 Dgull o DY ol + la Dy ull -1 Dgv)])
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On the other hand, by Lemmas [2.9] and 2.11] we have

1 [ [e3 [ [ [
a(u,u) = m((_leu,le u) + (DYu, -1 D5u)) = lul2, Vu € HS(A),
viz., a(-,-) is coercive on H§(A). The proof is complete. O

Let Pn(A) be the set of all algebraic polynomials defined on domain A with
the degree less than or equal to N € Z*. V§ = Py(A) N H{(A). The following
projector H}\}O, which is used below, can be found in [3].

Let H}\}O : H(A) — V3 be the orthogonal projection operator such that

(am(u — H:]L\’,Ou)7 6m<p) =0, Vpe VJQ,.

Lemma 2.16 (see [3]). Let s be a real number. For any nonnegative real number
r, 0 < s <1<, there exists a positive constant C' depending only on r such that
for any function u in Hi(A) N H"(A), the following estimate holds

lu =TT ulls < CN*"ful],.
We define projection Hf‘v’o : H(A) — V3, such that
a(u — Y %u,v) =0, Yve V. (2.2)
For the operation H?V’O, we have the following result.

Lemma 2.17. Let o € (1/2,1), r > 1 be a real number. There exists a positive
constant C depending only on r, such that for any w € HF (A)NH"(A), the following
estimates hold

lu — H(;(,’Ou|a

0
[[u — N

CN“"lull,
CN™"ull,.

NN

Proof. By (2.2) and the continuous and coercivity of the bilinear form af(-,-), we
have

lu — %% = a(u — TT% u, u — T %u)
= a(u — T u, u — T u)
< Clu — T u|o|Ju — T ulla, Yu e VY.

Therefore, by Lemma [2.16] we obtain

_ 1
lu — % ulo < Cllu — TR ullo < CN|ull,, g <as<r

Next we estimate the error ||u — H%’OUH by using a duality argument. For any
g € L%(A), we consider the auxiliary problem

— L@y = g, in A,
w=0, onJA.
By the definition of £(*) and Lemma we obtain
w20 < Cllg]|- (2.4)
The weak form of (2.3)) is as follows:
a(p,w) = (g,9), Ve € Hy(A).
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Taking ¢ = u — 1% u, we obtain
(9,u — T1%°u) = a(u — % u, w)
< Culfu = 115" o Jw = T wl|a (2.5)
< ON7"lullr[[wll2a-

Using (2.4) and (2.5), we have

.0 (g, u — 15 "))|

lu -V ul|=  sup ——F———=<CN "|ul,. (2.6)
geL2(A), g#0 lgll

The proof is complete. O

3. FULLY DISCRETE SCHEME

In this section, we study the existence and uniqueness of the fully discrete scheme
based on the modified Crank-Nicolson scheme in time and the Legendre spectral
method in space .

Firstly, we introduce some notation. Let 7 be the step size for time ¢, t; = k7,
k=0,1,....npand T =ng7, t;_1 = (tk +tx—1)/2. For convenience, we introduce
the following notation for the function u(x,t),

k k—1
. 5 kU —u E_ U tu
=u(ty_1), Ow =0 U=

The fully discrete spectral method for the problem (L.1) is: find u% € VJ,
k=1,...np, such that for all p € V,

(B, @) + a(uly, @) + %(((ufv)z + (uk)2)uk, <P) = (uk, ), (3.1)

uQ = % uo. (3.2)

Nl=

ufF =uf () =, ty), uf

For simplicity in what follows, we denote g(u) = u?, f(u,v) = L(u+v)(u? + v?).
A priori estimates are needed in the following analyses.

Lemma 3.1. Suppose that uk, (k = 0,1,...,n7) be the solution of (3.1)-(3.2),
then we have

1 1
A [ A 7 R I P Y A Y
Moreover, if ug € H*(A), we have
koo < C(lukla + luf )2 uk ' ~25 < Clugla.

Proof. Taking ¢ = uk — u%7 in (3:1)), we obtain

T||6tu?\f‘|2 + 62@(“?%”?\! - u];\f_l) + (f( ];V)ulf\f_l)vulfv - ulliv_l)

Lok 2 k=12 (8:3)
= 5y lI” = lluy" 1) = 0.
For the middle two terms on the left hand side of (3.3)), a simple computation yields
i 1 1
a(uly, uy —ui ') = saluly, uly) — salultuy )
2 2 (3.4)

1 k:_
S (2 = [ 2),
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k k—
(f(“?v,uzv 1) uy —uy ') = (|| Mz = lluntl1za)- (3.5)
Substituting (3.4) and (| into , we obtaln
= €
Tlowun I + S luk |G + ZIIU?\;II‘}; = 3 llur ]
2
€
=3 uy 7+ *H ||L4**|| S

Then we can deduce that
1
k k k
Eluf e + Slunllze = lunll* < Euila + S luillze = luyll®.
From above inequality, we have
1
k
lu |2 < Juiyl? + ﬁ(”u(l)\f”%‘l +2).
By the definition of TI%°, we obtain [u%|s < C|ug|a. Using Lemma we have
[ufllze < Cluola-
Therefore, we deduce that |u%;|2 < C(Jug|2 + 1). By Lemma we have
[ufllso < Cluola £ c1.
The proof is complete.

Remark 3.2. Similarly, for the solution u(zx,t) of problem (1.1) we have ||u||oo <
C|’LLO|a

Theorem 3.3 (Existence). For given {uN}] o there ezists uk; satisfying (3.1)).

Proof. We defining the mapping P : Vi — V3, such that
2

w € _ ~
(P(w), ) =(—,) + 5a(w+QU’?V L)+ (Flw+uiy L ui ), @)
1
— 5(uH—Zu’f\,_l,go), Yo € V.

Obviously P is continuous. Letting ¢ = w, we have

2 2 ~
(P(w),w) :@ + 6Ea(w 4+ 2uh7 w) + (f(w + ubt ub ), w)

1 (3.6)
- E(w + 2uht w).
By a simple calculation, we obtain

k— k k k—
((U’JFUN 1)+U’N s (w+uy 1)*UN 1)

(w + 2ukt w)

N (3.7)
= JJw + i P = [y 1%
Similarly, we have

afw + 26571 w) = fw+ uh 2 — [k, (3.8)

1
(f(erU’fv fuy ), w) = 7w +uy HIze = lluf Hize)- (3.9)

Substituting (3.7] — into (3.6]) yields

||wH2

(P(w),w) =120 4 2 (o4l 2 4 -+ — o+ i)
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1
Gl R T al A Ml

[Jwl|? 1( k—12 2
Ml Lo, )
A (Pl o+ S I — I+

By Lemma we have
w1 1
(P(w),w) > T2 = (2 + S lublibs = a2 +1).
Thus we have (P(w),w) > 0, for |w| = K > [7/2(*[ul 2 + 3 [[ul]I1a — lu%|I* +
1)]*/2. By Lemmal2.14 there exists w*~' € V¥, |[w*~!|| < K, such that P(w*~!) =
0. Let uk, = u’f\fl + w*~1 therefore the existence of u%; is proved. O

Theorem 3.4 (Uniqueness). Suppose T < 1, then the solution of (3.1)-(3.2) is
UNIqUE.

Proof. Let {uf}, {v%} be the two solutions of the discrete scheme (3.1)-(3.2) with

the same initial condition. Let wk = u%, — v%;, thus we have

(Dewhe, ) + alwhy, ) + (Flu uf ™) = Flok, vl ), 9) = (wh9), Vo € V.

Setting ¢ = 5twfv, we obtain

— 2 ~ ~ —
||3tw?vll2+;7(lw1’“v\i—\wk o) + (Flukuy h) = flox, oy D), dwk)  (3.10)
= (whk, k). (3.11)

Now, we estimate the last two terms of the above equation. For the last term, by
Young inequality, we have

- 1
(why, dewly) = 2(“]?\7 wi ! ath) + (wi !, dewiy)

s B (3.12)
<TG + 18 I + k2

For the penultimate term, noting that

_ 1 1

Fluo) = o) %) = [ g+ sw-v)ds, ¢(5) =35 >0

0
therefore, utilizing the mean-value theorem of differentials, we obtain
(fluuy ) = flon, oy ). Brwy)

(] s ds. B ?) + ( / oul T asduk) g
(/019’(§)w§“v_1d578tw1'“v),
k—1

where ¢ lies in the interval with endpoints u* + s(uk, — uh ) and vh ' 4 s(vk —
~1). By Lemma Holder inequality and Young inequality yield

WV

1
( / G dswéfv—%atw?v)\ 0wk I? +ocdluk . (314
0
Substituting (3.12] into , noticing that 7 < 1, we deduce that
(Iwzvl2 i ta) < (9¢f + Dlwy 1%

2T
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Summing for k from 1 to n, and by using Lemma we deduce that
n—1
Wil < Jwyla + OO0t + 1) ) lwivla
=0
Thus by Lemma [2.13] we obtain

[l < OO =0
Finally, using Lemma once again, we have |[wk || = 0, ie., uk = vk, &k

Ol

0,1,...,np. The proof of the uniqueness is complete.

4. STABILITY AND CONVERGENCE OF THE FULLY DISCRETE SCHEME

In this section, we give the stability and convergence analysis for the fully discrete
scheme (3.1)—(3.2).

Theorem 4.1 (Stability). Assume 7 < 1, u%,, v% (k= 1,2,...,n7) be the solu-
tions of the fully discrete scheme (3.1)) wzth the initial value ul;, v, respectively.
Then we have

T0<90‘1‘+1>Hu9v—v?v||a, k=12,....nr.

luy = villa < e
Proof. Let wk = u% — ok in , then wk; satisfies
(6tw§€\[730)+62a(w§\f7¢)+ (f(ul]CV7u’]if 1) f(’UJkVa’UfV 1)’<P) = (w?v,SO)a VWE V]\Of
With the same line of the proof as for Theorem [3:4] we obtain the desired result.
The proof is complete. [

Now, we give the convergence result of the fully discrete scheme (3.1))-(3.2)).

Theorem 4.2 (Convergence). Let u and uly (1 < n < nr) be the solutions of
and —, respectively. Assume that w € L>(0,T; H™(A)), m > 2a, uy €
L0, T; L*(A)) N L2(0,T; H™(A)), ug € L2(0,T; H>**(A)), ugy € L2(0,T; L2(A)).
Then for T < 1, there exists a positive constant ¢ independent of T and N, such
that

[u™ —uh] < c(T2+ N™™) and |u" —uly|o < (72 + NO™).

Proof. Setting u* — uf, = (uF — TN uk) 4+ (IY%u® — k) = 6% + . By (L.1),
(3.1)-(3.2) and the definition of H%’O, we have the error equation
(Om*,v) + Ea(n®,v) = (Ou* — ut ) — (8,85 v) + (¥ 2 —uk v)
+ 2a(uF —uk 3,0) + (f(uby ul ) - g(uk_%),v)7 (4.1)
n° =0.
Taking v = 9;n* in (&.1)), we have
2
912 € k12 k=12
10”17 + 5= (I la = 1" )
— k_l — — — 1 T —
= (O~ 0) = (B0, ) + (uFE — D)
+a(uf —uf 2 0m") + (Fk ul) — g 2),0m")

L

G,.

-

i=1
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Now we estimate terms on the right-hand side of (4.2)). Via Taylor’s theorem
with integral remainder, Holder inequality and Young inequality, we deduce that

|G|
=|(Dpu* —uy %, 0"

L5 & fe—g 2 e 2
<o 1 (1 [ e = 0wt [ (6= 0 e (43)
by

tr—1

Nf=

L5 k2, 2 -3 2 2 e 2 2
<zl Ot 1P+ S (1 s = O dtl 1] [ (= )% d)?).
t,

th—1

[N

By Holder’s inequality, we obtain

tkz—% 1 tlc—% tk—%
H/ (b1 — )2ty ]2 </ (/ (b s —t)4dt)(/ g )
th_1 —1 N Je t

k—1 k—1

7 /tk;
= — HutttHth
5-25 J, | ’

" 2 2 7° " 2
1] (b 0wt < o [ il .
tk,l :

and

by,

N=

2
Substituting two inequalities above into (4.3)) yields

1,z 3 [t
Gal < g0 P+ 55 [ st (14)
te—1

By Holder inequality and Young inequality, we have
_ _ 1 _ _
|G| = (86", 8im*)| < Ellamkll2 +4)0,6" .
From Hoélder inequality and Lemma [2.17] we obtain

5 k2 _ L & 2 _ 1 [™ 2
106512 = 5| | eat]P <= [ le)2at <
2
T te—1 T Jti—s

Thus we obtain

C

T

tr
N2 / [|g |2, dt.

te—1

t
G <i5 k|2 QN*%" ' 2 qt 4.5
|Ga| < 16H " |7+ - [t 5, dt. (4.5)
k—1

Next, via a simple derivation, we have
[Gal = (a2 — R, 0m")| < |(u*% =, 0m")] + |(u* — uy 0un). (4.6)
Similar to (4.3]), by Taylor’s theorem with integral remainder, Holder and Young

inequalities, we find that

_1 k A
("% = uP, 9]

1 _ . tk—% tr
<ot 11 [ = tyuade 41 [ (- e
tr tk

-1

1
2

<2 10 ’“||2+T3 /tk gt ||* dt
< —= — U
32 7] 6 . tt

te—1
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and
(0 = e, 0un)| <I(6* 4+ "1 On®)| + | (50", Do) |
<G+ 351017 + 161652 + 1)
Thus, substituting above two inequalities into 7 we obtain

tr
/ lul2dt. (A7)

th—1

T 1.,z Z _
Gsl < (5 + 175) 10" 17 + 16671 + [In*~*]1%) +

-3
6
Next, by using Lemma2.7] and analogous to the estimation of G5, we deduce that

|Gyl =€|a(u?"2 — uF, 8n")]
:62|(£(a)(uk7% o uk)ﬁm’“)I
2
€ = _ 1 .
<Toosmap |0 It % = iz (4.8)

1 - b
<qglont P+ 0 [ Junh, at.

te—1

Now we estimate the last term on the right-hand side of (4.2)). It is easy to
obtain

Gs =(f(uf,uly ") — g(u*~2), 0n")
=(flubeul) = Fbub 1), 0m") + (F(ub,ub ) — g(uh2), 0i").

For the first term of the right hand side of (4.9)), analogous to (3.13) and (3.14]),
we find that

(fluesuie ) = fla® a*71), 8m")

_ 135%(139’“—1,@77’“ - 13£%sds(9’“—9’€‘1)’5m’“
0

0
1 B 1 B
—~ (/ 3¢7 dsn’“*l,am’“) - (/ 3¢isds(n” *n’“’l)ﬁm’“)
0 0

3 _ _
< 15 10m"I1* + 36L(116° 1 + 16711 + [In* 1),

(4.9)

where ¢; depends on u.
For the last term of the right-hand side of (4.9), applying Taylor’s formula for
multivariate functions, we find that

(f(u",u" 1) — g(uF %), 8n)
= 3((uP2)2 (WP — WP 2),8m") + i((ggg + &) (uF — uF2)2 8)

F (6 36) (A — a2, )
1

[\V)
—~
—~
)
[~
+
I
w
~—
—~
S
T
=
\
SN
T
[N
~
—~
S
o
\
S
T
ol
~—
&
3
o
~—

1, b
< g0 Crt [ (@l + el ?)
tr—1
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Substituting the two inequalities above into (4.9]), we have

IG5 <i||5t7lk||2 + 361 (1671 4+ 16F (17 + lln*11%) (4.10)
+or /ttk (Elluelts + cHluee?) dt. (4.11)
k—1
Substituting , , , and into , in view of 7 < 1, we
obt:;ln
(2~ 1)

23

_ —om 1
<O+ HP+CN? ((1 + C%)”“H%M(O,T;Hm(/\)) + ;/ e |7, dt)
tr—1

t
01 [ (@l + cllunl? + B + el ?)

th—1
Summing for &k from 1 to n (n < ny) we have
n—1
"2 <CA+eD)T Y I 1P + ea(r* + N2,
j=0
where ¢y = max(cs, ¢4), and
c3 :C(Cﬂlutni“(O,T;L‘l(A)) + céllHuttH%?(O,T;Lz(A)) + ||utt||%2(0,T;H2a(A))
+ ||utttH%2(O,T;L2(A)))7
C4 = C((l + C?)H“H%w(O,T;HW(A)) + ||Ut||2L2(o,T;Hm(A)))-
Using Lemma we have
|nn|§ < c2eCT(1+c‘1‘)(T4 +N_2m).
tilizing Lemma [2.11] and the triangle inequality, we have
Utilizing L d the triangle inequality, h
[u —uR ]| <e(r® + N7™),  Ju" —ufla < (7% + NOT™),

where ¢ = C(1 + coeCT+eD). The proof is complete. O

5. NUMERICAL EXPERIMENTS

Example 5.1. To guarantee the exact solution have enough regularity, we add a
forcing term on the equation.
w — LWy + 0P —u= h(z,t), xe€(-1,1),t€ (0,T],
w(,0) = (1-2%)? =ze(-11), (5.1)
u(£l,¢t) =0, te]l0,T].
where
hast) = —2CC (1 402231 4 a)? — 3(4 — 20) (1 + 2)
" T(5 - 2a) cos
4e%et

(5 — 2ar) cos T

—3(4—2a)(1 — )+ (4 — 22)(3 — 2a)] + (1 — 2?)°.

+(4-20)(3 —20)] + - (1—2)*7%*[3(1 - 2)*
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The exact solution is u(x,t) = e!(1 — 22)2. Here we select ¢ = 0.01.

To confirm the temporal accuracy, we choose N = 50, which is large enough
such that the spatial error is negligible compared with the temporal error. Table
lists the errors ||u — uy|| and temporal convergence orders at time T' = 2 with
different order . From the table, we can check that temporal convergence order,
almost second-order, are in accordance with the theoretical result in Theorem [£.2]

TABLE 1. L? errors and temporal convergence order for Example

- a = 0.55 a=0.75 a=0.95
Error Order Error Order Error Order
1/10  1.1110e-02 — 1.1110e-02 — 1.1110e-02 —

1/20  2.7896e-03 1.9937 2.7896e-03 1.9937 2.7897e-03 1.9937
1/40  6.9817e-04 1.9984 6.9817e-04 1.9984 6.9817e-04 1.9984
1/80 1.7459e-04 1.9996 1.7459¢-04  1.9996 1.7459¢-04  1.9996
1/160 4.3650e-05 1.9999 4.3652e-05 1.9998 4.3651e-05 1.9999

Next, we investigate the spatial accuracy. We take « = 0.9, T = 2, and 7 = 0.001
in order that the temporal discretization error is negligible compared with the
spatial discretization error. As shown in Figure [l the L? errors of the numerical
solution decay exponentially as the polynomial degree N increased. Solution u is
sufficient smooth with respect to spatial variable x, thus the numerical result is
coincide with Theorem [£2

10~4

10757

—6 | | | | |
1077 10 20 30 40 50 N

FIGURE 1. L2-errors versus polynomial degree N, in Example
with a = 0.9.

Example 5.2. Consider the problem
u — L+ f(u) =0, ze(-1,1), te(0,2],
u(@,0) = (1—2?)%%, ze(-1,1), (5:2)
u(x1,¢) =0, te€]0,2].
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We can easily to verify that ug is finite regular. The reference solution is with
N =70 and 7 = 0.001. The temporal convergence orders are shown in Table |2 We
observe that the convergence orders are almost 2.

TABLE 2. L? errors and temporal convergence orders for Example

- a = 0.55 a=0.75 a=0.95
Error Order Error Order Error Order
1/10  4.2154e-04 — 4.2113e-04 — 4.2031e-04 —

1/20  1.0526e-04 2.0017 1.0516e-04 2.0017 1.0495e-04 2.0017
1/40  2.6277e-05 2.0020 2.6252e-05 2.0021 2.6201e-05 2.0021
1/80 6.5375e-06 2.0070 6.5312e-06 2.0070 6.5184e-06 2.0070
1/160 1.6032e-06 2.0278 1.6014e-06  2.0280 1.5981e-06 2.0282

Figure 2| shows the errors with respect to the polynomial degree N in a log-log
scale with various a for Example[5.2} We can see from Figure[2]that the convergence
rate is between 2 and 3.

ot
o~
Sy

Lol

Polynomial degree N

FIGURE 2. L2-errors versus polynomial degree N in Example

From above two numerical examples, we can see that when solution is sufficient
smooth, the error is decay exponentially in space, when solution is finite regular,
the error is Algebraic decay in space.

Conclusions. In this article, we studied the spectral approximation for an initial
boundary value problem of the space fractional Allen-Cahn equation. A modified
Crank-Nicolson Legendre spectral fully discrete scheme is established. We discussed
the existence and uniqueness of the fully discrete scheme. The stability and con-
vergence of the fully discrete scheme are proved strictly. By constructing a dual
auxiliary problem, the convergence order of the scheme proved to be optimal in L?
and H® norm. The numerical experiments confirm the convergence analysis.

There are several avenues for further research, it is of interest to extend the
results to other types of boundary conditions, time-/space-time fractional model
and higher dimensional problems.
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