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TRAVELING WAVES FOR UNBALANCED BISTABLE
EQUATIONS WITH DENSITY DEPENDENT DIFFUSION

PAVEL DRABEK, MICHAELA ZAHRADNIKOVA

ABSTRACT. We study the existence and qualitative properties of traveling
wave solutions for the unbalanced bistable reaction-diffusion equation with
a rather general density dependent diffusion coefficient. In particular, it al-
lows for singularities and/or degenerations as well as discontinuities of the first
kind at a finite number of points. The reaction term vanishes at equilibria and
it is a continuous, possibly non-Lipschitz function. We prove the existence
of a unique speed of propagation and a unique traveling wave profile (up to
translation) which is a non-smooth function in general. In the case of the
power-type behavior of the diffusion and reaction near equilibria we provide
detailed asymptotic analysis of the profile.

1. INTRODUCTION

We are concerned with the traveling wave solutions of the bistable equation

ou 0 ou \p—20u
(]G5 ) + 9w, (@t) eRx Ry,

ot oz
u(z,t) =U(x — ct)

for a speed of propagation ¢ € R. Here Ry := [0,+00), 1 < p < 400 and the
properties of the density dependent diffusion coefficient d = d(s) as well as the
reaction term g = g(s) will be specified later.

Ifp=2,d=1andg:[0,1] = R is a smooth function such that g(0) = g(s.) =
g(1) =0, g(s) < 0 for s € (0,54), g(s) > 0 for s € (s4, 1), equation is studied,
e.g., in [I}2]. The authors of these articles explain how the mathematical modeling
of diploid individuals (homozygote and heterozygote) in population dynamics leads
to the bistable equation. If in addition the reaction term g satisfies the unbalanced
bistable condition

(1.1)

/01 g(s)ds >0, (1.2)

the mathematical model describes the so called heterozygote inferior case. If
g(s) < 0 instead of g(s) < 0 for s € (0,s), the bistable equation models the
flame propagation in chemical reactor theory. In contrast with the population dy-
namics model, where u denotes the relative density of the population of one allele,
in the combustion model u represents a normalized temperature and s, represents
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a critical temperature at which an exothermic reaction starts (see, e.g., [I0]). The
bistable equation with reaction term like above was also suggested in [4] as a model
for a nerve which has been treated with certain toxins. In [II] this equation serves
as a model for a bistable active transmission line. Other possible interpretations
may be found in [13].

In this paper we focus on more general, in particular non-smooth (even non-
Lipschitz) reaction term g as well as on the density dependent diffusion coefficient
d which can be singular and/or degenerate near the equilibria 0 and 1 and discon-
tinuous in a finite number of points in the interval (0,1). We show the existence
of a traveling wave solution if the classical unbalanced bistable condition is
replaced by the following more general one:

/0 (d(s))”%lg(s) ds > 0. (1.3)

In our previous work [7] we proved that if equality holds in then possesses
nonconstant stationary solutions (also called standing wave solutions) “connecting”
the equilibria 0 and 1. We also studied qualitative properties of these stationary
solutions, in particular, the lack of smoothness and the asymptotic properties near
the equilibria 0 and 1. In contrast with the stationary case, inequality renders
the time dependent traveling wave solutions of the form

u(z,t) =U(x — ct),

where U = U(z), z € R, is the profile of the traveling wave and ¢ € R is the speed
of its propagation. Density dependent diffusion coefficient which is discontinuous
is studied, e.g., in [I2] to model the temperature field in a wire of superconducting
material carrying an electrical current and immersed in a bath at constant temper-
ature. Convergence of the solution of the initial value problem for equation in
with d = 1 to a traveling wave is studied, e.g., in [9] for C* reaction term g or in
[6] for reaction term g which is only one-sided Lipschitz continuous.

Our results concerning the existence and uniqueness of the profile U and speed
¢ extend and generalize those from [I, Theorem 4.2], [2l Theorem 4.1], [5, Theorem
3.1]. The asymptotic analysis of U near 0 and 1 extends that from [5, Section 6].

2. PRELIMINARIES

Let g : [0,1] = R, g € C[0,1] be such that g(0) = g(s.) = g(1) =0 for s. € (0,1)

and

9(s) <0, s€(0,8), g(s)>0,s€(s41).
The diffusion coefficient d : [0,1] — R is supposed to be nonnegative lower semi-
continuous and d > 0 in (0,1). There exist 0 = 59 < 81 < S < +++ < 8y < Spp1 = 1
such that d|(si’si+1) € C(si,8i+1), 1 = 0,...,n, and d has discontinuity of the first
kind (finite jump) at s;, i =1,...,n.

We introduce the moving coordinate z = x — ¢t and write u(z,t) = U(x — ct) =
U(z). For the sake of simplicity we write (-)" instead of <= (-). Then transforms
into ,

(AT @I 2U(2)) + U (2) + g(U(2)) = 0. (2.1)

Let U : R — [0, 1] be a monotone continuous function. We denote

My :={2€R:U(z) =s;,i=12,...,n},
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Ny :={z€R:U(z) =0or U(z) =1}.

Then My and Ny are closed sets, My is a union of a finite number of points or
intervals,

Ny = (=00, 29] U [21, +00),
where —o0 < zp < 21 < 400 and we use the convention (—o0, zg] = 0 if 20 = —00
and [z1,400) = 0 if 21 = +00. Below we introduce the definition of a monotone

solution of (2.1)).

Definition 2.1. A monotone continuous function U : R — [0, 1] is called a solution
of (1) if
(a) For any z ¢ My U Ny the derivative U’(z) exists and it is finite. For
z € int My U int Ny we have U’(z) = 0.
(b) For any z € My there exist finite one sided derivatives U’(z—), U’(z+)

and
L(z) i= [U' ()P 20" () Jim d(U(€)) = U ()P 20" (z+) lim d(U(©))
(¢) Function v : R — R defined by
d(U()|U'(2)|P2U"(2), 2 ¢ My U Ny,
v(z) =<0, z € Ny Uint My,

L(z), z € OMy

is continuous and for any z, Z € R,

v(2) —v(z) +c(U(2) - U(2)) + / 9(U(§))d§ = 0. (22)

Moreover, lim,_, 1+, v(2) = 0 if either
lim, , o U(z) =1and lim,, ., U(z) =0, or
lim, , o U(z) =0 and lim, . U(z) = 1.

Remark 2.2. Constant functions U = k, where k is such that g(k) = 0, are
solutions of (2.1)). In particular, U =0, U =1 and U = s, are solutions.

Remark 2.3. Let 2 ¢ MyUNy, 2 = z+h,h # 0. Divide (2.2)) by h and let h — 0.
Then, by Definition [2.1] (a), the derivative U’(z) exists and

v'(2) +cU'(z) + g(U(2)) = 0. (2.3)
In particular, v is differentiable in z.

Remark 2.4. Let U be a solution of in the sense of Definition such
that either U(z) — 1 as z = —oo and U(z) — 0 as z — +oo or U(z) — 0 as
z — —oo and U(z) — 1 as 2 — +oo. If d is not continuous in (0,1) then My # 0
and either My = OMy (i.e., int My = ) or else int My # (0. In the former case
My = {&, ..., &}, where U(&;) = s;, ¢ = 1,...,n. In the latter case there exist
1<k<nandl<i <ig < - < i <nsuch that U = $i; On some interval
[@i;, biy] ai; <biy, j=1,...,k, and int My = Uj_(a;;, b;;). The equation is
satisfied pointwise in int My and it follows from the continuity of v that if a;; > —oo
or b;; < +o0 we have U'(a;;) = 0or U'(b;;) =0, j = 1,...,k, respectively, because
d(s) >0,s€(0,1).

If zg > —o0 then U'(2p—) = 0 and U’(zp+) exists finite or infinite. Similarly, if
z1 < +oo then U'(z1+) = 0 and U’(z1—) exists finite or infinite.
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Remark 2.5. Let p=2,d =1 and g € C![0,1]. Let U = U(2) be a solution in
the sense of Definition Then My =0, Ny = 0, and holds pointwise, i.e.,
U € C*(R) and it is a classical solution. For more general d we have to employ the
first integral because of the lack of differentiability of a solution U.

3. EQUIVALENT FIRST ORDER ODE

We will look for monotone traveling waves U = U(z) satisfying boundary condi-
tions
lim U(z)=1 and lim U(z)=0. (3.1)

z——00 z—+00

Let U : R — [0,1] be a monotone nonincreasing solution of the BVP ,
such that U is strictly decreasing at any point z € R where U(z) € (0,1).
Then there exist —oo < zg < 21 < 400 such that U(z) = 1, z € (—00, 2] and
U(z) = 0,z € [z1,4+00). Moreover, My = {£1,&2,...,&n} where U(&;) = s;, @ =
1,2,...,n. In particular, int My = @ and My = OMy, see Remark For
all z ¢ My U Ny we have U'(z) < 0 and for all z € My we have U'(z—) < 0
and U’(z+) < 0. The function U is continuous and piecewise C! in the sense
that U’(fi,fiﬂ) € CY(&;,&41). Therefore, there exists strictly decreasing inverse

function U~ : (0,1) — (20, 21), 2z = U~ (U), such that U‘l}( € C(s4,8i41),
1=0,1,...,n and the limits

Si,5i+1)

lim iU*l(U), lim iU*l(U)

U—s;— dU U—s;i+ dU
exist and are finite for ¢ = 1,2,...,n. Hence, we make the change of variables (cf.
7, 8])
w(U) =o(U1(U)), Ue(0,1). (3.2)

It follows from Remark that w = w(U) is a piecewise C*-function in (0, 1),
€ C'(siysi11), 1=0,1,...,m,

w|(5i75z'+1)
with finite limits limy_,s,— w'(U), limy_s,+ w'(U), i = 1,2,...,n. Therefore, for
any z € (§,&i+1) and U € (s4,841), 1 =0,1,...,n, we have
d d dw )
Do) = SwUE) = Se UE)UE). (3.3)
From v(z) = —d(U(2))|U’(2)|P~! we deduce that
p'—1
(5 :_‘ v(2) ‘ ’ /:L. 3.4
®=lave -1 (34

From (3.2, (3.3) and (3.4),
do_ _dw, ol v(z) ‘P’—l _ _dwjw(U) ‘,,/_1
dz  dU d(U(z)) AU 1d(D)
Therefore, equation ([2.3]), namely

V'(2) +cU'(2) +9(U(2)) =0, 2 € (&, &),

becomes

~dU 1 d(U)

dw |w(U) ‘p’—l B C’Z;(([[j')) ‘p'—l +g(U)=0, U e (s;,8i41),
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1=20,1,...,n. This is equivalent to
’_ dw ’_ /_
[l S = —clul? ™+ (@0 g(0), (35)
or
1d p’ p'—1 p' -1
gl = el = @) (). (36)

Set f(U) = (d(U))ﬁ g(U) and write t instead of U, and y(t) = |w(t)[”". Then
becomes

y'(6) =9 [ewE)"" = F@)], e (0,1)\ UL {s:}. (3.7)

From (3.1)) and Definition c) we deduce that v(z) — 0 as z — 29+ or z — 21—
which is equivalent to limy o4 w(U) = limy_1— w(U) = 0. Therefore, y = y(t)
satisfies the boundary conditions

y(0) =y(1) = 0. (3.8)
On the other hand, let us suppose that y = y(t) is a positive solution of (3.7)),
B8). Set w(s) := —(y(s))*/*". Then w satisfies (3.5) and (3.6). For U € (0,1) set

U
d(s) -1
U)=2z(s4) — —=|*" " ds. 3.9
AU) = +(o) - [ 1557 ds (39)
Then the function z = z(U) is continuous strictly decreasing and maps the interval
(0,1) onto (2, 21), where —oo < zg < 21 < +00. Let us denote by U : (29,21) —
(0, 1) the inverse function to z = z(U). Then U(z(s4)) = s«, U is continuous strictly
decreasing,

lim U(z)=1 and lim U(z)=0.

z—zo+ z—z1—
Let z € (&,&+1), ¢ = 0,1,...,n, where U(§) = s;, 4@ = 0,1,...,n,n+ 1. Then
from (3.9) we deduce

S T (= -
PR ‘d(U) o UE(sisin),
dU
ie,U€ Cl(&,fﬂ_l), U/(Z) < 0 and
dU(z)|p—1
—aw )| T —ww ) = e, (3.10)
ie.,
d aU p-2dU,  d dw dU(2)

GG Hl= el =g g
From , we deduce that
d / / -
T = )7 (= @) 7+ @) g())
= —c+ (@)~ (@) g(U)
—(p—1)(p'-1) ,

= e+ Uz @ |2 (dU()" ™ 9(U(2))

PO gwee.

:—C+‘
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Let us substitute this into (3.11):

d AU \p_2dU AU(2) -1 AU (2
L avI S = [ e |2 w2
- ywe),
di[ |7|p QdU] d[{iiZ) +9(U(2)) =0, z¢€ (&, &+1),

i1=0,1,...,n. It follows from and the continuity of U that
lim d(U(z))|U’(z)|p’2U'(z) = lim dUR)U'(2)|P2U'(2) =0
z—zo+ z—z1—
and the following one sided limits are finite

lim dUEU P = Jim dUE)IUE)PU ),

i =1,2,...,n. Since U is monotone decreasing in (zo, z1), we have
li = i li = i .
Jim d(U(z)) Jm d(s) and Jim d(U(z)) Jim_ d(s)

Therefore, U satisfies the transition condition
U'(&=)P 2 U (&) lim d(s) = |U'(&4H)" " U (&+) lim_d(s).
S—S;+ S5—S; —
We summarize the above reasoning in the following equivalence.

Proposition 3.1. A function U : R — [0, 1] is a monotone non-increasing solution
of [2.1), (1) which is strictly decreasing at any point z € R where U(z) € (0,1) if
and only zfy [0,1] — R is a positive solution of (3.7] ., .

Thanks to this proposition we can study the first order problem (3.7), (3.8
and derive the existence result for (2.1]), (3.1). Let us recall that there are “two

unknowns” in the first order problem. Indeed, besides the positive solution y = y(t)
we also look for unknown speed of propagation ¢ € R.

Lemma 3.2. Let us assume that (1.3|) holds and BVP (3.7), (3.8) has a positive
solution. Then ¢ > 0.

Proof. Let y(t) > 0,t € (0,1) be a positive solution of (3.7)), (3.8). Integrating (3.7))
and using (3.8)) we obtain

o=y<1>—y<o>=/Oly’u)dt=p’[c/01y<t>dt—/olf<t>dt}.

_h (d(t) 7 g(t) dt o .

i
Jo y(t)dt

Remark 3.3. Let d and g be as in Section [2] and the following balanced condition

holds

Hence

Then .
y(t) = -/ / (d())77 g(s)ds, € (0,1) (3.12)
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is a unique positive solution of (3.7)), (3.8]) with ¢ = 0. The solution given by (3.12))
leads to the standing wave. Its profile U = U (x) satisfies

(AU @)U (2)P~2U" (z)) + g(U(z)) =0, = €R,

Detailed analysis of these solutions for g satisfying g < 0 in (0, s,) is given in [7].

4. EXISTENCE RESULT

In this section we first concentrate on the existence result for the first order
BVP , . More precisely, we prove that under appropriate assumptions on
f = f(t) there exists a unique real number ¢ > 0 and an absolutely continuous
function y = y(¢) such that y(t) > 0,t € (0, 1), holds and the equation
is satisfied in the sense of Carathéodory (see [3, Chapter 2]).

The following result is interesting on its own. In combination with Proposition
[3:] it is a tool to prove the existence and uniqueness of the traveling speed ¢ and
monotone decreasing traveling wave profile U.

Theorem 4.1. Let f € L*(0,1), f(t) <0, t € (0,s4), f(t) >0, t € (s,1), and

/01 f(s)ds > 0. (4.1)

Then there is a unique number ¢ > 0 and an absolutely continuous functiony = y(t),
t € 10,1], such that y(0) = y(1) =0, y(t) > 0,¢t € (0,1), and

1
g =0 [e @ ®)"" - 1))
for a.a. t € (0,1). Here y™ = max{y,0} denotes the positive part of y.

We prove Theorem [4.1] using the concept of solution of the first order ODE in
the sense of Carathéodory. For (t,5,¢c) € [0,1] x R? and f = f(t) we set

h(t,y,c) :=p' {c (y")" - f(t)]

and consider the following two initial value problems which depend on a parameter
ceR:

y'(t) = h(t,y(t),c), y(0)=0 (4.2)
and

y'(t) = h(t,y(t),c), y(1)=0. (4.3)
In both cases we look for a solution y = y(¢t), t € [0,1]. Therefore, is re-
ferred to as a forward initial value problem, while is referred to as a backward
initial value problem. Note that f € L1(0,1) implies that h = h(t,y,c) satisfies
Carathéodory’s conditions, i.e., for a.e. ¢t € [0,1] fixed, h(t,-,-) is continuous with
respect to y and ¢ and for every y € R and ¢ € R fixed, h(-,y, ¢) is measurable with
respect to ¢. In what follows, for any fixed ¢ € R, y. = y.(t) denotes the solution in
the sense of Carathéodory of the forward and backward initial value problem

and (4.3), respectively. In particular, y. is absolutely continuous in [0, 1] and the
equation holds a.e. in [0,1]. Let us mention the following global existence result.

Lemma 4.2. Let f € L'(0,1), c € R. Then there exists at least one global solution
Ye = Yc(t) of both (4.2)) and ({.3) defined on the entire interval [0, 1].
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Proof. For any fixed K > 0 and ¢ € R there exists m. x € L*(0,1) such that for
any y € [ K, K| we have |h(t,y,c)| < m¢ g(t) for a.a. t € [0,1]. This fact follows
from the definition of h. But then according to [14, Theorem 10.XX] there exist
solutions y. = y.(t) of both and which are defined for all t € [0,1]. O

Remark 4.3. The uniqueness of the solution in the above lemma does not hold in
general due to the fact that the function y — ¢ (y*)l/ Py € R, does not satisfy the
Lipschitz condition at 0. However, it is nondecreasing for ¢ > 0 and non-increasing
for ¢ < 0. Therefore, it satisfies one-sided Lipschitz condition in either case and
we have the following uniqueness results separately for the forward and backward
initial value problems, depending on the sign of c.

Lemma 4.4. Let f € L*(0,1). If ¢ < 0 then (4.2) has exactly one solution y. =
ye(t),t € [0,1]. If ¢ > 0 then ([4.3) has exactly one solution y. = y.(t),t € [0, 1].

The proof of the above lemma follows from combination of Theorems 9.X and
10.XX in [I4]. Thanks to the uniqueness result we also have continuous dependence
of solutions on the parameter c.

Lemma 4.5. Let f € L*(0,1), co > 0. Thenc — c¢g # 0 (¢ — 04 if cg = 0)
implies that solutions y. = y.(t) of the backward initial value problem converge
uniformly in [0,1] (i.e., in the topology of C[0,1]) to ye,. Similar result holds for
co < 0 and the forward initial value problem .

The proof of the above lemma follows from the uniqueness result in Lemma [4.4]
and [3, Theorems 4.1 and 4.2].

As we already observed in the proof of Lemma the assumption yields
¢ > 0. For this reason, we further focus on parameters ¢ € [0,+00) and the
backward initial value problem . We know that for any ¢ € [0, +00) there is
a unique solution of ([{.3)), y. = y.(t),t € [0,1]. Our goal is to show that there is
unique ¢, > 0 such that y., (¢) > 0, ¢t € (0,1), y., (0) = 0. To this end we have to
investigate in more detail the dependence of the solution y. = y.(t) of the backward
initial value problem on the parameter c.

Let us introduce the notion of the defect P.p of a function ¢ = ¢(t) with respect
to the differential equation y’ = h(t,y, ¢), see e.g. [14] §9.11]:

Pep = ¢' = h(t, ¢, 0).
The following comparison argument is one of our basic tools.

Lemma 4.6. Let f € L'(0,1),0<0<1,¢>0, (1) < (1), P.p > Pab a.e. in
lo,1]. Then either ¢ < ¥ in [p,1] or there exists £ € [o,1] such that ¢ = in [£,1]
and p < in (0,&]. In particular, ¢ <1 in [o,1].

The proof of the above lemma follows from combination of Theorems 9.X and
10.XXT in [I4].

Corollary 4.7. Let f be as in Theorem[].1, and 0 < ¢; < cz. Then
Yer (1) > we, (t), € (0,1).
In particular, we have the weak comparison at the terminal value 0: y., (0) > y.,(0).
Proof. We have
PeyYe, = Yo, — Mt,yeys c2) = Yoy — hlt,ye, s c1) +h(t Yoy, 1) = hlt, ye, , €2)

=0
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1
= p/<cl - 62) (y;:) /P <0= yéz - h(t,ch,Cg) = Pczycz .
Then Lemma with ¢ = 0 yields that either y., > v, in (0,1) or there exists
¢ € 10,1] such that y., = ye, in [§,1] and ye, > ye, in (0,€). Since both y., and
Ye, solve the backward initial value problem, we subtract the equation in (4.3]) for
¢ = ¢y from that for ¢ = ¢; and obtain

1 .
Ple—e) (yh) " =0 i),
ie, Yoy = Ye, < 0in [¢,1]. But from (4.1) and (4.3]) we then obtain

Yer (§) = Ye, (§) Zpl/g flo)do >0

if £ < 1. Therefore, £ =1 and y., > ¥y, in (0,1). Using Lemma and extending
Yey s Ye, continuously to 0, we end up with y., (0) > y., (0). O

Remark 4.8. Unfortunately, the comparison argument above does not allow us
to conclude the strict inequality y., (0) > y.,(0) in general. For this reason the
proof of uniqueness of ¢, is more involved and requires more detailed analysis of
the solution of the backward initial value problem (4.3)) at the terminal value 0.

Corollary 4.9. Let f € L*(0,1), f(t) <0, t € (0,s4), f(t) >0, t € (s4,1) and

F@®)=0,te (0,s:), f(t) = f(t), t € (s4,1). Let ¢ >0 and g. = g(t), t €[0,1] be a

solution of (4.3) with f replaced by f. Then y. < g. in (0,1].

Proof. Set h(t,y,c) :=p [c(y"’(t)l/p) - f(t)} Then h < h and so

Pejje = G — h(t, Je, ©) = §o — h(t, Je, €) +h(t, e, ) — h(t, G, ©)
—_——————

=0
<0=vy.—h(t,y.,c) = P.y. ae. in (0,1).
It then follows from Lemmawith 0 = 0 that y. < g, in [0, 1]. O

Corollary 4.10. Let f € L'(0,1), f(t) <0, t € (0,s.), f(t) >0, t € (s«,1). Then
there exists cy > 0 such that y., (0) < 0.

Proof. Let f be as in Corollary Since f =0 in (0, s4), we have
7 =pc@®)" ae in(0,5.). (4.4)

Assume that there exist ¢, — +o0o such that g., > 0 in [0,1]. Then g} = g. and
separating variables in (4.4)) yields

(Fe (D7 = (e, (s D)7+ ealt =), te[0,5.), (4.5)
and

Ge, () =9 [en (G, ()7 = SO, t € [s0,0),

with g, (1) = 0. Therefore

e, (84) < p’/ f(o)do < 4o0. (4.6)

Then we conclude from (4.5)), (4.6) that there exists ng € N such that for all n > ng
we must have g, (0) < 0. But Corollary yields that y., (0) < g, (0) < 0.
Therefore, we may set cu = ¢, n > ng. ([l
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Corollary 4.11. Let f € LY(0,1), f(t) < 0, t € (0,84), f(t) > 0, t € (s4,1)
and y. = y.(t) be a solution of (4.3) with ¢ > 0. If y.(0) > 0 then y.(t) > 0 for
t e (0,1).

Proof. We have
P.O0=0-h(t,0,c) =p f(t) > 0=y, — h(t,y.,c) = Py. a.e.in [s,,1].

Then by Lemma with ¢ = s, either y. > 0 in [s., 1) or there exists £ € [sx, 1]
such that y. = 0 in [, 1] and y. > 0 in [s,,&). In the latter case

0 =yc(§) =p’[c/1E (v ()" dt—/ff(t)dt} =p’/:f(t) dt

forces £ = 1 (note that f > 0 in (s«,1)). Therefore, y. > 0 in [s,,1). Assume that
Y. vanishes at (0,1) and n € (0, s.) be its largest zero. Then

yilt) = ' [elyf (0)V7 = F(0)] = elyl ()7, for ac. te (0,1,
Separating variables and integrating over [t, 7],

(yr ()" < —c(n—1), te0,n),
In particular, we have
(W) < —en <o,

(&

a contradiction with y.(0) > 0. O

Proof of Theorem[{.] It follows from the assumptions on f that

yo(t) =p’/t flo)doe >0

for all t € [0,1). In particular, yo(0) > 0. On the other hand, from Corollary
there exists cx > 0 such that y.,(0) < 0. The continuous dependence on
parameter ¢ in Lemma [4.5] intermediate value theorem and the monotonicity of
function S : ¢ — y.(0) in Corollary imply that there exist 0 < ¢; < cp < cg
such that S(c) = 0 for all ¢ € [¢1,¢z], S(¢) >0, ¢ < ¢1 and S(c¢) < 0, ¢ > co. Below
we derive the strong comparison argument which shows that, actually, ¢; = cs.
Indeed, let ¢; < cp. By Corollaries [£.7] and we have

Ye, (t) > ye, (t) > 0 for t € (0,1). (4.7)

Notice that for ¢ € (c1,¢) we also have
Yl (1) = p'[er (e, ()77 = F(8)] < 0 [e (e, (0P — F(B)], (4.8)
Yl (1) = p'[e2 (e, ()7 = F(8)] = 1 [e (e, ()7 = F(B)], (4.9)

for a.e. t € (0,1). Set 21 = (ye, )P > 0, 25 = (ye,)/?” > 0. Then 2z, > 25 in (0,1)

and it follows from (4.8) and (4.9) that

p 0
1) < sl (4.10)
2(t) > ¢~ e —, (4.11)
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for a.e. t € (0,1). Let us subtract (4.11)) from (4.10) and restrict on the interval
(0, s4). Then

(1(8) — () < —FO(—— — ——)

and

(21(t) = 22(1))

< -1 =) (a(t) ~ 22() <0
o= o)

for a.e. t € (0, s.) (notice that f(¢) <0in (0,s,)). Hence

1d
2dt
Since 2z1(0) = 22(0) = 0, it follows from that z1(t) = 22(t), t € (0,s4), e,
Yer (£) = ey (t), t € (0, s4). However, this contradicts (4.7). Therefore, ¢; = ¢2 and
¢y = €1 = co is the unique value of ¢ for which y.(0) = 0. As mentioned above,

Ye. (t) > 0, t € (0,1), and y., is the unique solution of the backward initial value
problem (4.3]). The proof is complete. a

—_ o~
I
=
—
~
N
I
N
—
~
N

— =

(z1(t) — 22(1))> <0 for ae. t € (0,s,). (4.12)

Theorem 4.12. Let d and g be as in Sectz’on@ and holds. Then there is a
unique value of ¢ = ¢, and unique non-increasing traveling wave profile U = U(z),
z € R, such that U solves the BVP , . Furthermore, ¢, > 0 and
(i) there exist —o00 < 29 < 0 < 21 < 400 such that U(z) =1 for z € (—o0, z9],
U(z) =0 for z € [z1,+00);
(i) U is strictly decreasing in (20, 21), U(0) = s4;
(iii) fori=10,1,2,...,n,n+1 let & € [z0,21] be such that U(&;) = s;, then U
is a piecewise C'- function in the sense that U is continuous,

U|(5i75i+l) ECl(fi,£i+1), 1=0,1,...,n,

and the limits U'(&;—) 1= lim,_,¢,_ U'(2), U'(&+) :=lim,_¢, 4+ U'(2) ewist
are finite for all 1 =1,2,...,n;
(iv) for any i =1,2,...,n the following transition condition holds:

U (&) U&= tim d(s) = [U'(&H)7 U'(E+) lim d(s).

Proof. The existence and uniqueness of ¢, and U follow directly from Theorem
and Proposition [3.1] The properties of U are derived in the reasoning preceding
the statement of Proposition |3.1 g

Remark 4.13. The inequality “>" in (1.3 was motivated by modeling heterzygote
inferior case. The assumption

/0 (d(s))7 g(s)ds < 0 (4.13)

leads to negative traveling speed of propagation ¢, < 0 and it can be treated in a
similar way. However, in this case the main tool is a shooting argument applied
to the forward initial value problem and the strong comparison argument must be
derived at the terminal value 1.
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We can also prove similar results for increasing traveling wave profile U satisfying

lim U(z) =0 and lim U(z)=1.
zZ—r—00 z—+00

In this case the assumption (|1.3)) leads to ¢, < 0 while (4.13) leads to c¢. > 0,

respectively.

Remark 4.14. Notice that condition U(0) = s, has just a normalizing character.
Indeed, since the equation (2.1)) is autonomous then given any £ € R the translation
V(z)=U(z—€), z € R, is also a solution of (2.1)) which satisfies V(§) = s..

5. ASYMPTOTIC ANALYSIS OF THE TRAVELING WAVE PROFILE

In this section we focus on the asymptotic behavior of the traveling wave profile
U =U(z) as z — £oo. Similar asymptotic analysis for standing waves (¢ = 0)
was done in [7]. Even though the main idea is the same also in the case ¢ # 0, the
analysis is much more involved and not so precise because the solution of equation
for ¢ # 0 cannot be obtained in a closed form by simple integration of f = f(t)
as in the stationary case (¢ = 0), cf. [1].

For the sake of brevity, for tg € R we write

hi(t) ~ ho(t) as t — to if and only if  lim M (®)

t—to hg(t) < (07 +OO)

5.1. Asymptotics near 1. Let us assume that g(t) ~ (1 —1t)" and d(t) ~ (1 —t)°
as t — 1— for some v > 0 and § € R. Then, formally,

F() = ()77 g(t) ~ (1 — )77 ast—1— .

The fact that f € L'(0,1) then implies the following necessary condition for pa-
rameters v and 0:
)
— > —1. 5.1
T (5.1)
It follows from (3.9)) that the inverse function to a profile U = U(z) corresponding
to the speed ¢ > 0 and normalized by U(0) = s, is given by

U 1
(U) = —/ WO 4 ve©n), (5.2)
s (Ye. (8))7
where y., = y., (t) is the unique positive solution of (3.7), . In order to find
the asymptotic behavior of z = z(U) as U — 1— from ([5.2)) we need to establish the
asymptotics of y., = y., (t) as ¢ — 1—. The asymptotics of U = U(z) as z = —o0
then would follow applying the inverse point of view to z = 2(U) for U — 1—.
From our assumptions it follows that there exists # > 0 (small enough) such that
both d and ¢ are continuous in (1 — 6,1). Therefore, f = f(t) is also continuous in

1—6,1) and hence f(t) ~ (1 —t¢ TR s equivalent to
(
FO) =0 =75, e (1-0.1),

where n = n(t) is a continuous function in (1 — 8,1), lim;—,;_ n(t) € (0, +00).
In what follows we discuss different cases with respect to parameters v, 0 and p.
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A. Let 'y—i—% < ﬁ. Then for x > 0 we set y, () = ﬁ(l—t)’”'ﬁﬂ, te(1-6,1)

and calculate the defect
1
Peye =y —1les (ye)? — f(2)]

= —n(v—i— LI 1)(1 — )t

p—1
p 1 AN yt
— ¥ ekt (1= )7 = n(t)(1 - )+
,YJ’,L 6 /
:(1—t) P*1|:—l€(’7+pfl+1)+pn<t)}
oy 41 )
—(=0 T e,
t € (1—6,1). Our assumption v + % < p% implies
s
vt ) v+ —1 +1
p—17 P ’

T+ttt
and therefore the power (1 —¢)7"

It then follows from (5.3)) that we may distinguish between two cases:

77 dominates the power (1 —¢)" »

near 1.

A1l. There exists £ < 1 so small that Py, > 0= P, y., a.e. in (1—0,1).

A2. There exists & > 1 so large that P.,yz < 0= P. y., a.e. in (1—6,1).

Case Al. Let W_T‘EH < 1. It follows from Lemmawith 0=1—0 that

Ye.(t) Z yx(t) in (1-6,1).
From (5.2) and (5.4) we conclude that there exists ¢; > 0 such that

O
(e. (1))

U—1—

b (d()T
> | 22 e
B L*@AOV

1 s
1—¢)p—1
,Cl/ _a=0rr g
s v o+t

1
zo = lim z(U):f/

>
(1-t)—»
/1 dt
= —Cl 5
+oog 1
RO

/1 dt -
= —c ———7 > —oo.
s (1—t)

Case A2. Let ’y—thH > 1. It follows from Lemmawith 0=1—0 that
Yo, (t) < yz(t) in (1-—06,1).
From (5.2) and (5.5) we conclude that there exists co > 0 such that

Y A C0) L SN C 0 e
' A*@@u»% - L*@Awﬁ

(5.4)

(5.5)
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1 _5_
1—¢)7
< ¢y #dt
"/‘F%‘Fl
Sk vzl

(1—t)"7

/1 dt
=—C ———7 = —00.
N

Taking into account (5.1)), we may summarize these two cases as follows.

Theorem 5.1. Let us assume v > 0,

) 1
-1 S G .
St (5.6)
—d+1
Yoot g, (5.7)
p
Then zg > —oo. Let us assume v > 0, (5.6]), and
—d+1
%21. (5.8)

Then zy = —o0.

B. Let W—i—% > p—il. Then for k > 0 we set y,(t) = Ii(l—t)p(7+1’(sj), te(1-6,1)
and calculate

Py =yl — Ples ()7 — £(2)]

= —/ip(’y + I% (1- t)p(wr%)_l
— P [eard (1 — 15T —(t)(1 — )7 7°1] (5.9)
= —[Qp(’y—i— % (1 — t)p(’Yer,l) 1

for t € (1 —0,1). Our assumption y(p — 1) + § > 1 implies
5 )
v+ ——<p{v+t—) -1,
p—1 p—1

and the power (1 — ¢)£77#°7 dominates the power (1 — t)p(wr%)*l near 1. It
follows from (5.9)) that we may distinguish between two cases:

B1. There exists k < 1 so small that P, y. > 0= FP. y., a.e. in (1—6,1).
B2. There exists £ > 1 so large that P, yz < 0= P. y., a.e. in (1—6,1).

Case B1. Let v < 1. From Lemma [£.6] with o = 1 — 6 we obtain
Ye. (1) > ye(t) in(1-6,1)

and therefore, similarly as in Case A1l we conclude that there exists ¢s > 0 such

that S
1 — 1
(1 —t)o1 / dt
> — — 7 dt=- — > —
o= %A(Iﬂwfl ). A=y

Case B2. Let v > 1. From Lemma {4.6[ with o = 1 — 6 we obtain
Yo, (t) <yz(t) in(1-06,1)

~—
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and as in Case A2 we conclude that there exists ¢4 > 0 such that

1 5 1
1—¢t)p1 de
Z()§764/ (7)5dt:764/7:700.
Sx (1 - t)’Yer,l Sx (1 - t)’Y

‘We summarize these two cases as follows.

Theorem 5.2. Let us assume v > 0,
1

)
e Nl
'y+ —3 > T (5.10)
v < 1. (5.11)
Then zg > —oo. Let us assume v > 0, (5.10) and
y > 1. (5.12)

Then zg = —

Remark 5.3. To visualize conditions (5.6)—(5.8) and (5.10)—(5.12]), we introduce

the following sets:

é
Ml i={(v,6) €eR?: 7>0—1<7+j7 — 7~ §+1<p},
1)
%I:{(’}/,(S)GRQ ’Y>0—1<’7+j7 1’}/ 5+1>p}
é
3. 2,
Ml—{(’Y,(S)GR '7>077+p_1>p_177<1}7

0 1
M7 ={(7,6) e R?: 7>0y+ o= > o=y 21k
Then 29 > —oo if and only if (vy,d) € M1 U M3 and zp = —oo if and only if
(7,0) € MIUM]. See Figurefor geometric interpretation. Our results generalize
those from [5l, Section 6].

N A 7
N
AN 0 s
N Qs
N ///
N
3 A
N s
< | Mi ,
\ s,
1% e
7/ 4
. Mi
N 1 P
N
. M;i , X
k >
N
1N 1 7
N
N
—1
7N M3
N
s N2
4 NX >
4 N X
0 N o
s S A\
’ N7 7

FIGURE 1. Visualization of the sets M}, M3%, M3 and M{ for p =2



16 P. DRABEK, M. ZAHRADNIKOVA EJDE-2021/76

5.2. Asymptotics near 0. Let us assume that g(t) ~ —t® and d(t) ~ t° as

t — 0+ for some o > 0 and 8 € R. Then, formally, f(¢) ~ 17T as t — 0+.
The assumption f € L'(0,1) yields necessary condition for parameters a and j3:

B
— > -1 5.13
a+ p— (5.13)
The main idea to find the asymptotics of U = U(z) as z — 400 is now based on
the investigation of the asymptotics of its inverse z = 2(U) as U — 0+. For this

purpose we employ the formula (5.2]) and, in particular, its limit for U — 0+:

0 (ye. ()"

The main difference between this and previous case (asymptotics near 1) consists in
the fact that we cannot use the comparison argument based on Lemma [£.6] due to
the lack of uniqueness for the forward initial value problem . However, special
form of our equation allows for the uniqueness result for this problem if we restrict
on the set of positive solutions in a neighbourhood of 0. We will explain this idea
below.

Lemma 5.4. Let f be as in Theorem[[.1 Then the forward initial value problem
(4.2) with ¢ > 0 has a unique positive solution in (0, ).

Proof. Let y = y(t), t € (0, s4), be a solution of the forward initial value problem

(4.2) with ¢ > 0, cf. Lemma Then

() =p eyt ®) — fB)] >0, te(0,5)

and therefore t
v)) =y + [ V(o) dr=0, 1€ 05.)
0

Assume that there are two positive solutions y; = y1(t), y2 = y2(t), t € (0, s4) of
[@2). Then z; = (y1)"/?" > 0, 25 = (y2)"/? > 0 solve the forward initial value
problem

2i(t) =c— ———5— forae. t €(0,s.),

for ¢ = 1,2. It then follows that

(21(t) = 22(t))’

*f(t)< 1 (tl)p%)’

)

1

— — — ) (21(t) = 22(t)) "
(z1(0) 77 (Zz(t))”l)

for a.e. t € (0,s.). Since f(t) <0, ¢ € (0, s.), it follows from here that

%%[(21@) _ ;;2(t))'w2 <0, ae. in (0,s). (5.15)

But 2z1(0) = 22(0) = 0 and (5.15) imply z;1(¢) < 22(t). Similarly, we prove that
29(t) < 21(¢). Therefore, y;(t) = y2(t) for t € (0, s ). O

(z1(t) = 22(t) " (21(t) = 22(8))'

|
I
~
—~
o~
~—
/N
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Remark 5.5. It follows from Lemma[5.4] that the restriction of the unique positive
solution y., = y., (t), t € [0,1], of the boundary value problem , to the
interval (0, s,) is also the unique solution of the forward initial value problem
with ¢ = ¢, on (0, s4).

With the uniqueness result from Lemma [5.4] in hand, we can use the following
comparison argument which is our tool for the asymptotic analysis near 0.

Lemma 5.6. Let f € L*(0,1) be as in Theorem. 0<6<si, o=0), =

¥(t), t €10,0] satisfy p(0) = 1(0) = 0, '(t) < h(t, (t),cx), ¥'(t) = h(t, () )
for a.e. t € [0,0], and let y., = y..(t), t € [0,1], be the unique solution of ({3 ,
(3.8). Then

(p(t) < Ye. (t) < 1/)(15), te [07 9]
Proof. The proof follows directly from [14], §10.XXII] combined with the uniqueness
result in Lemma [5.4] and Remark [£.5] O
The assumptions on d and g imply that for  such that 0 < § < min{s,, s1} the

function f = f(¢) is continuous in (0,6) and f(t) ~ R s equivalent to

f() = =1 =71, e (0,0),
where 1 = n(t) is a continuous function in (0, 6), lim; o4 n(t) € (0, +00).
In what follows we discuss different cases with respect to parameters «, § and

p.
A. Let a—i—%gf For k > 0 we set y,(t) = kt*"7 1+1 t €[0,6]. Then
1
Y —Plex (ye)” — f(1)]
+Er *pﬂﬁl at B
R L e ) I RS
at+ B 41 )
:ta"’_plj [ (a+i1+1) pn( )} t p1 pc*/{g,

for a.e. t € [0,0]. The assumption « + pf < —L_ implies

o+ < P
p—1 P
a+f1+1
and therefore the power ¢ oty dominates the power ¢ near 0.
Al. There exists £ < 1 so small that y, (t) < p [c*(yﬁ(t)%) — f(t)] for a.e.
t €10,6].
A2. There exists & > 1 so large that y.(t) > p’[c*(yg(t)%) — f(t)] for a.e.
t €10,6].

It follows from Lemma [5.6] that solution y., = ., (t) of the BVP (3.7), (3.8) must
satisfy

Ye(t) < ye, (t) <wyr(t), te€l0,0].
Case Al. Let Q_Téﬂ < 1. Then there exists ¢; > 0 such that

1 1

%5fwMWﬁ&</*wmwwt
0 (ye.®)r o
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s s dt
SCl 75(115:01 TBH<+OO
0 0 t »

at P41
P

Case A2. Let O‘%é“ > 1. Then there exists ¢y > 0 such that

_ [ ) ()7
21 7/0 dtZ/O dt

-
‘ -

1 1
(Ye (1)) 7 (y=(t))>
st s dt
202/ 7Bdt:02/ m:‘i’OO
0 t‘“pﬁ“ o t »
P

We can summarize these two cases as follows.

Theorem 5.7. Let us assume o > 0,

3 1

-1 —_ < — d
<a+p_1_p_1, (5.17)
- 1
azftl (5.18)
p
Then z1 < +00. Let us assume o > 0, (5.17)) and
- 1
azfrloy (5.19)
p

Then z; = +00.

£ 4 (et 7]

|
x
’U\
=
]
|
L
|
’U\
)
*
=
S =

B. Let a + % > ]ﬁ. For k > 0 we set y,(t) = xt?, t € [0,0]. Then
. (5.20)

1
y; —p/[c* (ye)? — f(t)] =
= (K:p/ —p/C*K/%)tﬁ _p/n(t)ta+p[%l7
1

for a.e. t € [0,0]. The assumption « + % > o7 implies that the power 7T

. B
dominates t*T77 near 0.

B1. There exists £ < 1 so small that y, () < p'[c*(yﬁ(t)%) — f(t)] for a.e.
te€0,6].

B2. There exists £ > 1 so large that yL(t) > p'[c*(y,g(t)%) — f(t)] for ae.
t €10,6].

From Lemma [5.6 we conclude that solution y., = y., (t) of the BVP (3.7)), (3.8)
must satisfy

yﬁ(t) S yC* (t) S yﬁ(t)7 t € [07 9]
Case B1. Let 8 > p — 2. Then there exists c¢3 > 0 such that

1 1 B
S (d(t)) 7T S (d(t)) 7T Se g1 s dt
21:/ %dtg/ %dtgc?,/ p/ dt:03/ PSS
0 (ye, (D)7 0 (ys(t))? 0 7 0 trr
Case B2. Let 8 < p — 2. Then there exists ¢4 > 0 such that

S (dl) P s ()T s 5T >
21:/ wdtZ/ MdtZ&l/ tplldt:c4/ %:—l—oo.
0 (ye, (1) 0o (y=(1))? 0 tr 0 i1

We summarize these two cases as follows.
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Theorem 5.8. Let us assume o > 0,

B 1
_ > 21
a+p—1>p—1’ (5.21)
B>2—p. (5.22)
Then z1 < +00. Let us assume o > 0, (5.21)) and
B<2—np. (5.23)

Then z1 = +00.

Remark 5.9. To visualize conditions ([5.17)—(5.19) and (5.21)—(5.23)), we introduce
the sets:

1
Mé ::{(a,B)ER2;Oé>O,—1<OZ+Z% SE7OZ—,B+1<]7}7
2 2 B 1
MO ::{(a,ﬁ)ER 50&>0,—1<(1+1f1§2f17a—,6+12p}7
M ={(a,B) €R*: x>0 Oz—&—i>L 8>2—p}
0 - ) . ) p—]. p_17 9
Mg :={(,B) ER*: x>0 Oz—&—i>L B<2—p}
0 - ) . ) p—l p_17 = .
Then 2; < +oo if and only if («,8) € Mé U Mg and z; = +oo if and only if
(o, B) € MEUMS. The reader is invited to see Figurefor geometric interpretation
and compare the sets M, M3, M3, M§ and M{, M3, M3, M1,

FIGURE 2. Visualization of the sets Mg, M3, M} and Mg for p = 2

Remark 5.10. Let us assume zg > —o0, i.e., (7,0) € MiIUM;3. Then U’(z—) =0
and it follows from Definition [2.1| that U’(z0+) exists finite or infinite, see Remark
Since U is a monotone decreasing function, we have —oo < U’(z9+) < 0.
If 21 < +oo, ie., (a,B) € M} U M3 then by similar reasons U’(21+) = 0 and
—00 < U'(z1—) 0.
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In the case (o, 8) € M} our one-sided estimates on z; allow for more precise
information about the smoothness of U at z;. Indeed, in this case we have

0>2(0+) = Ulirgl+ 2(U)
oy @AODTT )
U—0+ (yC* (U))E U—0+ (yﬁ(U));

. B=1
> —c3 lim U»rT,
U—0+

(5.24)

We distinguish the following two cases:
1. If 8 > 1 then from ([5.24) we obtain 2’(0+) = 0 and therefore U’(z1—) =

—00.
2. If 8 =1 then we deduce from that 0 > 2/(0+) > —c3 and therefore
0>U'(z1—) > —00.
In either case the traveling wave profile U is “sharp” in the sense that U’ has a
jump at z; (finite or infinite).
In other cases (a, 3) € M} and (v,d) € M1 U M3 our one-sided estimates on z;
and zg, respectively, do not provide analogous information as above. This is a big
difference between the traveling wave and standing wave, see [1].

Acknowledgements. Michaela Zahradnikova was supported by the project SGS-
2019-010 of the University of West Bohemia in Pilsen.
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