Electronic Journal of Differential Equations, Vol. 2021 (2021), No. 85, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

SYMMETRY ANALYSIS FOR A SECOND-ORDER ORDINARY
DIFFERENTIAL EQUATION

SEBERT FENG

ABSTRACT. In this article, we apply the Lie symmetry analysis to a second-
order nonlinear ordinary differential equation, which is a Liénard-type equation
with quadratic friction. We find the infinitesimal generators under certain
parametric conditions and apply them to construct canonical variables. Also
we present some formulas for the first integral for this equation.

1. INTRODUCTION

Nonlinear differential equations have a wide array of applications in many scien-
tific fields, and can model a lot of physical and biological phenomena. The study
of solutions to nonlinear differential equations has been an important topic in the
community of nonlinear sciences. However, it is not always possible to express
exact solutions of nonlinear differential equations explicitly in terms of elementary
functions. In some cases it is possible to find elementary functions that are con-
stant on solution curves, that is, elementary first integrals. These first integrals
allow us to occasionally find some useful properties that an explicit solution may
not reveal. Prelle-Singer [I6] proposed a method for solving first-order ODEs so-
lutions in terms of elementary functions if such solutions exists. Duarte and his
co-authors [8] modified the technique developed by Prelle and Singer and applied
it to the second-order ODEs. Their approach was based on the conjecture that if
an elementary solution exists for the given second-order ODEs, then there exists
as least one elementary first integral I(z,y,y’) whose derivatives are all rational
functions of z,y,y’. Chandrasekar et al [4], 5] used an extended Prelle-Singer pro-
cedure applicable to identify integrable nonlinear oscillator systems and construct
integrating factors. Another two powerful techniques for studying explicit solutions
and first integrals of various differential equations are the Painlevé test [0 [7, [13],
and the Lie symmetry reduction method [2, B [IT] 12} 14]. The latter method has
been applied in a variety of fields in the past decades.

We consider the force-free Duffing-van der Pol equation [15]

Y+ (a+By°)y — vy +y* =0, (1.1)
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where «, [, and ~ are arbitrary parameters. It is integrable with the parametric
conditions a = 4/ and v = —3/$%. Under the transformation

w=—ye/Pr o= = (2/B) (1.2)

equation ((1.1)) with restriction o = 4/8 and v = —3/3? was shown to be trans-
formable into

2
" 2

w’ = Zw w' =0,
which can then be integrated. Equation arises in a model describing the
propagation of voltage pulses along a neuronal axon and has recently received much
attention from many authors. Similar results and more discussions can se found in
[10} [15].
In a parallel direction, while performing the invariance analysis of a similar kind
of problem, we find that not only but also its generalized version

4 3
¥+ <B +ﬁy2)y’+ Ey+y3+6y5 =0, (1.3)
where ¢ is an arbitrary parameter, is invariant under the same set of Lie point sym-
metries. As a consequence one can use the same transformation (1.2)) to trnasform
(L.3) into
62
" 2

w’ = Zw w' + dw® =0,

which is not so simple to integrate. However, we observe that this equation coin-
cides with the second equation in the so-called modified Emden equation (MEE)
hierarchy, investigated by Feix et al [9],

y//+yly/+gy2l+1:0’ l:1’27“.7n7

where g is an arbitrary parameter. In fact, they have shown that through a direct
transformation to a third-order equation, the above equation can be integrated to
obtain the general solution for the specific choice of the parameter g, namely, for
g = 1/(1 +2)% [5 @]. This provides us grounds for expecting that there should
be a number of integrable equations which also admits solutions which are both
oscillatory and non-oscillatory types in the class

Y+ (ky? + k2)y + ksy® ™ + kay™ + My =0, g€eR (1.4)

where ks, i = 1,2,3,4 and A are arbitrary parameters. In this study, we restrict
our attention to this equation for its first integrals by means of the Lie symme-
try method. Equation is a unified model for several ground-breaking physical
systems which includes simple harmonic oscillator, anharmonic oscillator, force-free
Helmholtz oscillator, force-free Duffing oscillator, MEE hierarchy, and the general-
ized DVP hierarchy, see [5, [15]. If k3 = 0, then equation is the Duffing-van
der Pol-type oscillator. When ¢ = 1, equation becomes a more general MEE,

Y+ (kiy + k2)y' + ksy® + kay® + Ay = 0,

which provides us the force-free Helmholtz oscillator. When ¢ = 2, equation
reduces to the force-free Duffing-van der Pol oscillator.

Now, let us consider the usage of the Lie symmetry reduction to obtain the first
integrals of a second-order nonlinear ODEs. Symmetry is the key to solve differen-
tial equations. In this article, we study equation to derive its first integrals
under certain parametric conditions by applying the Lie point symmetry reduction
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method. In fact, the exponent ¢ determines the tangent vector, which induces the
infinitesimal generator. As a result of this, we can classify the integrable cases by
the different values of q. For certain value of parameters, we can find paramet-
ric conditions through the determining equations for the infinitesimal generator,
which enable us to construct the corresponding canonical coordinates. Through
the inverse transformation, we obtain the first integrals of equation ([1.4)).

2. PRELIMINARIES

Let us briefly recall the Lie symmetry method [I11 [14] for the ODEs of the form
_ dry
y(n) :w(m,y,y’,,y(" U)a y(k) = @ (21)
It is assumed that w is (locally) a smooth function of all its arguments. We first
state the symmetry condition. A symmetry condition of (2.1]) is a diffeomorphism
that maps the set of solutions of the ODE to itself. Any diffeomorphism,
I (z,y) = (2,9),
maps smooth planar curves to smooth planar curves. On the plane, the diffeomor-
phism I' generates a mapping on the derivatives y*),
r: (m7yay/a ce 7y(n)) = (33’?;7?9/’ ce ’g(n))7
where

d*y
(k) .
y():dfck’ k—1727...7n.

Using the chain rule, the function §*) can be written as
dgk=1)  p k-1
g =~ Z=Y k=1,2

di  Dyi ’ T
(0)

(2.2)
Yy =y,
where D(x) is the total derivative with respect to x:

Dy =0, +y'0,+y "0y +....

We obtain the symmetry condition for ODE ({2.1J),

g)(n) :w(‘%agaglva:&(n_l))v (23)

where the function §*) is given by .

The action of a Lie symmetry maps every point on an orbit to a point on the same
orbit. Now consider the orbit through a non-invariant point (z,y). The tangent
vector to the orbit at the point (&,9) is (£(2,9),n(%,9)), where

dz dy
In particular, the tangent vector at (x,y) is
dz
Z, » T\, =\ 7= .
(€ y)n(zy) = (5 )
For almost all ODEs, the symmetry condition ([2.3)) is nonlinear. Lie symmetries

are obtained by linearizing (2.3) about € = 0. It is usually easy to check whether
or not a given diffeomorphism is a symmetry of a particular ODE. Since the trivial

dy
e=0" de
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symmetry condition corresponding to € = 0 leaves every point unchanged, for ¢
sufficiently close to 0, the prolonged Lie symmetries are of the form

& =1+ et +0(2),
J=y+en+ 0%, (2.4)
y(k) — y(k) + En(k) + 0(52)7 k Z 1.

Note that the superscript in ), (k=1,2,...,n) is merely an index; it does not
denote a derivative of 1. Substituting (2.4]) into the symmetry condition ([2.3)); the
O(e) terms yield the linearized symmetry condition

™ = w, + nwy + nWPwy + -+ n("fl)wym_l) (2.5)

when (2.1)) holds. The function n*)(k = 1,2,...,n) can be obtained from (2.2).
For k > 1, we have

:g(k) _ Drg(kil) _ y(k) + €D$7](k71) + 0(52)
D,% 14+eD. €+ O(e?)
= y® + (D™ —yMD,E) + 0(7).
From ([2.4)), we obtain
18 (@, .y W) = D™D —y®De (2.6)

Now we consider the second-order ODE

/!

y' =w(z,yy). (2.7)

The diffeomorphism of the form

(j:’g) = (ic(x,y),gj(x,y))

is called a point symmetry. To find the Lie point symmetry of a second-order ODE,
we need to calculate n(!) and n® first. Since the functions ¢ and 7 depend upon z
and y only, (2.6]) gives

77(1) =0z + (ny — )y — Eyy/Qa (2.8)
77(2) = Nz + (2Nzy — Ex)y + (1yy — 2511/)9/2 - fyyy/3
+(ny — 26 = 38y )y
The linearized symmetry condition of is obtained by substituting and
into and then replacing y” by w(z,y,y’). This gives
Mow + (2ey — €)Y+ (Nyy — 260)y" — €4y
= (—1y + 260 + 38y )w + Ews + 1wy + {0 + (1y — &)Y’ — &y Yoy,

(2.9)

(2.10)

which can be solved for many regular cases. Since £ and 7 are independent of 3/,
it follows that can be decomposed into a system of PDEs, which are the
determining equations for the Lie point symmetries. Similarly, for higher-order
ODEs, we can also obtain the linearized symmetry condition, which usually looks
more complicated.
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3. INFINITESIMAL GENERATOR AND CANONICAL COORDINATES

Suppose that a first-order ODE has a one-parameter Lie group of symmetries,
whose tangent vector at (x,y) is (£,n). Then the partial differential operator

X =&(x,y)0: +n(z,y)0y

is called the infinitesimal generator of the Lie group. To deal with the action of
Lie symmetries on derivatives of order n or smaller, we introduce the prolonged
infinitesimal generator

X(") =£0, + nay 4 n(l)ay, 4+ n(”)ay(n).

The coefficient of d,) is the O(e) term in the expansion of g®), and so X
is associated with the tangent vector in the space of variables (x,y,v’,... ,y(")).

We can use the prolonged infinitesimal generator to write the linearized symmetry
condition ([2.5) in a compact form:

x ™) (y(”) —w(z,y,y,. .. 7y(”_1))) =0
when ([2.1]) holds.

Let £ denote the set of all infinitesimal generators of one-parameter Lie groups
of point symmetries of an ODE of order n > 2. The linearized symmetry condition
is linear in ¢ and 7, and so

X1, X5 € L=c1 X1 +cXye Ll VCl,CQ € R.

Hence L is a vector space. The dimension of this vector space is the number of
arbitrary constants that appear in the general solution of the linearized symmetry
condition.

We know that if an ordinary differential equation admits an infinitesimal gener-
ator, then there exists a pair of variables

r=r(z,y) and s=s(z,y),

which are called canonical coordinates, with r and s (s # 0) being arbitrary par-
ticular solutions of the first-order linear partial equations

or or

Js

Js

The change of coordinates should be invertible in some neighbourhood of (z,y), so
we impose the nondegeneracy condition

T8y — TySy 7 0.

Suppose that £(z,y) # 0. The invariant canonical coordinate r(z,y) is a first

integral of
dx dy

§layy)  nla,y)
The coordinate s(z,y) is obtained by the quadrature

dx
s(@y) = / Ewyrna)
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where the integral is evaluated with r being treated as a constant. Similarly, if
&(w,y) = 0 and n(z,y) # 0, then

/e
r=x and s= ,
n(z,y)

are canonical coordinates.

4. MAIN RESULTS

Let us consider assuming that ¢ is arbitrary. Chandrasekar et al [5] used
the extended Prelle-Singer procedure to identify the first integrals of equation .
Now, let us apply the method of Lie point symmetry [I1 [14] to re-consider first
integrals of under certain parametric conditions. Following the process to
determine the symmetries of a differential equation introduced in the preceding sec-
tion, we can obtain the linearized symmetry condition concerning equation .
Although looks complicated, it is not difficult for us to solve £(z,y) and
n(z,y). Since the unknown functions do not depend on the derivative y’, after
setting the coefficients of the powers (y')* (i = 0,1,2,3) in to zero, the lin-
earized symmetry condition (2.10)) can be decomposed into the determining system
as follows

[y]*: &y =0, (4.1)
W1 : nyy — 260y = =28, k1y? — 28, ks,

[ 2 200y — Euo = —Ea(kr1y? + ko) — Bka&yy®TH! — Bkalyy™!

—3\i&yy — gkany® T,
[W]° Moo = —2k3&ey® T — 2ku&ay ™ — 201 &y + kanyy?? T
+ kanyy®™ 4+ Mnyy — (2¢ 4 1)ksny® (4.4)

— (g + Dkany® — \in — (k1y? + k2)ns.

The first equation gives

(4.3)

& =a(x)y+b(z). (4.5)
Substituting into , we have
2 k
m= M e () — ekl o)y + da). (46)

(¢+1)(g+2)
where ¢ # —1 and ¢ # —2. And a(x), b(x), ¢(x) and d(z) are functions of  to be
determined. Plugging (4.5)and(4.6)) into (4.3) leads to
2k2q o
(¢+1)(g+2) ’
[yq+1] . (q - 1)((] + 3) k
g+1
[yq} : k‘lb/ + k1qc =0, (4.7)
[y9 1 : kigd =0,
[y] : @ — koa' + A1a =0,
[4°] : 2¢/ — V" + kot = 0.

: —3ksa +

1(1’ + 3k4a - k1k2qa = O7
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Similarly, plugging (4.5) and (4.6]) into (4.4)), we find that
[y3q+2] : klkga = 0,
2k2 , 2k k4
a — a=0,
(+1(@+2)  (¢+1)(¢+2)
[y21H] © k3b' 4 qhsc = 0,
[y?7] : k3(2q + 1)d = 0,
0+ q(q+3)
(g+1)(g+2)
2k A 2 4
! 10,7 4 +3q+ kleO/ZO,
¢+2 (¢+1)(q+2)
[yq+1] : 2k‘4b/ + gk4c + /{10/ =0,
[y : (¢ + 1)kad + krd =0,
[v?] : @ + ko dia + A\ia’ — k3a' =0,
[y] : " +2X\b" + kad =0,

[yo] d + Ad + k‘gd/ =0.

1272 (2q — 1)koksa — ks(2q + 1)a’ +

[y kia" — (¢ — 1)kokga + (¢ + 1)ksd’

(4.8)

We assume that ¢ # 0, %, —%, %, —%, 1,2. Since we can combine the coefficients

of y with the same power, under this assumption there is no equations with the
same power of y*. We need to carefully consider several cases.

Case 1: ki, ko, ks, ks, \1 are arbitrary constants. The first equation in (4.8)
gives

kl kga = O,
which means a(xz) = 0. The forth equation in (4.7) gives
k1gd =0,

which means d(z) = 0. Then the determining system for b(z) and c(z) can be
reduced to

2 — b + kY =0, (4.9)
qgc+b =0, (4.10)
"+ 20 + ko =0, (4.11)
kb’ + qksc + ki = 0. (4.12)
Substituting into , we obtain
c(x) = coe%x, b(z) = —Me%z +c1,

ko

where ¢y and ¢; are constants. Substituting b(z) and ¢(z) into (4.11) and (4.12),
we obtain the parametric conditions

qg+1 k1ko
M= 2T g2 g = , 413
P g2 T g2 (4.13)
respectively. Hence, the general solution of the linearized symmetry condition is
£= —7(q+2)coe%z+cl, 0= coeritvy.

ka
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By using £ and 7, every infinitesimal generator is of the form

X = CoXo + C1X1,

where
2) &

(q;r )eqig 0, +eq+2 YOy, X1 = Oy.

2
For the generator y1, it is a homothety operator. Generally, it is hard to use this
operator to find the first integrals of complicated second-order nonlinear ODEs.
So we choose xo, which is a translation operator, as a generator to get canonical
coordinates. Note that in the following cases, for simplicity, we assume that ¢y = 1,
c1 = 0 to obtain the generator xo.

The invariant canonical coordinate r(x,y) is a first integral of

dr. dy
§x,y)  nlz,y)

X0 = —

Then we obtain
+ 2

ko
The corresponding coordinate s(zx,y) is obtained by the quadrature

0= [ oy

r(z,y) = eitity, (4.14)

So we derive

1 k
s(z,y) = ~e ", (4.15)
q
Note that equations (4.14)and(4.15) can be rewritten in the parametric form
q+2 ) 1
r=— In(gs), = ——(gs)ar. 4.16
L nes), y= o (es) (4.16)
Using the nonlinear transformations (4.16)) yields
) k3 4 . 1
a—i e 2 )2q o (rss# + 67"55 , (4.17)
0%y k;g 2q+1 ( 2041 g+ 2 a1 1 2
—Z = T (rgss 7 + res ¢ + —7“55). 4.18
Pr o (q+ 2) q ¢ (4.18)
Substituting (4.17) and ( into , under parametric condition 7 we
obtain . e
kikd™ ksks?™
Pos = 2yl — 002 2t (4.19)

(gt 1" " (g+2)72
which is integrated as
2kq - [kl (q+ 2)kdratt — 2ko(q + 1)(q + 2)‘17“3}
k2 —4(q+ 1)ks (q+ 2)kdrati\/k3 —4(q + 1)ks
+1n [kak3T 2202 — kT g+ 2) T e+ (g + 1) (g + 22 2] =1,

where I is an arbitrary constant. Using the inverse transformation of (4.16f), we
have

(4.20)

2
o= ~LE2 ey (D Gy, (a21)
ko k3

where koy + (¢ + 2)y" # 0.
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(i) If kg # 4(51)7 substituting (4.21]) into (4.20]), we obtain the first integral of
equation (1.4) as follows
2k:2(q+1)

2%k mn_lvwﬁl+qmy+2@+lwq 2q+2

k3 —4(q+ 1)ks VES = 4(q + 1)kgyat? q+2
+1n (g + 20y [ks (g + 205" + kikay + ki (g +2)y') + (q+ Dlkay + (g +2)y/)]
= I’

k21’

where I is an arbitrary constant.

(ii) If k3 = 4(:7?“), equation (4.19)) can be integrated as

1 2ka(q +2)%(q + D)rs 1
- +n |1~ | +merty =1 (@22)
B i Rik3(g + 2)ret T ) (

Substituting (4.21) into (4.22), we obtain the first integral of equation (1.4) as

follows

q+
q+

1 2q + 1
2@x+h“uﬂ“+%q+DM+J§;¥hﬂ
k1 ((] + 2)yq+1

+ =1
ki(q +2)yatt +2(q + Doy 4+ 2(¢ + 1) (g + 2)y’

The above two formulas of first integrals for equation (|1.4) are in good agreement
with the results presented in [5l [I5].

Case 2: ks = 0, kq,ks, kg4, 1 are arbitrary constants. In this case,
becomes the Duffing van der Pol-type oscillator. The first integrals of this kind of
oscillator can also be found in [15].

By the first equation and the forth equation in (£.7), we obtain a(z) = 0 and
d(xz) = 0. Then the determining system for b(x) and c¢(x) is the same as Case 1. So
we obtain

k 2 k
clx) = coetth®, p(a) = IO e 4,
2
where ¢y and ¢; are arbitrary constants under the parametric conditions
q+ 1 9 ]Cl kg
M =—=k ky = . 4.23
1 (q+2)2 2 4 q+2 ( )
Using
2
and combining (4.14)) and (4.19), under the parametric condition (4.23)), we deduce
kik§
Tss = W?ﬁsr ’
which is integrated as
feykd ™!
Ty = L2 ritt 4 I, (4.24)

(g+1)(g+2)t
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where I is an arbitrary constant. Substituting equation (4.21) into (4.24]), we
obtain the first integral of equation ([L.4]) as
ko k1

q+1 =7

[CRIL P

e at2 (y/ +

where ¢ # —1, 2.

Case 3: k; = 0, k3 = 0 and ko, k4, \; are arbitrary constants. In this
case, becomes the Duffing-type oscillator. The second equation in gives
a(z) = 0. And the seventh equation in gives d(z) = 0. The determining
system for b(z) and ¢(x) is reduced to

2¢ — b + ko' =0, (4.25)
gc+2b' =0, (4.26)
200 + kb = 0. (4.27)
Substituting into , we obtain
c(x) = coe%“, b(z) = — t ;;i)co@%”” + e,
where ¢g and ¢; are arbitrary constants. In this case, we assume g # —4. If ¢ = —4,

then we obtain ¢(z) = 0, and the equation (1.4) is partially integrable. Substituting
b(x) and c¢(z) into (4.27), we obtain one parametric condition

2(¢+2)
A = ——2k35. 4.28
R (428)
For simplicity, we assume taht ¢o = 1 and ¢; = 0 which yield
q+4 aa, TLEw
= — q+4 = eqt+4 .
3 ok, O M= eThy
Using ¢ and 7, we derive
4 2k
r(a,y) = L eitey, (4.29)
2ko
2 _a
s(z,y) = ge’q%x. (4.30)
Formulas (4.29)and(4.30) can be rewritten to the parametric form
q+4 qs 2ky  /qs\2/4
- 1 (7) . y= (7) . 431
T e n{ y i1d\o r (4.31)
Using the nonlinear transformation (4.31]) yields
oy 2qk3 q\2/4 a2 25,
% _ _ _ (2 . : : 4.32
Oz (g+4)? (2) <T‘S T qrs ) (4.32)
9%y 2¢%k3  [q\2/4 2q+2 4y a2 4,
Py _ a T (1 D) o rs?l]. 4.33
P~ (g4 (2> {r s + ( +q)r s +q2r5 (4.33)

Substituting (4.32) and (4.33)) into (1.4]), under the parametric condition (4.28]), we

obtain
2ky 172
Tes = —k4( 2 ) 7"‘”1,
q+4
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which is integrated as

2 2]434 ( 2]132

q—2
r? = rit2 4 I, 4.34
q+4) 2 (4.34)

where I, is an arbitrary constant. Using the inverse transformation of (4.31)), we
can deduce

4 kaa+2) 4
m:—qQZZ e%z(w% ). (4.35)

where 2koy + (¢ + 4)y’ # 0. Substituting equation (4.35) into (4.34), we can re-
produce the first integral of equation (|1.4]) as follows

62(q4;24)k2 z [yIQ N 2k2 , N
2 T @r0” Ty

k4
q+2

232
+4)

2y2 + yq+2] — I

Case 4: k; = 0, ky = 0 and ko, k3, \; are arbitrary constants. The first
equation in (4.7) and the forth equation in (4.8)) give a(z) = 0 and d(x) = 0. Then
we can solve for b(z) and c¢(z) from the system

2¢ =" + ko' =0, (4.36)
qc+b =0, (4.37)
"+ 22V + ko = 0. (4.38)
Substituting (4.37) into (4.36)), we obtain
aka 2 ks
c(z) = Coeﬁm, b(z) = _Meﬁr + ¢,

k2

where ¢ and ¢; are arbitrary constants. Substituting b(x) and ¢(x) into (4.38]), we
obtain one parametric condition

g+1 .,
AN = —ks. 4.39
P (g+2? (439)
For simplicity, we assume that ¢co = 1 and ¢; = 0. Then
f:—Q+2e?T22I, n:e(gi%)my.
ko
By (4.14) and (4.19)), under the parametric condition (4.39) we derive
2¢—2
e keghey 2¢+1
R
which is integrated as
k k2q72
2= 372 r20t2 4 Iy, (4.40)

(g +1)(qg+2)22

where I3 is an arbitrary constant. Substituting equation (4.21))into(4.40), we obtain
the first integral of equation (1.4) as

(2q+2)kq k% 2 ) ’ k3 2q+2
e o [ + +5 H}:I.
2(g+22" g2 T2 T2 °
Note that all first integrals described herein agree well with those presented in
the literature [5], 8, [I5] etc. For other cases of ki, ks, k3, ks and Aq, the original
equation is partially integrable or the first integral can be derived directly without
applying the Lie point symmetry. But the values of ¢ may effect the first integrals

y/2
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of equation (1.4). For example, if ¢ = —1 or —2, the tangent vector 7(z,y) is
undefined. However, we can still classify the first integrals of in this case by
applying the Lie symmetry method as well as the theory of vector fields. In the
subsequent work, we will continue to consider this problem for various values of ¢
specifically and its applications.
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