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(w,c)-PERIODIC SOLUTIONS FOR NON-INSTANTANEOUS
IMPULSIVE SYSTEMS WITH UNBOUNDED TIME-VARYING
COEFFICIENTS

KUI LIU, MICHAL FECKAN, DONAL O’REGAN, JINRONG WANG

ABSTRACT. In this article, we study (w, ¢)-periodic solutions for non-instan-
taneous impulsive systems and the time-varying coefficient A(t) is a family of
unbounded linear operators. We show the existence and uniqueness of (w, ¢)-
periodic solutions using a fixed point theorem. An example is given to illustrate
our results.

1. INTRODUCTION

Non-instantaneous impulsive can characterize drug absorption, diffusion and
metabolism of drugs in the body and was considered in 2013 by Hernandez and
O’Regan [10]. Existence and uniqueness of non-instantaneous impulsive solutions
in various situations can be found in [T}, B O} 14}, 20} 21, 24} 25 28] [32] [33].

The so-called time-varying system refers to the system whose characteristics
change with time, it is also called the variable coefficient system. The character-
istic of a time-varying system is that its output waveform is not only related to
the input waveform, but also to the time when the input signal is added and some
results were obtained at pulse time-varying systems. In [28, 29] [30] the authors
constructed corresponding impulse evolution operators, considered the appropri-
ate Poincédre operator method, introduced an appropriate Gronwall inequality and
studied a class of impulsive periodic systems with time-varying generation opera-
tors, linear, nonlinear and integro-differential, and also the authors studied periodic
PC-mild solutions. The authors in [18] studied a class of hybrid nonlinear impulse
integral differential equations with time-varying generation operators and existence
of a PC-mild solution is established, and existence of an optimal pair of a class
of mixed pulse integral differential equations was discussed, and in [I6] 17, 9] the
authors constructed the corresponding evolution system generated by an opera-
tor matrix, by introducing an appropriate solution of the second-order nonlinear
pulse, and discussed the existence of optimal control for the second-order nonlinear
pulse evolution differential equation system with unbounded operator perturba-
tion, the second-order nonlinear pulse evolution differential equation system, and
the Lagrange problem with second-order nonlinear mixed pulse integral differential
equations.
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Because of the universality of periodic phenomena the study of periodicity was
considered; see [6l &), [12], 23] 3T, 34] and the references therein. The authors in [5]
studied a class of (w, ¢)-periodic functions containing periodic, anti-periodic, Bloch
and unbounded functions and gave several properties on this class of functions,
in [2] the authors studied uniqueness and existence of (w, ¢)-periodic solutions for
semilinear evolution equation ' = Az + f(¢,z) in complex Banach spaces, where A
is a bounded or unbounded linear operator, in [I1] the authors studied existence and
uniqueness of (w, ¢)-periodic solutions for a class of impulsive differential systems by
constructing Green functions and adjoint systems, and in [27] the authors presented
existence and uniqueness results for a class of (w, ¢)-periodic time varying impulsive
differential equations.

Recently, Wang et al. [25] introduced new linear non-instantaneous impulsive
differential equations and derived the representation of the solution and the as-
ymptotic stability of linear and nonlinear problems. Motivated by [2] [5l 111 25] 27],
we study (w, ¢)-periodic solutions for the following homogeneous non-instantaneous
impulsive system with time-varying generating operators:

y'(t) = A(t)y(t), t€[si—1,t;], i€ NT,
y(t5) = Bi(t))y(t;), i€ N*t,
y(t) = Bi(t)y(t;), te€ (ti,s), i€ NT,
y(sf)=y(s;), i€ NT,

in the Banach space X, where A(¢) is a family of closed densely linear unbounded
operators on X and A(¢) can generate a strongly continuous family of evolution
{U(t,s),t > s > 0}. The sequence t;,s; satisfies s;_1 < t; < 8; < tjp1 < ...,
lim; o t; = 00, s; is the connection point and t; is the pulse point. The symbols
y(t*) == lim,_+ y(t + ¢) and y(t~) := lim._,o- y(¢ + €) represent the right and
left limits of y(s) at s = t, respectively. We set y(t~) = y(t). To help the reader
understand quickly, we give a sketch map of (1.1)), see Figure The black
curves are corresponding to the first equation on [s;_1,%;]. The second equation
represents the jump at impulsive point ¢;. The red curves are corresponding to the
third equation on (¢;, s;], which is the non-instantaneous impulsive action and ends
at each connection point s;. The fourth equation represents that y is continuous
at each connection point s;, which guarantee y can turn to the first differential
equation of again and again.

We study the structure and existence of (w, c¢)-periodic solutions for the linear
nonhomogeneous non-instantaneous impulsive differential system,

y'(t) = A@t)y(t) + h(t), t€[si1,t], i€ NT,

(3

t
y() = Bi(y(t) +bs, L€ (tsi), i € N7, (12

y(sjr):y(s;)v i€N+’

where h : Dy — X is continuous, where Dy = U2, [s;_1,t], Do = U2, (¢, 84, and
c;€EX,i€e NT.
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FIGURE 1. Sketch map of (1.1)).

We also study the existence, uniqueness and stability of (w, ¢)-periodic solutions
for the semilinear non-instantaneous impulsive differential system,
y,(t) = A(t)y(t) + f(tay(t))7 te [Si—hti]a i€ N+7
y(t7) = Bi(t)y(t;) +bi, i€ NT,
y(t):Bz(t)y(t;)—i_b’m te (tiasiL Z.EN+7
y(si) =y(sy) =yls:), i€ N,
where f:D; x X — X is continuous.

This work extends the results for time invariant system in [7] to the case of
time variable system. We transform the study of systems into the study of Cauchy
operators corresponding to systems. Here A(t) and B;(t) are not required to be
commutative when we construct the Cauchy operators corresponding to the system.
It is worth mentioning that our situation is more complicated than that in the
literature [7]. The existence and uniqueness of (w,c)-periodic solutions for time-
varying unbounded systems are established by fixed point theorems.

To study (w, ¢)-periodic solutions, we impose the following assumptions.

(A1) A(:) is w-periodic, i.e., for all t € Dy, A(t + w) = A(t), where w > 0 . For

eachi € N*, B;(-) € Ly(X), B(-) is invertible, B; *(-) € Ly(X), and B; ' ("),
B;(+) is w-periodic, i.e., Bj}} (t+w) = B;'(t), Biym(t +w) = B;(t), for
all t € Ds.

(A2) The time sequence s;, t; are such that s;4,, = $; + w, tixm = t; + w for

some fixed m, i € N.

(A3) c¢ o(S(w,0)).

(A4) c € 0(S(w,0)).

(A5) h() is (w,c)-periodic function, i.e. h(- + w) = ch(-) for all - € RT and

bi+m =cb;, 1 € NT.

(A6) For all t € RT and z € X such that f(t + w,cx) = cf(t, z).

(A7) There is a constant L, > 0 such that ||f(t,z1) — f(t,z2)|| < Ly|lz1 — 22|

for all t € RT and z1, 20 € X.
(A8) There are constants o,y > 0 such that || f(¢,z)| < a+~|z| for any t € RT
and z € X.
(A9) The resolvent R(A, A(t)) is compact, for all ¢t > 0.
(A10) (see [15, p.135]) For t € [0, w],
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(1) {A(t)}te[o,w] is a stable family of generators of the evolution operator
in X with stability indices M > 1, w.

(2) Let Y be a dense subspace of X and Y is A(t) admissible for each
t € [0,w] and the family {A(t)}ic(0.) of parts {A(t)} of A(t) in Y, is
a stable family in Y with stability constants M, .

(3) For t € [0,w], D(A(t)) DY, A(t) is a bounded operator from Y into X
and t — A(¢) is continuous in the B(Y, X) norm || - ||y - x-

(A11) (see [4, p.158]) For t € [0,w] one has

(1) The domain D(A(t)) = D is independent of ¢ and is dense in X.

(2) For t > 0, the resolvent R(\, A(t)) = (A — A(t))™! exists for all A
with Re A < 0, and there is a constant N independent of A and ¢ such
that

RO\ A1) < N1+ |A)~' for Red <0.
(3) There exist constants L > 0 and 0 < « < 1 such that
I(A)A@) A~ (7)I| < Lt — 0]

for t,0,7 € [0,w].

2. PRELIMINARIES

Let L(X) denote the space of linear operators in the Banach space X, and L;(X)
denote the space of bounded linear operators in X. Note that Ly(X) is a Banach
space with the usual supremum norm. Set PC(R*,X) := {z : RT — Xz €
C((ti tiv1), X),i = 0,1,2,...,} and there exist x(t]"), z(t;) with z(t]) = z(t;)
with the norm ||z||pc := sup,cp+ ||z(t)]]-

Lemma 2.1 ([ p.159]). If (A11) holds, then the Cauchy problem

y'(t) = Alt)y(t),
y(s)=ys € X, t>s>0.

has a unique evolution system {U(t,s)|0 < s <t < w} in X, and the solution of
the Cauchy problem of the linear homogeneous development equation can be written
as y(t) = U(t, s)y(s), and satisfies the following properties:
(1) Forall0 <s<t<w,U(t,s) € Ly(X),U(s,s) =1,5s>0;
(2) Forall0<s<r<t<w,U(t,r)U(r,s)=U(t,s);
(3) For all0 < s <t < a < oo, U(t,s) is continuous in the strong operator
topology in L(X).

Lemma 2.2 ([I3] or [28 Lemma 2.5]). Assume (Al), (A9), (All) hold. The
evolution operator {U(t, s)|0 < s <t < w} has the following properties:

(1) For0<s<t<w,U(t+w,s+w)=U(t,s).

(2) For0<s<t<w,U(ts) is a compact operator.

Lemma 2.3 ([I5, p.135, Theorem 3.1]). Let A(t), 0 <t < w, be the infinitesimal
generator of a Co-semigroup Si(s),s >0, on X. If the family { A(t) }1eo,w] satisfies
condition (A10), then there exists a unique evolution system U(t,s), 0 < s <t < w,
in X satisfying |U(t, s)|| < M exp{w(t —s)}, for 0 <s <t < w.
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We consider the homogeneous non-instantaneous impulsive system (1.1]) and its
corresponding Cauchy problem

Y (t) = At)y(t), te€[si_1,ti], i€ NT,
y(t§) = Bi(t)y(t;), ieNT,

y(t) = B;(t)y(t;), te (ti,s, ie NT, (2.1)
y(s¥) =wy(s;y) =y(si), ieNT,
ZJ(O) = Yo-

The Cauchy problem (2.1)) has a unique classical solution y € PC([D; U Dy, w]; X)
and it can be represented by y(¢;s,ys) = S(¢, $)ys, t > 0 where

St A={(ts)eR" xDy:t>s} > X
is given by the formula
U(t,S), if t,s € [Sifl,ti], i€ NT
Bi(t)B; '(s), ift,s € (t,si],

k—
U(t, sk-1) [T5= i1 [Bi (s,)U (t;, 85-1)]Bi(s:)U (t. 5)
ifs; 1 <s<t; < <51 <t <y,

k—1

Bi(t)U (tr, se—1) 1111 [Bj(55)U (5, 85-1)]Bi(s:)U (ti, 5),

S(t,s) = ifs; 1 <s<t; < <ty <t<sy, 22

Ut 51) [T [B (57U (15,
if ijl)]Bi(Si)Bfl(S),ti <s <5< <8 <t < gy,

Bi()U (tx. s5-1) T =4 By (59)U (15, 85-1)1Bisi) B (s),
it <s<s < <t <t<syp.
Note that B;(t)S(t;,s) = S(t,s) and S(s,t) := S71(t,s). We use the standard

Ml =Tfori+1>k—1.

convention []

Definition 2.4 ([5]). A function g : R — X is called (w, ¢)-periodic if there is a
pair (w, ¢), where w > 0 and ¢ € R\{0} such that g(t + w) = cg(¢) for all t € R.

Definition 2.5 ([5]). Any solution y(¢;0,%0) of the non-instantaneous impulsive

differential systems ([1.1));(1.2]);(1.3) is called a (w, ¢)-periodic solution if y(t+w; 0, yo) =
Cy(tv Oa yO)a t>0.

Set U, . :={y € PC(R,X) : cy(-) = y(- + w)}, i.e. ¥, . denotes the set of all
piecewise continuous and (w, ¢)-periodic functions.

Lemma 2.6 ([2] or [II, Lemma 2.2]). y € U, . if and only if y(w) = cy(0).

3. HOMOGENEOUS LINEAR NON-INSTANTANEOUS IMPULSIVE SYSTEMS

Let a = sup;>; (ti — si—1), B = sup;>; maxye(¢, s,) || Bi(t)|], and i(t, s) denote the

number of impulsive points in (s, ).

Theorem 3.1. Assume that (A10) holds. For any ILLke Nt, and [ < k, t €
[sk—1,tk), s € [sj_1, 7], and s < t, we obtain

I1S(t, 5)|| < MPEF1 510 exp(@ali(t, 5) + 1))
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For any t € [ty, si] and s € [s;_y,tj], we obtain
[S(t,s)|| < M) 31D exp(wai(t, s)).

Let K = max{exp(wa),1} and N = max{"™, 1}, then for s € [s;j_,,t;] and any
t € [0,w], we have

15(t, s)|| < KNM &) exp(wai(t, s)). (3.1)
Proof. For any t,s € [s;j_,,t;] and s < ¢, we have

IS(t,9)ll = [U(t, s)]| < M exp{w(t — s)}.
For any s; ; < s <t;<--- <sp_1 <t <ty, from (2.2)), we have

k—1
ISt )| = 11Ut sk-1) TT [Bi(s)U (5, 55-01Bi(sp)U (5, 9)|
j=l+1
o
< U@ s-0l TT WBi (s)INU 5,550 Bi(sp) 11U (87, 5)1l
j=l+1

< MU EDFLEUES) exp(wali(t, s) + 1)).
For any s;_; < s <t;< -+ <t} <t < s, we have

k—1
ISt )| < IBe(®)U (th, sk1) [ [Bi(s)U(t5,85-1)]By(s)Ult, 5)]|
j=i+1
k—1
< BN Erse-0Il TT WBs )N 5,50 I Bi(sp U (5 )l
j=l+1
< B M) exp(wali(t, s))).
The proof is complete. U

Theorem 3.2. Assume that (A11) holds. If s < u < t,u,s,t € RT, then S(t,s) =
S(t,u)S(u,s).

Proof. (a) For all s,t € [s;_1,t;],4 € NT, and s < u < ¢, we have
S(t,u)S(u,s) =U(t,uw)U(u,s) =U(t,s) = S(t,s).

(b) For all s € [s;_1,t;], u € [si_1,t], t € [sg_1,tk], 1,1,k € Nt and i < < k,
we have
k—1
S(t,u)S(u,8) =U(t,sk-1) [] [Bi(s;)U(ts,55-1)Bi(s)U (t1,u)
j=l+1
-1
x Uu,si1) ] [Bj()U(t,8,-0))Bi(s:)U (1, 5)
j=it1
k—1
=U(t,si1) [ [Bi(s)U(t,5-1)]Bils:)Ults, 5)
j=it+1
= S(t, s).

Similarly, the conclusion can be proved when i <1 <k, i <l <k.
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(c) For all s € [s;_1,t;], w € [sj_1,t], t € (t,sk), 4,0,k € NT, and i <1 < k, we
have
k—1

S(t,w)S(u,5) = Be(t)U (tr,s6-1) [ [Bi(s1)U(t5,85-10)]Bi(s1)U (b1, )
j=l+1
-1
x Ulu,si-1) [T [Bi(s5)U(t5,55-01Bi(s:)U (¢ 5)
j=it1
k—1
= Bi(O)U(t, sk1) T[] [By(s)U(t;,55-1)]Bi(s:)U (ts, 5)
j=it1

= S(t,s).
Similarly, the conclusion can be proved when i <[ < k.
(d) For all s,t € (t;,8;], 7€ N, and s < u < t, we have
S(t,u)S(u,s) = Bi(t)B; ' (u)Bi(u)B; ' (s) = Bi(t)B; ' (s) = S(t, s).

(e) For all s € (t;, 5], u € [s1_1,t], t € [sk_1,tk], i,[,k € N, and i <l < k, we
have
k—1
S(t,u)S(u,s) = U(t,si-1) [ [Bi(s;)U(t;,8-1)]Bu(s1)U (t1,u)
j=1+1
-1
x Uu,si1) ] [By(s))U(t;,55-1)]Bi(s:) B (s)
j=i+1
k—1
=U(t,si-1) [] [Bi(s)U(t;, 55-1)1Bi(s:)B; " (s)
j=i+1
= S5(t, s).

Similarly, the conclusion can be proved when i <1 < k.
(f) For all s € (t;,s:], u € [si—1,t1], t € (tx,sk), i, [,k € NT,and i < < k, we
have
k—1

S(t,u)S(u, s) = Bu()U (tk, 1) [ [Bj(s,)U(t,55-1)]Bu(s))U (1, )
j=l+1
-1
x Uu,si1) [] [Bj()U(t,8,-1))Bi(s:)B; " (s)
j=it1
k—1
= Bu(t)U (tr, s-1) [ [Bj(s;)U(t;,8;-1)]Bi(s:)B;*(s)
j=it1

= S(t,s).
Similarly, the conclusion can be proved when i <[ < k.
When u € (t;, 8], we can prove S(t,s) = S(t,u)S(u, s) in the same way. The
proof is complete. O

Remark 3.3. Assume that (All) holds. If s < ¢t < wor u < s < t, then
S(t,u)S(u,s) = S(t,s).



8 K. LIU, M. FECKAN, D. O'REGAN, J. WANG EJDE-2022/17

Proof. If s <t < u, then

S(t,u)S(u,s) = S(t,u)S(u,t)S(t,s) = S(t,u)S™(t,u)S(t,s) = S(t, s).
Ifu<s<t, then

S(t,u)S(u,s) = S(t,s)S(s,u)S(u,s) = S(t,s)S(s,u)S *(s,u) = S(t,s). O
Theorem 3.4. If (A1) and (A2) hold, then S(t + w,s +w) = S(t,s).

Proof. Clearly, for each t € [s;,_1,t;],0 < s < t, we have U(t + w,s +w) = U(t, s)
by (Al).
(a) For all s € [s;_1,t], t € [sk—1,tx], and k € NT, we have
k—1
S(t+w,s+w) =Ut+w sk1em) [ [Birm(sjtm)U(tjtm: 554m-1)]
j=it1
X Bitm(8i+m)U (tiym, s + w)
k-1
=U(t+w si14w) [] Biam(si +0)U(t +w, 851 +w)]
Jj=i+1
X Biym(si + w)U(t; + w, s+ w)
k-1
=U(t,sk1) ] [Bi(s)U(t,5,-1))Bi(s:)U (i, )
j=it1

= S(t, s).
(b) For any s € [s;—1,t:], t € (tx,sk), and k € NT, we have

St+w,s+w)
= Bk+m (t + W)U(tk:+ma 5k+m71)

X H Bj v (8j4m)U(Lj+ms Sj+m—1)]Bitm (Sitm)U (tigm. 5)
j=i+1

= Bk+m(t + W)U (t + w, Sp—1 + w)

X H Bjim(s; +w)U(tj; +w,sj-1 4+ w)]|Biym(si +w)U(t; +w,s)

j=i+1
k—1
= Bu()U (tk, k1) [ [Bi(s)U(t;,85-1)]Bi(s:)U (L, 5)
j=it1
= S(t,s).
(c) For all s € (t;,8i41], t € [sk—1,tk], and k € N, we have
St+w,s+w)
k-1
=U(t+w, sk—1+m) H [Bj+m (8j4+m)U (tj4m; Sj4m—1)]
j=i+1

X Bi+m(si+m)Bz+m(S + W)
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k—1
=U(t+w,sk1+w) [ Biem(si +w)Ult; +w,s5-1 +w)]
Jj=i+1
X Biym(s; + w)Bih, (s +w)
k—1
=U(t,si-1) ] [Bi(s)U(t;,55-1)Bi(si)B; ' (s)
j=it+1
= S(t,s).
(d) For any s € (t;, 8:], t € (tg,sk], and k € NT, we have

S(t+w,s+w)
= Bk+m (t + W)U (tkrms Sktm—1)

X H j+m (854m)U (Ej1ms Sj4m—1)]Bitm (8i4m)U (titm, 8)
j=i+1

= Bk+m(t +w)U(tk +w, 851 +w)

x H jm (85 + WU (5 +w, 851 4 W) Biym(si + @) By, (s + )

+m
Jj=t1+1
k—1
Jj=i+1
= S(t,s).
The proof is complete. 0

Theorem 3.5. Assume that (A1),(A9), (A11) hold. Then S(t,s) is compact oper-
ator for 0 < s <t < w.

Proof. Let s,t € [s;_1,t;],i € NT, from Lemma-, we see that U(t, s) is a compact
operator.

Let 5,01 <s<t; <- - <sp_1 <t<tp i<k,i,keNT, since Bj(s;) € Lp(X),
U(ty, 55-1) € Lo(X), T2 [By (5)U (1, 55-1)] € Lo(X), Bi(si) € Ly(X).U ki, ) €
Ly(X), and U(t, sx—1) is a compact operator, we see that

t Sk— 1 1:[ tj,Sj_l)]Bi(Si)U(ti,S)

is a compact operator.
Let ;-1 <s<t; <+ <t <t<sg i<k, ke NT, since Bj(sj) € Ly(X),
U(tj,ijl) S Lb(X) Bk(t) € Lb(X), U(t;wsk,l) S Lb(X),
1511 (B)(s)U (5, 55-1)] € Ly(X), Bi(s;) € Ly(X), and Ug(t, sg—1) is a compact
operator, we see that
k—1
Bi(O)U(tk,sk-1) 1] [Bi(s)U (15, 55-1)1Bi(s:)U (84, 5)
j=it+1

is a compact operator.
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Let t; < s < 8 < «+» < s <t < tyy1,1 < k € N, since Bj(sj) €
k
Ly(X), U(tj,s5-1) € Lo(X), [Tj=i41[Bj(s)U(t5,55-1)] € Lo(X), Bi(si) € Ly(X),
B;(s) € Ly(X), and U(t, sy,) is a compact operator, we see that

t,5%) H Ultj,sj-1))Bi(s:)B; ' (s)

is a compact operator.
Let t; < s <8 < - <t <t <si<keNT, since Bj(sj) € Lp(X),
U(tj,ijl) c Lb(X), Bk(t) c Lb(X), U(tk,Skfl) S Lb(X),
1511 B,(s)U (5, 55-1)] € Lo(X), Bi(s:) € Lo(X), B (s) € Ly(X), and
Ui (t, sk—1) is a compact operator, we see that

k—1

Bi(t)U (tk, si-1) [T [Bi(s1)U(t5,85-1)1Bi(s:) B (s)
j=i+1

is a compact operator. In summary, for any 0 < s <t < w, the operator S(t,s) is
a compact. (I

Lemma 3.6. Assume that (A1)—(A3) hold. Then has a solution y € ¥, . if
and only if
(eI = S(w,0))yo = 0.

Proof. Note if y € PC(R™T, X), then (I.1]) can be formulated as
y(t;y0) = S(t,t0)yo, t = to.
Using Definition [2.4] we have
y(t+w) =cy(t ) S(t+w,0)yo = S(t,0)yo
(t +w W)S( 70)2-/0 = CS(t7 O)yO
S(t,0)S(w,0)yo = cS(t,0)yo
— (cI = S(w,0))yo = 0.
This proof is complete. O

4. NONHOMOGENEOUS LINEAR NON-INSTANTANEOUS IMPULSIVE SYSTEMS

In this section we consider the existence of (w, ¢)-periodic solutions of (|1.2)).
Theorem 4.1. Assuming that h € C(RT, X). The solution y € PC(Dy, X) of
(1.2) with the initial value yo is given by

i(t,0)—1

J+1
y(t;0,50) = S(t,0)yo + Z/ S(t, 7)h(r)dr

t (t,O)
+/ S(t,T)h(r)dr + Y S(t,s;)b;.
i(t,0) j:l
We set
~ h(t), t € Dy,
0, teDh,.
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Then (4.1) can be rewritten as

t _ i(t,0)
w(t0,0) = SO + [ SEORIr+ 3 Stsdb (42)
0

j=1

Proof. For t € [0,11], the solutions of (1.2)) can be represented as
¢
y(t:0.30) = S0 + [ S(t.)b(rIdr
0

so, y(t7) = S(t7,0)yo + [1* S(t7,7)h(T)dT.
For ¢ € (t1, s1], we have

y(t) = Bi(t)y(tr) + b

=JMMﬂﬁmm+Alﬂﬁﬂmmm+m

ty
= S(t,0)yo + S(t, T)h(T)dT + by,
0

50 y(s1) = S(s1,0)y0 + Jo' S(s1,7)h(r)dr + br.
For t € [s1,ts], by using the variation of parameter method, we have

(0,0, = S(tosi)ue, + [ S(t7)h(r)dr
= S(t,51)(S(s1,0)y0 +/O 1 S(s1,7)h(T)dT + b1) +/ S(t, 7)h(r)dT

= S5(t,0)yo + /Otl S(t, T)h(T)dT + /t S(t, T)h(T)dT + S(t,s1)b1.

Assume that (4.1]) holds for ¢ € [sg,tg+1], K € N*. Then we have

k—1 tit1 t k
y(£:0,90) = S(£,0)yo + Z/ S(tﬁ)h(T)dTJr/ S(t, T)h(r)dr + ) S(t,55)b;,
j=0 S5 Sk j=1
S0,
k=l ntjp [ZNE]
Y(tsr) = S(tyy, 0o + Y / S(ty, 1, T)R(T)dT + / S(tps, T)(T)dr
jZO Sj Sk
k
+ ZS(t;_H,Sj)bj .
j=1

Then for ¢t € (tgy1, Sk+1], we have

Y(t) = Ber1(D)y(tiy 1) + bra
k ti+1
= B ) (S O+ 3 [ Sleyy Ih(r)ar
7=0755
k
+ Z S(t;-‘rl’ Sj)bj) + bk+1

Jj=1
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k

k [ZEE
= S(t,0)y0+ Y / S(t, T)h(r)dr + > S(tri1,55)bj + b

j=1
Thus, for t € [Sk41,tk42], we have

y(t7 07 Sk-‘rl)

t
= St st s + / S(t,7)h(r)dr
Sk+1

k ti+1
= S(t, Sk+1) (S(skH, 0)yo + Z/ S(sky1, T)W(T)dT
j=0" 53
k

+ Z S(sk+1,85)bj + bk+1> + / S(t,7)h(T)dr

j=1 Sk+1

tj+1

S(t,0)yo + Z/ S(t,7)h(T)dT + S(t, T)h(T)dr

Sk41
k
+ ) S(ts5)b; + S(t, sk11)br
j=1
tit1 t k+1

k
= S(t,0)y0 + > / S(t,7)h(r)dr + S(t,T)h(T)dT + > S(t,s;)b;
j=0"%i

Sk+1 j=1

By mathematical induction, we can complete the proof. (I

To study the existence of (w, ¢)-periodic solutions of ([1.2)), we consider two cases:

Case 1: ¢ ¢ 0(S(w,0)).

Lemma 4.2. Assume that (A1)—(A3), (A5) hold. Then the (w, c)-periodic solution
y €V =PC([0,w],X) of (1.2 . 18

t) = /Ow Qt, M)h(r)dr + 3" Q(t,s;)b;, teDy,

j=1
where Q(-,-) is the Green’s function

O(t.r) = {S(t,o)(cl ~ S(.0) 7 S(w.7) + S(t ). 0<T<t,

S(t,0)(cI — S(w,0))"1S(w, 1), t<1T<w. (43)

Proof. From Lemma and (|4.2)), for any solution y € ¥ of (|1.2)), we have

y(w) = S(w,0)yo + /Ow S(w, T)h(T)dT + Z S(w, s7)bj = cyo,

which is equivalent to

i(w,0)

yo = (cI — S(w,0)) / S(w, T)h(T)dT + Z S(w,sj)bj),

Jj=1
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where we used (A3). Therefore, the solution of (1.2) is equivalent to
i(w,0)

y(t) = S(t,0)(cI — S(w,0)) / S(w, T)h(T)dT + Z S(w,sj)bj)

i(w,0
+ > S(t,0)(cI - S(w,0)) 7 S(w, 5;)b;

i(t,0)

+/O S(t T)dT + Z (t,s5)b
:/ St 0)(el — S(w,0))~1S(w, 7)i(r)dr

/ St 0)(el — S(w,0))""S(w, 7)i(r)dr

i(t,0)

+ ) S(t,0)(cl = S(w,0)) 7' S(w, 5;)b;
Jj=1
i(w,0)

+ > S(t,0)(cl = S(w,0)) " S(w, ;)b
j=i(¢,0)+1
t i(t,0)

0 =

where
Ji ::/0 S(t,0)(cI — S(w,0))” S(w,T)h(T)dTJr/O S(t, T)h(T)dT
—|—/t S(t,O)(cI—S(w,O))AS(w,T)iL(T)dT,

and
i(t,0) i(,0)
Jo =Y S(t,0)(cI — S(w,0)) 7 S(w, 5;)b + > S(t,5;)b
j=1 j=1
i(w,0)
+ > S(t0)(el - S(w,0))7S(w, 5)b;.
j=i(t,0)+1

Also we have

Jl:/o S(t,0)(cI — S(w,0)) 1S (w, )k dT+/ S(t,T)h
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+ /tw S(t,0)(cI — S(w,0)) " S (w, 7)h(r)dr
- /Ot[S(t, 0) (eI — S(w,0)) " S(w, ,7) + S(¢, 7)](r)dr
/ " S(t, 0)(el — S(w, 0))~1S(w, T)i(r)dr

/QtT

and
i(t,0) i(t,0)
ZStO )(eI = S(w,0)) " S(w, 57)b; + Y S(t,55)b;
j=1
i(w,0)
+ > S(t0)(el - S(w,0)7'S(w, ;)b
j=i(t,0)+1
i(t,0)
= Z [S(t,0)(cI — S(w,0)) ' S(w,s;) + S(t,s;)]b;
i(w,0)
+ > S(t0)(cl - S(w,0) 7 S(w, 5;)b;
j=i(t,0)+1
Z Q(ta Sj)b
0<s;<w
This proof is complete. O

Case 2: ¢ € 0(S(w,0)). Suppose X is a Hilbert space. Now we study the existence
of (w, ¢)-periodic solutions of (2.1)) when the operator (cI—S(w, 0))~! does not exist.
We consider the adjoint system to (2.1)) as follows

2 (t) = —AT()x(t), te (st i=0,1,2,.
o(t]) = [B @) T2(tr), i=12,

a(t) = [Bf O] 'a(t;), te(tis], i=12...,
w(sf)=a(s]), i=1,2,....

(4.4)

Here A" (t), B/ (t) is the adjoint operator of A(t), B;(t), respectively. By assump-
tion (A1), AT(t +w) = AT (¢),B},,,(t + w) = B/ (t). Let U'(-,-) be the adjoint
operator of U(-,-) and U (-,-) satisfies some properties similar to U(-,-) because
of the convexity of X*. From the reflexivity of X note A" is also an infinitesimal
generating element of Co-semigroup {U ' (-,)} in X* and B, (t) € L,(X*) .

It is easy to obtain that the solution of with the initial value z(0) = xq is
given by

z(t) =[ST(t,0)] ao. (4.5)

Theorem 4.3. Assume (Al), (A2), (A4) hold. Then the adjoint system (4.4)) of
(2.1) hasl linearly independent (w, %)—pem’odz’c solutions for 1 <1 <n.
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Proof. From (A4), we know that (cI —S(w,0))~! does not exist, so we assume that
the operator equation (¢I — S(w,0))yo = 0 has [ linearly independent solutions for
1 <1 < n. This implies that dim ker[c] — ST(w 0)] = dimker[el — S(w, 0)].

From (LF)), we have (t) =[S (¢,0)] ‘2. Then

x(w) = %xo — [ST(w,0)] 1z lajo = [ = 5" (w,0)]zo =0 (4.6)
<= g € ker (¢ — ST(w, 0)) = ker(cI — S(w, 0)".
Therefore,
dimker(cl — ST (w,0)) = n — rank(cI — S" (w,0)) = n — rank(cI — S(w,0)) = I.

Hence the adjoint system (4.4]) has [ linearly independent (w, 1/¢)-periodic solutions.
O

Theorem 4.4. Lety and x be the solutions of (2.1) and (4.4), respectively. Then
(y(t),x(t)) is constant fort > 0.

Proof. Let t € (8;,ti41], ¢ =0,1,.... Then
(y(t),z(t)) = <y'(t), () + < (t),'(t))

Lett=t;,¢=1,2,..., then
(y(&),2(t1) = (Bi(ta)y(t7), [B] (1)) 'a(t7))
= (y(t7), B (t)[B; (t)] "2 (7))
(y(t; ), x(t;))-
Thus, (x(t),y(t)) = («(0),y(0)) which is a constant. O

Lemma 4.5. Assume that (Al), (A2), (A4) hold. Then (1.2) has I linearly inde-
pendent (w, ¢)-periodic solutions if and only if

/OW<CE(T) X* XdT + Z bk, X*X = =0 (47)

Proof. Let y be a (w, ¢)-periodic solution of (|1.2)), and the initial condition y(0) = yo
satisfy
i(w,0)

(cI —S(w,0))yo = / S(w, T)h(T)dr + Z S(w, sk )by (4.8)
0 k=1
Let x(t) be a nontrivial (w, 1/c¢)-periodic solution of the adjoint system (4.4)). Using

(4.6), we obtain

0= ((cI = 8(w,0)) " 20,40) y. y = (0. (eI = S(w,0))y0) . x
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= (o, /Ow S(w, T)h(T)dT + Z S(w, Sk)bk>X*’X

i=1

= /:(:UO, S(w, T)h(T)) x+ xdT + Z (zo, S(w, Sk)bk>x*,x

i=1

= /Ow(S—'—(o.),7')ar07 h(7)) x- xdr + Z (ST (w, sk)xo,bk>X*7X

i—1
:/<()}~l X*XdTJrZ ), b) x+. x
0

This proves the necessity part.

Suppose holds. Assume the solution x(t) is a (w, 1/c)-periodic solution of
the adjoint system with initial condition 2(0) = xo. Therefore, the solution is
given by z(7) = ST (w, 7)2o, where a; is a nonzero constant. Using (4.7)), we have

o=/0w<<)ﬁ X*Xdr+z )s bi) X+, x

:/ <ST(W’T)$O7h X* XdT+Z Cd Sk xo,bk>X* X
0

= /OW<JL‘07 S(w, T)iL(T»X*,XdT + Z<I0, S(w, Sk)bk>X*,X (49)

k=1

= (=, /Ow S(w, 7)h(T)dr + Z S(w, Sk)bk>x*’X

k=1
= (w0, (eI = S(@,0))y0) x- «

Note that and imply that (eI — S(w,0))yo = 0 is equivalent to (cI —
S(w,0)) Twg = 0. The system has a solution if and only if rank(c/ —S(w,0)) =
rank(cl — S(w,0))T = n — 1. Thus, the system has [ linearly independent
(w, ¢)-periodic solutions. This proof is complete. O

Lemma 4.6. Assume that (A10) holds. Then

> 1Q( 55)b;]l
j=1

KNM™ exp(wam)(KNM ™+ exp(wam)
< Lo = (el = S(w,0) 7| + 1) 375 (1411, w >0,
KNM™UST [KNM™ (el = S(w,0)) 71 + 1]]|b;]l, = <0.
for any t € [0,w].
Proof. According to and Theorem we have

> IQ(E, s;)b;]l
j=1
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< >l sl
j=1

i(t,0)—1 m
= > lRspllibl+ > 1Qe, sp)llibs|
j=1 j=1(t,0)
i(t,0)—1
< D ISE0)(el = 8(w,0)7 S (w, ;) + St ;)15
j=1
+ Y 1S 0) (el = S(w,0)7 S (w, ;)b
J=i(t,0)
i(t,0)—1

< 2_:1 [HS(t, Ol (eI = S(w, 0N 1S (w, s, + [|S(t, sj)”} 1511

+ > IS0l = 8w, 0)) 1S (w, 5,) 1B
Jj=i(t,0)
i(t,0)—1
< Y [KENMCOH exp(wai(t,0))| (eI — S(w,0)) ™| KN MO
j=1
x exp(wai(w, s;)) + KNMGOF exp(wailt, s;))]|b|

m
+ ) KNMOT exp(wail(t, 0)) | (c] — S(w,0)) | KN MO
j=i(t,0)
x exp(wai(w, s;))|[b;]
i(t,0)—1
= > [KN?MPOEOH exp(wali(t,0) + i(w, s;)) (] — S(w,0))7
J=1
+ KN MHE0+1 exp(wai(t, s7))]116;]l

+ Y KENAMEOT exp(aali(t, 0) + i(w, ;) (el — S(w, 0)) 7 lIbs

J=i(t,0)

For w > 0,

D 1R, s5) 1115
j=1

i(t,0)—1
< Y [KPNZMPECEOTD exp(wali(t, 0) + i(w, 55))[[ (] — S(w,0)) 7|

Jj=1
+ KNM O+ exp(wailt, s;))] bl

Y KENZMEO exp(amali(t, 0) + i(w, s,) (el — S(ew,0) 7ty
Jj=i(t,0)

17
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m
< Y KANZMEOTY exp(wa2m)|| (el — S(w,0)) 7 |Ibs]
j=1

+ Z KNM™ ! exp(wam)||bj]|
j=1

m—1
< KNM™ exp(wam)(KNM™ Y exp(wam)||(c] — S(w,0)) 7! +1) > [1b;]l.
Jj=1

For w <0,

D 1Q(, s5) 11151
j=1
i(6,0)—1

< Y EANAMECCO exp(wa(i(t, 0) +i(w, )|l (eI — S(w,0)) 7|
j=1

+ KNMEOH exp(wailt, s;))]]b; |

+ 3 KENIMEEOD exp(malit, 0) + i(w, 5;))) (el — S(w, 0)~ 161
Jj=i(t,0)

NIE

[KENZMPHD (e = S(w, 0)) 7|+ KNM™ by
1

<.
I

< KENM™ N IKNM™ (eI = S(w,0))7 ] + 1]1b5]]-
j=1

The proof is complete.

(]
Lemma 4.7. Assume that (A10) holds. For 0 < t < w, we have
| e
< Kg
- {KNM’”“[KNM““‘1 exp(wam)||(cI — S(w,0))7Y| + 1] exp(wam)w, w >0,
" | KNM™ K NM™ exp(wam)|| (el — S(w,0)) ™| + 1w, @ < 0.

Proof. According to (4.3]), from (3.1]), we have
| s

< / 1Q(t, ) dr + / 1Q(t,7)ldr
- / 15(t,0)(cT — S(w,0)) " S(w,7) + S(t, )| dr
+ /t‘*’ [|S(t,0)(cI — S(w,O))%S(w,T)HdT

S/ 1St 0)lI(eI = S(w, 0))THIIIS (w, ) + 1S (t, 7)lldr
0
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+/ [1S(t, 0)[[[l(cI = S(w, 0)HI[IS(w, 7)l|dr
t

< / 1S, 0) (eI — S(e, 0) S (w, ) 7 + / 15(t, )| dr

= / KNM O exp(wait, 0)) | (cf — S(w,0) [ KN M+
0
t
x exp(wai(w, T))dr —|—/ KNM D exp(wai(t, 7))dr
0

< KNM™THENM™ ! exp(wam)|| (el — S(w,0)) 7| + 1]/ exp(wai(t, T))dr.
0

For w > 0,

| 1. 7yar
0

< KNM™TUENM™ ! exp(wam)||(cI — S(w,0)) ™| + 1]/ exp(wai(t, 7))dr
0

< KNM™P KNM™ exp(wwam)||(cI — S(w,0)) Y| + 1] exp(wam)w.

For w <0,

| 1atlar
0

< KNM™ T KENM™ ! exp(wam)||(cI — S(w,0)) | + 1]/ exp(wai(t, 7))dr
0
< KNM™PKNM™ exp(wam)||(c] — S(w,0)) | + 1w.

The proof is complete. O

5. NONLINEAR NON-INSTANTANEOUS IMPULSIVE SYSTEMS

In this section, we apply the Banach fixed point theorem and the Schauder fixed
point theorem to establish existence theorems for (w, ¢)-periodic solutions of (1.3).

Theorem 5.1. Assume that (A1)—-(A3), (A6), (A7), (A10) hold. If0 < L, K5 < 1,
then (L.3) has a unique (w, c)-periodic solution y € ¥, . satisfying

lyllpe < M
PO= T LKL
where fo = max;eo. |f(t,0)].
Proof. Consider any y € U, ., i.e., y(- +w) = cy(-). From assumption (A6),
flt+wylt+w) =flt+wcyt) =cf(ty), teR™.
Thus, f(-,y(-)) € Yy e
From Lemma [4.2] our goal is to consider the fixed point problem

u(t) = / " Q) Frym)dr + 3 Qe s)by.

Jj=1
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We consider the operator P : ¥ — ¥ given by

0= [ T QU () + 3 QU )by (5.1)

For any x,y € ¥, we have
I1Pa(o) - Pyto)l < [ 1@ ) Fir 2(r) — Q¢ ) Fir, y(r))dr
</ Qe (r) — Flry(r))lldr

< Lullz — yllpo / Q(t,7)dr
0
< LquHl' - yHPC-

This implies that ||Pz— Py||pc < LuKx||z—y| pc. Since 0 < L, K < 1, operator
P is a contraction mapping. Thus, P has a unique fixed point. Furthermore, using
Lemma [£.6] we have

Iyl = [1Py@) S/ 1, I (7, y(r IIdT+Z||Q (&, 55) 115

j=1

< /Ow QeI (,y(7)) = F(7,0) + f (7, 0)lldr + > 1Q(E, )b

j=1

< tulvlre [ 1@+ [ 10D 0+ Q5]

Jj=1
S Lqu”yHPC + ||f0HKw + Lw-
Thus

lyllpe < M
1-L, K

The proof is complete. O

Theorem 5.2. Assume that (A1)—(A3), (A8)—(All) hold. If 0 < vKo < 1, then
(1.3) has a (w,c)-periodic solution y € ¥, .

Proof. Consider the operator P defined in (5.1) on B; := {y € Q| |ly|| < I}, and

R
Step 1. We show that P(B;) C B;. For any y € By, t € [0,w] , by Lemmas [4.6| and

[4.7 and (A8), we have

I(Py) @) S/ Qe INIF (7, y(r IIdT+ZIIQ (t, 53)0;]l

Jj=1

7/0 IIQ(t,T)HIIy(T)IIdTJra/ QT IIdT+ZIIQ (t,55)05]l

=1
< FVKw”yHPC + aKw + Lw = la

which implies that ||Py||pc <. Thus P(B;) C B; for any y € B; and t € [0,w].
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Step 2. We prove that P is continuous. Let y,, be a Cauchy sequence such that
Yn — y (asm — o0) in By. Since f(-,y.(-)) = f(-,y(+)) as y, — y for any ¢ € [0, w],
we obtain

|w%wwwmwm<AﬂQwﬂnﬁw%vwmeﬂWh
snﬁlﬂwc[an@nﬂuf

< Kol fo = fllpe-

Thus, P is continuous.

Step 3. We show that P(B;) is relatively compact set. Since P(B;) C By, it is easy
to see that P(B;) is uniformly bounded. Next, we show that P is an equicontinuous
operator. For 0 < t; <ty <w and y € B;, we have

[(Py)(t2) = (Py) ()l

S/U 1Q(t2,7) = Qtr, DI (r y(7 |d7+;||Q ta,55) — Q(t1, 55)/]/b5]l 52)

S(a+ﬂlly\|)/0 1Q(t2, 7) — Q(t1,7) \dT+ZIIQ ta,55) — Q(t1, s5)|l[1b51]-

From (4.3)), we obtain

[Q(t2, ) — Q(t1, 7)|l
[S(t2,0)(cI = S(w,0))"S(w,T) + S(ta,7)

S0, 0) (e — 50,0) 718 (w,7) ~ S, iH0<T <t <t
[[S(t2,0)(cI = S(w,0))~"S(w,7)
—S(t1,0)(cI — S(w, 0))~LS(w, 7)., o<ty <r<w 0D
(e = S(w, )) YIS (w, 7)1 (t2,0) = S(t1,0))]

< +||S(t2, (tl, ))H if0<7 <t <ty

15(t2,0) — S(t1, 0) (el — (e, 0)) 1S, P, i 81 < b2 < 7 < .
Letting t; — to, from (5.3)) and the compactness of S(-,-) we have
Q(tQ,T) — Q(tl,’r), as t1 — to.

Thus, we have ||(Py)(t1) — (Py)(t2)|| — 0 as t; — t2. Then P is an equicontinuous
operator.
Now consider the approximate operator P. on B; as follows

/ Qt—e,1)f dT+ZQ —€,5;)b;, t €0,w]. (5.4)

Consider K = {(Py)(t) : t € [0,w]} and

K. = S(e,0){(Py)(t) : t € [0,0]}, 0<e<uw.
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From Theorem [3:5] and K bounded, K, is precompact. Next,
[(Pey)(t) — (Py) (@)l S/O 1Q(t,7) — Qt — e, )|l f (7, y(7)) || dr
i=1
<G+ [l -es) - Qlt.s)ds
0
+ Q= €,5:) — Q(t, 5:)l[1bi].
i=1

Then ||(P.y)(t) — (Py)(t)| tends to zero when ¢ — 0. Thus K can be approximated
to an arbitrary degree of accuracy by a precompact set K.. Hence K itself is a
precompact set in X, that is, B takes a bounded set into a precompact set in X.
The Arzela-Ascoli theorem implies the compactness of B. Thus Schauder’s fixed
point theorem guarantees the result. The proof is complete. (Il

Next we present an example. Since we develop our theory mainly for infinite
dimensional Banach spaces, we need consider a partial differential equation.

Example 5.3. We consider the problem

2 3
ay(tw) = (2 4+ sin 2t)@y(t,x) +asint + b2 i 7
e (0,m), tel[si1,ti], ieN¥,
y(t;:ﬂf)j 2y(t; ), «€(0,m) (5:6)
y(t,.’IJ) = (2 - G; — ;)y(t;,x), te (tiasi]a HARS (0771-);
y(sj’aj) = y(s;,m) [: y(t;’w)]v x € (077T)a
y(t,0) =y(t,m) =0, t=>0,
where a,b e R, a #0,b#0,0 =1ty = s, t; = (20 — 1) /2, s; = im.
Let B;(t) =2 — Sti:tgi, m =1, w=m. then
t+7T*ti+1 t+71'7t2'77'r
B, (t = Biy1(t =2-—=2-—
4m(t+w) +i(t+m) Sit1 — tig1 si+m—t;—m
t—1;
Si —ti ( )
Set X = L*(0,7) with a norm [|y|| = /[, 4?(t)dt. Define A(t)y = (2 + sin 2t)aa—;2y

for y € D(A) = {y € X : %,% € X,y(0) = y(x) = 0}. Then A(t) is the
infinitesimal generator of a strongly continuous semigroup {S(¢,s),t > 0} in X.
Indeed, we know that the sequence {«/2/ mwsinkx}reny is an orthonormal basis of

X. Thus for
2 .
w= Y v/ Zeimke e X, ool =[5 4
keEN keN
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we have
Ccos 2s — cos 2t 2 .
S(t, s)yo = Z exp ( —k? (2(1& —s)+ 2)>y0k\/;81n kt
keN
= ||S(¢, s)yoll = \/Z exp(—k2(4(t — s) 4 cos 2s — cos 2t) )y,
keN

< exp(—(t — s))lvoll

Hence M = 1 and @ = —1. Moreover, o(S(m,0)) = {e~2"*" k € N}, so —1 ¢
o0(S(w,0)). Next,

1 2
71 _ B
(=1 —S(m,0) "yo = — E Mwy%\/;bln kx,

keN

and then

1 2 . 1
(1= S0 ol = |3 e 2 sk = D R

keN keN

1
SUp 555 = 1, Yoll = 92 )
1 -

I(~1 = S(m,0) 7 = sup [|(~I —S(m,0) "ol =1,

llyoll=1

and

thus

and K = 2m.

On the other hand, we have f(t,y) = asint + b%, t € Rt. Then

ft+7m,—y) =asin(t+7) —l—bi = —(asint+b v
’ 2+ (~y)° 2ty

2) :_f(t7y)

fort e R, so c= —1 and

yB

™ 6
< lall st + i | (ny(j()t))zdt)”z

<lalvazz+ bl [ o)
< lalv/x/2 + blly]l

We have a = |a|y/7/2 and v = |b]. Then 0 < vK, < 1 reduces to 0 < 27 |b| < 1,
which holds for some suitable b: Let |b] = 1/(37) and then 0 < 7K, = 2/3 < 1.
Thus all the assumptions in Theorem are satisfied. Accordingly, system
has a (7, —1)-periodic solution.

1f &)l < llasint| + ||b
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6. CONCLUSIONS

In this paper, time-varying development systems in infinite-dimensional space
are studied for the first time. When A(¢) and B;(t) are not commutative, the
Cauchy operator of the linear homogeneous system is constructed, and the study
of the system is transformed into its corresponding Cauchy operator. Firstly, some
properties of Cauchy operator are obtained. A sufficient and necessary condition for
the existence of (w, ¢)-periodic solutions for linear homogeneous systems is given.
The existence of (w, ¢)-periodic solutions in critical and noncritical cases for linear
inhomogeneous systems is discussed. The existence of periodic solutions for nonlin-
ear systems (w, ¢)-periodic solutions is obtained using Banach’s fixed point theorem
and Schauder’s fixed point theorem.
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