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INITIAL LAYER ASSOCIATED WITH BOUSSINESQ SYSTEMS

FOR THERMOSOLUTAL CONVECTION

XIAOTING FAN, WEI WANG

Abstract. This article concerns the behavior of the initial layer appearing
at large Prandtl number in Boussinesq equations with the ill initial data. By

using the asymptotic expansion methods of singular perturbation theory, we

establish an approximate solution and the rate of convergence as the Prandtl
number tends to infinity. Our results improve the existing ones concerning

thermosolutal convection.

1. Introduction

Double diffusive convection has been considered a fundamental fluid dynamical
phenomenon that can occur when a layer of fluid with a dissolved solute, is heated
from below. This phenomena was first studied in the ocean [14], where heat and
salt are relevant properties; so the process is called “thermohaline” or “thermoso-
lutal” convection. Many investigations have been studied in the stratification of
magma chambers [2] and convection in the sun, in meteorology, geophysics, and
astrophysics.

In this article, we consider the thermosolutal convection setting of a horizontal
layer of fluid confined by two parallel planes a distance h apart. The warm salty
fluid tends to rise and salty fluid being heavier than fresh fluid tends to fall. The
Boussinesq system with rotation for thermosolutal convection is stated as follows:

∂tu+ (u · ∇)u =
1

ρ0
(∇p+ ρgk) +

√
Tak × u+ ν∆u,

∇ · u = 0,

∂tT + u · ∇T − κT∆T = 0,

∂tS + u · ∇S − κS∆S = 0,

u|z=0,h = 0,

T |z=0 = T0, T |z=h = T1,

S|z=0 = S0, S|z=h = S1,

where T0 > T1 and S0 > S1. The unknown functions u = (u1, u2, u3)>, p, T and
S represent the velocity field, the scalar pressure, the scalar temperature field and
the solute concentration of the fluid, respectively. ν, κT and κS are the kinematic
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viscosity, the thermal and solute diffusivity, respectively. ρ is the density, ρ0 > 0
is the fluid density at the lower surface z = 0 and g is the gravity acceleration

constant, k := (0, 0, 1)> is the unit upward vector. Ta = 4Ω2h2

ν2 is the Taylor
number, Ω is the rotation rate and h is the distance between two plates.

The lower (upper) boundary is maintained at a constant temperature T0 (T1) and
a constant solute concentration S0 (S1). For simplicity, we consider the periodic
boundary conditions in the horizontal directions:

(u, T, S)(x, t) = (u, T, S)(x+ k1L1, y + k2L2, z, t), for all k1, k2 ∈ Z.

By non-dimensionalization and the Oberbeck-Boussinesq approximation, Park
[25] obtained the dimensionless form

λ[∂tu
λ + (uλ · ∇)uλ] +∇pλ = ∆uλ +

√
Tak × uλ + (RTT

λ −RSSλ)k, (1.1)

∇ · uλ = 0, (1.2)

∂tT
λ + uλ · ∇Tλ = ∆Tλ, (1.3)

∂tS
λ + uλ · ∇Sλ = τ∆Sλ, (1.4)

in the dimensionless domain D := (0, L1)× (0, L2)× [0, 1] (L1, L2 > 0), t ∈ (0, T∗),

T∗ > 0. λ = 1
Pr , Pr = ν

κT
is the Prandtl number, RT = αg(T0−T1)h3

κT ν
is the

thermal Rayleigh number, RS = γg(S0−S1)h3

κT ν
is the salinity Rayleigh number, τ =

κS
κT

is the Lewis number. α and γ denote the coefficients of thermal expansion
and its analogous compositional counterpart, respectively. The Lewis number τ for
magmatic substances is less than 10−1, here we consider 0� τ < 1 for simplicity.

We complement the above system with the boundary conditions:

uλ|z=0,1 = 0, (x, y, t) ∈ X × (0, T∗), (1.5)

Tλ, Sλ|z=0 = 1, Tλ, Sλ|z=1 = 0, (x, y, t) ∈ X × (0, T∗), (1.6)

for X := (0, L1)× (0, L2), and provide an initial condition

(uλ, Tλ, Sλ)(t = 0) = (uλ0 , T
λ
0 , S

λ
0 )(x, y, z). (1.7)

The mathematical analysis of the thermosolutal convection has attracted much
attention (see [1, 4, 8, 11, 13, 16, 18, 23, 24, 26, 29, 31]). Hallstrom [10] discussed
the global existence and uniqueness of smooth solutions for the infinite Prandtl
number limit of the Boussinesq equations. Park [24] considered the thermosolutal
convection with or without rotation in the infinite Prandtl number, and investigated
that there are bifurcating solutions for 2-D and 3-D Boussinesq equations. Park [25]
studied the infinite Prandtl number limit and derived the convergence of Boussinesq
system for the thermosolutal convection to the infinite Prandtl number system.

Our purpose is to study the asymptotic behavior of the thermosolutal convection
in the infinite limit of Prandtl number. For one fluid model as a vanishing limit
case, there have been large investigations, see for instance [3, 20, 21, 30]. Moti-
vated by [28] and the related studies, see [6, 7, 9, 15, 17], we view the Boussinesq
system as a small perturbation of the infinite Prandtl number model. Firstly, we
derive the appearance of initial layer in detail. Secondly, by using the multi-scale
approach [12, 19] and the matched asymptotic expansion methods [5], we construct
an approximation solution to (1.1)–(1.7) as the combination of inner and initial
expansions. Finally, we study the convergence of (1.1)–(1.7) to the infinite Prandtl
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number system as the Prandtl number tends to∞. Our results improve the existing
results in [25].

This article is organized as follows. Section 2 is dedicated to the derivation of
initial layer. In Section 3, we construct an approximate solution. The main result
and its proof are presented in Section 4.

Let C be a positive generic constant, independent on λ, while C may depend on
S for fixed T∗ > 0.

2. Derivation of initial layer

Let
(
uλ, pλ, Tλ, Sλ

)
be the global weak solution of the system (1.1)–(1.6) in the

Leray’s sense. The initial data has

uλ(t = 0) =
(
u0

0 + λu1
0 + uλ0E

)
(x, y, z), (2.1)

Tλ(t = 0) =
(
T 0

0 + λT 1
0 + Tλ0E

)
(x, y, z), (2.2)

Sλ(t = 0) =
(
S0

0 + λS1
0 + Sλ0E

)
(x, y, z), (2.3)

where u0
0, u1

0, T 0
0 , T 1

0 , S0
0 and S1

0 are C∞(D) functions, uλ0E , Tλ0E , Sλ0E denote the
remainders for the initial data, uλ0E , Tλ0E , Sλ0E ∈ C∞(D) satisfies

‖(uλ0E , Tλ0E , Sλ0E)(x, y, z)‖L2(D) ≤ Cλ2, (2.4)

and u0
0, u1

0, T 0
0 , T 1

0 , S0
0 , S1

0 satisfy the following compatibility conditions:

∇ · u0
0 = ∇ · u1

0 = 0, (2.5)

(u0
0, u

1
0) |z=0,1= 0, (2.6)

(T 0
0 , S

0
0)|z=0 = (1, 1), (2.7)

(T 0
0 , S

0
0)|z=1 = (0, 0), (2.8)

(T 1
0 , S

1
0)
∣∣
z=0,1

= (0, 0). (2.9)

In this section, by employing the Stokes operator [19] and singular perturbation
theory [22, 27], we consider the initial layer behavior of the solution when the
Prandtl number tends to infinity, i.e., λ tends to 0.

Letting λ = 0 in the system (1.1)–(1.6), we obtain that

∆u0 −∇p0 +
√
Tak × u0 + (RTT

0 −RSS0)k = 0, (2.10)

∇ · u0 = 0, (2.11)

∂tT
0 + (u0 · ∇)T 0 = ∆T 0, (2.12)

∂tS
0 + (u0 · ∇)S0 = τ∆S0, (2.13)

u0|z=0,1 = 0, (2.14)

T 0, S0|z=0 = 1, T 0, S0|z=1 = 0, (2.15)

for (x, y, z, t) ∈ D × (0, T∗), T∗ > 0.
The initial condition of T 0, S0 is

(T 0, S0)(t = 0) = (T 0
0 , S

0
0)(x, y, z), (x, y, z) ∈ D, (2.16)

where (T 0
0 , S

0
0)(x, y, z) stands for the limit of (Tλ0 , S

λ
0 )(x, y, z) as λ→ 0.

Because of the singularity of perturbation, the limit of uλ0 (x, y, z) as λ → 0 can
not be satisfied by the velocity u0(t = 0) in the limit system (2.10)–(2.16).
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Restricting (2.10), (2.11) and (2.14) to t = 0 gives

∆u0(t = 0)−∇p0(t = 0) +
√
Tak × u0(t = 0)

+ (RTT
0(t = 0)−RSS0(t = 0))k = 0,

∇ · u0(t = 0) = 0,

u0|z=0,1(t = 0) = 0.

By solving the above system, we know that the value of u0(t = 0) is determined by
initial value of T 0 and S0, while limλ→0 u

λ
0 is given arbitrarily and independently

of T 0(t = 0) and S0(t = 0), so limλ→0 u
λ
0 6= u0(t = 0). Comparing (1.7) with (2.16)

leads to the appearance of an initial layer.

3. Approximate solution

In this section, we give a rigorous proof of infinite lint of the Prandtl for system
(1.1)–(1.6). Firstly, we establish the approximate solution. We seek an expansion
of the form(

uλ, pλ, Tλ, Sλ
)

(x, y, z, t) ∼
∞∑
i=0

(λ)i(uIn,i(x, y, z, t) + uI,i(x, y, z, η),

pIn,i(x, y, z, t) + pI,i(x, y, z, η),

T In,i(x, y, z, t) + T I,i(x, y, z, η), SIn,i(x, y, z, t) + SI,i(x, y, z, η),

(3.1)

where λ stands for the length of the initial layer and η = t/λ is the fast time variable.(
uIn,i, pIn,i, T In,i, SIn,i

)
(x, y, z, t) denotes the inner functions for the velocity field,

the scalar pressure, the temperature field, and the solute concentration, respectively,
independent of λ. (uI,i, pI,i, T I,i, SI,i)(x, y, z, η) stands for the initial layer functions
and the initial layer functions satisfying

(uI,i, pI,i, T I,i, SI,i)(η → +∞) = 0. (3.2)

We assume that the asymptotic expansion of the system (1.1)–(1.7) including
the initial corrections is of the form(

uλa , p
λ
a , T

λ
a , S

λ
a

)
(x, y, z, t) =

1∑
i=0

λi(uIn,i(x, y, z, t) + uI,i(x, y, z, η),

pIn,i(x, y, z, t) + pI,i(x, y, z, η),

T In,i(x, y, z, t) + T I,i(x, y, z, η), SIn,i(x, y, z, t) + SI,i(x, y, z, η)).

(3.3)

Moreover, to match the boundary and initial conditions (1.5)–(1.7), we shall impose
the following restrictions

uλa |z=0,1 = (uλIn + uλI )|z=0,1 = uλI |z=0,1 =

1∑
i=0

λiuI,i|z=0,1,

Tλa |z=0 = (TλIn + TλI )|z=0 = 1 +

1∑
i=0

λiT I,i|z=0,

Tλa |z=1 = (TλIn + TλI )|z=1 =

1∑
i=0

λiT I,i|z=1,
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Sλa |z=0 = (SλIn + SλI )|z=0 = 1 +

1∑
i=0

λiSI,i|z=0,

Sλa |z=1 = (SλIn + SλI )|z=1 =

1∑
i=0

λiSI,i|z=1,

uλa(t = 0) =

1∑
i=0

λi(uIn,i(t = 0) + uI,i(η = 0)),

Tλa (t = 0) =

1∑
i=0

λi(T In,i(t = 0) + T I,i(η = 0)),

Sλa (t = 0) =

1∑
i=0

λi(SIn,i(t = 0) + SI,i(η = 0)).

i.e.,

(uIn,0 + uI,0)|z=0,1 = 0, (3.4)

(uIn,1 + uI,1)|z=0,1 = 0, (3.5)

(T In,0 + T I,0)|z=0 = 1, (T In,1 + T I,1)|z=0 = 0, (3.6)

(T In,0 + T I,0)|z=1 = 0, (T In,1 + T I,1)|z=1 = 0, (3.7)

(SIn,0 + SI,0)|z=0 = 1, (SIn,1 + SI,1)|z=0 = 0, (3.8)

(SIn,0 + SI,0)|z=1 = 0, (SIn,1 + SI,1)|z=1 = 0, (3.9)

uIn,0(t = 0) + uI,0(η = 0) = u0
0, uIn,1(t = 0) + uI,1(η = 0) = u1

0, (3.10)

T In,0(t = 0) + T I,0(η = 0) = T 0
0 , T In,1(t = 0) + T I,1(η = 0) = T 1

0 , (3.11)

SIn,0(t = 0) + SI,0(η = 0) = S0
0 , SIn,1(t = 0) + SI,1(η = 0) = S1

0 . (3.12)

We discuss the construction of the inner functions and initial layer functions(
uλa , p

λ
a , T

λ
a , S

λ
a

)
:=
(
uλIn, p

λ
In, T

λ
In, S

λ
In

)
(x, y, z, t)

+
(
uλI , p

λ
I , T

λ
I , S

λ
I

)
(x, y, z, η), η =

t

λ
,

(3.13)

where (
uλIn, p

λ
In, T

λ
In, S

λ
In

)
=

1∑
i=0

λi
(
uIn,i, pIn,i, T In,i, SIn,i

)
, (3.14)

(
uλI , p

λ
I , T

λ
I , S

λ
I

)
=

1∑
i=0

λi
(
uI,i, pI,i, T I,i, SI,i

)
. (3.15)

First, we study inner expansion away from t = 0 in Section 3.1. Then, we
study the initial layer expansion near t = 0 in Section 3.2. Finally, we consider the
approximate solution in Section 3.3.

3.1. Inner expansion. Away from t = 0 in (3.1), the solution to system (1.1)–
(1.6) has the expansion(

uλ, pλ, Tλ, Sλ
)

(x, y, z, t) ∼
∞∑
i=0

λi(uIn,i, pIn,i, T In,i, SIn,i)(x, y, z, t).
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First, inserting the above expansion into (1.1)–(1.6) and using direct calculations,
we obtain that

∞∑
i=0

λi(λ[∂tu
In,i +

i∑
j=0

uIn,j · ∇uIn,i−j ] +∇pIn,i −∆uIn,i −
√
Tak × uIn,i

− (RTT
In,i −RSSIn,i)k) = 0,

∞∑
i=0

λi∇ · uIn,i = 0,

∞∑
i=0

λi
(
∂tT

In,i +

i∑
j=0

uIn,j · ∇T In,i−j −∆T In,i
)

= 0,

∞∑
i=0

λi
(
∂tT

In,i +
i∑

j=0

uIn,j · ∇SIn,i−j − τ∆SIn,i
)

= 0,

∞∑
i=0

λiuIn,i|z=0,1 = 0,

∞∑
i=0

λi(T In,i, SIn,i)|z=0 = (1, 1),

∞∑
i=0

λi(T In,i, SIn,i)|z=1 = (0, 0).

Then
(
uλIn, p

λ
In, T

λ
In, S

λ
In

)
satisfies

λ[∂tu
λ
In + (uλIn · ∇)uλIn] +∇pλIn

= ∆uλIn +
√
Tak × uλIn + (RTT

λ
In −RSSλIn)k +RλIn,u,

(3.16)

∇ · uλIn = 0, (3.17)

∂tT
λ
In + (uλIn · ∇)TλIn = ∆TλIn +RλIn,T , (3.18)

∂tS
λ
In + (uλIn · ∇)SλIn = τ∆SλIn +RλIn,S , (3.19)

uλIn|z=0,1 = 0, (3.20)

(TλIn, S
λ
In)|z=0 = (1, 1), (TλIn, S

λ
In)|z=1 = (0, 0), (3.21)

where the remainders RλIn,u, RλIn,T and RλIn,S are

RλIn,u = −
∞∑
i=2

λi(λ[∂tu
In,i +

i∑
j=0

uIn,j · ∇uIn,i−j ] +∇pIn,i

−∆uIn,i −
√
Tak × uIn,i − (RTT

In,i −RSSIn,i)k) + λ3uIn,1 · ∇uIn,1,

RλIn,T = −
∞∑
i=2

λi
(
∂tT

In,i +

i∑
j=0

uIn,j · ∇T In,i−j −∆T In,i
)

+ λ2uIn,1 · ∇T In,1,

RλIn,S = −
∞∑
i=2

λi
(
∂tS

In,i +

i∑
j=0

uIn,j · ∇SIn,i−j − τ∆SIn,i
)

+ λ2uIn,1 · ∇SIn,1.
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Thus, RλIn,u, RλIn,T and RλIn,S satisfy

‖(RλIn,u, RλIn,T , RλIn,S)‖L∞(0,T∗;Hs(D)) ≤ Cλ2, (3.22)

for T∗ > 0 and s ≥ 1.
Now, we set the coefficient of O(λ0) in system (3.16)-(3.19) as zero and use

(3.20)-(3.21), (2.16). Then for
(
uIn,0, pIn,0, T In,0, SIn,0

)
, we have

∆uIn,0 +
√
Tak × uIn,0 + (RTT

In,0 −RSSIn,0)k −∇pIn,0 = 0, (3.23)

∇ · uIn,0 = 0, (3.24)

∂tT
In,0 + (uIn,0 · ∇)T In,0 = ∆T In,0, (3.25)

∂tS
In,0 + (uIn,0 · ∇)SIn,0 = τ∆SIn,0, (3.26)

uIn,0|z=0,1 = 0, (3.27)

(T In,0, SIn,0)|z=0 = (1, 1), (T In,0, SIn,0)|z=1 = (0, 0), (3.28)

(T In,0, SIn,0)(t = 0) = (T 0
0 , S

0
0). (3.29)

Similarly, we consider the O(λ1) terms. We set the coefficient of O(λ1) in the
system (3.16)-(3.19) as zero and use (3.20)-(3.21), the initial conditions (3.11)-
(3.12).

At first, (uIn,1, pIn,1, T In,1, SIn,1) satisfy

∆uIn,1 +
√
Tak × uIn,1 + (RTT

In,1 −RSSIn,1)k

−∇pIn,1 − ∂tuIn,0 − (uIn,0 · ∇)uIn,0 = 0,
(3.30)

∇ · uIn,1 = 0, (3.31)

∂tT
In,1 + uIn,0 · ∇T In,1 + uIn,1 · ∇T In,0 = ∆T In,1, (3.32)

∂tS
In,1 + uIn,0 · ∇SIn,1 + uIn,1 · ∇SIn,0 = τ∆SIn,1, (3.33)

uIn,1|z=0,1 = 0, (3.34)

(T In,1, SIn,1)|z=0,1 = (0, 0), (3.35)

T In,1(t = 0) = T 1
0 − T I,1(η = 0), SIn,1(t = 0) = S1

0 − SI,1(η = 0). (3.36)

We have the compatibility condition

(T 1
0 − T I,1(η = 0), S1

0 − SI,1(η = 0))
∣∣
z=0,1

= (0, 0). (3.37)

The rotating system (3.23)-(3.29) has stationary Stokes equations by a buoyancy
force proportional to the temperature and the solute concentration coupled with
heat advection-diffusion equations of the temperature and the solute concentration.
The system (3.30)-(3.36) can be considered as one linear system of Stokes equations
coupled with a linearized heat advection-diffusion equations. So, the existence of
the smooth solutions is the same to those of the incompressible Stokes equations.
Since the proof is basic, we omit the details.

Proposition 3.1. Assume that T 0
0 , T

1
0 , S

0
0 , S

1
0 , T

In,1(t = 0), SIn,1(t = 0) ∈
C∞(D) satisfy the suitable compatibility conditions like (2.7)–(2.9), (3.37) etc.
There is a unique and global C∞(D × [0,+∞)) smooth solution of system (3.23)–
(3.29) and (3.30)–(3.36), respectively.
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3.2. Initial layer expansion. We now derive the systems satisfying the initial
layer functions.

Near t = 0, inserting (3.13) into system (1.1)–(1.4), one obtains

λ[∂tu
λ
a + (uλa · ∇)uλa ] +∇pλa −∆uλa −

√
Tak × uλa − (RTT

λ
a −RSSλa )k

= λ[∂t(u
λ
In + uλI ) + ((uλIn + uλI ) · ∇)(uλIn + uλI )] +∇(pλIn + PλI )

−∆(uλIn + uλI )−
√
Tak × (uλIn + uλI )− (RT (TλIn + TλI )−RS(SλIn + SλI ))k

= RλIn,u + λ[∂tu
λ
I + (uλIn · ∇)uλI + uλI · ∇(uλIn + uλI )] +∇pλI −∆uλI

−
√
Tak × uλI − (RTT

λ
I −RSSλI )k,

(3.38)

∇ · uλa = ∇ · (uλIn + uλI ) = ∇ · uλI =

1∑
i=0

λi∇ · uI,i, (3.39)

∂tT
λ
a + (uλa · ∇)Tλa −∆Tλa

= ∂t(T
λ
In + TλI ) + ((uλIn + uλI ) · ∇)(TλIn + TλI )−∆(TλIn + TλI )

= RλIn,T + ∂tT
λ
I + uλIn · ∇TλI + (uλI · ∇)(TλIn + TλI )−∆TλI ,

(3.40)

∂tS
λ
a + (uλa · ∇)Sλa − τ∆Sλa

= ∂t(S
λ
In + SλI ) + ((uλIn + uλI ) · ∇)(SλIn + SλI )− τ∆(SλIn + SλI )

= RλIn,S + ∂tS
λ
I + uλIn · ∇SλI + (uλI · ∇)(SλIn + SλI )− τ∆SλI .

(3.41)

We consider

uIn,i(x, y, z, t) = uIn,i(x, y, z, λη) = uIn,i(x, y, z, 0) + λ∂tu
In,i(t = 0)η + · · · ,

T In,i(x, y, z, t) = T In,i(x, y, z, λη) = T In,i(x, y, z, 0) + λ∂tT
In,i(t = 0)η + · · · ,

SIn,i(x, y, z, t) = SIn,i(x, y, z, λη) = SIn,i(x, y, z, 0) + λ∂tS
In,i(t = 0)η + · · · .

Next we compare the coefficients of O(λi), i ≥ 0 in the resulting system and
derive the systems satisfying the initial layer functions.

Taking the coefficient of O(λ−1) in (3.40)–(3.41) as zero, it follows that ∂ηT
I,0 =

0, ∂ηS
I,0 = 0, By this and (3.2), we obtain

T I,0(x, y, z, τ) = 0, (3.42)

SI,0(x, y, z, τ) = 0, (3.43)

which indicates that the temperature and the solute concentration have no zero
order initial layer.

Setting the coefficients of O(λ0) in (3.38)−(3.41) as zero and using (3.42)-(3.43),
we have

∂ηu
I,0 +∇pI,0 −∆uI,0 −

√
Tak × uI,0 = 0, (3.44)

∇ · uI,0 = 0, (3.45)

∂ηT
I,1 + uI,0 · ∇(T In,0(t = 0)) = 0, (3.46)

∂ηS
I,1 + uI,0 · ∇(SIn,0(t = 0)) = 0. (3.47)
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and using the boundary conditions (3.4), (3.27), and the initial condition (3.10),
one obtains

uI,0|z=0,1 = 0, (3.48)

uI,0(η = 0) = u0
0 − uIn,0(t = 0). (3.49)

Then (uI,0, pI,0, T I,0, SI,0) satisfy the system (3.42)-(3.45), (3.48), and (3.49) as

T I,0(x, y, z, τ) = 0,

SI,0(x, y, z, τ) = 0,

∂ηu
I,0 +∇pI,0 −∆uI,0 −

√
Tak × uI,0 = 0,

∇ · uI,0 = 0,

uI,0|z=0,1 = 0,

uI,0(η = 0) = u0
0 − uIn,0(t = 0).

Now, we investigate the initial and boundary conditions of T I,1, SI,1. Using
(3.46)-(3.47) and the decay condition (3.2), we obtain

T I,1 = −
∫ ∞
η

[uI,0 · ∇(T In,0(t = 0))](s)ds, (3.50)

TS,1 = −
∫ ∞
η

[uI,0 · ∇(SIn,0(t = 0))](s)ds. (3.51)

Then, we restrict (3.50)-(3.51) to η = 0, and replace the right term of result by

T
I,1

, S
I,1

. Namely,

T I,1(η = 0) = T
I,1
, (3.52)

SI,1(η = 0) = S
I,1
. (3.53)

By restricting (3.50)-(3.51) to z = 0, 1 and using (3.48), one obtains

T I,1|z=0,1 = 0, (3.54)

SI,1|z=0,1 = 0. (3.55)

Moreover, from (3.11)-(3.12) it follows that

T I,1(τ = 0) = T 1
0 − T In,1(t = 0), (3.56)

TS,1(τ = 0) = S1
0 − SIn,1(t = 0). (3.57)

Setting the coefficients of O(λ1) in (3.38), (3.39) as zero, we have

∂ηu
I,1 +∇pI,1 −∆uI,1 −

√
Tak × uI,1 − (RTT

I,1 −RSSI,1)k

= −(uI,0 · ∇)uIn,0(t = 0)− (uIn,0(t = 0) · ∇)uI,0 − (uI,0 · ∇)uI,0,
(3.58)

∇ · uI,1 = 0. (3.59)

From the boundary conditions and the initial condition from (3.5), (3.34), and
(3.10), we deduce that

uI,1
∣∣
z=0,1

= 0, (3.60)

uI,1(η = 0) = u1
0 − uIn,1(t = 0). (3.61)
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Hence, we obtain the system

∂ηT
I,1 + uI,0 · ∇(T In,0(t = 0)) = 0,

∂ηS
I,1 + uI,0 · ∇(SIn,0(t = 0)) = 0,

∂ηu
I,1 +∇pI,1 −∆uI,1 −

√
Tak × uI,1 − (RTT

I,1 −RSSI,1)k

= −(uI,0 · ∇)uIn,0(t = 0)− (uIn,0(t = 0) · ∇)uI,0 − (uI,0 · ∇)uI,0,

∇ · uI,1 = 0,

uI,1
∣∣
z=0,1

= 0,

uI,1(η = 0) = u1
0 − uIn,1(t = 0).

In view of [28], we obtain the following result, whose proof is easy.

Proposition 3.2. Assume that (2.1)-(2.3) hold, u0
0, u

1
0, T

0
0 , T

1
0 , S

0
0 , S

1
0 ∈ C∞(D)

satisfy the compatibility conditions (2.5)-(2.9). There exist a unique and smooth
solution (uI,0, pI,0) to the system (3.42)-(3.45), (3.48) and (3.49) and a unique and
smooth solution (uI,1, pI,1, T I,1, SI,1) to the system (3.46)-(3.47) and (3.58)-(3.61)
satisfying the exponential decay to zero as η →∞, in the sense that

‖(uI,0, uI,1, T I,1, SI,1)(·, η)‖Hs(D) ≤ Ce−βη,
for some constant β > 0 and any s ≥ 1.

3.3. Approximate solution. Simple computations yield

λ[∂tu
λ
a + (uλa · ∇)uλa ] +∇pλa −∆uλa −

√
Tak × uλa − (RTT

λ
a −RSSλa )k

= RλIn,u + (∂ηu
I,0 +∇pI,0 −∆uI,0 −

√
Tak × uI,0)

+ λ[∂ηu
I,1 +∇pI,1 −∆uI,1 −

√
Tak × uI,1 − (RTT

I,1 −RSSI,1)k

+ (uI,0 · ∇)uIn,0(t = 0) + (uIn,0(t = 0) · ∇)uI,0 + (uI,0 · ∇)uI,0]

+RλI,u,

(3.62)

∂tT
λ
a + (uλa · ∇)Tλa −∆Tλa

= RλIn,T + λ−1∂ηT
I,0 + (∂ηT

I,1 + uI,0 · ∇(T In,0(t = 0))

+ (uIn,0 + uI,0) · ∇T I,0 +RλI,T ,

(3.63)

∂tS
λ
a + (uλa · ∇)Sλa − τ∆Sλa

= RλIn,S + λ−1∂ηS
I,0 + (∂ηS

I,1 + uI,0 · ∇(SIn,0(t = 0))

+ (uIn,0 + uI,0) · ∇SI,0 +RλI,S ,

(3.64)

where the remainders RλI,u, RλI,T and RλI,S , caused by the initial layer, are shown
by

RλI,u

= λ2[η(uI,0 · ∇)∂tu
In,0(θ1t) + η∂tu

In,0(θ2t) · ∇uI,0 + (uIn,0(t = 0) · ∇)uI,1

+ (uIn,1 · ∇)uI,0 + uI,0 · ∇(uIn,1 + uI,1) + uI,1 · ∇(uIn,0(t = 0) + uI,0)]

+ λ3[η∂tu
In,0(θ3t) · ∇uI,1 + η(uI,1 · ∇)∂tu

In,0(θ4t)

+ (uIn,1 · ∇)uI,1 + uI,1 · ∇(uIn,1 + uI,1)], 0 < θi < 1, i = 1, 2, 3, 4,

(3.65)
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RλI,T = λ[η(uI,0 · ∇)∂tT
In,0(t = 0) + uIn,0(t = 0) · ∇T I,1

+ uI,0 · ∇(T In,1(t = 0) + T I,1) + uI,1 · ∇T In,0(t = 0)

+ (uIn,1 + uI,1) · ∇T I,0 −∆T I,1]

+ λ2[
1

2
η2(uI,0 · ∇)∂ttT

In,0(θ5t) + η(uI,1 · ∇)∂tT
In,0(θ6t)

+ η(uI,0 · ∇)∂tT
In,1(θ7t)

+ η∂tu
In,0(θ8t) · ∇T I,1 + (uIn,1 · ∇)T I,1 + uI,1 · ∇(T In,1 + T I,1)],

(3.66)

0 < θi < 1, i = 5, 6, 7, 8,

RλI,S = λ[η(uI,0 · ∇)∂tS
In,0(t = 0) + uIn,0(t = 0) · ∇SI,1

+ uI,0 · ∇(SIn,1(t = 0) + SI,1) + uI,1 · ∇SIn,0(t = 0)

+ (uIn,1 + uI,1) · ∇SI,0 − τ∆SI,1]

+ λ2[
1

2
η2(uI,0 · ∇)∂ttS

In,0(θ9t) + η(uI,1 · ∇)∂tS
In,0(θ10t)

+ η(uI,0 · ∇)∂tS
In,1(θ11t) + η∂tu

In,0(θ12t) · ∇SI,1

+ (uIn,1 · ∇)SI,1 + uI,1 · ∇(SIn,1 + SI,1)],

(3.67)

0 < θi < 1, i = 9, 10, 11, 12.

Hence, the previous computations show that (uλa , p
λ
a , T

λ
a , S

λ
a ) solves the initial-

boundary problem

λ[∂tu
λ
a + (uλa · ∇)uλa ] +∇pλa

= ∆uλa +
√
Tak × uλa + (RTT

λ
a −RSSλa )k +RλIn,u +RλI,u,

(3.68)

∇ · uλa = 0, (3.69)

∂tT
λ
a + (uλa · ∇)Tλa = ∆Tλa +RλIn,T +RλI,T , (3.70)

∂tS
λ
a + (uλa · ∇)Sλa = τ∆Sλa +RλIn,S +RλI,S , (3.71)

uλa |z=0,1 = 0, (3.72)

(Tλa , S
λ
a )|z=0 = (1, 1), (3.73)

(Tλa , S
λ
a )|z=1 = (0, 0), (3.74)

(uλa , T
λ
a , S

λ
a )(t = 0) = (u0

0 + λu1
0, T

0
0 + λT 1

0 , S
0
0 + λS1

0), (3.75)

where the remainders RλIn,u, RλIn,T , RλIn,S satisfy (3.22) and RλI,u, RλI,T , RλI,S de-

fined by (3.65)-(3.67) respectively satisfy

‖RλI,u(., η)‖L∞(D) ≤ Cλ2(η + 1)e−βη,

‖(RλI,T , RλI,S)(·, η)‖L∞(D) ≤ Cλ(η2 + η + 1)e−βη,
(3.76)

for some constant β > 0 and for any t ∈ [0, S] and any fixed S > 0. The estimate
(3.76) can be easily derived by the definitions of RλI,u, RλI,T , RλI,S and Proposition
3.2.

4. Main results

Theorem 4.1. Assume that (2.1)-(2.3) hold. And assume that u0
0, u

1
0, T

0
0 , T

1
0 , S

0
0 ,

S1
0 ∈ C∞(D) satisfy the compatibility conditions (2.5)-(2.9). Then, as λ → 0, for
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any 0 < T∗ <∞, we have

‖(uλ − uλa , Tλ − Tλa , Sλ − Sλa )‖L∞(0,T∗;L2(D)) ≤ Cλ3/2, (4.1)

and we obtain

‖(uλ − uλa , Tλ − Tλa , Sλ − Sλa )‖L2(0,T∗;H1(D)) ≤ Cλ3/2, (4.2)

where H1(D)=W 1,2(D), for some positive constants C independent of λ.

Proof. We use the classical L2-energy method, and separate the proof into five
steps.

Step 1. We define the error functions as

uλe = uλ − uλa , pλe = pλ − pλa , Tλe = Tλ − Tλa , Sλe = Sλ − Sλa ,

which satisfies

λ[∂tu
λ
e + (uλa · ∇)uλe + (uλe · ∇)(uλa + uλe )] +∇pλe

= ∆uλe +
√
Tak × uλe + (RTT

λ
e −RSSλe )k −RλIn,u −RλI,u,

(4.3)

∇ · uλe = 0, (4.4)

∂tT
λ
e + (uλa · ∇)Tλe + (uλe · ∇)(Tλa + Tλe ) = ∆Tλe −RλIn,T −RλI,T , (4.5)

∂tS
λ
e + (uλa · ∇)Sλe + (uλe · ∇)(Sλa + Sλe ) = τ∆Sλe −RλIn,S −RλI,S , (4.6)

(uλe , T
λ
e , S

λ
e )|z=0,1 = (0, 0, 0) (4.7)

(uλe , T
λ
e , S

λ
e )(t = 0) = (uλ0E , T

λ
0E , S

λ
0E)(x, y, z). (4.8)

where RλIn,u, RλIn,T , RλIn,S , RλI,u, RλI,T and RλI,S are the remainders, uλ0E , Tλ0E and

Sλ0E are defined in Section 2.

Step 2. Taking the L2-inner product of (4.5) with Tλe and integrating over D, one
obtains

1

2

d

dt
‖Tλe ‖2L2(D)

=

∫
D

∆Tλe T
λ
e dx dy dz −

∫
D

(RλIn,T +RλI,T )Tλe dx dy dz

−
∫
D

(
uλa · ∇

)
Tλe T

λ
e dx dy dz −

∫
D

(
uλe · ∇

)
(Tλa + Tλe )Tλe dx dy dz

=: I1 + I2 + I3 + I4.

(4.9)

Applying Green’s first formula to I1 and taking into account (4.7) yield

I1 =

∮ ∮
Γ

Tλe
∂Tλe
∂n

dS −
∫
D

|∇Tλe |2 dx dy dz = −
∫
D

|∇Tλe |2 dx dy dz, (4.10)

where Γ represents the boundary surface.
Next, we estimate I2 by the estimates (3.22), (3.76). We obtain

|I2| ≤ ξ1‖Tλe ‖2L2(D) + C(ξ1)‖RλIn,T +RλI,T ‖2L2(D)

≤ ξ1‖Tλe ‖2L2(D) + C(ξ1)(Cλ4 + Cλ2(η2 + η + 1)2e−2βη),
(4.11)

where the constant C(ξ1) > 0 is independent of λ, and ξ1 is a small constant.
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According to (3.69), (3.72), and (4.7),

I3 = −
∫
D

uλa · ∇
(

(Tλe )2

2

)
dx dy dz

= −
∫
D

∇ ·
(
uλa

(Tλe )2

2

)
dx dy dz +

∫
D

∇ · uλa
(Tλe )2

2
dx dy dz = 0.

(4.12)

The last integral term I4 can be established similarly as in estimating I3. We obtain

I4 = −
∫
D

(
uλe · ∇

)
Tλa T

λ
e dx dy dz −

∫
D

(uλe · ∇)Tλe T
λ
e dx dy dz

= −
∫
D

(uλe · ∇)Tλa T
λ
e dx dy dz

≤ | −
∫
D

(uλe · ∇)Tλa T
λ
e dx dy dz|

≤ C(ξ2)‖∇Tλa ‖2L∞(D)‖u
λ
e‖2L2(D) + ξ2‖Tλe ‖2L2(D),

(4.13)

where the constant C(ξ2) > 0 is independent of λ, and ξ2 is a small constant.
Putting estimates (4.10)-(4.13) into (4.9) yields

1

2

d

dt
‖Tλe ‖2L2(D) + ‖∇Tλe ‖2L2(D)

≤ C(ξ1)(Cλ4 + Cλ2(η2 + η + 1)2e−2βη) + (ξ1 + ξ2)‖Tλe ‖2L2(D)

+ C(ξ2)‖∇Tλa ‖2L∞(D)‖u
λ
e‖2L2(D).

Assuming that ξ1 is small enough but independent of λ, it follows that

d

dt
‖Tλe ‖2L2(D) + ‖∇Tλe ‖2L2(D)

≤ 2‖∇Tλa ‖2L∞(D)C(ξ2)‖uλe‖2L2(D)

+ 2C(ξ1)(Cλ4 + Cλ2(η2 + η + 1)2e−2βη).

(4.14)

Integrating (4.14) over [0, t] for t ∈ [0, T∗] and any fixed T∗ > 0, we have

‖Tλe (t)‖2L2(D) +

∫ t

0

‖∇Tλe ‖2L2(D)dt

≤ ‖Tλe (t = 0)‖2L2(D) + C

∫ t

0

‖uλe‖2L2(D)dt+ Cλ3.

(4.15)

Step 3. Similarly, taking the L2-inner product of (4.6) with Sλe and integrating
over D yield

1

2

d

dt
‖Sλe ‖2L2(D) =

∫
D

τ∆Sλe S
λ
e dx dy dz −

∫
D

(RλIn,S +RλI,S)Sλe dx dy dz

−
∫
D

(
uλa · ∇

)
Sλe S

λ
e dx dy dz −

∫
D

(
uλe · ∇

)
(Sλa + Sλe )Sλe dx dy dz.

Similarly, we derive

d

dt
‖Sλe ‖2L2(D) + 2τ‖∇Sλe ‖2L2(D)

≤ 2‖∇Sλa‖2L∞(D)C(ξ4)‖uλe‖2L2(D)

+ 2C(ξ3)(Cλ4 + Cλ2(η2 + η + 1)2e−2βη).

(4.16)
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Integrating (4.16) over [0, t] for t ∈ [0, T∗] and any fixed T∗ > 0, we obtain

‖Sλe (t)‖2L2(D) + 2τ

∫ t

0

‖∇Sλe ‖2L2(D)dt

≤ ‖Sλe (t = 0)‖2L2(D) + C

∫ t

0

‖uλe‖2L2(D)dt+ Cλ3.

(4.17)

Step 4. Similarly, testing (4.3) by uλe and integrating over D, it follows that∫
D

(λ[∂tu
λ
e + (uλa · ∇)uλe + (uλe · ∇)(uλa + uλe )] +∇pλe )uλe dx dy dz

=

∫
D

(∆uλe +
√
Tak × uλe

+ (RTT
λ
e −RSSλe )k −RλIn,u −RλI,u)uλe dx dy dz.

(4.18)

First, taking into account divergence formula, Proposition 3.2, the approximate
solution’s property (3.69), (4.4) and the boundary condition (3.72), the left-hand
side terms of (4.18) can be expressed as∫

D

λ∂tu
λ
eu

λ
e dx dy dz =

λ

2

d

dt
‖uλe‖2L2(D),∫

D

λ(uλa · ∇)uλeu
λ
e dx dy dz

=

∫
D

λ∇ ·
(
uλa

(uλe )2

2

)
dx dy dz −

∫
D

λ∇ · uλa

(
uλe
)2

2
dx dy dz = 0,∫

D

λ(uλe · ∇)(uλa + uλe )uλe dx dy dz

=

∫
D

λ(uλe · ∇)uλau
λ
e dx dy dz +

∫
D

λ∇ ·
(
uλe

(uλe )2

2

)
dx dy dz

−
∫
D

λ∇ · uλe
(uλe )2

2
dx dy dz

=

∫
D

λ
(
uλe · ∇

)
uλau

λ
e dx dy dz

≤
∣∣ ∫
D

λ
(
uλe · ∇

)
uλau

λ
e dx dy dz

∣∣
≤ λ‖∇uλa‖L∞(D)‖uλe‖2L2(D),∫

D

∇pλeuλe dx dy dz

=

∫
D

∇ · (pλeuλe ) dx dy dz −
∫
D

∇ · uλepλe dx dy dz = 0.

For the right-hand side terms of (4.18), we have∫
D

∆uλeu
λ
e dx dy dz

=

∫
D

3∑
i=1

(∂xx + ∂yy + ∂zz)u
λ
ieu

λ
ie dx dy dz
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=

∫ 1

0

∫ L2

0

3∑
i=1

(
∂xu

λ
ieu

λ
ie

∣∣x=L1

x=0
−
∫ L1

0

(∂xu
λ
ie)

2dx
)
dy dz

+

∫ 1

0

∫ L1

0

3∑
i=1

(
∂yu

λ
ieu

λ
ie

∣∣y=L2

y=0
−
∫ L2

0

(∂yu
λ
ie)

2dy
)
dx dz

+

∫ L2

0

∫ L1

0

3∑
i=1

(
∂zu

λ
ieu

λ
ie|z=1
z=0 −

∫ 1

0

(∂zu
λ
ie)

2dz
)
dx dy

= −
∫
D

(∇uλe )2 dx dy dz,

where we use uλe = (uλ1e, u
λ
2e, u

λ
3e).∫

D

√
Tak × uλeuλe dx dy dz

=

∫
D

√
Ta(−uλ2e, uλ1e, 0)(uλ1e, u

λ
2e, u

λ
3e)
> dx dy dz = 0,∫

D

(RTT
λ
e −RSSλe )kuλe dx dy dz

≤ |
∫
D

(RTT
λ
e −RSSλe )kuλe dx dy dz|

≤ ξ5‖uλe‖2L2(D) + C(ξ5)(R2
T ‖Tλe ‖2L2(D) +R2

S‖Sλe ‖2L2(D)),

−
∫
D

(RλIn,u +RλI,u)uλe dx dy dz

≤ |
∫
D

(RλIn,u +RλI,u)uλe dx dy dz|

≤ ξ6‖uλe‖2L2(D) + C(ξ6)‖RλIn,u +RλI,u‖2L2(D)

≤ ξ6‖uλe‖2L2(D) + C(ξ6)(Cλ4 + Cλ4(η + 1)2e−2βη),

where the constants C(ξi) > 0, (i = 5, 6) are independent on λ, and ξi > 0, (i = 5, 6)
are small constants.

Substituting the above derivation equations into (4.18) yields

λ

2

d

dt
‖uλe‖2L2(D) + ‖∇uλe‖2L2(D)

≤ λ‖∇uλa‖L∞(D)‖uλe‖2L2(D) + (ξ5 + ξ6)‖uλe‖2L2(D)

+ C(ξ5)(R2
T ‖Tλe ‖2L2(D) +R2

S‖Sλe ‖2L2(D)) + C(ξ6)(Cλ4 + Cλ4(η + 1)2e−2βη).

By restricting λ to be small enough satisfying λ‖∇uλa‖L∞(D) ≤ Cλ ≤ 1/4 and
taking ξ5, ξ6 to be small enough (ξ5 + ξ6 = 1/4) but independent of λ, one obtains

λ
d

dt
‖uλe‖2L2(D) + ‖∇uλe‖2L2(D) ≤ 2C(ξ5)(R2

T ‖Tλe ‖2L2(D) +R2
S‖Sλe ‖2L2(D))

+ 2C(ξ6)(Cλ4 + Cλ4(η + 1)2e−2βη),
(4.19)

that is,

λ
d

dt
‖uλe‖2L2(D) + ‖uλe‖2L2(D) ≤ 2C(ξ5)(R2

T ‖Tλe ‖2L2(D) +R2
S‖Sλe ‖2L2(D))

+ 2C(ξ6)(Cλ4 + Cλ4(η + 1)2e−2βη),
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i.e.,

d

dt
(e

t
λ ‖uλe‖2L2(D)) ≤ [2C(ξ5)(R2

T ‖Tλe ‖2L2(D) +R2
S‖Sλe ‖2L2(D))

+ 2C(ξ6)(Cλ4 + Cλ4(η + 1)2e−2βη)]λ−1e
t
λ .

(4.20)

Integrating (4.20) over [0, t] for t ∈ [0, T∗] and any fixed T∗ > 0, we have

‖uλe (t)‖2L2(D) ≤ ‖u
λ
e (t = 0)‖2L2(D) + 2C(ξ5)(R2

T ‖Tλe (t)‖2L∞(0,t;L2(D))

+R2
S‖Sλe (t)‖2L∞(0,t;L2(D))) + 2C(ξ6)Cλ4.

(4.21)

Step 5. Combining (4.15), (4.17) and (4.21), and restricting ξ2 to be small enough
independent of λ yields

‖uλe (t)‖2L2(D) ≤ C‖(u
λ
e , T

λ
e , S

λ
e )(t = 0)‖2L2(D) + C‖uλe (t)‖2L2(0,t;L2(D)) + Cλ3.

Using Gronwall’s lemma and (2.4) yields

‖uλe (t)‖2L2(0,t;L2(D)) ≤ Cλ
3, (4.22)

‖uλe (t)‖2L∞(0,T∗;L2(D)) ≤ Cλ
3. (4.23)

Inserting (4.22) into (4.15) and (4.17) yields

‖Tλe (t)‖2L2(D) +

∫ t

0

‖∇Tλe ‖2L2(D)dt ≤ Cλ
3, (4.24)

‖Sλe (t)‖2L2(D) + 2τ

∫ t

0

‖∇Sλe ‖2L2(D)dt ≤ Cλ
3. (4.25)

From the two inequalities above, we have

‖Tλe (t)‖2L∞(0,T∗;L2(D)) ≤ Cλ
3, (4.26)

‖Sλe (t)‖2L∞(0,T∗;L2(D)) ≤ Cλ
3, (4.27)

‖Tλe (t)‖2L2(0,T∗;H1(D)) ≤ Cλ
3, (4.28)

‖Sλe (t)‖2L2(0,T∗;H1(D)) ≤ Cλ
3. (4.29)

Simple computations yield

λ‖uλe (t)‖2L2(D) +

∫ t

0

‖∇uλe‖2L2(D)dt

≤ λ‖uλe (t = 0)‖2L2(D) + 2C(ξ5)(R2
T ‖Tλe (t)‖2L2(0,t;L2(D))

+R2
S‖Sλe (t)‖2L2(0,t;L2(D))) + Cλ4.

(4.30)

Inserting (4.26)-(4.29) into (4.30) yields

λ‖uλe (t)‖2L2(D) +

∫ t

0

‖∇uλe‖2L2(D)dt ≤ Cλ
3.

Hence,

‖uλe (t)‖2L2(0,T∗;H1(D)) ≤ Cλ
3. (4.31)

Estimates (4.23), (4.26)-(4.29) and (4.31) lead to (4.1)-(4.2) in Theorem 4.1. �
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