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GROUND STATE SOLUTIONS FOR FRACTIONAL
p-KIRCHHOFF EQUATION

LIXIONG WANG, HAIBO CHEN, LIU YANG

ABSTRACT. We study the fractional p-Kirchhoff equation

a+b/ / lut@) = u(y)I? dx dy)(fA)Suf,u\u\p_zu = |u[9"%u, =xeRY,
RN JRN \x* |N'H’g P

where (—A)p is the fractional p-Laplacian operator, a and b are strictly positive
real numbers, s € (0,1), 1 <p < %, and p < ¢ < p% — 2 with p¥ = N ps By
using the variational method, we prove the existence and uniqueness of global

minimum or mountain pass type critical points on the LP-normalized manifold
S(e) :={ue WHP[RN) : [on |ufPde = cP}.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we consider the fractional p-Kirchhoff equation

p
a + b/RN /RN iz — |N+p)5| dx dl/)(*A);U — plulPu = |ul 2, (1.1)

for x € RV, where (—A);u is the fractional p-Laplacian operator, a and b are

strictly positive real numbers, s € (0,1), 1 < p < %, and p < ¢ < pi — 2 with
N
ps - 7178
Equation (|1.1) is related to stationary solutions of
(y)”
Ugp + a+b dxd)—Asu: T,u), 1.2
wor(arn[ [ BOZOP ) -agu= e, 02

where f(z,u) is a general nonlinearity. Kirchhoff’s equation was suggested as a
model for the transverse oscillations of a stretched string of the form [I3]

Eh [*

phuy — (po + o |, Vul® daj) Au+ dur + f(xz,u) =0 (1.3)
for 0 <« < L and t > 0, where u = u(x,t) is the lateral displacement at position
and at time ¢, L is the length of the string, h is the cross section area, p is the mass
density, pg is the initial stress tension, £ is the Young modulus, ¢ is the resistance
modulus and f is the external force. Comparing with the semilinear equations , it
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is way more challenge and fascinating to research equations (1.1)) and (1.2]) visible
of the existence of the nonlocal term

u(y)|” s
/RN /RN |m— |N+ps dxdy(fA)pu

In recent years, many authors have dealt with Kirchhoff-type problems in the
context of classical Laplace operators and proved results concerning the existence,
multiplicity and properties of the solutions by variational methods. The existence,
nonexistence and multiplicity of nontrivial solutions of fractional Kirchhoff-type
equation with Hardy-Littlewood-Sobolev critical exponent were presented in [20].
By using a fibering-type approach, Che and Wu [3] obtained several quantitative
results for the problem

- (a + b/ |Vu|? dx) Au+u = k(2)|uP?u+m(z)|u/? % inRY, (1.4)
RN

where N > 3, a,b >0, 1 < ¢ <2 < p < min{4,2*}. The three positive solutions
are obtained mainly by using the Ekeland variational principle and the innovative
constraint method of Nehari manifolds. For the p-Laplace operators, the uniqueness
of the positive solution of the p-Laplace equation with Hardy potential and the
asymptotic behavior was established [§].

For instance, replacing the term |u|Pu with a general nonlinearity f(z,u), there
are many results on the existence of solutions for such equations, one can refer to
[T, (5l [T0OL 15 [16] and the references therein. For the fractional Laplace equation,
Feng and Su [7] establishes a generalized version of the lion-type theorem for the
fractional Laplace that obtains the ground state solution. The existence of ground
state solutions of fractional equations can also be found in Su and Feng [21] recent
article. However, there is little literature concerned about the normalized solutions
for the fractional p-Kirchhoff equation. With regard to the point, we attempt to
study this kind of problem in this paper.

By treating 1 as an unknown Lagrange multiplier, Equation can be viewed
as an eigenvalue problem. From this perspective, we can solve it by studying some
constraint variational problems and obtain a normalized solution. Inspired by
[2, [12] 23], we first consider the following minimization problem

I(c) := f E 1.5
(€)= inf Eyfu) (1)
where
¢):={ueW*PRY): / luPdz = c?}.
RN
and

/ / WP dx dy
]RN RN |9U— |N+pG
Ju(z) = u(y)|? 2 1/
dx d - — ad
(L L \xf |N+ps wdy) = [, e

A normalized solution to problem exists if uw € S(c) is a minimizer of
problem such that there exists pu € ]R such that B/ (u) = plulP~?u, ie., u € S(c)
is a solution of for some p € R.

For the case of p = 2 and s = 1, scholars have made in-depth research. For
example, Ye [23] according to the principle of concentrated compactness, it is proved
that there exists ¢; > 0 such that if ¢ > ¢}, problem is reachable, where the

(1.6)
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constant c¢ is related to the ground state solution of equation below. Zeng
and Zhang [24] reproved some of the results in [22] by applying some simple energy
estimates. They also showed that the minimum element of problem (if it
exists) is unique and is a telescopic translation of the ground state solution of
equation .

This article intends to prove the existence and uniqueness of the minimal element
of problem and extend the results of paper [I1 [24] to the case of p € (1, %)
To do this, we first study the equation

s pgs -2 -2 *
—A)u+ — 1 |ulP™u = |[u|T*u, 0<q<p;. 1.7
(A5t [t~ tup~2u = u (17)
Note that if p # 2 or s # 1, the operator (—A) is no longer linear, which leads

to some different properties from the case of p = 2 and s = 1. For example, when

= 2, equation (L.7)) has a unique positive radial symmetric bolution' it is not clear
whether the posrtlve radial solution of . with general p E (1, ) is unique. This
brings some new difficulties to the study of problems (1.5 and . First, we
introduce some known results about equation . The energy functional of
can be defined as

u(y)|? 1. pgs / 1/
dedy+-|——-—1 wlPdr—— u|9dx.
/RN/]RN Ifc—y\NW p[N(q—p) ) RN| | q ]RN| |

Moreover, all nontrivial solutions of (1.7)) can be expressed as
W= {ue WeP(RN)\ {0} : (G'(u), ) = 0,Yp € WP(RN)}.
We say that Q(z) € W*P(RY) is a ground state solution of ([1.7), if u satisfies

Q) eN:={ueW:Gu) = 1nfG ()} ={ueW:Gu) = 1nf —/ lv|Pda}.
Combining with the Pohozaev and Nehari identity, u(x) satisfies

)|p = p m—w 2)9dz
/RN /RN |I,y|N+ps divdy—/]RN |Q(x)[Pdr = o /]RN 1Q(z)|%dx. (1.8)

Before stating our main results, we introduce the fractional Gagliar
do-Nirenberg inequality [9]

)‘p N(q;p)
/ lulfdr < ————— / / N T dy) v
RN N(g—p ||Q|| BV JrY |33—y| P

N(a—p)

x(/ |u|de)7 7 Yy e WeP(RY).
RN

(1.9)

Furthermore, ) is an optimizer of the fractional Gagliardo-Nirenberg inequality.
We note that, in a similar way to the literature [6], we can prove that all optimizers
of (1.9) are in fact the scaling and translations of Q(z), i.e., belong to the set

AQ(azx +y): o, \e Ry eR,Q € W} (1.10)

Remark 1.1. If p € (1, %), it is known from the conclusion in [I4], [6l 18] that the
radially symmetric ground state solution of equation is unique (up to trans-
lations). Accordingly, Q(]z|) is the unique (up to translations) radially symmetric
positive solution of the following equation in WP (RN).

The following theorem discusses the existence and uniqueness of the reachable

elements of equation (|1.5)).
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Theorem 1.2. (i) Suppose that 0 < q¢ < p+ 22, problem (L1.5)) has a unique
minimizer u. (up to translations). Moreover the functzon uC satisfies
N/p
cAp
Ue = Q(\px),
Rl T
where A\ = (cp)f% with t, being the unique minimum point of the function
N(a—p)
b (q_ s ) N(q—p)
folt)=2t4 g2 P57 t 0%, te (0,+00). (1.11)

p o 2p N(q —p>||cz||2q;p>

1
(ii) Suppose that ¢ = p+ B2, if ¢ > (M) P |Q||Lr, then problem (1.5)

p?s
has a unique minimizer uc (up to translations). Moreover,

c)\N/p

Ue = m@()‘px)v (1.12)

where
A = [p2sc(q—p) —aN(q _p)!QH%;p é.
bN(q - p)?|QIL"
On the contrary, problem ) has no minimizer ife < [M]i Q]| v

(iii) Suppose that p + &2 ,pé} if ¢ > c*, then ) has a
unique minimizer uC (up to translations ) Moreover,

cA,I,V/p
Ue = ——Q(A\px), (1.13)
Qs ="
with
A :{ 2[N(q —p) —p*sla }L
P U2p?s — N(g—p)|erb) 7
1) e {2[N(q—p) —st]a}N;%:‘”
c) =
N(g—p)lIQlIT," [2p?s — N(q — p)]b

ps

for all ¢ > ¢*. Conversely, problem (1.5)) has no minimizer if c < c*, where
c* is given by (3.6)).
. 292
(iv) Suppose that p + &=
c> 0.

< q < p%, problem (L1.5) has no minimizer for all

By the above theorem, we first obtain a complete classification with respect to
the exponent ¢ with the LP-normalized solutions of problem . Moreover, all
these solutions are unique up to translations, our proof relies only on some simple
energy estimates and avoids the use of the concentration-compactness principle.

Theorem shows us that the minimizer of must be a scaling of Q(:r),
which extends [I1, Theorem 1.1], also the existence of the minimizer of is
discussed therein. Moreover, we see that problem (1.5) has no minimizer 1f q >
p+ 2p° 5>, Thus, to obtain the normalized solutions for 7 one may search for
baddle point for functional (L.6). Inspired by other studies [11, 24], we examine
the mountain pass type critical point for E,(-) on S(c). Before stating our second
result, we introduce the following definition.
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Definition 1.3. Functional E,(-) is said to have the mountain pass geometry on
S(c) given ¢ > 0, if there exists K (c¢) > 0 such that

1(e) i= inf | max I, (h(t) > max{Ey(h(0)). B,(h(1)}  (114)

holds in the set
I(e) = {h € C([0,1:5(0)) : h(0) € Ag(y amd E(h(1) <0},

where

)|P 1/p
Ag(e) = {ueS /RN/RN - |N+ps dxdy) SK(C)}.

Since only ¢ > p + QPTS is considered, we assume that ¢ satisfies one of the
conditions below:

(A1) ¢>p+ 22
(A2) q—p+2p5andc>c* =

bN(g—p)llQII75"

ps
2925 } pgs—N(q—p) |

As well as by studying some analytical properties of v(c¢) and involving rigorous ar-
guments, we will prove separately that F,(-) possesses the mountain pass geometry
on S(c), see lemma below for details. In addition, there exists u. € S(c) such
that E,(u.) = v(c), and u, is a solution of with some A\ € R™. Inspired by this
fact and the proof of our first theorem, we try to study some characteristics of v(c)
by bringing in some new estimates of the observations and energies. Furthermore,
as a side effect, we show that a critical point on the level v(c) is known to be unique
if u. € S(c) is a critical point of E,(-) by indeed a scaling of Q(x). So, we have the
following theorem.

Theorem 1.4. Suppose conditions (A1) or (A2) hold, and that t, be the unique
mazimum point of f,(t) at (0,+00). Then

v(e) = fp(tp),
N oL
which can be achieved by . = HCQ’\%Q(pr), where A\, = (i—’;) " . Moreover, G, is
also a solution of (1.1)) for some A € R™.
Remark 1.5. Still let f,(-) be given by (1.11) and note that it has a unique

maximum point in (0, +00) once (A1) or (A2) is assumed. In Theorem [1.4], % is
the unique solution of (1.14]). The significance is as follows: if

E (u)|sey =0 and Ey(a) =(c). (1.15)
i.e., @€ S(c) is a critical point of E,(-) on S(c) and its energy equal to y(c). Then,
up to translations, 4 = .
2. PRELIMINARIES

We first give some useful notation and basic results for fractional Sobolev spaces.
Let 0 < s <1 < p < oo be real numbers. The fractional Sobolev space W*?(RY)
is defined by

P
WeP(RN) = {u e LP(R") : // 7()‘6“1 ,
{u ry Jpy | —y|NHPs v dy}
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equipped with the norm

. y)IP 1/p
||U||W5,p(RN = Hu||Lp(]RN)+/ /RN |$7 |N+ps dl‘dy) .

Now, we introduce the fractional Gagliardo-Nirenberg-Sobolev inequality; for
more details, see [4 [I7, 19].

Lemma 2.1 ([]). If u € W*P(RY) and p < ¢ < p* — 2, then

/|u|qdz
RN
|p N(qup) ng(q;p)
dwdy) 7 ( vaz)’ T
/N/N T — N+ps 4 N|U|d3}
(q PHQ| ry Jrv | | R

Moreover, Q is an optimizer of the fractional Gagliardo-Nirenberg inequality.

The Pohozaev identity plays an important role in our discussion. We give it in
the following lemma.

Lemma 2.2 ([I7, Lemma 2]). Let u € W*P(RY), N > 2, satisfy the equation
(=A)pu = f(u).
then o P
ps
dz d N F(u)d
/RN L = [ re
where F(s fo

To prove the theorem we first introduce the following lemma, which indicates
that if hypothesis (A1) or (A2) hold, E,(-) has mountain path geometry.

Lemma 2.3. Assume that (Al) or (A2) holds. Then there exists K(c) € (0,1)
such that

1) i= inf | max I, (h(1)) > max{E,(h(0)). £, (h(1))}.

Proof. On the one hand, for any u € S(c) and [~ fRN\zITW dedy < 2%, we

ps
have

|P / / |P 2
dzd d d)
// |x—y|N+m TWE 2\ o Jan |x—y|N+P9 VRN CRY

o 2a y)|P
dx dy.
/]RN /]RN Iw*y\N“’S Y

On the other hand, if [, f]RN % dx dy is small enough from (A2), we have

|P / / IP 2
da dy dz d)
/RN/RN \:v*y\N“’S +2p Ry JRN \x*le“”S Y

q N(qg—p)

pscls Ju(z) — u(y)l”
dz d )
N(g - p||@||<q P) / / |x— |N+ps Y

a/ / lufz) = w@)P” ;4
2p Jrv Jrw |9U— |N+p6 v
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This and (2.1)) imply that

y)|P
Ey(u) =0 as/RN/RN |$_y|N+pg dedy — 0

and for K (c) small enough; moreover, if K(c) < <%, we have
|P
ueijl;?(c) Epl) < /RN /]RN |z — |N+p5 ey
< ?Kp( ¢) = —4Kp( ) (22)
= ueaigfmc) Ep (u)
where

0Aur (o) = {u € S(c) /RN/RN T |N+p5 " dn d) = 4K ()}
>

Furthermore, for all u € Ayk (), (2.1) indicates that E,(u)
Next, we prove I'(c) # 0. Set

0.

( ) C)\N/p
UNT) = 07—
A Qs

where A > 0 will be determined later. Then uy € S(c) and it follows from (L.8))
that

Q(Az), (2.3)

N(a—p)

— I\ P
RV JRN Ifcfyl pe RN N(q—pllQl7s"

Consequently,

N(q—p)
a A b ) psc[q_ ps ] N(a—p)
Ey(uy) = 2(Pars) 4 (papsy2 = P T oyeny TS (2.4)
: p 2p N(g-p)leli”

Thus,

lux, (z) — ux, (y)|? ) K(c) L
/RN/RN |x— e dedy <K@, i< (S7)7

which implies that ux, € Ag(c). As a consequence of (Al) or (A2) and (2.4), it is
easy to check that E,(u) — —oo as A — oo. Hence, we choose Ay > 0 large enough,
such that

Ep(qu) < 0.
Taking g(t) = u(1—)x,+txr,), We have
9(0) = uy, € Ak(e), 9(0) =un,, Ep(un,) <0,

(0) =
These means that g(t) € T'(c) # 0.
For any g(t) € T'(c), we know that

g(O) S AK(c) and Ep(g(l)) < 0.
Since g(t) is continuous, then there exists a t € (0,1), such that

g(t) € 0A4k (o)
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According to , we have
max E,(g(t)) > Ep(9(f)) > max{E,(9(0)), E,(9(1))}-

te(0,1]
Moreover,
= inf E,(h(t)) > E,(h(0)), E,(h(1))}.
26 =, inf | maxe By (h(0) > max{B,(h(0)), By(h(1))}
The proof is complete. O

3. PROOF OF MAIN RESULTS

In this section, we prove Theorems and [I.4] by using some energy estimates
and the Gagliardo-Nirenberg inequality (1.9). We first note that by simply rescal-
ing, we can easily prove that

I(c)<0 forall¢>0 and 0<g<p}. (3.1)
Furthermore, using ((1 , we observe that for any u € S(c),

|P |P 2
v dy + — dzd )
/RN / |x—y|N+w T3 / / |x—y|N+pé Y

N(q p) N(a—p)

psc ‘P p2s
dx d
N(q—p) ||Q||(q ?) /RN /RN |.13—y|N+p9 y)
= fp( )a

where f,(-) is given by (L.11) and let t = [ fRN% dz dy.

(3.2)

Proof of Theorem[I.3. (i) Because 0 < ¢ < p + BZ, we can readily check that f,(t)
(t € (0,00)) is mlmmlzed at a unique point, denoted by t,. Thus, from we
obtain
I(c)= inf E > folty). 3.3

(© = inf By(w) 2 fylty) (33)
On the other hand, choosing A = ( )Pé ie., cPAP® =t,, it can be seen from
that

I(c) < Ep(un) = fi(tp)-

From this and (3.3]), we infer that

16) = fy(ty) = inf. 1,(0), (3.4)
and uy with A = ( )Pla ie.,

N
= S (e (Lp 7 )
U\ = Ue = ||QHL1)(CP) Q (Cp) X
is a minimizer of (1.5)).

All that remains is to prove that u. (up to translations) is the unique minimizer
of (L.5). In fact, if ug € S(c) is a minimizer, then it can be shown from (3.2]) that

[uo () — uo(y)|”

I(c) = Ep(ug) > fp(to), with to:= /RN/RN |x_ SN da dy,

“ ”

where the in the second inequality holds if and only if ug is an optimizer
of (1.9). Which together with (3.4) further means that to = t, and f,(to) =
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E,(uo). Therefore, ug is an optimizer of and it follows from (1.10) that up to
translations, ug must be the form of ug(x ) = aQ(Bz) Using

|uo (%) — uo(y)[”
P P
/ |uo| dr =c /RN/N E y\N ps drdy = tp,

N
and combining with this (1.8]), we have a = HQ(ﬁLlﬂ (Z—,’j)p% and 8 = (Z—’;)E, as a

result, ug = .

(ii) Since ¢ < p+ B2, ie. w =1, from ([2.4)), we can conclude that

_[e__psdi® 3. b
fp(t)‘[p N piar )t ! (35)

Ifec< [M]ﬁ |Q|lL», we can easily derive from (3.2)) that

|I7
u) > f, /RN/RN = |N+ps dx dy)>0 for all u € S(c).

In consideration of | . this shows that ( . ) has no minimizer.
_1

In the next step, we move to the case of ¢ > [%] “11Qllr. We know

from (B.5) that f,(t)(t € (0,400)) attains its minimum at the unique point
_ P57 —aN(q - p)||Q[7."
P = =
bN(q —p)l@llT."
Following a similar argument as in part (i), we can demonstrate that, up to trans-
lations that

c)\N/p

1@z

Ue =

Q(/\Px)a

where

A, = [stc(q*”) —aN(q— p)IIQHqL;”} 7
p = 4 .
bN(q —p)e?||QIIT.P
Therefore, u,. is the unique minimizer of (|1.5)).
(iii) For the case p + iNS < g <min{p+ 2’]’55,;0:}7 ie, 1< % < 2, let
_Ws-Na-p) 5y, _Na-p)-ps
p?s ’ p?s '
It is obvious from Young’s inequality that for any ¢ > 0, one has
a b , a 9
—t 4 —t :a< )+6(—t )
p 2 po 2pB
> (i)“(i)ﬁtam
pa/ \2pp
_ { aps }W{ bps } P tNgz?—sm.
2p?s — N(q —p) 2N(q—p) —2p*s

w__"

N(g—p)—p3s
2

where the in the second inequality holds if and only if

) a2
i15 i752 i.e tztozzz’ﬁ:ﬂN(q p) —p sl

pa 2pf ab  [2p?’s—N(g—p))b’
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We set
25— — ps
o {N(q —p)||Q| ‘g;p[ aps ey }pqsfzv(q—p)
s 2p*s — N(q — p) (3.6)
b N(g—p)—p?s ps ’
% { |: DS :| p2s }PqS*N(Q*P)
2N(q¢ —p) — 2p%s '
In view of (3.2 and (3.6, we consequently have
()4~ e No—p)
E,(u) > NP oI (to) 7= = fp(to) forallue S(c). (3.7)
LP
ps

If ¢ > ¢*, on the one hand, we deduce from (3.7) that I(c) > f,(t9p). On the other
hand, let uy(x) be as in (2.3) and set A = (Z—g)%, then

I(c) < Ep(ur) = fp(to).
Which shows that uy is a minimizer of (1.5 and that for any ¢ > ¢*,

I(c) _ f (t ) _ (C*)q—N(g;m _ quN(g;P) {2[N(q _p) _pQS]a}N;q;Sp)
= Jpllo) = Na=pIIQIZs" [2p%s — N(q —p)]b :
ps

Uniqueness of the minimizers can be proved by the same proofs in part (i).
If ¢ < ¢*, we then deduce from (3.7) that E,(u) > 0 for all u € S(c). Thus,
problem (1.5 cannot be achieved for (3.1)).

(iv) On the one hand if

2])28 bN(q - p)”Q| %;p Pa N (@)
q=p+ N and c>[ op2s ,
from (2.3) and (2.4)), it follows that
I(c) < lim FE = —00
() < lim Ep(u) ;

therefore, problem (|1.5)) cannot be achieved.
On the other hand, if
2%s
N
from (3.2) we have E,(u) > 0 for all u € S(c¢). This and (3.1)) obviously indicate
that problem (|1.5)) cannot be attained.

Finally, if ¢ > p + 2’]’55, it follows (2.3]) and (2.4)) that

g=p+

)

bN (q —P)||Q||%Zp} Fa NG

and ¢ < [ op2s

I(¢) < lim E =
() < lim Ep(uy) = —oo,
and thus problem (1.5 cannot be attained. The proof is complete. (]

Proof of Theorem[I.4]. First, for any ¢ > p + 2PT25, we can prove the existence of
K(c) > 0 by Lemma and can choose K (c) small enough so that F,(-) satisfies
mountain pass geometry on S(c) if (Al) or (A2) is assumed. Therefore, in the
following, we always hypothesize that K(c) < t,, where ¢, stands for the unique

maximum point of f,(¢) in (0, 4+00).
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For any 7 € [0,1] and h(r) , we can derive from (3.2) that
(h(r))(y)\p
> .
fp ANAN |£L’7y|N+pS dxdy)7 (38)
where “=" holds if and only if h(r) € S(c) is an optimizer of (1.9), i.e., up to
translations,

cﬁN/p

(h(r))(z) = ] Q(Bzx) for some > 0. (3.9
Lp

Since h(0) € Ak, with K(c) < t,, and note that f,(t) > 0Vt € (0,%,], thus we

have
h(0))(y)[?
/RN/RN |w— |[(\7+p5) / dz dy

— ()P (310
Y
<t, </RN/RN |x7 Nps dz dy.
As a result of and ( -, it holds that
max By (h(r)) = fy(Ey) = max £y (0). (3.11)
Thus,
v(c) > fp(fp)- (3.12)

Instead, let uy(z) be the test function given by (2.3]), characterized by

Set

N 1
g(r) :=rr?suy(resx),
One can then check that E,(g(r)) = f,(t,r). Choosing 0 < ¢, < %, small enough
such that
g<—£

p) € Ak (e

and select £, > f, such that f,(f,) < 0. Let

]

tp
—&—r{p>, Vr e (0,1).

_g#l‘_é*x

hr) = g((1=7)
Then
h0) = 9() € Axcy and By (n(1) = By(9(2)) = fll) <0
This shows that A € I'(c), and
7(e) < max E(h(t)) = Ey(us,) = fp(tp)-

Combing this with (3.12)), we deduce that v(c) = f,(¢,) and

N

. _c (NG t, L
u)\p - ’U,(.(SC) - ||QHLP (C?) Q((CTD) ZZJ)
is a solution of problem ([1.14]).
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Next we demonstrate that @, satisfies equation (|1.1)) for some g € R™. In fact,
_ 1
in light of f,(t,) = 0 and Ay = (Z—,’j) " we obtain

[q— N(Q*P)] 5
C ps (f )N(qug)sfp s g é
— P =
pl@llz.” pop’ . o (3.13)
a b U -
=242 el YV jzd )
p ' p /]RN/RN Iw* [NVEps Y

Moreover, since Q(z) is a solution of (L.7) and )\, = (i—f,)ﬁ, it follows that .
satisfies

C[q_%] _ N g)—pzs q—
W(tp) P (= A)p e — [t e
§23
_[pqs—N(q—p)](CS\p;) |— ‘p 2

C

N(q —p)IQIL"
From this and (3.13]) we conclud that .is a solution of (1.1]) with

N
[pas = N(g—p)](ch)" "
N(q-plQl7."
We finally prove that @, is a unique solution of v(c¢) before translation. Assume

that u is a solution of y(c) and that it satisfies (1.15), then there exists u € R such
that

E'(u) = plafP~*a,

so we have
d dy b ‘pd d ’
// |x— |N+ i // |x— S v)
f/ |a|9dx (3.14)
RN

:u/ |a|Pdx.
RN

It then follows from the Pohozaev identity that

a(N —ps) / / |u(z) —a(y)[P b(N — ps)
dedy + —=
]RN ]RN |9U - y|N+ps D

/ / Jotz) — @), dy) 75/ \a|9da (3.15)
RN RN |917—1‘1\N+pé q Jry

=— |a|Pdx.
P Jrn

From ([3.14) and m, we deduce that

|P 2
" dzdy b dz d)
/]RN /RN |$— |N+p5 v M \/]RN /RN |$ - |N+p5 Y

Nz p) (3.16)
=S / |a|%dx = 0.
pqs RN
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s N
Letting h(r) := rpzsﬂ(rﬁx), we obtain

g(r) == Ey(h(r))
ar u(y)P / / |a(z) —a(y)[? 2
= dx d —|— dx d
/RN /RN Iw—yIN”S Y 2p Ry JRN \x—yIN““ y>

N(q2 P)
e / (a|dz.
q RN
Equality shows that g(r) (r € (0,400)) reaches its maximum at the unique
point r = 1, and
lim g¢(r) = —oc.

r—4o00

Choosing 0 < § < 1 < § such that h(3) € Ag ey and g(8) < 0, we have

ho(r) == h((1 — )5 +8) € T(c), Jmax B E,(ho(r)) = E, ().

Through arguments such as (3.8) and (3.11)), one sees that
o) =1(6) = Eyl) = max By (hofr)) = max £,(8) = ().

From (3.9, this implies that % must be the form ﬁQTQ(Bx) for some 8 > 0.

’Hanslating this into the equality f,(¢,) = E, (@), then we can obtain that 4 = .
and # = \,. The proof is complete. ([
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