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INTERNAL STABILIZATION OF INTERCONNECTED
HEAT-WAVE EQUATIONS

XIU-FANG YU, JUN-MIN WANG, HAN-WEN ZHANG

ABSTRACT. This article concerns the internal stabilization problem of 1-D in-
terconnected heat-wave equations, where information exchange and the two
actuators occur at the adjacent side of the two equations. By designing an
inverse back-stepping transformation, the original system is converted into a
dissipative target system. Moreover, we investigate the eigenvalues distribu-
tion and the corresponding eigenfunctions of the closed-loop system by an
asymptotic analysis method. This shows that the spectrum of the system can
be divided into two families: one distributed along the a line parallel to the
left side of the imaginary axis and symmetric to the real axis, and the other
on the left half real axis. Then we work on the properties of the resolvent
operator and we verify that the root subspace is complete. Finally, we prove
that the closed-loop system is exponentially stable.

1. INTRODUCTION

Parabolic-hyperbolic equations, as one of linear PDE-PDE systems or nonlinear,
has been studied for several decades. It attracts many researchers because of the im-
portant applications, such as fluid structure interaction models [3| 4 2T, [30], math-
ematical biology [8], electromagnetic fields [6] and so on. For parabolic-hyperbolic
systems, many works have been done: polynomial stability [21] [30], regularity anal-
ysis [I1], boundary controllability [2], global existence and asymptotic behavior of
smooth solutions [31], and optimal linear-quadratic control [I].

Heat-wave coupled system is one of typical parabolic-hyperbolic systems. In [30],
a 1-D heat-wave system coupled through an interface without any control input is
proved to be polynomially stable by spectral analysis and it is also studied that null-
controllability problem of the above system with the controller at one boundary.
In [11], it is considered that regularity analysis for an abstract system of coupled
heat-wave equations, and in [I8], an optimal regularity result in Sobolev spaces is
proved for the heat-wave system with mass on the interface. In [12], it is considered
that spectrum and stability of a 1-D heat-wave coupled system, where dynamical
boundary control is designed at the Neumann boundary of the wave equation. The
stabilities of the heat-wave coupled systems in RV and R? have presented in [21]
and [5] respectively. More results of heat-wave coupled systems can also be refer
to the references in [B, 11l 12| I8 2T, B0]. All of those works mentioned above
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force the control at the boundary of the coupled heat-wave systems. Compared to
those references and the results, in this paper, we put the controls at the internal
connection point between the heat and wave equations, and both the heat and wave
equations suffer the unstable terms of the system.

For distributed parameter systems, the Riemannian geometrical method intro-
duced in [28] is an efficient tool for the stabilization problem of the variable-
coefficient systems. In [16], the Euler-Bernoulli plate with variable coefficients
is stabilized by nonlinear internal feedback using geometry method. The backstep-
ping method is another control strategy, which is applied to design controllers to
stabilize systems in many aspects, such as to deal with PDEs with space-dependent
diffusivity or time-dependent reactivity [24], a wave equation with an internal spa-
tially varying antidamping term [23], coupled ODE-hyperbolic equations [25]. In
[13], it is considered that the stabilization problem of a 1-d wave equation where
the instability is at its free end and control is on the opposite end. By backstep-
ping transformation, the controller and the observer are then designed. However,
for some complex systems, one controller can not achieve desirable effect, which
inspires us to add the number of controllers or other paths to improve system per-
formance. In [9], two controllers are designed to stabilize the Orr-Sommerfeld equa-
tion, the Squire equation and ODE cascaded system with matched disturbances,
and in [27], the pointwise feedback stabilization problem of a 1-D Euler-Bernoulli
beam equation with time delay outputs are considered, where two collocated sensors
are presented at the arbitrary internal position.

Ui(t) l qui(1,1)

Unstable heat equation Anti-stable wave equation
rug (1, t)

I Ua(t)

FIGURE 1. An interconnected heat-wave system

In this article, we consider the stabilization of 1-D coupled heat-wave system
where it is free at £ = 0 and = = 2 while the information of heat and wave equation
are exchanged with each other and two inputs flow into two equations respectively
at the point x = 1 (see Figure [1)).

ue(x,t) = ugy(x,t) + cu(z,t), 0<zx <1, t>0,

Ve (2, 1) = vgp (2, t) + 2dve(z,t), 1<2<2,t>0,

w(0,8) =v(2,t) =0, t>0, (1.1)
u(l,t) = que(1,8) + Ui (t), wve(1,t) = rug(1,t) + Us(t), t >0,

u(z,0) = up(x), v(z,0) =wvo(x), vi(z,0) =v1(x),
where ¢ > 0, d > 0 are constants, q, r # 0, u(z,t), w(x,t) are the state of the heat
and wave equations respectively, U;(t) and Us(t) are two input controls forced on
the heat and wave respectively, and ug(z), vo(x), v1(x) are the initial datum. In

the middle point x = 1, there is the weak connection conditions between the heat
and wave equations,

u(l,t) = qui(1,t), v (1,t) = rug(1,1),
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where the output qui(1,t) of the wave is flowing into the heat equation, and the
heat flux ru,(1,t) is feeding into the wave equation. It is known that (1) when c is
large enough, the heat equation has the finite unstable eigenvalues; and (2) owing
to the term 2dv:(z,t), the wave equation has infinitely many unstable eigenvalues.
So we need to design the controls U;(t) and Us(t) to make the closed-loop system
exponentially stable.

This article is organized as follows. By an invertible backstepping transforma-
tion, two boundary feedback controllers are designed to stabilize the original system
in Section[2] In Section[3] we show the target system is well-posed by the semigroup
approach. After investigating the eigenvalues and the corresponding eigenfunctions,
we prove the root subspace is complete in Section [4] and the closed-loop system is
exponentially stable by the Riesz basis method in Section [f]

2. TRANSFORMATIONS

By defining w(x,t) = v(2 — x,t), 0 < < 1, ¢t > 0, system (1.1)) is transformed
into the following coupled PDEs in the domain {(z,t) : 0 < z < 1,¢ > 0},

ug(x,t) = uge (2, t) + cu(x, t),
Wi (x,1) = Wee(z,t) + 2dw(z, 1),
u(0,t) = w(0,t) = 0, (2.1)
u(L,t) = qui(L,t) + Ur(t), wa(1,1) = —rug(1,t) — Ua(t),
u(z,0) = up(x), w(x,0)=wo(x), wi(x,0)=wi(zx).

where constants ¢ > 0, d >0, ¢ # 0, r # 0. Let H} (0,1) = {f € H'(0,1)|f(0) = 0}
with H! norm, and we define the projection

IT: L?(0,1) x Hy(0,1) x L*(0,1) — L*(0,1) x H(0,1) x L*(0,1)
(u(x), w(z), wi(2)) = (y(x), 2(x), 2 (2)),
which maps system into the target system
ye(z,t) = Ypo(z,1), 0<ax <1, >0,
2ot (2, 1) = 2go (1, 1) — 202 (, ) — a?2(x,t), O0<x<1,t>0,
y(0,t) = 2(0,t) =0, t>0, (2.2)
y(L,t) = pzi(1,1),  z(1,t) = —pya(1,1), >0,
y(x,0) = yo(x), 2(x,0) = 20(x), 2(2,0) = 21(x), 0<z<,

where o > 0, and p # 0 are two constants. Moreover, the projection satisfies
i) = ule) = [ k(e puti)ay (2.3
and
(o) = i) - [ lale oty - [ kel (2a)
20() = h(@)wi (@) + ks, (v, 2)w (@) — ks (w, @), () + ks (w, 0)w, (0)

-/  Kagy (@ y)w(y)dy — / kol ) + 2dks(e, y)lwn(v)dy
0 0
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The control laws are
1

1
Uy () = /0 k(L y)uy, )dy — p /0 Fagy (L) (y, £)dy

- p/o [k2(1’ y) + 2dk3(17 y)}wt(y, t)dy - pk?)(l? 1)’11)93(1, t)
+pk3(1a O)wm(oat) +pk3y(17 1)w(1’t) + [ph(l) - q]wt(lvt)a

U2(t) = _T/O klx(lvy)u(yvt)dy - %/O k?m(Ly)w(yat)dy

1
- %/0 Ko (1, y)we (y, )y — vk (1, Du(1,t) — %@(1, Dw(1,1)
+;Wuwame@ﬂ+rMD_p%u¢y

where h(x) = cosh(d + a)z. The kernel functions ki (z,y), ka2(z,y), and k3(z,y)
satisfy

klww(x7 y) - klyy<x7 y) = Ckl ($7 y)7

d c (2.6)

%(kl(xa‘r)) = ki (z,0) = 0,

and )
k2zx(‘ra y) - k?yy(xa y) - 2ak3yy(x, y) =« kQ(‘ra y)v

ks (Z‘, y) - k?)yy(x: y) = 2aks (.23, y) + (042 + 4a'd)k3 (.’13, y)>

a2  a? (2.7)
ka(z,x) = (a + d) sinhaz + (? -3~ ad)z cosh az,
ks3(z,z) = —sinhaz, k2(x,0) =0, k3(x,0) =0,
where a = d + «a, the domain is the triangle
O ={(z,y):0<2<1, 0<y<z} (2.8)

The computation process is shown in the appendix.

Now we consider the existence of kernel functions (2.6) and (2.7). Using succes-
sive approximations method, (2.6 has solution
L(Ve(? —y?))

c(z® —y?)
where I;(+) is the modified Bessel function of order one (see [I4, Chapter 4]). The
existence of ([2.7) is included in the following theorem.

Theorem 2.1. System (2.7) have a unique solution (kz(z,y), ks(z,y)) € C*(Q1).

k‘1($,y) =y ;T FY, (29)

Proof. We introduce the following variable transformation:

E=x+y, n=x-y,

and denote
Then can be rewritten as
2
Gey(&m) = “TC(Em) + S Hee(§m) — aHey(€.m) + SHyg(&m), (2:11)
Hey(€,1) = SG(E,m) + adH (€,n), (2.12)

2
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G(e.0) = g(5), H(E,0) = —sinh % (2.13)
G(&¢) =0, H(E) =0, (2.14)
where the domain is
Q={(En|0={+n=<2,0<n<¢} (2.15)
and
g(g) ( +d) sinh f—i— (ZQ - %2 - C%d)fcosh %5 (2.16)

Integrating ([2.11)) and ( with respect to i from 0 to 1, and then with respect
to & from 7 to &, we obtain

a2 & m
Glé.) = Gln) + G(6.0) = Gl0)+ % [ [ Girs)dsar
"
a & M I
+§//H§£(T,s)dsd7—a//Hg,,(ﬂs)dsdT
n J0 n JO
a &
+§/ / H,,(1,s)dsdr,
n JO

a &
H(&n) = Hlpn) + H(E0) = A0 + 5 [ [ (s dsar
n

I
+ ad/ / H(r,s)dsdr.
n JO

By and 7We have
&y a® (e
Gl = <2>fg<§>+z//G(rs)dsdffa//stmesdv

//Hggrs Ydsdr + = // (1,8)dsdr,

§
H(£,n)=sinh3n—sinh95+9/ / Glr, ) dsdr
2 2> "2 ) o

&
+ ad/ H(r,s)dsdr,
n JO

(2.17)

(2.18)

where ¢g(-) = (a + d) sinha - + - (% - %2 — ad) cosh a-. Differentiating H (&, n) with
respect to ¢ and 7, we have
a a a [ K
He(&,m) = 3 cosh§§+ 3 G(&, s)ds+ad | H(E, s)ds,
0 0

3 n
H,(€,m) = = cosh g77+%/ G(r,n)dr —% G(n,s)ds
n
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2

a® . a a [" n

H&(f’n):_ZSIHh§§+§/O Gg(f,s)ds—i—ad/o H¢(&,s)ds
a2 | a a [¢ a ["

Hypl¢n) = Fsinh o+ 5 [ Gyromdr = § [ Gyn, s
n 0

3 n
+ ad/ H,(r,n)dr — ad/ H,(n,s)ds.
n 0

We set up the following recursion for n =0,1,2,.

H" (&) = //G"Ts)dsdT—l—ad//H"Ts)dsdT
HE (e n) = /G (&, s ds+ad/ H"™(¢,5)

H?H-l 6’ /G”T’I]dT—*/ Gn777 d8+ad/ HnTn

- ad/ H"™(n,s)ds
0

HE M 6n) = 56" (6 n) + adH" (€,1),
H{(&m) = g/n G?(&S)ds—i—ad/n HP (€, 5)ds

H"+1 /G"Tndr— /G"n, d5+ad/ Hy(r,m)d

—ad/ Hp(n, s)ds
& m
GrH(g,n) = //GnTs dsd7+g/ / H{e(r,s)dsdr
—a/ / Hgnn(r,s)dsdr—&—;// (1,s)dsdr,
n 0

GO&m = 9(5) — g(1),  HO(€n) = sinh 5 — sinh 3¢

H2(&,m) = —gcosh gé, H)(&m) =

with initial values

a> . a a? . a
Hgg(&??) =T sinh 557 HSW(&n) e sinh 577-
We denote
a2
M:max{sup lg'(x)], sup |acosh — x| sup |—51nh x|}
2€Qs 2€Qs zeq, 4

and we have

@) = la5) - o < 1

|H(&,m)| = | sinh n—smh §| <2 sup |fcosh x| < M,

€

€ LEQQ

sup |g'(z)| < sup |¢'(x)] < M,

(2.19)
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a a a a
HY = |=cosh =¢| < sup |=cosh —x| < M
IHE(E, ) = |5 cosh G€] < sup |5 cosh G| < M,

[HO(¢,n)| = |§cosh Sl < sup |5 cosh S| < M,

a2

()] = [ sinh 2] < sup | % sinh o] < 1,
€N
|H, @nﬂ—kﬂmhn%i?pFﬁmhﬂﬂ<MWH@@nﬂ—0<M
€
Assume that the following expressions hold for some n € N:
el < mir CE e ) < agen EE7
Gpen)] < mxnd n,”) ) < i EEDT
" n(E+n)" " n(En)"
e < xS0 e g <o Do )
E+mn)" ! E+mn)"!
H! <MK'—=>———F~— HE <MK'—=>———F~—
n (&)
< NS T
Hy ) < ME™ S

where M is given by (2.19) and K is a positive constant. Then we obtain

\H"+1§n\<| |// \G"Ts|dsd7'+|a|d/ / |H™(7,8)|dsdr
MK™
§<M+|a|d : //(T+s)”dsdT
2 n. n 0

Tl =l
MK™
< <|a| + 2|Cl|d) (G

n+1 |a‘| n ! n
2 (e, )] < 14 / G (€, 5)|ds + ald / H" (€, 5)\ds

(\al tla |d) (Mfl) (€ + )",

&+,

n

e <2 e+ B[ e
el [ i+l [ 17,5
n 0

|a MK"™ [¢€ .
< (=
< (5 +lald) = 0(8+?7) ds

(&)t

(n+ )
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n |a‘| n n
[HEH(E )] < 5 1G™(&m)] + |ald[H™ (€, )|
K” n
E+mn)",

n a n

e < 5 [ ice s +lald / HE(E,9)lds
MK"
(n+1)!

MK™
s(‘%'ﬂaw) B ey,

\al

< (5 +lald)

€+t

n a n n
el < [ i+ o [

lal MK™ .
< [ — [
_(2 +|a|d> SRR
and

G (E )]

<—//|G"Ts|dsd7+—// |Hee(T,s)| dsdr

+|a|//|H5n7'5|dsdT+—//| (T, 8)|dsdr

gaMK // T+ s)"dsdr +2|a|MK // T-l—SnldeT
n

Oé2 MK™ ¢ n+1 n+1 2|a|MKn n n
2la|M K™

a? MEK™ (¢ ¢
< n+1d 7/ ng
=7 (n—|—1)|/77 (r+m)"dr + = . (7 4n)"dr

o> MK" -
< Tos )|§ nl(€+n)""" +

2 n
(2lel+ ) e+

2la|MK™

mrnr & "

IN

Let
o2
K = max {|a| + 2[ald, 2|a| + ?}
Then (2.20) is true for n + 1. Hence, the two series

Y GU&m), D> H"(¢m)
n=0

n=0
are convergent absolutely in Qs given by (2.15), and then G(&,7), H(£,n) exist,
which are given by

o0

n =Y G"&n), Z (& m). (2.21)
n=0
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Since G(&,n), H(&,n) satisfy (2.17) and (2.18), we know that G(&,n), H(&,n) are
of C? in Q. This together with (2.10]) yields the desired result. O

Now, we prove that the projection IT~! exists, where
' :L%(0,1) x H7(0,1) x L*(0,1) — L*(0,1) x H(0,1) x L*(0,1)
(y('T’)a Z(ZZ?), Zt(x)) = (U(J?), ’LU(SU), ’th(l'))
Actually, we let a = d + «,
u(e,t) = (et) + [ s p)uo . (222
0

w(z,t) = l(z)z(z,t) + /Om sa(z,y)z(y, t)dy + /OZ s3(2, )2 (y, t)dy, (2.23)

where
Slmx(xay) - Slyy(x7y) = 051($7y),
d c
%(51(5{7,55)) - _57 51(50,0) - Oa
5290:5(177 y) - 523131(‘777 y) + 2a33yy($a y) = _O‘252($7 y) + 20‘2a33($7 y)a
S3a:m(x7y) - S3yy('r7y) = (461/0( - C¥2)83(l’,y> - 20/82(‘%.’ y)7

a2+ a?+da . d?
—————sinhax — ?x cosh azx,

(2.24)

52 (:17, l‘) =
s3(x,x) = —sinh ax, s2(x,0) =0, s3(x,0) =0,
which are obtained from Appendix[6 In a similar way as the proof of Theorem [2.1]
we obtain s1(z,y), s2(z,y) and s3(x,y) all exist, which implies that projection IT
is invertible.
3. WELL-POSEDNESS OF SYSTEM
We consider system (2.2)) in the Hilbert space
H = L*(0,1) x HL(0,1) x L*(0,1), HL(0,1) = {f € H'(0,1)| f(0) = 0},

with the inner product

0

<@¢wmmwwm=/mwmmw+ﬁlﬁw@mm

+ /0 1 [0 (2)05(x) + 01(2)0> ()] d.
We define a linear operator A : D(A) C H — H as follows
Alg, ¢,0) = (¢",0,¢" — 200 — a’¢),  ¥(g,9,0) € D(A),
D(A) = {(g,¢,0) € H*(0,1) x (H*(0,1) N H(0,1)) x H7(0,1), (3.1)
9(0) =0, g(1) =po(1), ¢'(1) = —pg' (1)},
and system can be rewritten as

%(y(t)&(t)&t(t)) = A(y(t), 2(1), z:(1)) » (5(0), 2(0), 2:(0)) = (¥, 20, 21).  (3:2)

First, we have the following result.
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Lemma 3.1. The operator A defined by (3.1)) is dissipative and generates a Cy-
semigroup et of contractions in H. Hence, system (3.2)) is well-posed in the sense
that for initial datum (y(-,0), z(-,0),2:(-,0)) € H, system (3.2) admits a unique
solution (y(-,t), 2(-,t), z:(+, 1)) € C(0,00; H)
(y('v t)a Z(', t)a Zt('a t)) = eAt(y(', 0)7 Z('a O), Zt(', 0)) (33)
Proof. Let (r,m,n) € H. Solving A(g, ¢,8) = (r,m,n), we have
g"(x) =r(x), O(x)=m(z),
¢ () — 200(2) — a%(x) = n(a), (3.4)
9(0)=0, ¢(0)=0, 6(0)=0, g(1)=po(1), ¢'(1)=—pg'(1),

which yields
1
g(z) =pm(1 x—x//r dsdT—l—// s)dsdr,
0 0

m(0) =0, 6(x)
¢(x) = Csinhazx + /x a~'sinh oz — s)[2am(s) + n(s)]ds,
/ / p’m(1)
acosha ~ acosha

B / pr(s) + [2am(s) + n(s)] cosh a(1l — S)ds
0 acosh ’

(3.5)

Hence, (3.4) has a unique solution, which implies that A~! exists and is compact.
Moreover, the spectrum of A, o(A), consists of isolated eigenvalues of finite alge-
braic multiplicity only.

(Alg,9,0),(9,9,0))
= <(g//7 97 ¢H —2a0 — 042(25), (ga ¢7 9)>

. /O ()5 @Y + o /O oo

+ / 0/ @)FE) + [6'(2) — 206(2) - 26 ()]0 o
1 —_
(@)]y — /Ig 2d;z:+/ "(z)¢'(x )dx+/0 ¢" (z)0(z)dx
~20 / (o) e + o / 9(2)50) — ()
= 9(@)g ()], + ¢ (@)0(2)], —/ g’ (x |2dac—2a/ 10(2) 2 da

+ / 03 (@) - D) (@)]dz + o? / 16(2)3(2) — ¢(x)0(@))dz.

Since a > 0, we obtain

Re(A(g, 6,0), (9,6, 0)) = — /0 ¢/ (@) dz — 2a /O (2)dz <0.  (3.6)
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Hence, A is dissipative and generates a Cpy-semigroup et of contractions in H

by Lumer-Philips Theorem ([20]). Moreover, system (3.2)) is well-posed satisfying
(3-3)- O

Next, we consider the eigenvalues problem of operator A. Let A(g,¢,0) =
A(9,6,6), (g 6,6) € D(A). We have 6(z) = Aé(z) and

g"(x) = Ag(x), " (x) — 2aA(x) — a*P(x) = N¢(x),
9(0) =0, $(0) =0, g(1) =pro(1), ¢'(1) = —pg'(1),

which has general solution (g(z), ¢(z)),
g(x) = cre + C2€7\/XI, P(x) = c3ePFTO? ¢y em(Ara)z (3.8)

where ¢y, ¢o, 3 and ¢4 are constants to be fixed. According to boundary conditions
of the last line in (3.7]), we obtain

ci1+ce=0, c3+cq4=0,

(3.7)

Az

eﬁcl + e_‘/xcz — p)\e’\+o‘03 — p)\e_()‘+")04 =0, (3.9)
Ve e — pvVae Ve + A+ a)e? ey — (A + a)e” M ¥e, = 0.
Therefore, (3.9 has a nontrivial solution (¢1, ¢a, c3, ¢4) if and only if

1 1 0 0
0 0 1 1
eVA e~V —perte —pre~(Ate) | 0,

PV Ae —pVv Ae +a)e —(A+a)e”
ﬁﬁ VoY 2N (A yerte (A ) (M)
which yields

A+ a)(eV? — e VA (e Mo 4 e (o))
(3.10)
+pPAE (e 4 emVA) (M — ey =g,

Moreover, by some linear algebra calculations, operator A has two branches of
eigenfunctions (g1, ¢1, A¢1) and (g2, P2, Ap2), where

1 1 0 0
() 0 0 1 1
x) = xT - xX
91 eV V> 0 0 (3.11)
aeYr  —pVxe VA (A4 )Mt (A + a)e ()
= —4(\ + a) cosh(\ + ) sinh v/ Az,
1 1 0 0
0 0 1 1
d)l (1’) = 0 0 e()\+oz)w ef(k+a)$ (3 12)
paer  —pVxe VA (A4 a)erte (A + a)e (At
= 4pV/Acosh vV Asinh(A + )z,
1 1 0 0
0 0 1 1
92(55) — eﬁ e—\/X _p)\e)\+oc _p)\e—()\-‘roc) (313)
eVrr o= VAz 0 0

= —4pAsinh(\ + a) sinh VAz,
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1 1 0 0
_ 0 0 1 1
92@0) = VA VA —pAerte —pre=(M+e) (3.14)
0 0 e(AJra)a: ef()\Jra)a:
= —4sinh VAsinh(\ + a)z.

Hence, the eigenvalues and its corresponding eigenfunctions of A are obtained in
the following Theorem.

Theorem 3.2. Let A be defined by (3.1) and
AN = (A + a)(eﬁ _ e—ﬁ)(ek—&-a + e—(M—a))

. (3.15)
+p2)\5(6\/x + e*\/X)(eAJroc — e~ (M Fa)y,

(1) We have
o(A) =o0,(A) ={r e C| A(\) =0}. (3.16)
Moreover, the real part of elements in o(A) are negative, which means that

there is no eigenvalues distributed on the imaginary azis.
(2) The eigenvalues {A1n, A1n, A2n } have the following asymptotic expansions

kl k2 . 1
AMp=—a— —————+ (1 + —————=1)i+ O(n""),
! a? + n?2n? ( P2V a? + n27r2> () (3.17)
(2n+1)* , -2 -1
Ao =~z g 92 4 O,
where n € N is sufficiently large, A1, and \1,, are conjugate and
—a+vVa?+n2n? a+ Va2 +n2r?
k1 = , k= ————. (3.18)
2 2
(3) The corresponding eigenfunctions {®1,, (), ®1, (), @o, (x)}, with
(I)ln(x) = (gln(l‘>7¢ln( ) )‘lnqsln( ))T
T
(I)ln(x) = (gln(x)7¢1n /\ln(bln ) (319)
Pon(7) = (920 (), P2n (), )\2n¢2n($))T
satisfy the asymptotic expressions
gin(2) O
,1n(l") — 6(7l1+l27,)z + e(llflgz)z + O(nfl) ; (320)
Alnqsln(x) e(*l1+l2i)w _ e(lllei)w + O(nil)
an( ) €2n2+1 T e~ 2n2+17'rix
Pon(x) | = B () +0(n™h), (3.21)
A2 P2n () —Bn(z)
with
Iy = ok lo =nm+ ka

p2 /o2 i n2n2’ p2 /o2 i n2n2’ (3 22)
2n +1)2 '

ule) = (-1 2ip e 00, o CRED e e



EJDE-2023/03 INTERCONNECTED HEAT-WAVE EQUATIONS 13

Proof. (1) From Lemma we know Re(\) < 0. Now we show the real part
of eigenvalues is strictly less than zero, that is, there is no eigenvalues located on
imaginary axis. Let A = iu? with real number p # 0 and ®(z) = (g9(z), #(z),0(x)) €
D(A) be its associated eigenfunction. Then it then follows from (3.6) that
g'(x) =0, 0(z)=0.

According to 0(z) = ip’¢(x) and (3.7), we have g(z) = 0, ¢(z) = 0 and ®(z) = 0.
The proof of part (1) is complete

(2) It follows from (1) that Re(\) < 0 and arg A € (5, 2F). Let A = p?, and then

7T 37r
we have argp € (7, 5) and - becomes

(e +e77) [e”2+0‘ - e_(pz‘m)] + prra 2+304 (ef —e™P) [e”z+°‘ + e_(p2+o‘)] =0. (3.23)
pep

To solve (3.23]) with respect to p, we divide (7/4,3w/4) into three sectors Sy, Sa,

S3, where

5T 117 3=
={peC: argp€(4 16)} So={peCrargpe (55 7}
om 1lm
Sy ={peClagp €[5, 71}
(i) When arg p € S1, we have arg p? € (%, %) and
om
Re(—p) = —|p| cosargp < |p| cos 7o <0,
which leads to e? — oo, as |p| — oo,

efite _ o= te) L o(p1) =0, (3.24)
p2p e PA(p?) = erite _ o= ta) o O(p™), (3.25)

where A(p?) is given by (3.15). It can be verified that {p? = —a & nwi,n € N}
is the solution of e+ — ¢=(P’+@) = 0. By Rouche’s theorem, when n € N is
sufficiently large, (3.24) has a solution

Ain = p2 = —a +nmi + O(n_%).
By Taylor expansion and substituting p, = v/—a + nwi + O(n~!) into (3.23)), we
have a more accurate result,

pn+a 1- pn —2\ __ 1

On%) = — Lo = e 1Oy,
() = =P e H O = e + O 7))
ko
A n:—a——l—i— (mr—i——)i—i—@ nh,
! p21 /o2 + n2n? p2VaZ + n2n? (™)
where k1, ks given by (3.18) are obtained from z? + ax — in?r? = 0.
(ii) When argp € 527 we have arg p? € (4=, 3F) and
117
Re(p) = |p| cosarg p < |p] TS < 0.
Hence, e — 00, as |p| — oco. Like in case i), we have
_ kl k2 . —1
)\n:—a———(nw+—>z+0n , 3.26
1 o2 + n2n2 p2v/aZ + n2n? (™) (3.26)

and (3.25]) holds.
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(iii) When arg p € S3, we have arg p* € [5F, 11T] and

Re(p?) = [¢?| cosang p? < || cos 2 <0,
Hence, e =" — 00, as |p| — oo and
- p*2p*3e’)2+D‘A(p2) =ef+e P +0(ph). (3.27)
Equation can be rewritten as
e’ +e P +0(p ) =0 (3.28)

By applying Rouche’s theorem again, we have

Ti. (3.29)

Furthermore, p2 = p? + O(1). Substituting (3.29) into ([3.23)), we have

p% _|_ e 62(/331""0‘) _|_ ]_

-1y _ -2y, —2~—1 ~—2
O(n ) - pgp% 62(p%+a) 1 + O(pn ) =p p + O(p )7
~ 2 1)2
Non =ph=p +20 2+ 00 ") = f%ﬂ +2p7 2+ 0(n7),

for sufficiently large integer n.
Collecting the above three cases above, the eigenvalues of A are given by (3.17).
(3) Now we are in a position to solve the corresponding eigenfunctions. Let

gin () . g1(, Ain)
O, () = b1n(x) = M o1(z, Ain) |,

An®in(2) 2p)‘§n Ao1(x, Ain)
gon () i’ g2(, Aan)
q)2n(x) = $an () = % o2(x, Aap) ,
Aon@on () PA2n A2¢2(x, Aan)

where g1 (z), ¢1(x), g2(x), ¢2(z) are given by (3.11)), (3.12)), (3.13)) and (3.14]). Then

T
(gln(x)v ¢,1n(x)’ Aln(bln(x))
—4(A1p + @) cosh(A, + @) sinh v/ A,z
= 1/0% VAL 4Apv/A1n(Mn + @) cosh v/ A1y, cosh(Agy, + @)z
3 3
2pAT, 4pAz, cosh /A1, sinh(A1, + @)z (3.30)
—2(A1n+a) cosh(A1,+a) sinh VA,
3

p)x?n cosh v A1n
= 2(A1n+a) cosh(A1,+a)z s

Aln
2 sinh()\lln + a)x.
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and

(920 (@), 0 (), Ao o ()
—4pAa, sinh(Ag, + a) sinh g,
—4(Aap + @) sinh /Agy, cosh(Az, + @)z
—4\g,, sinh /Aoy, sinh( Ay, + @)z (3.31)

2sinh v/ Aop

2(A2pn+a) sinh v/ A, cosh(Ag, +a)z
= PAan sinh(Aay, +a)
2 sinh /As,, sinh(Aa,, )z
psinh(A2y, +a)

For ([3.30), we have the following estimates for (3.17)):
—2(A1p + @) cosh(Aiy, + @) sinhvVA,z — —2(A1y, + @) (1 — e 2VAnT)

_ 1/sinh(Ag, + )
B 72p)\2n

3 =T 3 = O(ei\/ﬁ)a
PAT, cosh v/ Ay pAf7LeV>\l7l(1_x)(1 + e—2x//\1n)
2(A1n + @) cosh(Ay, + @)z

)\ — e(—ll—‘rlgi)r _"_e(ll—lgi)m +O(n—l)’
1n

2sinh(Ay, 4 a)z = e(—htbi)z _ J(h=bi)z | O(n‘l),
where [y, I3 are given by (3.22)). Using (3.17)) and (3.29)), we estimate (3.31]), where

the first term satisfies

2sinh \/ Aoz = o miz =2
the second term satisfies
2(>\2n + OZ) sinh \/ECOSh(AQn + Oé)LL’
p>\2n Sil’lh()\gn —+ a)
2sinh(25 7i) cosh(a — G272 4+ 9 %),

= +0(n™h
psinh(a 7(2"“) 24 2p~2)

2[a77(2n+1)2 7r2+2p_2]z 1
= ¢ - L C1)mip el

T 2
o2la— 2 11) w242p=2] _ 1

";rlm'ac + (9(n—1>7

(2n+1)2
4

72 42p~ 2 (1—x) + O(nil)

(2n+1)2
1

_ (_1)n+12ip—1e[a— w2 42p~2](1—x) + O(n_l),

and the third term satisfies
2sinh v/ Aay, sinh(Aa, + @)z
psinh(Ag, + @)
2sinh(2%H i) sinh(a — (2”+1)2 72 +2p )z .
= : @n¥1f +0(n™)
psinh(a — 7r2 +2p~2)
62[a77(2"1'1)2 7r2+2p_2]:v -1

= —1)"2ip~telo
62[01—7(2"11)2 m242p—2] _ ( ) p

(2W+1)

w2 4+2p~ 2 (1— z)+0( 71)

(2n+1)

_ (_1)n2ip—1e[a T +2p’2](1 —x) + O( )
Hence, the eigenfunctions of operator A satisfy (3.20) and (3.21)). O
Moreover, the eigenvalues of A satisfy the following.

Theorem 3.3. Let A be defined by (3.1). Then all A = p? € o(A) with sufficiently
large moduli are algebraically simple.
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Proof. One can check that the multiplicity of each A € (. A) with sufficiently large
modulus, as a pole of R()\,.A), is less than or equal to the multiplicity of A as a zero
of the entire function A(p?) with respect to p. On the other hand, it can be verified
that A is geometrically simple. Moreover, all zeros of A(p?) = 0 in with large
moduli are simple, then the result follows from the general formula m, < p-my
(see [I7, p. 148]), where p denotes the order of the pole of the resolvent operator
and mg,, mgy denote the algebraic and geometric multiplicities respectively. ([

Now, we investigate the eigenvalues and eigenfunctions of A*, the adjoint of
operator A, which is defined as

A*(g7¢79) = (g”7_9a _¢N_2a9+a ) (ga¢’9) GD(‘A*)
D(A") = {(g,¢,0) € H*(0,1) x (H*(0,1) N HL(0,1)) x HL(0,1), (3.32)

9(0) =0, g(1) = po(1), ¢'(1) = pg'(1)}.
Let A*(g,¢,0) = X*(g, ¢,0), (g,¢,0) € D(A*) and we have 8(x) = —A\*¢(z) and
g"(x) = Ng(x),
—¢"(2) + 20\ ¢(x) + a’¢(x) = —(X")?¢(), (3.33)

9(0) =0, ¢(0) =0, g(1) = —pA"¢(1), ¢'(1) = pg'(1).

A straightforward computation shows that A\* satisfies (3.10) and it follows that
o(A*) = o(A) = {A1n, Mn, A2n} given by (3.17). Moreover, A* has the eigenfunc-

tions

U1 (2) = (g10(2), 10 (), ~Aindin (@),
Tn®) = (500 @). B1a(@), “Ninbin @) (3.34)

\11277,( ) - (an(x)aqun((E)a _)\2n¢2n($))T7
satisfying (3.20) and ( -

4. COMPLETENESS OF ROOT SUBSPACES

In this section, we show the root subspace of system (3.2)) is complete. First, we
give the following lemma.

Lemma 4.1 ([I0]). Let D(A) = 1+ Y7, Q:(N\)e™?, where Q; are polynomials
of A\, aj, i = 1,2,...,n are some complez numbers and n € NT. Then for all
outside those circles of radius € > 0 that centered at the roots of D(-), we have
|ID(X)| > C(e) > 0 for some constant C(¢€) that depends only on €.

Theorem 4.2. Let A be defined by (3.1)) and for X € p(A), let R(\, A) = (A\[—A)~!
be the resolvent operator of A. Then there exists a constant M > 0 independent of
A such that

RN A) < M(1+ |\, (4.1)

for all X = p? with p € C lying outside all circles of radius € > 0 that are centered
at the zeros of A(p?).

Proof. For any (g1, ¢1,61) € H, if
(AI*A)(gvfba 9) = (gla¢1791)> (42)
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and R(\, A) = (A — A)~! is the resolvent operator of A, then

(9,0,0) = R(A, A) (g1, ¢1,01). (4.3)
Let A # 0 and A = p? € p(A), the resolvent set of A, which leads to A(\) # 0.
Solving (4.2)), we obtain 6(x) = Ap(x) — ¢1(x) and
9" (x) = Ag(x) = —g1(2),
" () — (AN + a)?0(x) = o1 (x) — 01(z) — 20 (), (4.4)
9(0) =0, $(0)=0, g(1)—prp(1) = —pe1(1), ¢'(1)+pg'(1) =0.

Now, we set the following functions, for 0 < z <1,

Qi(z, &) = isign(x —&)p! [ep(xfg) B e,p(x,g)} 7

1 : - 2ta)(z— — a)(x—
Qa(z,8) = 1 sign(z — &)(p? + ) ! [e(p +a)(@=€) _ o= (p*+a)( 5)}’
(4.5)

Fola) = — / Q1 (.€)gn (€)de,

1
Ho(z) = — ; Q2(x,8) [(p* + 20) 1 (&) + 01()] dE.

According to the method of Green function [26] 0], for any (g1, ¢1,61) € H, the
solution (g, ¢, 8) of (4.3)) has the following expressions

F(z,p) H(z, p) 2
g(x) = , T) = , O(z)= r) — ¢1(x), 4.6
where
err e~r* 0 0 Fo(x)
1 1 0 0 Uy
F(x, p) = O O ]- R 1 R U2 3
e e~ ” —pp?e’ *2‘1 —pp2e=(r J”;‘) Us + pp1(1)
ppe’ —ppe= (PP +a)e” T —(p? +a)em(THY) Us
0 0 e(P’Fa)z e~ (PP +a)z Ho(z)
1 1 0 0 Uy
H(x,p)=1| 0 0 1 1 Us ,
e e P —pp26p2+a —pp2e_("2+a) Us + pp1(1)
ppe?  —ppe (p?+a)el t —(p? +a)e () Us
with
LI
U =— e Ps —efS) g1 (§)dE,
= )or(€)
1 L e 2,
U = qrray [, [ = e (67 4 20)n )+ 00 (6)
2 1
pp 2 4oy (1— —(PPta)(i—
Us = m/o [e(p +a)(1-€) _ = (p"+a)(1 E)] [(p2 + 20) 1 () + 91(5)]035
1

1
_ eP(1=8) _ o—p(1=8) g1 (€)dE,
4p Jo [ } 1(6)
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1
S / [P+ =8 | o=+ A=O][(p? + 20) 1 (€) + 01 (€)] de
0

1
_ Z/ [60(1*5) + efp(lfg)]gl(f)df.
0

Considering p € S = {p € C |argp € (r/4,7/2]}, we have

=

Re(—p) <0 or Re(p?) <0, (4.7
and
A(p?) = p(p? + a)e" = Ay (p), (4.8)
where A(p?) is given by with A = p?, and
2 2
Ai(p) = pé’ f —(1+ e™20) [2P7H) 1] 4 p (1 — e72) [ H) 1 1] (4.9)

More accurately, A(p?) are expressed by (3.25), (3.27) in Si, Sa, S, respectively.
Applying the following transformation for determinants F'(x, p), H(x, p), that is,
multiplying

1t
the first column by o / e gy (&)d¢,
P Jo

1
the second column byg/ epggl (&)d¢,
0

# 16—(/)2 )€ 2 a
o | T 200 ) + 016

S S 1€(p2+a)5 2 9y
4(p2—|—a)/0 [(p” + 2a)$1(€) + 01(€)] dE,

and adding this expression to the last column, we have

the third column by —

the fourth column by

F(z,p) = (p* + a)e" ™" ~“Fy(x, p),

H(z,p) = pe"*" ~H(x, p), (4.10)
Hm(xa ,0) = ,D(P2 + a)ep7p27aH1I(xa p)a
where
ePw) e 0 0 plFy)
e 1 0 0 p Uy
) N
Fl (xvp) = 0 0 1 R e’ o _ PZUJia ’
1 e P _prep +a _pp2 Us _|_~p¢1(1)
_ _ 2,
pfwﬁa pzif:le P et -1 pgjﬁa’
0 0 e’z (PP Ha)(1-a) igog
e P 1 0 0 piwlUl
Hl(‘rap) = 0 0 1 692"!'04 pQU'f‘a )
—1 —-1,—p _ p2+o¢ _ [73+P¢1(1)
p~t ple ) ppe” 2pp 5
pp  —ppe’ (PP +a)e” T —(p* +a) Uy
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20z 2+a)(1—z H(x)
0 0 elp™+a) —_ep"+o)(1-m) po+a
e’ 1 0 0 1U1
Hiz(z,p) =1 0 0 1 e’ ta pU_ﬁa )
ot pler —ppep2+0‘ —pp Us-‘rzﬁl(l)
pp —ppe? (PP +a)e’te  —(p?+a) Us

and

xT 1
Fo<x>=1 / PO g (6)de + /e-p(f-@gl(g)dg,

x

/ P FOE= (52 4 20)¢; (€) + 0, (€)]dE

0

1
— 5 [ I+ 20)0n0) + 01Ol
~ 1 /1t
Hyfa) = 5 [ et 1 2)00(6) + ba(6))de
1
3

/0 Tl 4 90)n (€) + 01 ()],
0 = /0 g (€)de,
G = [ G + 200000 + (0
Us = % 01 e P19 g1 (€)de
. Q(Ij’ia) / P92 4 20)1(€) + 01 (€)1 de,
0=-2 [ 06, (e
-3/ (2 4 20)n (€) + 1 (€)]de.

According to , Fi(x,p), Hi(x, p) Hlx(:n p) are bounded after a direct calcu-
lation of matrlx determmant From and ( -, . becomes

(o) = S0 M Hiy(z,p)
pA(p)° (p* + )i (p)’ Arp)

2 x
0la) = 0(z) — dn(a) = L ().

It follows from Lemma that there exists a constant M; > 0, such that

¢(z) = ¢'(x) =

<
= ol

@I <0 { [l ©1+ (2 + 2001016 + 1O+ [pon (1] .

gl < 1 / g (€)1 + (0 + 200161 (€)] + 101 ()16 + pn (1)},
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1
00 < M { [ €]+ (6 +20)101 (O] + 161 Ol + lpr(1)]} + 61 (o).
It is known that | f(z)| < [|f'lzx < | |22 and || f||zr < || f]lz2 hold for any function
f(x) € H{(0,1). Hence,
1

A o) < TN I ©lze + 1+ 200 lln (€)1

+ 161 () 122 + A et 2]
AT @) < My [N g1 e + (1 + 20X 161(8) 2
+ M0 @z + N ipgh e
AIT6@)] < M1 A7 g1 22 + (1 -+ 2alX ) 161 (€) |22

H A0 22 + IAlflllpaﬁﬁlle] + AT gl e
which leads to
(g, 8, 0|l < Ma|A[[[(g1, 61, 01)Il, [A > K > 1,
1(9,0,0)|| < Ms||(91,¢1,01)[l, Ms> M, [N <K,
where Mo, M3, K are positive constants independent of A. Therefore,

1(g, &, ) < M1+ [AD[[(91, 61, 61)]l;

for some constant M > 0 independent of A and all A = p? with p € S lying outside
all circles of radius € > 0 that are centered at the zeros of A(p?). Finally, we have
similar results for p € § = {p € C : argp € [r/2,37/4]} ([19, pp. 56-60]) which
yields . The proof is complete. ([l

Now, we show the root subspace of system (3.2)) is complete.

Theorem 4.3. Let A be defined by (3.1). Then both the root subspace of A and
A* are complete in H, that is, Sp(A*) = Sp(A) = H.

Proof. We only show the completeness for the root subspace of A since the proof
for A* is almost the same. From [7l Lemma 5 p.2355] the following orthogonal
decomposition holds:
H = 000(A") @ Sp(A),

where 0o (A*) consists of those Y € H so that R(\, A*)Y is an analytic function
of A anywhere in the whole complex plane. Hence, Sp(A) = H if and only if
0oo(A*) = {0}. Let Y € 0,(A*). According to ||R()\, A")| = |[[R(A, A)|| and
Theorem [£.2] we obtain

[ROA, A < M1+ [ADY, VA€C,

for some constant M > 0 by the maximum modulus principle. From [15], Theorem
1p. 3], R(A\, A*)Y is a polynomial with degree of A at most 1, that is, R(A, A*)Y =
Yo + AY; for some Yy, Y7 € H. Thus Y = (A — A*) (Yo + AY7). Since A* is a closed
operator, Y1 € D(A*) and so does Yy. Therefore,

NY, 4+ MYy — AY) —AYy =Y, VYAeC.

Comparing the coefficient of A2, A and \g in both sides of the above equation, we
obtain Y7 = Yy =Y = 0. The proof is complete. (]
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5. RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY

In this section, we show the Riesz basis generation and the exponential stability
of system (3.2)). For this purpose, we recall the following lemmas:

Lemma 5.1. Let {e;};~, and {e}}32, be two approzimately normalized and biorthog-
onal sequences. Then {e;}52, and {el}2, are Riesz basis for a Hilbert space H if
and only if [29, p. 27]

(a) both {e;};°, and {e}};=, are complete in H;

(b) both {e;};=, and {e}};°, are Bessel sequences in H, that is, for any f € H,
two sequences {(f,e;)}32, and {{f,ef)}32, belong to (2.

Lemma 5.2 ([22, Lemma 3.2]). Let {u,} be a sequence which has asymptotic
exTPressions

n =a(n+iflnn)+ O(1), a#0,n=1,23,...,

where 3 is a real number. If w, satisfies sup, Re(p,) < 0o, the sequence {etn*}> |
is a Bessel sequence in L*(0,1).

Lemma 5.3. The sequences

{6(_l1+l2i)z};l’°:07 {6(11—l2i)x}$10:0, {6%;1

ﬂim}oo
n=0

ntl iz oo a—MWZ—&-Q “2)(1—z)\ o0
}n:07 {6( 4 PN )}n:O7

{em™
are Bessel sequences in L2(0,1), where Iy, lo are given by (3.22)).

Proof. (i) Let aq = mi, f1 =0, ag = —7i, P2 = 0, we have
{€(7l1+121;)£v}$7’0:0, {e(llflg’i)aj}zo:o7

are Bessel sequences from Lemma [5.2

(ii) Let az = 7i, B3 =0, oy = —7i, B4 = 0, we have
2n+1 . 2n41
LT | OO — Uy agee)
{6 2 }n=07 {e 2 }n=07
are two Bessel sequences. With as = —72, 85 = 0, we obtain

_ (2n4D)?2 o —2y(q_
{e(a T2 (1 z)}noozo’
is also a Bessel sequence. The proof is complete. (Il

Now we can establish the Riesz basis property of system (3.2]).

Theorem 5.4. Let A be defined by (3.1). Then the generalized eigenfunctions of
A form a Riesz basis for H.

Proof. Let o(A) = {Ain, An, A2, }22; be the eigenvalues of A. By Theorem
and Theorem we have that each eigenvalue of A with sufficient large modulus
is simple, and hence there exists an integer N > 0 such that all Ai,,, Ay, Aan with
n > N, are algebraically simple. If the algebraic multiplicities of A1,, Agy, for n <
N are myy, ma, respectively, we have the generalized eigenfunctions ®i,, 1, P2y 1
satisfy

(A=) @11 =0, (A= App)™" 1Dy, 0 #0,
(A= Agp) "2 Pgp 1 =0, (A-— )\2n)m2”71¢2n,1 # 0,
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and

where ®1,, ,,, and ®g, ,, are the eigenfunctions of A with respect to Aq,, and
Ao, respectively. Assume P, and P, are the normalized eigenfunctions of A
corresponding to Ay, and g, with n > N respectively. Then A and A* have
linearly independent bi-orthogonal generalized eigenfunctions

{{(bln]’ (I’ln]}j 1 ) {(I)Zn,p m2" n<N U {(I)lna(I’il'm ¢)Zn}n>Na (51)

{{q)lnj7 1n] T:libv {(I)Qn,p 21:211 n<N U {(I)lnv 1n7©2n}n>Na (5'2)
and it follows from Theorem 4.3|that the sequences (5.1)) and (5.2)) are complete in
H.

Now we show the Riesz basis property of the system. First, we show that

{®1n, P1ny Pontn>n,  {Pin, Yin, Vonltn>n,

are Bessel sequences in H. It can be verified that {®F,, ®5,, 5, },>n is a Bessel
sequence if and only if {Ty,,, Uy, \Ifgn}n>N is a Bessel sequence by normalizing the

latter (see [26, Theorem 5.4]). From ) and (3.34),

q)ln = (glrn ¢1n7 >\1n¢1n)T ) (I)Zn = (92713 ¢2n» )\Zn(z)Zn)T )
\Ijln = (glna ¢1n7 _>\1n¢1n)T 5 \I/2n = (ana ¢2n7 _)\2n¢2n)T P

and it then follows from (3.20)), (3.21) and Lemma that for n > N,

{gln}ﬂ {(blln}v {iA1n¢1n}» {92n}7 {d)én}? {:t)‘2n¢2n}a

are Bessel sequences in L?(0,1). Therefore, {éln,ﬁ,égn}n>N and {Uq,, ¥y,
U, bn>n are both Bessel sequences in H and thus {®F,, @5, , P35, },>n is also a

Bessel sequence in H. This together with two finitely many sequences

{{(I)l’ﬂ]’q)lnj}j 1’ {q)2n7p m2n n<N’ {{CDInj7 1n] ;'nzlf7{q)2n,p m2n }n<N7

leads to the sequences (5.1) and (5.2) are Bessel sequence in H. Hence, the gener-
alized eigenfunctions of A form a Riesz basis for H from Lemma The proof is
complete. O

Theorem 5.5. Let A be defined by (3.1). Then the spectrum-determined growth
condition w(A) = s(A) holds true. Moreover, system (3.2) is exponentially stable,
that is, there exist two positive constants L and w such that

le?*]] < Le™.

Proof. From Theorem the spectrum-determined growth condition holds true,
that is, w(A) = s(A). By (3.17), we have Re(A) < 0 for each A € o(A). Hence,
semigroup e’ is exponentially stable. The proof is complete. [
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In this appendix, we present the derivations of (2.6)), , and (2.24]). From

2.2), (2.3), (2.4), and (2.5, we have
yt(x,t) - ya:a:(-r7t>

= e 20 (ha ), ) + B, 0} (0, )

+ / ke (@) — Erygy (@) — ek (2 y)uly, )dy =
0

2t (@, t) — zgo(x,t) + 202 (2, t) + azz(aj, t)
d

=[—h"(z) + ®h(x) + 2— (kao(z,2)) + 2(d + @) ksy(z, z) | w(z, t)

dx
—2[(d + a@)k3(x, x) + W' (2)]|ws (z,t)

+2[(d + a)h(z) + %(k‘g(l’, )] wy(z,t)

+ (kowa — kayy — a2k2 —2(d; + a)kSyy]($7 y)w(y,t)dy

+

S~

Hence,

klxm(ajay) - klyy(way) = Ckl(xay)a %

k?xr($7y) - kay(xvy) = 042]92(99 ) + 2ak3yy($7y)a k‘g(.ﬁﬂ, 0) = 07

Y
2%(1@2(1‘@)) = h"(z) — &®h(z) — 2aksy,(z, ),

k3xw(xay) - kByy(xa y) = 2ak;2(m,y) + (a2 + 4a’d)k3($7y)v k3(xa 0) = 07

%(kg(z,x)) = —ah(z), aks(z,z)=—h'(z),

where 0 <2 <1,0<y <z and a =d+ «. From (6.5)), we have

h(z)h (x) = k3(x, x)%kg(x, x).

[ksaw — kayy — 2+ d)ka — (0 + 4d(d + @))ks](z, y)w.(y, t)dy
+ [ka(z,0) 4+ 2(d + a)k3(x,0)]w, (0, t) + k3(z,0)w(0,t) = 0.

L () =5 a0 =0,

(6.6)

Integrating (6.6), we have h*(z) = k3(z,z) + 1, where h(0) = 1. From (6.5), we

obtain \/% = *+a, and
_K
h(z) = coshazx, ks(z,x)= a(x) = —sinh ax,

which yields
2 _ .2

T
kao(z, ) = a sinh ax — a/ ksy (T, T)dT,
0

(6.8)
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by integrating (6.3) from 0 to x. A direct computation gives

Ksaa () — Ky (2, 2) = = (ko (2, 2) — Eay (2, 2))

dr . (6.9)
= —ah'(x) — 2£k3y($,.’£).

Let f(z) = ksy(z,x) d “ks(x, ) = kso(w,2) + k3y(z,2), k3(x,0) = 0, we
combine (6.5)) with (6.7] . , . ) to obtain that f(z) satisfies

f(x) — a2/ f(r)dr = (2ad — a* + o*)sinhaz, f(0) = —a,
0
which is equivalent to solving the ODE
f(x) —a®f(x) = (2a*d — a® + aa®) coshax, f(0) = —a, f(0)=0.

Then we obtain f(z) = (ad — % + < )xsmh ar — acoshaz. It follows from

that

a? o

g(x) := ka(z,z) = (a + d) sinhax + (5 -5~ ad)xcosh azx. (6.10)
Therefore, the kernel functions ks (x,y) and ks(x,y) satisfy

kowa(T,Y) — kayy(2,y) — 2aksy,(z,y) = o’k (x,y),
kawa (2, y) = kayy(2,y) = 2aka (2, y) + (o + 4ad)ks(z,y),
ko(z,x) = g(x), ks(x,z) = —sinh ax, ko(x,0) =0, ks(x,0) =0,
where a = d + «, g(x) is given by and the domain is
Y ={(z,y):0<x<1,0<y <z}

Similarly, from (2.1)), (2.22) and (2.23), we have

0 = ue(z,t) — ugse(x,t) — cu(z,t)
= [ Bt e9) = (o) = e @l )
~ e+ 2 (51w )]yl 1) = 12,0} 0,0)
0 = wy(z,t) — Wyg(x,t) — 2dwe(z, 1)
= [Q(a + d)s3y(z, ) — o®l(x) — 2%(32(:5795)) —1"(z)|2(z,t)
—2[(a+ d)s3(z,x) + U'(2)] 22 (2, t) + [2(a + d)s3(x,0) — 82(7,0)]2,(0, 1)

2% (s, ) + (+ D)) (1) — 55, 0)220(0, 1)

+ /m[32yy($a Y) = s200(2,) = 2(a + d)szyy (2, ) — a®sa(z,y)
0

+2a2(d + a)s3(z,y)]2(y, t)dy

+ / [Sgyy((ﬂ, y) - 83xz(xa y) - 2(01 + d)SQ(xa y)
0

+ (daa — a®)s3(x, )]z (y, t)dy,

a’+a’+da
a

l(x) = coshazx, and so(x,z) = — sinh ax — gac cosh az, which gives (2.24)).
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