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DYNAMICS OF A PARTIALLY DEGENERATE
REACTION-DIFFUSION CHOLERA MODEL WITH
HORIZONTAL TRANSMISSION AND PHAGE-BACTERIA
INTERACTION

ZHENXIANG HU, SHENGFU WANG, LINFEI NIE

ABSTRACT. We propose a cholera model with coupled reaction-diffusion equa-
tions and ordinary differential equations for discussing the effects of spatial
heterogeneity, horizontal transmission, environmental viruses and phages on
the spread of wvibrio cholerae. We establish the well-posedness of this model
which includes the existence of unique global positive solution, asymptotic
smoothness of semiflow, and existence of a global attractor. The basic repro-
duction number Rg is obtained to describe the persistence and extinction of
the disease. That is, the disease-free steady state is globally asymptotically
stable for Ro < 1, while it is unstable for Rg > 1. And, the disease is per-
sistence and the model has the phage-free and phage-present endemic steady
states in this case. Further, the global asymptotic stability of phage-free and
phage-present endemic steady states are discussed for spatially homogeneous
model. Finally, some numerical examples are displayed in order to illustrate
the main theoretical results and our opening questions.

1. INTRODUCTION

Cholera is an acute intestinal infectious disease which is caused by the bacteria
vibrio cholerae; it has been around for hundreds of years. Currently, cholera is
transmitted in two main ways: one is environmental transmission (environment to
human), that is, a person becomes infected by ingesting water or food contaminated
with vibrio cholerae; the other is horizontal transmission (human to human), such
as close contact with people infected with cholera, or contact with the excrement of
cholera patients, etc., may be followed by infection. When people get infected with
cholera, it causes symptoms like vomiting, muscle cramps, severe copious watery
diarrhea, and so on, if not treated promptly, the infection may lead to death after
1 or 2 days. Although modern technology, medicine and public health conditions
have improved dramatically compared to the past, but cholera is still not been
eliminated and remains endemic in Asia, India, Africa, and Latin America. This is
a major threat to the public health of low-income groups in developing countries in
particular. In recent years, several areas in large-scale outbreak of cholera: nearly
100,000 cases are reported in Zimbabwe from 2008 to 2009 [6, 19} [3T]; 545,000 cases
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is reported in Haiti from 2010 to 2012 [2, 37, [47]; 1,115,378 cases and 2310 deaths
are reported in Yemen from 2017 to 2018 [5].

Recently, many research works have studied the transmission mechanism of
cholera and put forward effective prevention and control measures. In particu-
lar, from the aspect of mathematical dynamics modeling, Codego [9] incorporated
cholera bacteria in aquatic reservoirs into SIR epidemic model, proposed a SIR-B
model to simulate the transmission of cholera, and proved the stability of disease-
free and endemic equilibria. Considering the movement of humans, Capone et al.
[4] employed a reaction-diffusion model based on the model in [9], and studied
the impact of population movements on the existence and stability of disease-free
and endemic equilibrium; here they neglected the human-to-human transmission
of vibrio cholerae. Wang et al. [49] conducted a diffusive cholera model combining
horizontal and environmental transmission and investigated the effect of diffusive
spatial spread on the transmission of this disease spread; They revealed that in-
corporating spatial diffusion does not produce a Turing instability in some extent.
Chen et al. [7] purposed a reaction-diffusive cholera model with nonlinear incidence
rate, and obtained the global stability of the disease-free and endemic equilibria.
In addition, Zhou et al. [56] proposed a reaction-diffusive model with waterborne
pathogen and general incidence rate, and investigated the extinction and persis-
tence of disease which are described by the basic reproduction number. Note that
the above mentioned models are discussed in a homogeneous space. However, differ-
ences in spatial location, water availability and sanitation have a important impact
on the transmission of diseases, so it is necessary to consider reaction-diffusion
models with spatial heterogeneity [48] [51 52} [54].

Since the frequent outbreak of cholera brought the local public health a heavy
burden, how to prevent and intervene cholera is particularly important. Common
intervention methods of cholera include rehydration therapy, antibiotics, vaccina-
tion and water treatment [3] [13], 28, 29, [30] 38, 46]. In terms of reducing wvibrio
cholerae in the environment, Misra et al. [30] introduced a delay SIRS-B compart-
ment model to simulate the transmission of water-born disease, and discussed the
effects of disinfectants on the control of diseases. Note that, phages, the natural
organisms presents in the aquatic reservoirs, are viruses that live on vibrio cholerae,
which injects its genetic material into bacterial cells and replicates within the host
cell. When phages reproduce to a certain number, it can cause the bacterial cells
lysis and releases additional phage into the environment, and interaction of phages
and bacteria can be described by the predator-prey relationship. Now, phages had
been proved in modulating cholera epidemics to play a crucial role, so the introduc-
tion of phages in the environment is helpful for combating cholera [I1], [12]. Besides,
Malik et al. [24] pointed out that using the basic laboratory equipment preparation
phages can be quickly and easily. Alternatively, one can use the freeze-dried, spray
drying, emulsification and micro capsule preparation phages, these methods can
keep the stability of the years. These also imply that introducing phages may be
an effective strategy for vibrio cholerae control.

To discuss the role of phages in cholera prevention and control, Jensen et al.
[18] further extended the model in [9] by including a phage compartment P, and
revealed that incorporating phages can effectively decrease the concentration of
bacteria, and then it can reduce infection in humans. And then, Misra et al. [20]
investigated a reaction-diffusion cholera model with phages control, investigated
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the global dynamics of this model through constructing an appropriate Lyapunov
function. Other studies on the dynamical models of cholera with phages can be
found in [20] 27] and the references therein, name just a few.

Based on the above discussion and the interrelationship between vibrio cholerae,
phages and hosts, we propose a novel dynamical model with mutually coupled
reaction-diffusion equations and ordinary differential equations. Here, we consider
only the spatial dispersal behavior of the host because of the relatively large move-
ment of the host and the relatively small movement of vibrio cholerae and phages
in the environment. This results in the solution semiflow of the proposed model is
not compact since these equation of vibrio cholerae and phages have no diffusion
terms. The rest of this article is organized as follows. In Section [2] we present
this model and prove the well-posedness. The basic reproduction number and the
global asymptotic stability of the disease-free steady state are obtained in Sections
and [4] respectively. In Sections [5] and [6] we focus on the existence and stability
of phage-free and phage-present endemic steady states for spatially heterogeneous
or homogeneous cases, respectively. Some numerical simulations are performed to
support theoretic results and conjectures in Section[7] A brief conclusions are found
in Section

2. MODEL FORMULATION AND WELL-POSEDNESS

Let Q be a bounded domain with smooth boundary 92 in R™, and a% is the
normal derivative along the outward v to d€2. Based on the idea of compartment
modeling, the host population at domain €2 is divided into three classes: suscepti-
ble, infected and recovered, and their quantities or density are denoted by S(z, 1),
I(x,t) and R(x,t) for location x and time ¢, respectively. Further, V(z,t) and
P(x,t) correspond to the concentration of vibrio cholerae and phages. From the in-
terrelationships between vibrio cholerae, phages and hosts, the cholera model with
horizontal and environmental transmission reads

% = DsAS + A(z) — a(x)SI — m —d(@)S, e Q, t>0,
G = DAL+ a(@)SI + {20 () + d)L, w10,
% n(@)I + p(@)V — po(z)V — nfggzpv, reQ, t>0, 21)
OP(x,t) _ 0(x)§(x)V P
ot o m(x) + —5(:1:)P, zeh >0,

S(x,0) = So(x), I(x,0) = Iy(z), V(x,O) =Vo(x), P(z,0) = Py(x), =z €,
with the Neumann boundary condition
0S(x,t)  0l(x,t)
ov ov
and the equation of recovered class
OR(x,t)
ot

=0, €0, t>0,

= DRrAR+v(z)] —d(z)R, z€Q,t>0,

OR(x,t)

=0 o9, t > 0.
o , T E , >
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Here, the horizontal transmission described by the mass action «(z)ST and envi-
5=)SV. The meaning
E(x)+V

of other model parameters is as follows: Dg > 0, D; > 0 and Dg > 0 are diffusion
coefficients of susceptible, infected and recovered hosts, respectively; A(z) is the
recruitment rate of susceptible hosts; d(z), po(x) are the natural death rates of sus-
ceptible, infected and recovered hosts, bacteria, respectively; §(z) is the loss rate
of phages; y(x) is the removal rate of infected hosts expect for natural death; a(x)
is the horizontal transmission rate from infected hosts to susceptible hosts; 8(x)
is the environmental transmission rate from bacteria to susceptible hosts; k(z) is
the half-saturation coefficient which depicts the concentration of bacteria that leads
50% chance of contracting vibrio cholerae; n(z) is the shedding rate of bacteria from
infected hosts; p(x) is the self-growth rate of bacteria; £(x) is the adsorption rate
of phages; 0(x) is burst size which represents the concentration of phages produced
per vibrio cholerae; m(z) is the half-saturation coefficient.

Since the recovered R(zx,t) is decoupled from the other state variables, we only
need to study the dynamical behaviors of model (2.1 for the full system. In addi-
tion, if spatial heterogeneity is ignored, then generates to a homogeneous
form

ronmental transmission described by the saturation incidence

05 (z,t) BSV
= DgA A—aST— —— — Q
o SAS + aS IV ds, zeQ,t>0,
ol(x,t) BSV
B *D’AIJFO‘SIJijLV (v+d)I, e, t>0,
oV (xz,t) VP

OP(z,?) = bV P —0P, z€Q,t>0,
ot m+V

S(x,0) = So(z), I(x,0)=1Iy(x), z€,
V(z,0) = Vo(x), P(z,0)=Py(z), =€l

Throughout this article, we make the following assumptions:

(H1) Functions A(z), a(x), 5(z), d(z), y(x), 6(x), n(z), p(x), po(x), £(x), 0(x),
0(x), k(z), and m(x) are continuous, uniformly bounded and strictly posi-
tive on domain (2.

(H2) min,cq(8(x)é(z) —d(x)) > 0 and i — pg < 0, where i := max,q p(z) and
o = min, e 1o().

Now, we consider well-posedness of . To do this, denote X := C(Q,R*) be
the Banach space with the supremum norm || - [|x, and Xt := C(Q,R%) indicates
its positive condition. Let I' be the Green function associated with the operator
A, obeying the Neumann boundary condition. Denote Ty (t), Tx(t) : C(,R) —
C(Q,R) by

(Ty(t)p) () = e 40! /Q ['(Dst, - y)o(y)dy, ¢ € C(QR), t >0,

(Ta(t)d)(-) = e~ (HOHION /Q DDyt y)é(y)dy, ¢ € COLR), t >0,

are the Co-semigroups of Dg —d(-) and Dy — (y(-) +d(-)) with Neumann boundary
condition, respectively. By [42, Corollary 7.2.3], it follows that T;(¢) : C(Q,R) —
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C(,R), t >0 (i = 1,2) are compact and strong positive. Further, let

(T5(t)¢)(-) = e~ HoO)=mNte ) (Ty (1)) () = e Otg(.),
for ¢ € C(,R) and ¢ > 0. Thus, T (t) := (T1(t), To(t), T5(t), Tu(t)) : X = X, t >0
forms a Cy-semigroup [36].
For ¢ = (¢1, -+ ,¢4) € XT and = € Q, we define F := (Fy,---,Fy) : Xt = X,
where

RO =AC) — al)ondn — FA2E Fa@)() = al)onsa + ) 22,
F6)0) =)o~ U0 gy = AEIG,

Hence can be rewritten as
¢+/7't75 (s))ds, u(t) = (S,1,V,P).

Theorem 2.1. For any initial value function ¢ = (¢1, 02, d3,¢4) € XT, model
(2.1) admits a unique mild solution u(-,t; @) := (u1(-,t), ua(-, t), us(-,t), us(-,t)) on
[0, Tmax) with u(-,0;¢) = ¢, where Tymax < 0. Furthermore, u(-,t;¢) € Xt for
t € [0, Tmax) and u(-,t;¢) is also a classical solution of (2.1)).

Proof. Note that T (t) corresponds to the linear part of (2.1)), then, for any ¢ € Xt
and h > 0, one can obtain

¢1+h[A() — al-) g1 — k()(ilg;] P11 — h(ags + B)]

¢2+h[ ()¢1¢2+ﬂ()k()+¢] ¢2
hF = 3 >
P b+ h[n()os — O8] | Z | gyl - hofle]
b4 Jrh@(")f( l;b(;;m &4

Thus, the limit limy, ¢+ + dist (¢ + hF(¢),XT) = 0 holds for any ¢ € X*. Accord-
ing to [42, Theorem 7.3.1], model (2.1)) has a unique positive solution on [0, Tax),
where 0 < Tymax < 00. This proof is complete. O

Now we consider an auxiliary system, for ¢t > 0,

% = D AW + A(z) — d(z)W, W(z,0) = Wo(z) 20, z € Q,
(2.3)
M — 0’ x € 697
ov

where, A(x) > 0 and d(z) > 0 for = € Q. Directly from [21, Lemma 1], we have the
following statement.

Lemma 2.2. System (2.3) has a globally asymptotically stable positive steady state
U(z) in C(Q,R,).

Using Theorem and Lemma the global existence for (2.1]) is given by the
following theorem.

Theorem 2.3. For any ¢ € XT, model (2.1) has a unique solution u(-,t;¢) on the
interval [0,00) satisfying u(-,0;¢) = ¢. The semiflow generated by model (2.1)) is
denoted by ®(t) : XT — XT and satisfies

q)(t)¢ = U(,t,¢) = (S('at; ¢),I(,t7¢), V(',ﬁ(ﬁ),P(',ﬁ (rb))a T e Q» t>0.
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Furthermore, ®(t) is point dissipative.

Proof. On the uniform boundedness of S(+,t), this yields from the first equation of

@) that

oS
Fri DsAS(,t) + A(-) —d()S(-,t), z€Q, t>0,
with % =0, x € 092, t > 0. By Lemma and the comparison principle, one
directly obtain
limsup S(-,¢) < U(-), uniformly for z € Q. (2.4)
t—o0
Hence,
lim sup [[S(:, £)]] < 1TC)I| = Mo. (2.5)

From inequality (2.5), S(-,t) is ultimately bounded.
Adding the equations of S and [ in (2.1)), and integrating over ), we have

9
ot
where [Q| is the measurement of 2. Thus, limsup, . (|[SC,t)|l1 + [|[I(-¢)]1) <

% := Mj;. Similarly, we multiply P with ﬁ, then add V and % equation and
integrate over (2,

%/ﬂ (V(~7t) + Pa(('j)t))dx < fiMy; — K/Q (V(~7t) + Pa(('j)t))dx,

where K = min {é,@ — ﬂ} > 0. Thus,

/(S(~,t)+[(-,t))dx < K0 —d/(5(~,t)+l(-,t))dx.
Q Q

. P(-,t M
timsup (V¢ ol + 1202, ) < B gy

1 . T P('vt) T
j | Pt < [ Beda

one can obtain limsup,_,. [[(P(-,t)||1 < 0Mys := Mj3. Summarizing, there is a
positive constant M such that

lim sup([[SC, )l + 1€ Ol + IV E Bl + 1PC D) < My (26)

From

Next, we turn to the uniform boundedness of I(-,t), V(-,t) and P(-,t). It claims
that I(-,t) satisfies the 2" bounded estimate, i.e., for k > 0, there is a positive
constant Myx such that

limsup |[7(,t)]|or < M. (2.7)
t—o0

The proof of inequality ([2.7]) follows by mathematical induction. Obviously, from
(2.6) it follows that k& = 0 holds. Assume that (2.7)) holds for k — 1, i.e., there exists
a constant Myx—1 > 0 such that

limsup |[1(-, ) |lor-1 < Mor-1. (2.8)
t—o0
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We multiply I equation with 7?*~1 and integrate it over ,
1
7ﬁ/ *dz < DI/ 1> AIde +/ a()SI2" da
280t Jo Q Q (2.9)
+ 5(')512&1(19”_/(7(')+d('))12kdl‘-
Q Q

Recall that
D,/ 1" “IAIdz = —DI/ VIV ldz
Q Q

=—(2*-1)D; / (VI- VI 2dz
Q

2k 1 k—1
- _WDI/ VI* Pda.
Q

Hence, (2.9) becomes

ikﬁ Idexg—Qk/ |v12’€’1|2dx+/a(-)512’“dx
20t Jo e e (2.10)

# [0St [ 00+ ),
Q Q
where Qy, = 222’1%12D1. By (2.5), there exists tg > 0 such that for ¢ > to,

/ a()SI* i < a(Mo + 1) / I*dr and / B()SI*"'da < B / 1% ~da.
Q Q o o

Making the use of Young’s inequality: ab < ea? + C.b9, where p, g > 1, % + % —1,
a, b,e >0, and C, = ¢ 7. To estimate fQ SIQk_ldl‘, we set eg = (Mg + 1)—2’“7
p= 2k and q= %, then

/SI2k_1dx§eo/S2kdx+C€0/12kdx
Q Q Q

geo(I\\/JI0+1)2k|Q|+CEO/I2kdx§ |Q|+Ceo/12kdx, E> 1o,
Q Q

where C,, = 65(2k_1)71. Thus, it follows from (2.10) that
Lo
2k ot
where By, = a(Mg + 1) + BC,, and Ny = 3|9

By utilizing the statement: for any positive constant €, there is A, > 0 such that

€113 < el VCIl3 + AclIClT, ¢ € WhH2(Q),

— Qk
2By

-1 e —1 2
—Qk/ V12 2de < —QBk/ Idex+QBkA€1(/ el dx) .
Q Q Q
Thus, (2.11]) yields

1 0 ok ok gk—1 2
2 Par<—-B, | I*az+ 2BkA61( I dx) F N, t>t

/ﬂ“dxg —Qk/ \vﬂ’“”\?dek/ﬂ’“dHNk, E>to,  (211)
Q Q Q

we set ¢ =I?" " and ¢ , to obtain
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According to (2.8), we have limsup,_, . [, e < Mgi: Hence,

2B A M2, + N
limsup || 7(-, t) ]|z < Mo := \/ R
t—o0 Bk

Applying the continuous embedding L9(2) C LP(R2), 1 < p < ¢, one can obtain
limsup,_, o [|[1(-,t)|l, < M,, for M, > 0. Similar to the [54, Lemma 2.4], we can ob-
tain limsup,_, o [|[1(-,t)]| < M. Same way like talked about limsup,_, . ||V (-,%)]]1
and limsup,_, || P(-,t)||1, we have

M oo i _

limsup |[V(, )| <M, = 2o and  limsup || P(-, )| < M”, = §M/,_.
t—o00 K t—00

Therefore, the solutions of (2.1)) is ultimately bounded. That is, the solution semi-

erated by is point dissipative. This proof is complete. ([l

For (S,1,V,P) € Xt let
D ={(51,V,P): S(x,t) <My, I(z,t) < M, V(z,t) < ML, P(z,t) < ML},

then ®(t)p € D, t > t*, ¢ € XT, for some t* > 0. Moreover, similar arguments as in
[8, Theorem 2.1], we know that D is positively invariant for the semiflow ®(¢) and
for any bounded set B C X, there exists a t** > 0 such that ®(t)¢ € D, t > t**,
¢ eD.

Because the V and P in equation without the diffusion terms, the solution
semiflow ®(¢) is not compact. To solve this problem, one shall prove that ®(t) is
asymptotically smooth by introducing the Kuratowski measure x of noncompact-
ness, which is determined as

k(B) := inf{r : B has a finite cover of diameter less than r},

for any bounded B C X*. It is not hard to see that B is precompact if and only if
k(B) = 0.
For the sake of convenience, we let x := (S5,1), y := (V, P) and define

g($>tax7y) = (g]_(l‘,t,l,‘/,P),gg(l‘,t,[,‘/,P)),

where g1 (x,t,1,V, P) = n(@)I + p(z)V — po(x)V — SOVE and gy(x,t,1,V,P) =

m(z)+V
79(2)(3(;2“7). Then the Jacobian of g(x,t,x,y) with respect to y is calculated as
follows
£(z)m(z) P £(z)V
Oog(x,t,x,y) (“(I) — po(x) — (m(z)+V)Z TV )
- 0 m(z)P 0 v
9y (fﬁf&%? S()f)(if)v —0(x)

The following lemma is to claim ®(t) satisfies k-contraction condition.
Lemma 2.4. If there exists a r > 0 such that

Tag(mayxy)w < —TIUT'LU, Yw € RQ, S 07 (V7 P) € D’ (212)

then ®(t) is k-contracting, i.e., limy_,oo k(P (t)B) = 0 for any bounded set B C XT.



EJDE-2023/08 DYNAMICS OF A REACTION-DIFFUSION CHOLERA MODEL 9

Proof. Similar to the proof of [I7, Lemma 4.1], we can prove that ®(t) is asymp-
totically compact on B in the sense that for any sequences ¢, € B and t, — oo,
there exists subsequences ¢y, and t,, — oo such that ®(t,, )¢, converges in X as
k — oo.

Next, we consider the omega limit set of B for solution semiflow ®(¢) on X*,
which is defined as

lw(B) = {¢ € X*: klin;o ®(tn, )P, = ¢ for some sequences ¢, € B}.

By [39, Lemma 23.1(2)], we know that w(B) is nonempty, compact, invariant set
in X*, and w(B) attracts B. In view of [23| Lemma 2.1(b)], we have

K(®(t)B) < k(w(B)) + dist(®(t)B,w(B)) = dist(®(¢)B,w(B)) - 0 as t — oo,

where dist(®(¢)B,w(B)) is described as the distance from ®(¢)B to w(B). Thus,
®(t) is k-contracting. The proof is complete. O

Remark 2.5. A sufficient condition for (2.12)) to hold is

02 F2n 2 SR 2 0 ENT!
1OeML + ML ML,

<0.
4 m?(po — 1) m

Theorem 2.6. If (2.12)) holds, then the solution semiflow ®(t) of (2.1) possesses
a global attractor A on XT.

Proof. From Theorem and Theorem it follows that the solution of is
the global and unique. Further, ®(¢) is point dissipative and s-contracting on X*
by Theorem and Lemma [2.4] Hence, from [14, Theorem 2.4.6], ®(t) exists and
attracts any bounded set in X*. This proof is complete. O

In particular, on the well-posedness of (2.2)), the following corollary is obvious
from Theorems 2.3] and 2.6l

Corollary 2.7. For model (2.2)), the following results hold.

(i) For any function ¢ € X, model admits a unique, nonnegative solu-
tion u(-, t; ) on [0,00) satisfying u(-,0;¢) = ¢.

(i) The solution semiflow ®(t) : Xt — XT generated by is denoted by
(I)(t)¢ - a(,tﬁf)) = (S('vt;¢)71('at; d’)) V(',t;¢),P(',t; ¢))7 z €t >0
Furthermore, ®(t) is point dissipative.

(iii) If holds, then the solution semiflow CT)(t) of exists a global

attractor A on XT.

3. BASIC REPRODUCTION NUMBER

For model there exists a unique disease-free steady state & = (U(z), 0,0, 0).
Now, we calculate the basic reproduction number R by the results in [63, Section
3], which describes the average number of the secondary infections while introducing
a single infection in a completely susceptible host population.
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Linearizing (2.1)) at the steady state £, one can obtain obtain a linear system,
for t > 0,

aséﬂf’ Y _ DsAS + Aa) - a(@)T(@)] - Ala) Z((j)) V—d(x)S, zeQ,
al(@? ) _ DAI + oz)U (z)] + 5(:c)z((f))v — (y(z) +d(z)I, zeQ,
avéf’ f_ n(x)T + p(x)V — po(z)V, x €, (3.1)
apéf’t) — §(x)P, zeq
8523;’ b_ Mgf/’ D_o zeon

Note that S(z,t) and P(z,t) are decoupled from the equations of I(x,t) and V (z,t),
thus we only discuss the subsystem of (3.1]), for ¢t > 0,

% = DiAL+ a(@)U(2)] + (=) Z((j))‘/ — (v(z) +d(@))I, z€Q,
8Véﬂtﬂ,t) =n@)] + px)V — po(z)V, z€Q, (3.2)
ol(z,t)

Substituting (I(z,t),V(z,t)) = e (¢p2(z), p3(z)) into (3.2), we can obtain the
eigenvalue problem

Mnle) = Dien(e) + (a(o)0(x) = 1(2) ~ d2))ale) + B (o). o
Aba(z) = n(x)ba(z) + p(x)gs(x) — po(x)a(z).
for z € @ and 2228 = 0, 2 € 9Q. Set
5 (DIA +a(@)0(z) — (v(@) +d(@)  Bla) LD
n(x) () — pio()
_ (DiA = (y(x) + d(x)) 0 a(z)0(z) Bla)FY
- (700 o) o)) * ( 0 0 )>

=B+ F,

and denote II(t) by the solution semigroup of (3.2). Since system is cooper-
ative, II(t) is a positive Co-semigroup generated by B. Let II(t) is the semigroup
generated by B, then B and B are closed and resolvent positive operators from the
Theorem 3.12 in [45]. To derive the basic reproduction number of (2.1, suppose
that the bacteria is invaded at time ¢ = 0, and the initial distribution of infected
hosts described by é(z) = (¢2(x), ¢3(z))T. Therefore, as times evolves, the distri-
bution of new infected hosts is F/(2)IL(t)$(x) at time . Hence, the total distribution
of new infected hosts is fooo F(2)II(t)¢(x)dt. Define the operator £ as

co)a) = | " P ()t = F(a) / T ().
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Then £ is a continuous and positive operator of (2.1)), which maps the initial
infected hosts distribution ¢(z) to the total new infected hosts distribution during
the average illness period.
Based on [53], the spectral radius of £ as the basic reproduction number of ,
that is,
Ro :=r(L). (3.4)
Furthermore, by [63, Theorem 3.1(i)], the following lemma is valid.

Lemma 3.1. Rg— 1 has the same sign as s(B), where s(B) = sup{Re\, X € o(B)}
is the spectral bound of B.

For the sake of convenience in discussing, we verify that Ry has the relationship
with the important indicators Ag and 7°.
Lemma 3.2. Let Ry be defined by (3.4). Then
(i) Ro = <+, where Xo is the principal eigenvalue of

707
B@)U(z)n(z) 43

DiAp — (y(z) + d(z))p + [oe(:z:)U(x) + 7o) (o (@) — ,u(a:))p\(p =0, ze€qQ,

with g—f =0, z € 090.
(i) Ro—1 and s(B) has the same sign with 7°, where 79 is the principal eigen-
value of
B(x)U(z)n(x)
(@) (o () — p())

with 9% =0, z € 09.

DAy + [oz(x)(_](ac) + ’ —v(x) — d(x)]w =7y, x€Q, (3.5)

Proof. Let us first focus on conclusion (i). To use the result in [53] Theorem 3.3],

we define
F11 F12 V11 V12
F = , V.= ,
<F21 F22) <V21 V22>

Where, F21 = F22 = ‘/12 = O7 F11 = OL(I)U(I), F12 = ﬁ(l‘)%, V11 = ’Y(l’) + d(I),
Vo1 = —n(z), and Vae = po(x) — p(x). It then yields that Ry = r(—BF~1) =
r(—Bleg) due to Iy = 0, Fyy = 0. Here,

By = DiA — (Vi1 — ViaViy ' Va1 ) = DiA — (vy(z) + d(x))

and

B@)U(z)n
k() (po(x) — ()

=
~—

Fy = F11 — F12Viy' Vo = a(z)U(z) +

Then, for any ¢ € C(£2,R?), one can obtain

—By ' Fap = —[DrA — (y(z) + d(2))] " a(2)U(z) +

Therefore, R satisfies

~[D1A = (y(z) + d(x))] " [a(2)U () +
that is, for ¢ € C(Q,R?),

DiAg — (y(z) + d(x)p + [a(x)U(z) +
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The proof of assertion (i) is complete.
Next, we focus on condition (ii). The eigenvalue problem (3.5 has a principal
elgenvalue 70 with positive eigenfunction 1*(x) on €2, namely, for x € Q,

B(@)U (z)n(x) ]
k() (po(x) — p(x))
with 66—15 =0, z € 9Q. Multiplying (3.7) by ¢ and (3.6 by ¥*, integrate by parts
on () and then subtract the equation, we obtain

1 a2\ Uz B(@)U (z)n(x) *do = 70 *da
(- 7) [, lo@0e)+ F@) (o) — @) ¥ Jovraa

Since [, {a( YU (x) + ,C(BWJM] e*de and [, pi*da are positive, it follows

DiAY™ — (y(@) + d(x))y* + [o(2)U () + vt =7%", (3.7)

) (pro (@) —pa(
that (1 — 7%0) and 7° have the same sign. With Lemma the proof of assertion

(ii) is completed.

From conclusion (i) in Lemma Ro has the variational formula

B(z)U (x)n(x) 2
Ro = 1 sup {fﬂ R ormaEnali dx}.
Xo  weH (9020 & o DI\V<P|2 (v(z) + d(z))¢?]dz
Remark 3.3. For model ., it is easily to check that there is the disease-free
steady state & = (U, 0,0,0), where U = £ and the basic reproduction number is
A B45n
R e Y S BA7
0= = .
v+d dy+d)  kd(po —p)(v +d)

Note that because ofthe second equation in (3.2) without diffusion term, II(¢) is
not compact. The following results shows the existence of the principal eigenvalue

for .

Lemma 3.4. If Ry > 1, then the principal eigenvalue of (3.3) is s(B) which
associates with a strongly positive eigenfunction.

Proof. From 7 one can obtain that
e, 6:0) = B0 + [ Tt = oI + 5) 2
o 0 k()
V.t:0) = Ta(0s + [ Tt = (@) (. si6)ds

for any ¢ = (¢2,¢3) € C(Q,R2). We decompose I1(t) as II(t) = Ia(t) + 5(t),
where

t
My(t)p = (0,T3(t)¢3) and I3(t)p = (I(x’t;(/)%/ T5(t — S)W(af)l(x’s;(b)ds)-
0
By [54, Lemma 2.5 in], II3(¢) is compact. Further,

T:
||H2(t)|| _ sup ” 3( )¢3|| <e” sup ||¢3” < e—Kt
$EC(QR2 )60 el ec<(z,n@1),¢¢o (9l

Hence, for any bound S € C(Q,R?),
r(TI(1)S) < k(1 (2)S) 4 w(T1(t)2S) < 0+ ||TIa(2)[|s(S) < e Kix(S).

V} ds,
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Consequently, II(t) is k-contracting on C(Q,R%). Further, the essential growth
bound wess(I1(#)) < —K and the essential spectral radius r.(II(t)) < e Xt < 1 for
t > 0. Obviously, w(II(t)), the exponential growth bound (w(II(t)) := lim¢_,

In||TI(t)||/t such that |[TI(t)|] < Me*MO for some M > 0) satisfies w(II(t)) =
max{s(B), wess(II(t))}. With the help of Lemma Ro > 1 implies that s(B) > 0,
then the spectral radius of TI(t), r(II(¢)) = e*B)* > 1, t > 0. Hence, r.(II(t)) <
r(II(t)). Using the Krein-Rutman Theorem (see, [34, Lemma 2.2 ]), we complete
the proof. (Il

Lemma 3.5. Suppose that u(x) = p and po(x) = po, then the principal eigenvalue
of (3.3) is s(B).
Proof. Let
B(z)U(2)n(z)
¥,
k(x)[A+ (no — )]

Lyp = D1Ayp + a(@)U(z)p — (v(2) + d(z))e +

A> _<MO - :u’)7
: . _ B@)U (2)n(x)
Ch = U >0, d Cy:= ———; > 0.

1 51615%1 {04(37) (x)} an 2 glelg{ k(2) }
Note that the eigenvalue problem
o = DAY — (y(x) +d(2))), @€

0 _
ov
has a principal eigenvalue &° associated with the positive eigenvector ¢°. We denote

by A* the larger root of the algebraic equation A2 + (g — p — C1 — @)\ — [Co +
(Cy 4+ @) (o — p)] = 0, then

{18°+ 1 = (o — W] + VIO +Cr+ o — WP +4Ca | > — (10 — ).

0, ze€09Q,

L1
=3
Hence,

B(@)U (z)n(=) o

Ly = Dide® +a(n)U ()6 — (1(2) + d(@)e + s ol

Co
> (wo +C1 + 7)<p° = A",
A*+ (o — 1)
By [53 Theorem 2.3(i)], the proof is complete. O

Remark 3.6. Lemmais the special case of Lemma and s(B) is the principal
eigenvalue of (3.3) without any limitation. But if u and pg are both related on z,
whether the Lemma [3.5] still holds or not is unknown for Rg < 1.

4. EXTINCTION OF DISEASE

Theorem 4.1. If Rg < 1, then & of model (2.1)) is globally asymptotically stable.

Proof. By [53, Theorem 3.1], it follows that & is locally asymptotically stable.
Thus, we need verify only the global attractivity of £&. For ¢y > 0, it yields from
that there is t; > 0 such that 0 < S(-,t) < U(:) + &g, x € Q, t > t;. With the
help of the comparison principle in [25], we have

(I(',t),V(~,t)) < (j(~,t),‘7(‘,t)), T e Qa t> 11,
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where (I(-,t),V(-,t)) is the solution of the problem

81(5;’ t_ DiAI + a(2)(U(x) + o)1 + B(x) U(izx—; Dy (v(z) + d(x))], 1)
) 4.1
W = (@) + p(@)V — o)V,

forx € Q, t > t; and % =0,z €90, t >t1. We set I, (t) be the solution
semigroup generated by system with generator B,,. Similar to Lemma one
can obtain wess (Il (t)) < —K. Recall that w(Il,, (t)) = max{s(Be,), wess (I, (£))},
it is known that w(IL.,(t)) has the same sign with s(B.,). From Lemma [3.2{ii),
5(Be,) has the same sign as the principal eigenvalue 7'500, where TSO satisfies

Blx)(U(x) + o)n(x)
k() (po(x) — p(x))
for x € Q, with g—'fj =0, x € 00. Again by Lemma (ii), the assumption
that Ry < 1 and the continuous dependence of TSO on €y, we can choose g9 > 0
such that 70 < 0. Therefore, w(IL,(¢)) < 0. By the definition of w(Il,(t)), it
follows that ||TI., (t)|| < M.,e*T<0®* for some M., > 0. Thus, (I(-,t),V(-,t)) <
(I(-,1), V(1)) = (0,0) as t — oo uniformly for 2 € Q. Moreover, from Lemma
we can obtain S(z,t) — U(z), P(x,t) — 0 uniformly for x € Q. This proof is
complete. 0

DAY = (y(z) + d(@)¥ + |a(@)(U (@) + ) + Jo=rv,

Now, we verify that & is globally asymptotically stable when Ry = 1. This is
similar method to the one used in [54, Theorem 3.12]. Let (Y, d) be a completed
metric space, semifolow F(t) : Y — Y, ¢ > 0, be a strongly continuous. Let
Yo € Y be a stable steady state of F(t), and F C Y is compact and invariant,
ie, F(t)E = FE for all t > 0. The following lemmas will be used later, similar
arguments can be found in [10] 52].

Lemma 4.2. If lim;, o F(t)y = yo for ally € E, then E = {yo}.

Lemma 4.3. (i) If So(+) > 0, then S(-,t;¢) >0 for all z € Q, t > 0; B
(ii) If Io(:) # 0 or Vo(-) # 0, then I(-,t;¢) > 0 and V(-,t;¢) > 0 for all x € Q,
t> 0.

Proof. (i) It follows form the first equation of (2.1)) that

a8 Vv
s _ - i
> > DsAS (a(x)] D Tyt d(x))S
Thus, we have S(-,t) > S¥(-,t), where S(-, 1) satisfies
05" 4
= - t_ - #
- = DsAS (a(m)l @ Tt d(x))S L zeQ t>0,
#
ai:O, red, t>0,
ov

SH(-,0) = S3(:) = So(-) >0, ze

From the maximum principle, we have S#(,t) > 0 for x € Q and t > 0. Thus,
S(-,t) > S¥(-,t) > 0 for 2 € Q and t > 0. That is, assertion (i) is valid.



EJDE-2023/08 DYNAMICS OF A REACTION-DIFFUSION CHOLERA MODEL 15

(ii) If Io(-) # 0, in the view of Theorem [2.1]and the second equation of (2.1)), we
have 2 8 > DiAT — (y(-) + d(-))I for € Q and t > 0. Let I is the upper solution
of the system

Tt
‘987 — DIATF — (y() +d()IE, weQ t>0,
#
a—I:O, xed, t>0,
ov

F0)=I5)=I(), zef

then, using the strong maximum principle and Iy(-) # 0, we have I*(-,t) > 0 for
r € Qand t > 0. Therefore, I(-,t) > I*(-,t) > 0 for z € Q and t > 0, from the
standard comparison principle.

From the third equation of and Theorem we have

V(1) =Vo(e JE () =po ()~ -EGEEE Yds
() P(
/ JEH( ) =m0 ()~ 7R )717(.)[(,’5)(157

for fixed € Q. By the comparison principle, we have V(-,¢) > 0 for €  and
t>0.

If Vo(-) # 0, it is obvious that V'(-,¢) > 0. From Theorem and the second
equation of (2.1)), it well known that I is strictly positive. The proof of assertion
(ii) is complete. O

Theorem 4.4. If Ry =1, then & of model 1s globally asymptotically stable.

Proof. We verify the local stability of & first. Suppose that there is p > 0 such
that ||¢ — &l < p for any ¢ € XT. We denote

o(,t) = St 1 b(t) = max {O©(-,1),0} .
U(") zeQ
The first equation of yields
00 VU()-VO  A() a()ST+ B() 3
— — DgA® — 2Dg +=50=- (4.2)
ot U() Ue) U()
Let T( t) be the positive semigroup generated by D3A+2D v U(( )) v 3% % , satisfying

|T(t)|| < Me~"* for some M, r > 0. Solving (@ ([2), we obtain

¢ al- S8V (s)
PPy ORI L RTCULL.C) cc..c:

u()
where O = %0((")) — 1. Therefore
. t a()S (-, $)I(-, s) + B(-) 2pelVles)
b(t) :magc{T(t)(% _/ T(t—s) () (5 s)I( U)() )G 1ves ds,O}

e 0 .

< max {T(£)00,0} < |7 (£)Oo] (4.3)
EdS
R . M —rt

< et St) ) < P

r 7 )
Umin
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where Upin = mingcq{U (")}
By a zero trick, (I(-,t),V(-,t)) satisfies
G = DAL+ a0 + 50 TV = (1) + dC)
72 0) S u()
+ a(‘)U(-)[m — 1)1 + /a’(-)[m - WW’ zeQ t>0,
S =IO ROV = oy = ST sea, >0
ol
5:0, x eI, t>0.
Thus,
I("t) _ IO( ! —3
(v:0) =m0 () + [ me—» (44
TS 17 ( ) 4 B()SCs)_ _ TON (g
y (a( U] 08) 1]1(_,5().;(?5)33[(1?8_;_\/(.75) 0] V(. )) ds
m()+V(-;s)
Io(:) '
< TI(t) v(;( ) +/0 TI(t — s) (4.5)
TOIKE - 10Cs) + 801 - uéf&'%&rfﬁ>) s
0

. (a() Ol
Under the conditions of Lemma and Rg = 1, we have w(II(t)) = 0. Then
[TI(¢)|| < M for t > 0. By (A.3) and (4.F), it follows that
max{|[1(- |, [V, )}
< Mmax{[[Lo()[], [Vo(-) I} + MM
t _ t V( S)
x la | b(s)||I(-,s)||ds+ /bs — 7 ||ds (4.6)
o [ olrtolas+ 5 [ bl
¢

<Mp+Lap [ eI 9)ds + Lap,
0
where Ly, = MaMoM /Upin, Lo = MBMoM /(rUpin). With the help of Gronwall’s
(4.7)

inequality, we obtain
1,0l < (M + La)peli 1207774 < (A 4 Lappeoo/”

From (4.6) and (4.7), we know that
t
IV < Mp+ Lap+ Lip(hf +La)pero/” [ ereds
0

L Lip/T
< (0 + 11+ Y

This, the first equation of (2.1f), (4.7)), and (4.8]) imply that

> DgAS + A(-) —d(-)S — a(-)(M + Ly)petr/m 8
S.

9

a =
B() Ly petrr/r
(M +La)p(1+ %)

k()
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Now we consider the system

% = DsAS + A() — d(-)S — a(-)(M + Ly)pe-1#/m8
B() LlpeLlp/T .
——=(M+1L 1+ —)5, €N, t>0,
K 2)e( )5 (4.9)
ﬁzo, x e, t>0,
ov

S(,0)=5S0(-), z€Q, t>0.

From the comparison principle, we have S(-,t) > S(-,t) for all z € Q and ¢ > 0.
Denote by S,(-) the positive steady state of (£.9). Let S(-,t) = 8(-,t) = S,(-), then
S(-,t) satisfies

aS " "
i DsAS — [d(-) + a(-)(M + Ls)pe'#/7] 3
50) Lipeio/) ¢
+ P M Ly)p(1+ 5 ), 2e€Q, t>0,
k(')( 2)p( r ) ! (4.10)
6—SzO, r e, t>0,
ov

S(,0) = So() = So() = Sp(-), zeQ.
Notice that T} (t) is the positive semigroup generated by DsA — d(-), satisfying
I1T1(t)|| < Me=4 for some M > 0. Solving (4.10)), it follows that

(1) = Ty (8)So — /Ot Tt — s)

LlpeLlp/r>} -

X [Ol()(M + Lo)pet#/m 4+ &)(M + L2)P<1 + . S(-, s)ds.

k()

Hence,

t
IS, )]l < Mem%(|So|| +/ N e—d(t—5)
0

o) L Lip/r -
< [aM + Loppetrel 4 D our Lo (14 2L ]S ) s

Again applying Gronwall’s inequality, we have ||§(,t) _ S*p()” = 15, )|
M||So(-) = S, (-)l|e"*=4, where

IN

N - 3 L. pelip/T
K= M[d(M + Lo)pelre/ + %(M +]L2)p(1 + %)}

Choosing p > 0 small enough such that K < d/2, it follows that [|S(-,t) — S,(-)|| <
M| So(-) — 8 S,(-)||le~4/2. By a zero trick, we can obtain
S(t) = U() 2 8(,1) = U() = 8(1) = S,(-) + (.

) -

)= U()
(e +5,() = U(:)

> M”SO( 4

~ . ) (4.11)
> —M([ISo() = TN+ 15,() = TOI = 18() = UC)|
> —Mp— (M +1)[|S,(-) = Ul
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Noticing that b(t) < pl‘geit, one has

min

_ /S (, ) pMM
S ) =T =0 (2222 1) < Mpb(r) < 222220 412
() =00 =00 (G —1) < Moblt) < 75— (4.12)
Combined this, (4.11)), and (4.12)), it follows that
_ . ~ A _ pMM
IS¢, t) = U < max {Mp+ (M +1)[IS,(-) = U], T =} (4.13)
The forth equation in (2.1]) yields
oP ¢ L, pelar/r
<= =P \p—§()P. .
< m(M+1L2)p(1+ - )P 5(-)P (4.14)
Let L = %(M + Ly)p(1 + L2252 Solving ([@14), yields P(-t) < Ty(t)P +

fg Ty(t — s)LP(-,s)ds, where Ty(t) is defined in Section [2| and |Ty(t)|] < e 2.
Hence, we have

t
nmww$m@+/eﬂHiwmww.
0

Again applying Gronwall’s inequality, we obtain
[Pt < pedtelo Lem27ds < pelt=dr,

Choosing p > 0 small enough such that L < § /2, then
[P(, 1) < pe™®/2 < p. (4.15)
Thus, by (&7), @), @13), (E13), and lim, o S,(-) = U(-), one can select p small

enough such that
ISC) =TOI<e, DI <e, VEDI<e [PGH] <e t>0.

This verifies the local stability of &g.

Next, we turn to the global attractivity of £. From Theorem [2.6] ® () possesses
a global attractor A on X*. From Lemma the eigenvalue problem has
a positive eigenfunction (ps9,s3) associated with s(B) = 0. We define 0X; =
{(S',IV,XU/JV7) eX:I=V= 0}. Now, we claim that for any ¢ = (So, Io, Vo, Po) €
A, the omega limit set w(¢) C 9X;. From (2.4), it follows that Sy < U(-). If
Iy = Vy = 0, the conclusion directly gets because the fact that 9X; is invariant
for ®(t). Thus, suppose that either Iy # 0 or Vg # 0. This follows from Lemma
[4.3) that S(-,t), I(-,t), V(t), P(-,t) > 0 for 2 € Q and t > 0. Therefore, S(-,1)
satisfies and S(-,t) < U(-) for z € Q and t > 0.

According to [10, 62, 54], we denote c(t; ¢) := inf{¢ € R: I(-,t) < épa, V(-,t) <
Gps}, then c(t;¢) > 0 for all ¢ > 0 and c(t; ¢) > 0 is strictly decreasing function.
In fact, we fix £ > 0 and I(-,t) = c(t; ¢)p2, V(-,t) = c(t; ¢)p3 for t > t. Combined
with S(-,t) < U(-), it follows that, for ¢ > ¢,

oI i , , 7
5 > DIAI= (1) +d()I + S(al)l + ﬁ(-)m), zeq,
O WO+ 1OV — o)V, w0 (4.16)
oI o ) )

5, =0 x€d I(H 21,8, V(H2V(1D), zeQ
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By the comparison principle, we obtain (I(-,t),V(-,t)) > (I(-,t),V(-,t)) for all
z € Q, t > {. Further from (4.16)), one can obtain that c(f; ¢)po = I(-,t) > I(-,t)
and c(t; ¢)p3 = V (-, t) > V(-,t), for all z € Q and t > t. Therefore, c(t; ¢) is strictly
decreasing function from the fact that ¢ > 0 is arbitrary.

Let ¢, = limy_, o0 ¢(t; ¢), we confirm ¢, = 0. Actually set N = (5,1, V, P) € w(¢),
there is {t;} with ¢, — oo such that ®(t;)¢ — N. Since limy, o0 P(t + t1)p =
O (t) lime, oo P(tr) = ()N, it directly implies c(t; N) = c.. T #0or V # 0,
we can repeat the previous procedures to prove that c(t; N) is strictly decreasing
function on ¢. This contradicts that c(t; N) = c,. Therefore, I =0 and V = 0.

Lastly, we need to prove that A = {y}. When V — 0, from the forth equation
in 7 it also known that P — 0 whether Py = 0 or not. This together with
above arguments, implies that {Ey} is globally attractive in 0X;. In addition, {&y}
is the only compact invariant subset in 9X;. Further, for any ¢ € A, w(¢) C 90Xy,
we obtain w(¢) = {&}. Because A is compact invariant in X by Theorem [2.6
this together with the stability of {€y} and Lemma [4.2]imply that A = {&}. Local
stability and global attractivity of & indicate that &y is globally asymptotically
stability. This proof is complete. ([

For the spatially homogeneous case, we have the following result.

Theorem 4.5. If Ro < 1, then & = (%,0,0,0) of model (2.2) is globally asymp-
totically stable.

Proof. Tt is worth noting that function g(z) = x — 1 —Inz > 0 for x > 0, and
g(z) = 0 if and only if x = 1. We choose a Lyapunov function as follows,

El(t):LUg(%)dx—i—/QIdJH-kl/QVdJH—kg/Qde,

where the constants k; > 0 and ks > 0 will be determined below, U = A/d. By
calculating the derivative of £;(t), we have

dLi(t) :/ (1_g)(DSAS+A—aSI—557V—dS)dm
Q

dit S k+V
—l—/ [DIAI—G—aSI—FﬁSiV — (y+d)I]d=x
Q k+V
VP / sV P
k I — oV — da + k —o0P)d
+ I/Q(n UV = o m+V) o Q(m+V )x
+IVS|? u . BOV
=-D U 1——=)A- d)I Ul + -——+ kinl
SQ[ g (1 g)A - G alT 4 7 ok
SN - k1&EVP  koOEV P
+ (1 - ﬁ)dU—kka—klro— = —/@513}@1;5
From 7%0 < 1, we have 70%1 < 1. Hence, we choose the positive constants ki =

(y+d—aU)/n and ky = k; /0. Using that A = dU, we have

d‘cdlt“) - —DS/QUWSE'de—/QdU{g (g) +g(§)}dx
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<5 [ 0555 0~ [av]o(5) +o(3)]ar

(o =)y +d)V  y+d—al
+/Q[(RO_1) 0 ; - o 5P}daz.

Therefore, by the assumption RO <1, we have M < 0 Obviously, dﬁl(t) =0if
and only if S U, V=0and P =0. Then, we have W = 0 which glves I=0
according to . So the largest invariant subset of {(S, I, V, P)| dcl(t =0} is the

singleton {g'o}. Consequently, from invariable principle [I5], this concludes that &
is globally asymptotically stable for Ry < 1. The proof is complete. (|

5. ANALYSIS OF THE PHAGE-FREE ENDEMIC STEADY STATE

We discuss, in this section, the dynamics when the phages do not effect in
reservoir. If Ry > 1, model (2.1) admits a phage-free endemic steady state & =
(S1(-), I1(-), V1(+),0) and its elements satisfy

Si()vi()

DsASi() +AC) = aI$1000) = B0 5 e

)
DiAR() +a0)$i 0B + 80 - () +d(DR() =0, aco,
(L) +p()Vil) = po()Vi() =0, z€Q
95:1(-) _ OnL() _
0 = oy = 0, xz €.
Let P=0in , we have the subsystem
85’((93;,0 = DgAS + Alx) — a(z)SI — ﬁ(:v)k(;;‘iv —dx)S, ze€Q,t>0,
% = DiAI + a(x)SI + B(x)k(aj‘:_v — (y(z) +d@)I, xze€Q, t>0,
OV (z,t)

5 = 1@ +u@)V —po(2)V, =€ t>0,

(5.1)
with S(z,0) = So(z), I(z,0) = Ip(z), V(2,0) = Vp(z), z € Q, and 25&l —
Aet) _ 0, x € 99, t > 0. Note that model has a disease-free steady state

ov

& = (U(2),0,0). According to the discussions on Section 2| (see Theorems ,
we have the following corollary for model (5.1)).

Corollary 5.1. Let W := C(Q,R?) be the Banach space and its positive cone is
denoted by W+,

(i) For any initial value function (x) = (Y1(x),Y2(z), ¥3(x)) = (So(z), Io(x),
Vo(z)) € W, model admits a unique, nonnegative solution u(-,t; )
on [0,00) with a(-,0;¢) = 1.

(ii) The semiflow ®(t) : W — W+ generated by is defined by ®(t)y =
(-, t;9) = (SC,t;0), I t500), V(- t590)), x € Q, t > 0. And, ®(t) is point
dissipative.

(iii) The semiflow ®(t) of . possesses a global attractor A on WT.
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We define the set Wq := {¢)(z) = (1, %2,93) € W 1)1 > 0, o # 0, )3 # 0}
and OWy := WH\Wy = {¢(z) € WT : ¢hotp3 = 0}. Similar to Lemma it can
obtain that Wy is the positive invariant set for solution semiflow ®(¢) of (5.1). We
define My := {p € OW, : ®(t)y) € OW,, V¢ > 0}, and w(zp) be the omega limit set
of the orbit G¥ := {®(t)y : t > 0}.

The following lemma is about the uniform weak repulsion of the disease-free
steady state &£, which is necessary to verify the persistence of .

Lemma 5.2. If Rg > 1, then there exists €1 > 0 such that the solution semiflow
O(t) of (5.1)) satisfies limsup,_, . [|P(t)Y — Eollw+ > €1 for any ¢ € Wy.

Proof. Because R > 1, the principal eigenvalue s(B) of (3.3)) satisfies s(B) > 0. By
continuous dependence, one can choose a positive constant e, such that U(-)—e, > 0
and s(B;,) > 0, where s(B.,) is the principal eigenvalue of equation

Ada () = DrAes() + a(-)(U() = e.)éa ()
FBOOC) — ) (75— )os0) — (O +d(Dbal), w0,

k()
Ap3() = n()p2(-) + pu(-)p3(-) — po(-)p3(-), x €,
0¢2() _ 0, z€d.
ov
For this €., there is a positive constant o, such that
1 1

ROV > 0 €y, for V(-,t) < 0.

Let €1 = min {e,, 0. }. Suppose, by contradiction, there exists )9 € Wy such that
limsup,_, . [|®(t)o — Eollw+ < €1. Then there is t; > 0 such that U(-) —&; <
S(- t;20), I(-,t;100) < €1, and V (-, t;10) < &1 for x € Q and t > t;. Here, I(-, ;)
and V (-, t; 1) satisfy

O > DA +a()(O() ~ e+ BOO(0) ~<.) (555 =)V — (O +dopr
=0T + OV — oV,

for x € Q,t > t; and % =0,z € 00, t > t;. By the above discussion on
Wo, we know that I(-,t) > 0 and V(-,¢) > 0 for z € Q and ¢t > 0. Denote by
¢t = (5 (-), #5'(-)) the strongly positive eigenfunction associated with s(Bg,).
Choose x > 0 such that (I(-,t1;%0), V (-, t1:%0)) > x(65'(-), ¢5' (+)), € Q. Since

(I(yt1590), V (- t1390)) = xe* B0 (g3 (), 951 () s the solution of the system

O = DIAT +a()(U() — )T +6O(U() - a)(% — =)V = () + dO),
& a4 4OV~ oIV,

forz € Q,t > t; and 2—5 =0,z € 90, t > t;. Wecan obtain (I(-,¢;v0), V(-,t;10)) >
xe*Be )=t (@21 (L) 51 (1)), = € Q, t > t; from the comparison principle. From
s(Be,) > 0, it follows that lims oo I(+,¢;100) = oo and limyyoo V (-, t;90) = o0.

This is a contradiction with the boundedness of (I(-,t),V(-,t)) by Corollary
This proof is complete. O
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Theorem 5.3. If Ry > 1, then there exists o > 0 such that for any ¥ = (1,9, 13)
€ Wt with 1/12 7é 0 and 112)3 7é 0, the solution ﬂ(" i 7/)) - (S(a t; w)7 I(a L w)v V(7 i 1/)))
of satisfies iminf, o @(-, ;1) > (0, 0, 0), uniformly for all x € Q. Moreover,
model has at least one positive steady state.

Proof. We verify, firstly, that w(¢) = {&}, ¥ € My. For ¢ € My, we have ®(t)y €
Mg, t > 0. Thus I(-,t) =0 or V(-,¢t) =0 for t > 0. In the case that I(-,t) = 0,
we can obtain that V(-,¢) = 0 from the second equation of . Therefore,
degenerates to the system (2.3)), and this yields that lim;_o S(-,t) = U(-) from
Lemma That is, w() = {&y}. For the other case V (-, t) = 0, we have I(-,t) = 0
from the third equation of . Similarly, we also have lim; . S(-,#) = U(-). This
also shows w() = {&}-
We define a function p : W+ — [0, 00) by

p(1)) = min { min 19 (2), min @[Jg(a:)}, e WT.
€N €

Obviously, p~1(0,00) € Wy and p has the property that if p(¢)) > 0 or v € Wy

with p(¢)) = 0, then p(®(t)p) > 0, t > 0. Thus p is a generalized distance function

for semiflow ®(¢) : W+ — W+ (see, [44]).

For any ¢ € My, then w(v)) = {&} from the above discussion. Namely, for any
forward orbit ®(t) in Mp converges to {€y} as t — +o0. Hence, no subset of {£y}
forms a cycle in OWy. Further, Lemma [5.2]implies that {£o} is a isolated invariant
set in WH and W*({&1}) N Wo = 0, where W*({&}) is the stable subset of {&}.
By [44, Theorem 3], we know that there is a g1 > 0 such that minyec.,(g) p(¥) > 01,
for ¢ € Wy. Hence, liminf; o I(-,t;¢) > 01 and liminf, .o, V(-,t;¢) > 01, for
¢ € Wy. On the other hand, from Corollary [5.1] there exists ¢, > 0 such that
I(-,t) < My, for x € Q and ¢t > t,. Then S(-,t) satisfies

O > DSAS +AC) ~ (@M + B() +d()S, €9, 1> 1,

with g—f =0, x € 09, t > t.. Combining this with the standard comparison
principle and Lemma we have lim inf; o S(-,t;¢) > 02, uniformly for all z € Q.
Let 0 = min{p1, 02}. The uniform persistence stated is valid.

Finally, by [23, Theorem 3.7 and Remark 3.10], ®(¢) : Wy — Wy has a global
attractor. It then follows from [23] Theorem 4.7] that ®(t) has a steady state
a(-) € Wo. Further, similar to Lemma [£.3] model admits a endemic steady

state. This completes the proof. O

As a directly consequence of Theorem [5.3] from [55, Theorem 1.3.6], we have the
following corollary.

Corollary 5.4. If Ry > 1, model (2.1)) admits at least one phage-free endemic
steady state & = (S1(x), I1(z), Vi(z),0).

Remark 5.5. Although we obtain that the existence of endemic steady state with-
out phages & = (S1(z), [1(z), Vi(z),0) for (2.1)), it is unknown about its uniqueness
and local/global stability. Fortunately, if the heterogeneous space degenerates to
the homogeneous space, i.e., model degenerates to , then we can obtain
the uniqueness and stability of &;.
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For model ( ., if Ry > 1, then there is a phage-free endemic steady state
51 (51,11,‘/1,0) where

- A- I =~ I
S, = M’ vV, = ! , (5.2)
d Ho — 1
and I, is the positive root of f(I) = AI*> + BI + C. Here,
an(y +d) ar An ny+d) p
A=—-———= B=- —k(v+d)| - ———=(=5+1),
d(po — 1) d[uo—u ( ) to — 1 (d )
C—aké—kﬂi—k( +d) = k(y+d)(Ro—1)
d " P —pm " K o

Clearly, we have f(0) = C > 0 for Ro > 1. From A < 0, equation f(I) = 0 exists
two real roots, one is positive and the other is negative. Furthermore, if ﬁo <1,
then B < 0 and f(0) = C < 0, which 1mp11es that df(l) < 0 for all 7 > 0. This
implies that f(I) has no positive roots if Ry < 1. Thus7 . ) has a unique phage-
free endemic steady state gl = (§1,f1,1~/1,0) for ﬁo > 1. Further, we have the
following result on the global stability of the phage-free endemic steady state 51.

Theorem 5.6. If ﬁo >1and V; < 69?, then & of model (2.2)) is globally asymp-
totically stable.

Proof. Choose that a Lyapunov function
S 1 v
Lo(t) = /Qslg(sl)dx + /Q Ilg(Il)dx + cl/ Vlg(V1)d:c + 02/ Pdzx,

where, g(z) =x—1—Inz (z > 0), and constants ¢; > 0, cg > 0 will be determined
below. By calculating the derivative of L5(t), we have

dﬁ(ft()—/g(l—i}) (DSAS+A—aSI 5ﬁ—ds)
+/Q (1 - 171) <D1A1+a51+6m - (7+d)I)dac
+cl/ (1—%)(7)[—&-@1/ woV — éh‘f;)daz:

co [ (2 o)

Since (Sl7 Il, Vl, is the steady state of | ., we further obtain

d£ = vs2 = |VI? S —51)
Q Q

/ 0451[1 (2 — % — g)doj /Q@(Sfii - 5P>dx

+/ﬁ SiVa {2_§_£+ V/(k+V) ShV/(lH—V)]d
k+ Vi S L Vi/(k+Vi)  SiIVi/(k+W)

+/Q[Clnfl<1_:~//1+f[1_$>_cl(l_Vl)nf‘ipv}dﬂv
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Notice that 1 — 2 < —Inz for all x > 0. Then we have
R L VY SLV/(k+V)

S I ‘71/(]‘34"71) §1I‘71/(k+‘~/1)
oSl SIVESY) VR T)

S I, SiIVi/(k+W) ViV/(k+V) W
kv -W)?
Vi(k+ Vi) (k+V)
e B _I_ SWVkeV) VGV ¥

S L SiUVi/(k+Vi) ViV/(k+V) W

v_Iy, (1&)+<1W)+(1Vﬁ/<k+ﬁ>)

(Vl 5 S SUVy/(k+ Vi ViV/(k+V)
<(K_£)_1 Si_ ShV/(k+V) | VVA/(k+Vh)
T\ L S U SIV/(k+V)  WV/(k+V)
=(¥—1n‘~/)_(1_1 I)
‘/1 Vl Il Il (53)
and
v I IV I I VooV
e () - ()
% I LV I I Vi i

By (5.3) and the above inequality,

~ 2 ~ V]2 _g\2
dLs(t) S_DS/ slﬂdx—pf/h'z' dx—/dSde
Q S Q I Q

dt G2

/Q{aSlll(Q—%—Sé)}d +/Q (fzi—ap)dx

1

“‘/Qﬁki‘%[(%_]n%) - (I{l—lné)}dx

+/ch{nf1[(£—1n£) _ (%_m“{)} - V‘—/Vl nizpv}dx'

Choosing ¢; = 551171/(77;1(19 + ‘71)) and ¢y = ¢1/60, we have

dLy(t) S, S Sy A7)
1(27—7—)7ds(17—) (—ff)P}d.
dt —/Q[O‘S“ 5% s) taly —g)re
Therefore, by Vi < dm/6¢, we have dLy(t)/dt < 0. Obviously, dLy(t)/dt = 0 if
and only if S =51, I =1, V =V, and P~: 0. So the largest invariant subset
of {(S,I,V,P)] dﬁz(t) = 0} is the singleton {&;}. Consequently, from the invariable
principle [15], we conclude that 51 is globally asymptotically stable. (I

Remark 5.7. Because of the limitations of the study methodology, we did not ob-
tain global stability of the phage-free endemic steady state £&; = (S1(+), I1(+), Vi(+),0)
of (2.1)); however, we pose an interesting open question.



EJDE-2023/08 DYNAMICS OF A REACTION-DIFFUSION CHOLERA MODEL 25

Conjecture 5.8. If Rp > 1 and max{V;i(z)} < mm{%(é)?((j)} for all v € Q, then

&1 =(51(), [1(+), V1(+), 0) is globally asymptotically stable.

6. PHAGE-PRESENT ENDEMIC STEADY STATE

The existence and stability of the phage-present endemic steady state of model
are difficult to obtain because of the spatial heterogeneity and the saturation
incidence (the transmission rate of vibrio cholerae from environment to host), so we
only discuss the existence and stability of the phage-present endemic steady state
for space homogeneous form, i.e., model .

Suppose that for ) there ex1sts the phage-present endemic steady state =
(S* I* v P*) then

* /%

A—aS*T*— B —dS* =0,
k +V*
aS* T + 8 — (y+d)I* =0,
k _— (6.1)
nf*Jru‘N/*fuof/*fg — =0,
m+ V*
OcV*P Y-
m+ V*
Simple calculations yield
O A(k + ‘7*) /% om D* 977 Tx m@(,uo B l’[’)
= 7= ~ ~ = ) P =—_I -
(I* +d)(k + V*) + BV* 0§ — 0 0 6§ — 0

and I* is the positive root of h(I) = AI%? + BI + C, where

- a(y+d) 5 oA Bim(y+d)

A=—————+ B= — d
a T Ty R
A om
- d 9e=s Adm
C=p2 %2 b > 0.
ﬁk—f—o‘g—’fé d[kO¢ + 6(m — k)]

Since A < 0 and C' > 0, equation h(I) = 0 has two real roots, one is positive and
one is negative. We define the phage invasion reproduction number as

md(po — 1)
When fég > 1, it ensure that~ ﬁi > 0. NThen (2.2) has a unique phage-present
endemic steady state £* = (S*,I*,V* P*). To establish the global asymptotic

stability of & of (2.2)), we need to do the following preparatory work.

We define the set Xo = {¢(z) = (1,2, 93, ¢4) € XT 1 9h1 >0, g # 0, 93 #
0, 1/14 # 0} and 90Xy = XT\Xo = {¢(z) € XT : 19th31py = 0}. Similar to Lemma

3} it follows that X is the posmve invariant set for solution semiflow <I) ) of (2.2 .
We set My := {¢p € OXg : B(t)) € 0%, Vt > 0}, and &(¢)) be the omega limit set
of the orbit G := {®(¢)y : t > 0}.

5P _
Ry =

Lemma 6.1. If Ry > 1, then there exists €3 > 0 such that the solution semiflow
t) of [2:2) satisfies limsup,_, |B() — Eollx+ > ea for any ¢ € Xo.
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The proof of the above lemma is similar to that of Lemma [5.2] we omit it here.

Lemma 6.2. If 7%0 > 1, and 171 > 17* then there exists e3 > 0 such thathOT‘ any
¥ € Xo, the solution semiflow ®(t) of . satisfies limsup, . [|®(t)y — & ||lx+ >

€3, where Vi is given by .
Proof. From 171 > ‘7*, we can choose a small €3 > 0 such that
0¢(Vy — 0EV*
§Vi—es) 5 06V"
m+V m+ V*

—5=0. (6.2)

Suppose, by contradiction, there is 1y € X such that lim sup, ,._ ||®(t)vo—E&|lx+ <
€3. This inequality in the sense that there exists t3 > 0 such that V; —e3 <
V(,t;10). Thus, from the forth equation of (2.2), we obtain
P 0&(V; 0&(V;
0P 06Ws —2s) py 5P>£(17>P 5P, xeQ, t>t

By the above discussion on Xg, we have P(z, t) > 0 for z € Q and ¢t > 0. Therefore,
there is a positive constant b such that P(z,t3;10) > bPy(x). Utilizing the standard
comparison principle, we obtain

&(Vi—e3)
P(z,t) > bPy(z)e ] [
From (6.2) we have lim;_, o, P(x,t) = co. This is a contradiction with the bound-
edness of P(x,t) by Corollary The proof is complete. O

Next, we turn to the uniform persistence of model (2.2)).

Theorem 6.3. If ﬁo > 1, and ‘71 > ‘7*, then there is a ¢ > 0 such that for
the initial value v = (1,%2,13,%4) € XT with g # 0, 3 # 0 and ¢y #

0, solution u(-,t;vp) = (S(,t9), I, t9), V(- t;0), P(t;)) of satisfies
lim inf;_, o u(-, ;%) > (8, 8, 8, 8), uniformly for all x € Q.

Proof. firstly,, we verify that w(¢) = {50} U {51}, ¥ € Mp. In fact, if 1 € My,
then ®(t)y € My, t > 0. Thus I(-,t) = 0 or V() = 0 or P(-,t) = 0 for
t > 0. For the case, I(-,t) = 0, it follows from the second equation of . ) that
ﬁ()% = 0; that is, V(-,t) = 0. Then, we have lim; o, S(-,t) = U(-)
according to Lemma [2.2] . From the forth eguation of 7 one can obtain that
limy oo P(-,t) = 0. This shows @(¢p) = {&}. For case V(-,t) = 0, then from
the third equation of , one can obtain I(-,t) = 0. Similarly, we also have

lim; 00 S(+, %) = U(+) and lim;—, o P(+,t) = 0. This also shows w(¢)) = {go}. In the
case that P(-,t) =0, then (2.2]) becomes the phage-free subsystem
0S(x,t) SV
— DgAS + A —aST—f—20 0
5 sAS + as ﬁk(x)+V ds, xzeQ, t>0,
OI(z,t) SV
———= = D;AI I —_—— d)I Q, t
5 1A+ oS +ﬂk‘($)+V (v+d)I, ze€Q, t>0, 63
oV (z,t
%:nI—F/VLV—ro, x e t>0,

05(,t) _0Iwt) _ . coa, t>o0.
ov ov
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When Ry > 1, model (6.3 (6.3) has a positive steady state &% = (81,11, V). We choose
that a Lyapunov function

S I SiVi ~

Ls(t) = /Slg( )dx+/hg< )d +~ﬁ7“~/v ( )da:
Q Sl Q Il 77[1(k+V1) Q ‘/1

Using an argument similar to the one in the proof of Theorem we obtain

Sl s o [l

1

Therefore, by the conditions of the theorem, we have %t(t) < 0. Obviously,
d’cdf‘t(t) = 0 if and only if § = §1, I = fl, V = ‘71 So the largest invariant
subset of {(S,1, V)|dﬁd3t(t) = 0} is the singleton {£"}. Then, from invariable prin-
ciple in [15], we conclude that gqf is globally asymptotically stable. Thus, we have
limy o0 (S(z, ), (2, 1), V(x,t)) = (51,11, V4). This also shows &(1)) = {51} From
the above discussion, we know that &(¢) = {&} U {&}, for any ¢ € Mp.

We define a function p : Xt — [0, 00) by

p(¢) = min { iﬂeigiﬁz(x)aineigws(w)yggg%(x)}» Y e Xt

Similar argument as in T he~orem we easily know that p is a generalized distance
function for the semiflow ®(¢) : X* — X*. From the above discussion, we know
that for any ¢ € Ma, () = {0} U{&1}, namely, any forward orbit of ®(t) in M,
tends to {&} U {& } as t — +00. Hence, no subset of {£} U{€} forms a cycle in
0Xp. Lemmal6.1|and Lemma imply that {£,} U{&,} is an isolated invariant set
in Xt and W*({&}) NXo = 0, W ({&1}) NXg = 0, where W5({&}) and W*({&})
are the stable subset of {£} and {&}, respectively. By [44, Theorem 3], this yields
that there exists a g1 > 0 such that minge,y) p(¢) > 01, for all ¢ € Xy. Hence,
liminf; o I(-,t;%) > 01, liminf; oo V(+,;9) > 81, and liminf, ., P(-, ;1) > 01,
for ¢p € Xy. Recall that g in Theorem let 0 = min{g;, 02}. The uniform
persistence is valid. O

Finally, we discuss the global stability of = (§"k71:*7 V*, ]5*) The following
assumption is necessary.

(H3) (1— 20 (L — L) <0 forall V> 0and P> 0.

Theorem 6.4. Assume (H3) holds. Ifﬁo > 1 and 7%8 > 1, then the phage-present
endemic steady state £ is globally asymptotically stable.

Proof. We choose the Lyapunov function

/S* dx—l—/f* (Il)dx
+c1/v* dx+02/P* ]i)dx,

where constants the ¢; > 0 and ¢o > 0 will be determined below, and g(z) =
x — 1 —Inx. By calculating the derivative of L£4(t), we have

(Mcft(t):/g(l S;)(DsAS“—“SI by —dS)dr
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+/Q(1—?)(D1A1+a51+ﬁm—( +d)I)de
v [ () o S s

+cQ/Q (1 - ?) (:ﬂi _ 6P>dx.

With the help of (6.1]), we obtain

dLy(t) = |VSP]? / ~ |VI? / 5%\ 2
= - - D, | T - 1- =
- DS/QS g2 o= Dr | PUpde st( ) da

/aS*I*(?—%—Sﬁ)dx—i—/ch*[l— v —l—i—{v*]dx

Ve Ir IV
/B S*V* N V/(k+V) ~SI*~V/(I<:—H£) }dx
k;+V* I Vx/(k+V*) S IV*/(k4+V*)
e W@jkz94p£3;$@ﬁzqm
Q m+V v VEP*/(m+V¥)
0V*P . P _ P\ VP/(m+V)
+/Q “m Ve [l P*+(1 P)f/*ﬁ*/(m+1~/*)}dx

Noticing the fact that 1 — x < —Inx for all x > 0, we have

LS L V/k+V)  STV/(+V)
S Ir VH/(k+V*) S IVH/(k+V*)
oS L STV V) L VPGV V)
I S IV /(k+V*) VV/(k+V)  V*
RV V)2
Vi(k+V*)(k+V)
oy S L SIV/k+V)  VVE(R+VY) Y

- S I S IVH/(k+V*)  VV/(k+V) V*

" (6.4)
(7 7)+(-%)
STV/(k + V) VV*/(k+ V")
(- §*1V*/(k+x7*)) ! (1_m)
(Y oIy S | ST*V/(k+V) T VV*/(k+V*)
= (ﬁ - F) S TS e kv VV/(k+ V)
= (‘l//* —ln%ﬁ) — (%—ln%),
and
fe g s o) ()
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Applying (6.4)) and (6.5)), we have
d£4(t) ~*|VS|2 N*‘VIP
S—DS/QS I dx—DI/QI I dx

at
—/QdS(l—S;j)zdx—k/QaS*I*@—g—;)dx

[ -n ) - (b

e fon [ ) - (- e

- fem el g - ) e e
9V P* P P*\ VP/(m+V)

* for - 5 ) e

As the choice of ¢; and ¢z in Theorem let ¢; = BS*V*/(nI*(k + V*)) and
co = ¢1/0, then we have

s [T e g (- 5) e

gV*P* m+V\/V P

Q Yt v m+V /\yx  p=
Therefore, by the condition (H3) we have M < 0. Obviously, L4(t) =0if and
only if § = S* , I = I* , V= V*and P = P* So the largest 1nvarlant subset of

{(S,1,V, P)|d£4( = O} is the singleton {€*}. Consequently, from the invariable
principle [15], we conclude that E* is globally asymptotically stable if Ro > 1 and
RE > 1. The proof is complete. O

On the existence and stability of the phage-present endemic steady state of ([2.1)),
we also propose an interesting opening question.
Conjecture 6.5. If Ro > 1 and min{V;(z)} > max{%(&?((g} for all x € Q, then
(2.1) has a unique steady state E* = (S*(x), I*(z), V*(x), P*(x)) which is globally
asymptotically stable.

7. NUMERICAL SIMULATIONS

In this section, we present some numerical examples to illustrate the main results
and verify two opening questions, as well as to investigate the effects of the strength
of spatial heterogeneity on basic reproduction number Ry.

7.1. Spatially homogeneous case. In this subsection, we illustrate the dynamics
of , that is, Theorems and To simply the discussion, we choose
2 = [0,10] € R. According to the biological significance of our model and the
relevant references, some main model parameters are fixed as Table

Example 7.1. For the stability of the disease-free steady state 50, we choose
a = 3.4286 x 1075, B = 0.018, k = 1 x 107, n = 1.2, m = 2.2 x 105. It follows
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TABLE 1. Descriptions and values of parameters

Par. Description Value Ref.
A Recruitment rate of susceptible hosts 12 [22]
d Natural death rate of susceptible and infected hosts 0.002 133
y Removal rate of infected hosts expect for natural death 0.205 [26]
1 Self-growth rate of bacteria 0.001 [26]
po  Natural death rate of bacteria 0.034 [26]
£ Adsorption rate of phage 0.02 [20] [43]
0 Burst size of bacteria 90 [20]
) Loss rate of phage 0.01062 [26]
Dg  Diffusion coefficient of susceptible hosts 0.01 -
D;  Diffusion coefficient of infected hosts 0.008 -

that 7?,0 ~ 0.9957 < 1 by direct calculations. This implies that the bacteria will
be eliminated and the disease is extinct in host population. From Figure (a), we
note that the distribution of susceptible host tend to the stable value %. And the
plot in Figure b) shows that regardless of the initial values of the infected host,
environmental viruses and phages, the disease eventually converges to 0 as t — oo.
This suggests that as long as the basic reproduction number is less than 1, the
disease eventually disappears from the population regardless of the initial value

status at the time of the outbreak.

S(a, )

FIGURE 1. Global asymptotic stability of disease-free steady state
&y of (2.2) with Rg =~ 0.9957 < 1.

Example 7.2. For the stability of the phage-free endemic steady state 51, we
choose av =2 x 1074, B3 =0.05, k =1.1x 107, n =6, m = 2.3 x 105, It follows that
Ro ~ 5.8211 > 1, and V; = 8729.4789 < %—? = 13570 by direct calculations. All
conditions of Theorem hold; therefore, the phage-free endemic steady state & of
is globally asymptotically stable. This is shown in Figures[2|(a) and (b), due to
the low rate of phages transformation, phages eventually become extinct regardless
of their initial state. While the disease forms endemically in the host population,
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the susceptible, infected and environmental viruses tend to their respective steady
states.

S(a,t)

10000

8000

6000

4000

2000

3000

FIGURE 2. Global asymptotic stability of phage-free endemic

steady state 51 of (2.2) with Ry =~ 5.8211 > 1 and V; =~
8729.4789 < 2 = 13570.

Example 7.3. For the stability of the phage-present endemic steady state & * we
choose av = 2.1429 x 1074, 8 = 0.07, k = 1.2x 107, n = 18, m = 2.4 x 10%. By direct
calculations, we obtain ﬁo ~ 6.3034 > 1 and ﬁl ~ 1.8653 > 1. Then all conditions
of Theorem [6.4] are satisfied. The phage-present endemic steady state is globally
asymptotically stable, which is also shown in Figures Bfa) and (b). Numerical
simulations also showed that since the phages do not have the ability to reproduce
itself, it does not eliminate the spread of disease between hosts, but only reduces the
distribution of infected hosts. Elimination of disease is more important to reduce
the rates of horizontal transmission and environmental transmission.

S(a.1)

~a
3000 i A

FIGURE 3. Global asymptotic stability of phage-present endemic

steady state £* of (2.2]) with Ry ~ 6.3034 > 1 and R; ~ 1.8653 >
1.
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7.2. Spatially heterogeneous case. Now we explain the dynamics of spatial
heterogeneity model (2.1)), especially those two open problems.

Example 7.4. For the stability of phage-free steady state £, we choose rhe pa-
rameters of as follows: Dg = 0.01, Dy = 0.008, A = 12 x (1 + 0.05 cos(7x)),
a=2x10"%x (1 4+ 0.1cos(mz)), B = 0.05 x (1 + 0.1cos(rx)), k = 1.1 x 107 x
(1 +0.1cos(mzx)), d = 0.002 x (1 + 0.05cos(mx)), v = 0.205 x (1 + 0.05 cos(nz)),
7 =6 x (1+ 0.1cos(rz)), p = 0.001 x (1 4+ 0.05cos(nzx)), up = 0.034 x (1 +
0.05cos(mz)), € = 0.02 x (1 + 0.05cos(rx)), m = 2.3 x 10° x (1 + 0.1 cos(7x)),
6 =90 x (1 + 0.05cos(wx)) and § = 0.01062 x (1 4 0.05cos(wz)). By using the
numerical scheme in [53] Appendix|, we have Ry ~ 5.8396 > 1 and max{V;(z)} ~

10007.6993 < min{ %((?)?((f))} ~ 12855.7895. Thus all the conditions of Conjecture
hold. The plots in Figures 4| (a)—(d) show that the phage-free endemic steady
state & is globally asymptotically stable. Further, the distributions of susceptible,
infected and environmental viruses are significant different due to spatial hetero-

geneity.

S(a,t) I(a,t)

3000 3000

5000

3000 3000

2000

FIGURE 4. Global asymptotic stability of phage-free endemic
steady state & = (S1(x),I1(z), Vi(z),0) of with Ry ~
5.8396 > 1 and max{Vi(x)} ~ 10007.6993 < min{ 2} ~
12855.7895.

Example 7.5. For the stability of the phage-present endemic steady state £F,
we choose the parameters of model (2.1) as follows: Dg = 0.01, D; = 0.008,
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A =12 x (1+0.05cos(mz)), a = 2.1429 x 10~* x (1 + 0.1 cos(7x)), B = 0.07 x (1 +
0.1cos(mz)), k = 1.2 x 107 x (1 + 0.1 cos(wz)), d = 0.002 x (1 + 0.05 cos(mz)), v =
0.205 x (14 0.05cos(mz)), n = 18 x (14 0.1 cos(nzx)), p = 0.001 x (1+0.05 cos(mz)),
po = 0.034 x (14 0.05cos(wz)), & = 0.02 x (1 + 0.05cos(mwx)), m = 1.2 x 105 x
(1+0.1cos(mx)), 6 =90 x (14 0.05 cos(rz)), and 6 = 0.01062 x (1 + 0.05 cos(wz)).
By direct calculation we obtain Ry ~ 6.3231 > 1 and min{V;(z)} ~ 7466.4802 >

max{ ‘;(&))?((f))} /2 7417.1429. Therefore, all conditions of Conjecture are satisfy.

The numerical simulations are given in Figures [5| (a)—(d), and the phage-present
endemic steady state £* is globally asymptotically stable.

150

3000 3000

V(x,t) P(x,t)

x10*

3000

FicUrRE 5. Global asymptotic stability of phage-present endemic
steady state £* = (S*(x), I*(z), V*(x), P*()) of with Rg ~
6.3231 > 1 and min{Vi(x)} ~ 7466.4802 > max{5Zr4)} ~
7417.1429.

7.3. Effects of the strength of spacial heterogeneity on disease risk. It is
well know that Ry is a crucial threshold on the risk of infection, Figure [0]illustrates
the effect of different spacial heterogeneity strength k,, € [0,1] (w = «, 8,7,7) on
Ro. In this case, we choose a(x) = 3.4286 x 1077 x (1+ kq, cos(mx)), v(x) = 0.205 x
(14 k&, cos(mx)), f(x) = 0.018 x (1 + kg cos(mx)) and n(x) = 1.2 x (1 + k) cos(mz)),
respectively. Other model parameters are the same as in Example [T.1] The plots
in Figures [6] (a) and (b) show that the basic reproduction number R, increases
with the spatial heterogeneity of the parameters a(z) and vy(z). And the Figures
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[6] (¢) (b) show that the basic reproduction number shows oscillations as the spatial
heterogeneity of parameters S(x) and n(x) increases. These imply that ignoring
spatial heterogeneity can misestimate the underlying local basic reproduction num-
ber, with unpredictable consequences for the prevention and control of infectious
disease.

o = 34286 x 107 x (1 + ky cos(ma)) | ——— 7 = 0.205 x (1 + k, cos(mx))

0.9

08

0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
ke ky

(a) (b)

0.9957 0.9957
——— 3 = 0.018 x (1 + kj cos(ra))

—— = 12 (1 + kycos(xa))

0.995695 0.995695

0.99569 0.99569
& 4

0.995685 0.995685

0.99568 - 0.99568

0.995675 0.995675
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
ks ky

() (d)

Ficure 6. Effect of different spacial heterogeneity strength k,, €
[0,1)(w = «, B,7,n) on the basic reproduction number Ry.

In addition, we considered the effect of diffusion coefficient on the distribution of
susceptible and infected hosts, and for this purpose, fixed the model parameters as
in Figure 5] Diffusion coefficient Dg is taken as 0.01, 0.001 and 0.0001, and Dy is
taken as 0.008, 0.0008 and 0.00008, respectively. Figure m(a) shows that fixing the
diffusion coefficient D; of infected hosts (or fixing the diffusion coefficient Dg of
susceptible hosts), as the distribution of susceptible hosts showed stronger spatial
heterogeneity as the diffusion coefficient Dg of susceptible hosts (or as the diffusion
coefficient D; of infected hosts decreased) decreased. Figure m(b) shows that if the
diffusion coefficient D; of infected hosts is fixed, as the diffusion coefficient Dg of
susceptible hosts decreases, the spatial heterogeneity of the distribution of infected
hosts decreases and tends to some constant distribution more and more; while
fixing the diffusion coefficient Dg of susceptible hosts, as the diffusion coefficient
Dy of infected hosts decreases, the distribution of infected hosts shows stronger
spatial heterogeneity. The numerical simulations also indicate that in the case of
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unavoidable spread of susceptible hosts, the diffusion of infected hosts will make
low-risk areas rise in risk level and will reduce the risk level of high-risk areas,
making the disease epidemic on the whole region for a long time.

Ds=0.01 = = = Ds=0.001 wwrsees D5=0.0001

Ds=0.0001

1000

950 b

900

S(,t) [ D;=0.008 = = = D;=0.0008
1000

D;=0.00008

* 950 b

900

FIGURE 7. Effect of diffusion coefficient on the distribution of sus-
ceptible and infected hosts.

8. CONCLUSION AND DISCUSSION

We developped a cholera models with coupled reaction-diffusion equations and
ordinary differential equations to discuss the effects of spatial heterogeneity, envi-
ronmental viruses and phages on disease transmission. Here, we consider not only
the horizontal transmission of vibrio cholerae between hosts, but also the trans-
mission of vibrio cholerae between the environment and hosts, and the interaction
between vibrio cholerae and phages in the environment. Since the diffusion of vibrio
cholerae and phages in the environment are not considered, this makes the solu-
tion semiflow of our model lacking compactness, while creating some difficulties in
analyzing the dynamics.

By using the comparison principle, the Kuratowski measure of noncompactnes
and other methodological techniques, we verify the existence of nonnegative solu-
tion, the point dissipation and the asymptotic smoothness of the solution semiflow.
Further, we obtain the basic reproduction number R, which is identified as the
spectral radius of next generation operator. In addition, the variational formula of
R for spatially heterogeneous case and the expression of Ry for spatially homoge-
neous case are calculate. Of course, our basic reproduction number also perfectly
portrays the persistence and extinction of the disease. Specifically, if Rg < 1, the
disease-free steady state & is globally asymptotically stable, which indicates that
the bacteria is eliminated. We also confirm the global stability of & in a critical
case that Ry = 1, which is the novelty of this paper. Further, the global dynamics
of our model for Ry > 1 is also analyzed in detail. This includes, the existence and
global stability of phage-free endemic steady state for heterogeneous or homoge-
neous space, which implies that cholera becomes endemic by persisting in the host
and the environment, while environmental phages tend to become extinct due to
their low reproduction rate. Further, we discuss the uniform persistence of phages,
bacteria, susceptible and infected hosts and the global stability of phage-present
endemic steady state at Ryp > 1 and some other technical conditions.
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The numerical simulations explain the main conclusions, especially our two con-
jectures about the global asymptotic stability of the phage-free and phage-present
endemic steady states. In addition, numerical simulations also discuss the sensi-
tivity of the main parameters of this model with respect to the basic reproduction
number and the influence of diffusion coefficients on the distribution of infectious
diseases. In the era of increasingly global economy, the spread of infected hosts
allows pathogens to reach all corners of the global village, resulting in increasing
epidemic risk levels in some low-epidemic areas and higher epidemic levels in high-
epidemic areas because of the influx of susceptible hosts. Therefore, reducing the
necessary movement of people and increasing local control measures during periods
of high outbreaks is one of the effective means to eliminate outbreaks throughout
the region.

Notice that we have only demonstrated the global stability of phage-free and
phage-present endemic steady states in a homogeneous environment, while the sit-
uation in a heterogeneous environment become two interesting open questions. In
addition, the activity of wibrio cholerae in the environment is closely related to the
time of its shedding [32] [35] 40, 50}, (2], so it becomes significant to consider the
effect of wibrio cholerae activity on disease transmission. These are all topics that
deserve further consideration in the future.

Acknowledgments. We are very grateful to the editors and anonymous reviewers
for their careful reading and constructive comments which greatly improved the
initial version of our paper. This work is partially supported by the Natural Science
Foundation of Xinjiang Uygur Autonomous Region (Grant No. 2021D01E12), by
the National Natural Science Foundation of China (Grant No. 11961066), and by
the Scientific Research and Innovation Project of Outstanding doctoral students in
Xinjiang University (Grant No. XJU2022BS022).

REFERENCES

[1] M. Ali, A. R. Nelson, A. L. Lopez, D. A. Sack; Updated global burden of cholera in endemic
countries, PLos Neglect. Trop. D., 9 (2015), e0003832.

[2] J. R. Andrews, S. Basu; Transmission dynamics and control of cholera in Haiti: an epidemic
model, Lancet, 377 (2011), 1248-1255.

[3] L. Cai, G. Fan, C. Yang, J. Wang; Modeling and analyzing cholera transmission dynamics
with vaccination age, J. Franklin Inst., 357 (2020), 8008-8034.

[4] F. Capone, V. De Cataldis, R. De Luca; Influence of diffusion on the stability of equilibria in
a reaction—diffusion system modeling cholera dynamic, J. Math. Biol., 71 (2015), 1107-1131.

[5] M. F. Carfora, I. Torcicollo; Identification of epidemiological models: the case study of Yemen
cholera outbreak, Appl. Anal., (2020), 1-11.

[6] A. Carpenter; Behavior in the time of cholera: evidence from the 2008-2009 cholera outbreak
in Zimbabwe. In: International conference on social computing, behavioral-cultural modeling,
and prediction. Springer, Cham, 2014, pp. 237-244.

[7] X. Chen, R. Cui; Global stability in a diffusive cholera epidemic model with nonlinear inci-
dence, Appl. Math. Lett., 111 (2021), 106596.

[8] H. Cheng, Y. Lv, R. Yuan; Long time behavior of a degenerate NPZ model with spatial
heterogeneity, Appl. Math. Lett., 132 (2022), 108088.

[9] C. T. Codego; Endemic and epidemic dynamics of cholera: the role of the aquatic reservoir,
BMC Infect. Dis., 1 (2001), 1-14.

[10] R. Cui, K.-Y. Lam, Y. Lou; Dynamics and asymptotic profiles of steady states of an epidemic
model in advective environments, J. Differ. FEquations, 263 (2017), 2343-2373.

[11] S. M. Faruque; Role of phages in the epidemiology of cholera, Curr. Top. Microbiol. Immunol.,
379 (2014), 165-180.



EJDE-2023/08 DYNAMICS OF A REACTION-DIFFUSION CHOLERA MODEL 37

[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]
20]

(21]

(22]

23]
24]
[25]
[26]
27]

(28]

29]

(30]

(31]

(32]

(33]
(34]
(35]
(36]

37)

S. M. Faruque, J. J. Mekalanos; Phage-bacterial interactions in the evolution of toxigenic
vibrio cholerae, Virulence, 3 (2012), 556-565.

U. Ghosh-Dastidar, S. Lenhart; Modeling the effect of vaccines on cholera transmission, J.
Biol. Syst., 23 (2015), 323-338.

J. K. Hale; Asymptotic Behavior of Dissipative Systems, American Mathematical Society,
Providence, RI, 1988.

J. K. Hale, S. M. V. Lunel; Introduction to Functional Differential Equations, Springer-
Verlag, New York, 1993.

D. M. Hartley, J. G. Morris, D. L. Smith; Hyperinfectivity: a critical element in the ability
of V. cholerae to cause epidemics?, PLos Med., 3 (2006), eT7.

S.-B. Hsu, F.-B. Wang, X.-Q. Zhao; Dynamics of a periodically pulsed bio-reactor model with
a hydraulic storage zone, J. Dyn. Differ. Equ., 23 (2011), 817-842.

M. A. Jensen, S. M. Faruque, J. J. Mekalanos, B. R. Levin; Modeling the role of bacteriophage
in the control of cholera outbreaks, Proc. Natl. Acad. Sci. USA, 103 (2006), 4652-4657.

C. Kapp; Zimbabwe’s humanitarian crisis worsens, Lancet, 373 (2009), 447.

J. D. Kong, W. Davis, H. Wang; Dynamics of a cholera transmission model with immunolog-
ical threshold and natural phage control in reservoir, B. Math. Biol., 76 (2014), 2025-2051.
Y. Lou, X.-Q. Zhao; A reaction—diffusion malaria model with incubation period in the vector
population, J. Math. Biol., 62 (2011), 543-568.

A. Lupica, A. B. Gumel, A. Palumbo; The computation of reproduction numbers for the
environment-host-environment cholera transmission dynamics, J. Biol. Syst., 28 (2020), 183-
231.

P. Magal, X.-Q. Zhao; Global attractors and steady states for uniformly persistent dynamical
systems, STAM J. Math. Anal., 37 (2005), 251-275.

D. J. Malik, I. J. Sokolov, G. K. Vinner, et al.; Formulation, stabilisation and encapsulation
of bacteriophage for phage therapy, Adv. Colloid Interfac., 249 (2017), 100-133.

R. H. Martin, H. L. Smith; Abstract functional-differential equations and reaction-diffusion
systems, T. Am. Math. Soc., 321 (1990), 1-44.

A. K. Misra, A. Gupta; A reaction—diffusion model for the control of cholera epidemic, J.
Biol. Syst., 24 (2016), 431-456.

A. K. Misra, A. Gupta, E. Venturino; cholera dynamics with bacteriophage infection: a
mathematical study, Chaos Soliton. Fract., 91 (2016), 610-621.

A. K. Misra, S. N. Mishra, A. L. Pathak, P. Misra, R. Naresh; Modeling the effect of time
delay in controlling the carrier dependent infectious disease—cholera, Appl. Math. Comput.,
218 (2012), 11547-11557.

A. K. Misra, S. N. Mishra, A. L. Pathak, P. K. Srivastava, P. Chandra; A mathematical
model for the control of carrier-dependent infectious diseases with direct transmission and
time delay, Chaos Soliton. Fract., 57 (2013), 41-53.

A. K. Misra, V. Singh; A delay mathematical model for the spread and control of water borne
diseases, J. Theor. Biol., 301 (2012), 49-56.

Z. Mukandavire, S. Liao, J. Wang, H. Gaff, D. L. Smith, J. G. Morris; Estimating the
reproductive numbers for the 2008-2009 cholera outbreaks in Zimbabwe, Proc. Natl. Acad.
Sci. USA, 108 (2011), 8767-8772.

E. J. Nelson, J. B. Harris, J. Glenn Morris, S. B. Calderwood, A. Camilli; cholera trans-
mission: the host, pathogen and bacteriophage dynamic, Nat. Rev. Microbiol., 7 (2009),
693-702.

J. B. H. Njagarah, F. Nyabadza; A metapopulation model for cholera transmission dynamics
between communities linked by migration, Appl. Math. Comput., 241 (2014), 317-331.

R. D. Nussbaum; Eigenvectors of nonlinear positive operators and the linear Krein-Rutman
theorem, Fized Point Theory, 886 (1981), 309-330.

M. Pascual, K. Koelle, A. P. Dobson; Hyperinfectivity in cholera: a new mechanism for an
old epidemiological model?, PLos Med., 3 (2006), €280.

A. Pazy; Semigroups of Linear Operators and Applications to Partial Differential Equations,
Springer-Verlag, New York, 1983.

A. Rinaldo, E. Bertuzzo, L. Mari, L. Righetto, M. Blokesch, M. Gatto, R. Casagrandi, M.
Murray, S. M. Vesenbeckh, I. Rodriguez-Iturbe; Reassessment of the 2010-2011 Haiti cholera
outbreak and rainfall-driven multiseason projections, Proc. Natl. Acad. Sci. USA, 109 (2012),
6602-6607.



38

(38]

39]
[40]

[41]

[42]
(43]
[44]
[45]
[46]

(47]

(48]
[49]
[50]
[51]
[52]
(53]

[54]

Z. HU, S. WANG, L.-F. NIE EJDE-2023/08

R. P. Sanches, C. P. Ferreira, R. A. Kraenkel; The role of immunity and seasonality in cholera
epidemics, B. Math. Biol., 73 (2011), 2916-2931.

G. Sell, Y. You; Dynamics of Evolutionary Equations, Springer-Verlag, New York, 2002.

Z. Shuai, J. H. Tien, P. Van den Driessche; cholera models with hyperinfectivity and tempo-
rary immunity, B. Math. Biol., 74 (2012), 2423-2445.

C. A. Silva-Valenzuela, A. Camilli; Niche adaptation limits bacteriophage predation of vibrio
cholerae in a nutrient-poor aquatic environment, Proc. Natl. Acad. Sci. USA, 116 (2019),
1627-1632.

H. L. Smith; Monotone Dynamical Systems: An Introduction to the Theory of Competitive
and Cooperative Systems, American Mathematical Society, Providence, RI, 1995.

H. L. Smith; Models of virulent phage growth with application to phage therapy, SIAM J.
Appl. Math., 68 (2008), 1717-1737.

H. L. Smith, X.-Q. Zhao; Robust persistence for semidynamical systems, Nonlinear Anal-
Theor., 47 (2001), 6169-6179.

H. R. Thieme; Spectral bound and reproduction number for infinite-dimensional population
structure and time heterogeneity, SIAM J. Appl. Math., 70 (2009), 188-211.

J. P. Tian, S. Liao, J. Wang; Analyzing the infection dynamics and control strategies of
cholera, Discret. Contin. Dyn.-S., (2013), 747-757.

A. R. Tuite, J. Tien, M. Eisenberg, D. J. Earn, J. Ma, D. N. Fisman; cholera epidemic in
Haiti, 2010: using a transmission model to explain spatial spread of disease and identify
optimal control interventions, Ann. Intern. Med., 154 (2011), 593-601.

J. Wang, R. Cui; Analysis of a diffusive host-pathogen model with standard incidence and
distinct dispersal rates, Adv. Nonlinear Anal., 10 (2021), 922-951.

X. Wang, J. Wang; Analysis of cholera epidemics with bacterial growth and spatial movement,
J. Biol. Dynam., 9 (2015), 233-261.

X. Wang, F.-B. Wang; Impact of bacterial hyperinfectivity on cholera epidemics in a spatially
heterogeneous environment, J. Math. Anal. Appl., 480 (2019), 123407.

J. Wang, J. Wang; Analysis of a reaction—diffusion cholera model with distinct dispersal rates
in the human population, J. Dyn. Differ. Equ., 33 (2021), 549-575.

J. Wang, X. Wu; Dynamics and profiles of a diffusive cholera model with bacterial hyperin-
fectivity and distinct dispersal rates, J. Dyn. Differ. Equ., (2021), 1-37.

W. Wang, X.-Q. Zhao; Basic reproduction numbers for reaction-diffusion epidemic models,
SIAM J. Appl. Dyn. Syst., 11 (2012), 1652-1673.

Y. Wu, X. Zou; Dynamics and profiles of a diffusive host-pathogen system with distinct
dispersal rates, J. Differ. Equations, 264 (2018), 4989-5024.

[65] X.-Q. Zhao; Dynamical Systems in Population Biology, 2nd edn, Springer, New York, (2017).
[56] J. Zhou, Y. Yang, T. Zhang; Global dynamics of a reaction—diffusion waterborne pathogen

model with general incidence rate, J. Math. Anal. Appl., 466 (2018), 835-8509.

ZHENXIANG Hu

COLLEGE OF MATHEMATICS AND SYSTEM SCIENCES, XINJIANG UNIVERSITY, URUMQI, 830017,
CHINA

Email address: zhenxianghu01@163.com

SHENGFU WANG

COLLEGE OF MATHEMATICS AND SYSTEM SCIENCES, XINJIANG UNIVERSITY, URUMQI, 830017,
CHINA

Email address: wang_xypps@qq.com

LiINFEI NIE

COLLEGE OF MATHEMATICS AND SYSTEM SCIENCES, XINJIANG UNIVERSITY, URUMQI, 830017,
CHINA

Email address: 1fnie@163.com, nielinfei@xju.edu.cn



	1. Introduction
	2. Model formulation and well-posedness
	3. Basic reproduction number
	4. Extinction of disease
	5. Analysis of the phage-free endemic steady state
	6. Phage-present endemic steady state
	7. Numerical simulations
	7.1. Spatially homogeneous case
	7.2. Spatially heterogeneous case
	7.3. Effects of the strength of spacial heterogeneity on disease risk

	8. Conclusion and discussion
	Acknowledgments

	References

