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TRAVELING WAVE SOLUTIONS FOR THREE-SPECIES
NONLOCAL COMPETITIVE-COOPERATIVE SYSTEMS

HONG-JIE WU, BANG-SHENG HAN, SHAO-YUE MI, LIANG-BIN SHEN

ABSTRACT. By using a two-point boundary-value problem and a Schauder’s
fixed point theorem, we obtain traveling wave solutions connecting (0, 0, 0) to
an unknown positive steady state for speed ¢ > ¢* = max{2, 2v/dar2,2/d3r3}.
Then we present some asymptotic behaviors of traveling wave solutions. In
particular we show that the nonlocal effects have a great influence on the final
state of traveling wave solutions at —oo.

1. INTRODUCTION

We consider the three-species nonlocal competitive-cooperative system
up = diAu + rufl — aq (1 *u) — biv — ),
vy = do Av + 1r9v[l — ag(¢2 * v) + baw — cou, (1.1)
wy = dsAw + r3w|l — az(Ps * w) + bzv — czul,

where
((rb'L * U)(I’,t) = / ¢1($ - y)u(y7t) dy7 T € Ra te R7 1= 17233'
R

Here the unknown functions u(x,t), v(x,t) and w(z,t) represent the population
densities of species at position z and time ¢, and a;, b, ¢;,d;,r; (i = 1,2,3) are
real constants. It is easy to see that the species u competes with the species v
and w which cooperate with each other from . The positive coefficients d;,
r; (i = 1,2,3) indicate the diffusion rate and natural growth rate of w, v, w,
respectively. The competition and cooperation coefficients for three species are
denoted by the positive parameters a;, b; and ¢; (i = 1,2,3). To simplify the
notations, we let

t dy
— = t, —r =T, au—u, a2V =V, a3Ww — W,
1

T1

by c1 bo C2 b3
7_>b1a — — C1, 7_>b27 — — Cg, 7_>b37
az as as a1 ag

c3 do 3 T2 r3

— — (3, 7_>d2) 7_>d33 — — T, — = T3,
a1 dy dy T1 1
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then system is converted to
up = Au+ull — (g1 xu) — byv — ),
vy = doAv 4 1r9v[1l — (@2 % v) + bow — caul, (1.2)
wy = dgAw + r3w([l — (¢3 * w) + bsv — czul,

where the bounded kernel functions ¢;(x) (i = 1,2, 3) satisfy the assumptions:
(A1) ¢i(x) >0 and [, ds(z)de =1,1i=1,2,3;
(A2) [ ¢i(y)er dy < oo for each A € (0, max{1,/r2/ds2, \/13/ds}).

In addition, as we shown in the paper, it suffices to assume

(A3) 0<b;,ci<lfori=1,2,3.

We point out that if w = 0 in , then the system of equations is reduced
to a two-species nonlocal Lotka-Volterra competitive system whose traveling waves
have been discussed by Han et al. [6]. When u = 0, becomes the two-species
nonlocal cooperative system which have been studied by Huang and Zou [10]. In
summary, two-species Lotka-Volterra systems have been extensively considered [3]
4, 15, [8l [15] [16], 18] B0]. Of course, there are studies on the traveling waves for three-
species competitive systems [I7), 28], but little research on cooperative systems
due to the technical treatments of cooperative systems are not as convenient as
competitive systems. Leung and Hou et al. [I3] [I4] proved that the two-species
Lotka-Volterra cooperative system can be transformed into a competitive system
by using variable transformation which cannot be applied to 3-dimension system
[T, 2, 22]. To mitigate this technical challenge, Hung [12] proposed the following
classical three-species Lotka-Volterra competitive-cooperative system for the first
time

Uy = ditge + u(A1 — c11u — c12v + c13w), x €R, ¢ >0,

vy = doUgr + V(A2 — Co1u — Coov — cozw), z €R, t >0, (1.3)

Wy = d3Wyy +w(A3 + c31u — e300 — cz3w), T €R, t >0,
where competition between species w and v (¢12, ¢a1 > 0), species v and w (ca3, c32 >
0), and cooperation between species u and w (¢13,¢31 > 0). And by transforming
into a monotonic system, they proved the existence of the traveling wave
solutions for . After that, Meng and Zhang [20] obtained the asymptotic
behavior and uniqueness of the traveling waves for by using Ikehare’s theorem.
For more results, we can refer to [9, 21, 23] 27].

To make the model more practical in applications, nonlocal effects and time-
delays have been considered [3| [0, [7, [I0, [23]. Subsequently, the traveling wave
solution of this model has been studied and developed, see [11] [18, 19, 25 29]. But
they are mostly concerned with the quasi-monotone case.

It is worth noting that, compared with three-species delayed Lotka-Volterra
competitive-cooperative systems, there are relatively few studies on nonlocal sys-
tems. Recently, Zhang and Bao [26] introduced nonlocal effect to the diffusion term
which deduced the system

% =di(J1 xu—u)+ru(l —au—bv—cw),
% =ds(Jo * v —v) + 12v(1 — agv + bow — cou), (1.4)
ow

a5 = ds(J3 * w — w) + r3w(l — azw + b3v — czu),
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where
Ji*zfz:/L-(y)[z(o:fy,t)fz<x,t>1dy, i=1,2,3,
R

and gave the existence, uniqueness and asymptotic behavior of the traveling wave
solutions of by the comparative lemma, the bilateral Laplace transform and
the sliding method. We should point out that does not destroy the com-
parison principle of the classical system which will not hold if nonlocal effects are
introduced to the reaction term, and the method based on the comparison principle
is not applicable. Therefore, inspired by [0, 24] 26], we try to (partially) solve the
existence and asymptotic behavior of the traveling wave solutions of by using
the Schauder’s fixed point theorem and a two-point boundary value problem.

Substituting (u,v,w)(z,t) = (U,V,W)(§) into and denoting £ = x — ¢t
where ¢ > {2,2+/dara,2+/d3r3} represents the wave speed, we obtain

=U"(&) —cU'(€) = U©)[1 — (61 U)(&) — b1V (§) — W (&),
—d2V"(&) — V(&) = V([ — (2 + V(&) + bW (€) — c2U(E)],
—dsW"(&§) — W' (€) = rsW(§)[L — (3 * W)() + b3V (€) — esU (&)
Then, we have the following result.

Theorem 1.1. Assume that (A1)—(A3) hold. Then, for each

¢ > ¢ = max{2, 2\/%, 2\/@}’

there exists a traveling wave solution (U, V,W)(§) satisfying (1.5)) with the boundary
conditions

(1.5)

Liminf(U () + V(§) + W(E)) > 0,

[

lim_U(§)= lm V()= lim W(E)=0.

{—+o0

(1.6)

In particular, U, V and W are monotone decreasing on [Zy, +00) for some Zy > 0
(which may depend on c). Moreover, such traveling wave solution does not exist for
c<ct.

This article is organized as follows. In Section 2, we present the super- and
sub-solutions of (1.5). The existence of traveling wave solutions connecting (0, 0)
to an unknown positive stea dy state of ([L.1]) is obtained in Section 3. In Section
4, we show the proof of Theorem )

2. PRELIMINARIES

In this section, we first use super- and sub-solution to construct the range of
traveling waves which will be used for the proof of the existence of the solution in
Section 3. In the following, we construct the super- and sub-solutions of (|1.5)).

Supersolution. Let
Po(x) =e M G(z) =e %% . (z)=e "% forall z€R,
where A; > 0, (. > 0, n. > 0 are the smaller roots of the equations
A=A +1=0, do¢’—cCc+r2=0, dsn.—cn.+rs=0,
respectively. Then, it holds that

= =/ -
— Dy — . =D, —doq, —cq, =raq,, —dsl,—cl,=rsl. (2.1)
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Subsolution. Let

Bc(ac) = e Me® _ fe~ Pete)T gc(;c) = e %% — Be~(ete)z
I.(x) = e % — De~ ()2 for all z € R,
where small enough ¢ € (0, min(A., (., 7)) satisfies
e+ e +ecDete)=1>0, 1o=—dy(Ce+e)* +c(Ce+e)—ry >0,
Je = —d3(ne +€)* + c(ne +€) —r3 > 0.
Moreover, A, B, D > 1 are large enough such that

M > max{i1 In 321 ! In 3b1 ! In 3c1 }
€ de—c  Ar. (e—e Ak me—e  Ake
lniB > maX{ 1 In 3’[”222 l In 3T2b2D 1 In 37"262
€ (.—¢ Bi. " 1 Bi. " A—¢ B )’
lniD > max{ 1 In 3T3Z§ ll 3TgbgB 1 In 37"363 }
TNe — € Cc D'l?c ’ )\0_5 D'l?c

where

7 = / b1(y)PVdy, 75 = / Goly)eSVdy, 75 = / b3(y)e"Vdy.
R

Then, for all x > max{lnA h‘EB lnD , it holds that p >0, ¢ >0, [, > 0. So we
have

—p! —cp, —p, +p (61%P.) +bip d. +cip e
= (=X 4 ehe—1)e e 4 Aem At (N 4 )2 — (Ao +¢) + 1]
+ [e7® — Ae=AeF2)(Z¢e AT 4 pre7Ce® 4 )7 Te)
< —Apge—Aeto)T 4 e (ZEeT AT 4 freTCew 4 ¢ e
— O A 4 Zeem O o= (CemO) 4 ¢ o= (e=9)e] <

—dag —cq —12q, +12q ($2 % Q) — barag L. + cor2g B,
= (=daC} + o — r2)e” " + Be T [dy (¢, + €)? — e((e + &) + 1]

+ Tz[e—écz _ Be—(Cc-i-&)w] (Z56_<cl' — bye 1T 4 hyDe (e te)T 4 026—/\cw)
< ef(CCJrs)m[—BLC + roZ5e™ (7T 4 poby De e 4 7"202670‘“75)1] <0,

and

—dsly — el — 13l + r3l(¢3 * Ic) — baraleq, + csrsl e
= (=dn? + ene —r3)e”" + De” T [dy (1, + €)? — e(ne + €) + 73]

+ rafe” " — De—(nc+6)x](z§e—ncw — bge St 4 b3Be—(€c+E)x + C3e—>\cx)
< e DY, 4 13 Z§e™ 7T 4 pgbyBem T + ryeze” M9 < 0,

for all # > max{®24 B InC} et

De(x) = rnax{O,Bc}7 Ge(z) = maX{O,gC}, ’lvc(:zz) =max{0,l.}, = €R,
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then combining this with (2.1)), we deduce that

~P! = P, + Do (1% Pe + b1Ge + c1le) > B
—doq; — G, + 12(¢P2 * 4 + c2Pe) T = 727, + 122l (2.2)
—dsl, — cl, + 3 (3 % Lo + cape)le > rale + 73b3G, e,
where b;, ¢; (i = 2,3) satisfy
¢ % Ge — bole +coP >0 and ¢z * I, — b3g,, + 3P > 0.

In addition, we can also obtain

— P! — D+ Pel1 * P — b1, — 1le) < D, (2.3)
for each x # In(A)/«x,
— do§! — Gl + a2 * G, + C2P.)Ge < T2 + T2boGele, (2.4)
for each z # In(B)/x, and
- dglz.’ — cl +7r3(p3 * I + Csﬁcﬁc < Tsl~c + T3b3l~c(7a (2.5)

for each = # In(D)/x.
Based on the above setting, we give the existence of the traveling wave solutions

of .

3. EXISTENCE OF TRAVELING WAVE SOLUTIONS OF (|1.5))

The aim of this section is two-fold. Firstly, we provide a specific result assuring
the existence of the solutions for the equation (|1.5)) in a finite interval by applying
the super- and sub-solution constructed in Section 2 and a well know argument
(Schauder’s fixed point theorem). Secondly, by taking the limit, we derive a exis-
tence criterion of solution to (1.5)) on the entire interval.

A three-point boundary value problem. For ¢ > max{2,2\/d2r2,2\/d3r3},
we study the following system in a finite interval (—a, a):
—u" —cv =u(l — ¢y U — b1V — 1 W),
—dav” — v’ = rou(1 — ¢g * T + boW — col),
3.1
—dzw"” — cw’ = r3w(1 — ¢3 * W + b3V — c37), (3.1)

u(ta) = p(+a), v(Fa) = Go(+a), w(+a) = l(+a),

where a > max{%, IHEB, %} and

u(a), =z >a, v(a), > a,
u(z) = qu(z), z€l[—a,al, u(x) =S v(z), z€l[—a,al,
u(—a), x< —a, v(—a), =< —a.
w(a), x> a,
w(x) = w(z), x€[-a,d

Next we first define a convex set

M, = {(u,v,w) € C([~a,a],R?) : pe(x) < u(z) <P,z € (—a,a),
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ge(z) <w(x) <q,,z € (—a,a), l~c(x) <w(z) <leyx € (—a,a),

u(+a) = pe(£a), v(*a) = g.(xa), w(*a) = lc(ia)},
to study the existence of the solution for (3.1). Then, we construct the three-point
boundary value problem

—u" — cu’ + (¢1 * U + bi1Do + c1Wo)u = ug,

—dav” — v’ + ro(da * Vo + c2Tip)v = T2y + T2bswovy,
" / _ _ (3.2)
—dsw" — cw’ + r3(¢3 * Wy + c3Up)w = r3wg + r3bzvowy,

w(ta) = p(Fa),v(xa) = Go(+a), w(Fa) = I (+a),

where (ug, v, wp) € M, and

UO(a)a T > a, UO(a)v T > a,
Up(x) = S ug(x), =€ [—a,a], Vo(z)=qvo(z), =x€][—a,a],
u(—a), x< —a, v(—a), =< —a.
wo(a), x> a,
Wo(r) = S wo(x), € [—a,al,

wo(—a), z< —a.

Now, we define a linear operator ¥, which satisfies ¥, (ug, vo, wg) = (u, v, w).
It is clear that the fixed point of is a solution for . Obviously, ¥, is
compact and continuous. Next, we prove that M, is an invariant for ¥,. From
the definition of ¥, and M,, we know that M, € ¥,(M,). Following, we prove
Wy (Mgy) € Mg. Since (u,v,w) = (0,0,0) is a sub-solution of (3.2), we know that
u(z) > 0, v(z) > 0, w(z) > 0 for each x € (—a,a). Given (ug, v, wp) € M, and
combining with , then for « € (—a, a), it holds that

— Do — P, + (¢1 * Wo + b1To + c1W0)P,.
> P, — P,

= ﬁc

Uo

Y

—u" — cu’ + (¢ * U + b1y + 1700 u,

— daq, — g, + r2(¢2 * Vo + c2T0)7,.
> —daq, — ¢, + r2(P2 * Gc + c2Pe ),
> 12, + r2b2lcq,
> r200 + T2b2wovg
= —dav" — v + ro(d x Vg + calip)v,
and

— dgi;l - ci; + 13(3 * Wo + c3lp )l

> —dsl, — cl, + r3(¢3 * I + cspe)l.

> r3lc + 73b3q,le

> rawo + r3b3v0wW0
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= —dsw” — cw’ + r3(¢3 * Wy + c3lg)w.

In addition, we also have u(+a) = p.(+a) < p.(Fa), v(+a) = ¢.(£a) < G.(Fa),
w(a) = l.(£a) < l.(+a). Then by using the maximum principle, we obtain
u(z) <p.(z), v(z) <G.(z), w(z) < l.(z) for each z € (—a,a). On the other hand,
combining with (2.3)-(2.5)), it is easy to calculate
— P — P + (¢1 * o + b1Ug + c1700)Pe
< =P — P + (1% Pe + b1 + c1le)Pe
< Pe
< up
= 7UH — cu/ —+ ((;51 * ﬂo —+ blﬁo —+ Clﬁo)u,
for each x € (In(A4)/e, a),
— dgafc/ — Ca’c + 7‘2((]52 * Vg + Cgﬂo)?jc
< —dafy — cq, + ra(d2 * G, + C2P.) e

A

r9qc + T2balcqe

< 1rovg + rabawoug

—dav" — v’ + ro(da * Vo + c2lUp)v,
for each = € (In(B)/e, a), and

— d3ll! — cll, + 73(ds * To + c3Tio)l.

< —d3lll — cll, + r3(¢3 * e + c3D,)le

< 3l + 73bsled.

< rawo + r3bzwovo

= —dsw" — cw' + r3(¢3 * Wo + c3Up)w,

for each x € (lnsD,a)
n B

v(mE) > 0 = G.(28) and w(a) = l.(a), w(™L) > 0 = [(22). The maximum
principle implies u(z) > p. for each z € (In(A)/e,a), v(z) > q. for each = €
(In(B)/e, a) and w(x) > I, for each x € (In(D)/e,a). Then we conclude u(z) > pe,
v(z) > Go, w(z) > I, for each = € (—a,a), that is (u,v,w) € M, holds. Thus
U, (M) C M,.

Now, by using the Schauder’s fixed point theorem, we can obtain that ¥, has a
fixed point (ug,ve,w,) € M, which is the solution of (3.1)).

, where u(a) :~j5c(a), u(%) >0 iﬁc(hm)a v(a) = ge(a),

€

Lemma 3.1. There exists a constant M which is independent of the number a and

¢ > ¢ (¢ = max{2,2y/dare,2v/dsrs}) such that each solution of problem (3.1
satisfies
0<us <M, 0<v, <M, 0<w, <M (3.3)

for all a > max {11In A();fjs) ,21n B(%js) , é In D(Z“fs) } and all © € [~a, d].

Proof. Suppose that the maximum points of uy (), ve(x) and we(x) are 7, N,
xg € [—a,a] respectively, that is

M, = Ir[lax ]ua(az) =ug(zp), M, = n[lax ]va(x) = vg(zN),
rEe|—a,a rEe|—a,a



8 H.-J. WU, B.-S. HAN, S.-Y. MI, L.-B. SHEN EJDE-2023/55

M, = en[lax ]wa(x) = we(zH).
Then we have u),(zar) =0, ull(zpr) <0, v/ (zn) =0, v (xn) <0, w,(xy) =0 and
wl(xg) <0.
Apart from this, we can also prove zpr, Ty, zH € [—a,a). Since uq(a) = pe(a),
va(a) = Go(a) and wa(a) = l.(a), and pe(z), Go(z), lo(z) are decreasing for z >
max {1 In AQe :_E) 1 Blete) 1 ZIn D(7Z7°+8)} so it holds that zps, zn, g € [—a,al.

Ce
Next we prove the lemma. From the value of

—ull —cul, = ug(1 — ¢y * Uy — b1V, — 17W,)
at zys,
—davl! — vl = 1204 (1 — @2 * Ty + boW, — ColUy)
at zy and
—d3w!] — cw!, = rawa (1 — @3 * Wy + b3V, — c31Ug)
at rg, we obtain

1= (¢1 % W) (2pr) — b1Ta(2ar) — c1Wa(20r) > 0,
1= (2 *Ta)(xN) + boWa(xN) — cola(znN) > 0,
1—(¢3 *Wa)(zn) + bsVa(zn) — c3Ua(zH) 20,
which implies
(1 *xUe)(xpr) <1, (P2xTo)(zy) <1 and (¢3*W,)(xg) <1, (3.4)

and
" < < M,
—u, —cu, < ug < M,,
—dgv;’ — vl < rovg < oMy,
—dzw! — cw!, < rawy, < rgMy,

for small enough b, and bs. Thus, it holds that
¢ / c c ! c
(u, ) > —M, e (dgv;e@z) > —roMye®”, (dgwge@z> > —rgMe .

Integrating the above inequalities from x5 to > xp, zy to @ > zny and zg to
x > xp, respectively, we obtain

M,

ul (z) > ——2(1 — e~ @) p e [xar,a),

c
M'U r—x

vl (z) > —L(l e BTN g e ay, a),
c
M, _ e (p—

wh(z) >~ (1 = e BT e [uy,a),
c

Integrating the above inequalities in the same interval again, we obtain

x

M, M, o
ua(‘r)zMu_i(.T—ZEM)—f—i/ e (s xM)dS
c c

Tm
[ C C

M,
= M1 — (z — 2pm)?h(c(z — zar))]
M,

T—z 1 —e~clz=om)
M4
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M, M, <, T ey
va(x) > M, — = (r —2aN)+ EEelp - N/ e %ds
c .
— = (z—znN)
_ T2 9 1 e 2 _ 1
=M, [l dj(x N) (c(HN) la—wn)? | Ee—zn)? )}
da dz2 d3
T2 2 C
=M,[1 - =(z—an)*h(—(z — zn))]
dsy dsy
) 2
> M, 1—E($—$N) ]7
and
T3 2
wq(x) > My [1 ——(z—zpm) ],
2ds3

where h(y) = e—v;riqu < 1/2 for y > 0. Since uq(x),vq(x), wq(x) € M, we have
= Pe(a) < Pela) = e < 1,
= q(a) <q.(a) = e <1,

le

(a) =€ <1,

Mu[]. — %(a - £UM)2] < 1,
L 2] <«
M,[1 2, (a—2zn)*] <1, (3.5)
T3 2
— 3 (a- <
My,[1 o (a—zxp)?] <1

Taking xg = 1/2, if zps € (a — o, a), it follows from (3.5]) that
1 —1 1 —1 4
<1—-=(a— N7 < (1= =22 < -.
M, < [1 2((1 ) ] < (1 2360) <3
If xps € [—a,a — xp), then combining this with (3.4)), we have
1> (¢1 %) ()

= / &1 (Yo (v —y) dy
R
0

> 1(y)ua(zrr —y) dy

—xzg
0 2

>M, | o(y)(1- ) dy

—T9

From the definition of xg, we obtain

wes[ [ awo-Dw " <A [ awa)”

_:1/‘0 p— 1

=

From (A1), we know that
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Thus, for each x € [—a, a), we have

M, < ;(/O\/gaﬁl(y) dy)il-

Similarly, take yo = /da/(2r2) and zo = /ds/(2r3), then for each z € [—a,a), it
holds

-1
dy) and M, < =

M, < ;*(/;%@(y) /F yay)

Let o
4 *1 4 -1
M = max {§ ( / 1y / ) ,
Vi v (3.6)
4(/0f¢ () )71} |
o 3\Yy) ay )
3 _%%
then the inequality (3.3) follows. The proof is complete |

Limit of (ug,v,,w,) as a — +00. From Lemma and the standard elliptic esti-
mates, we know that there exists Mo > 0 such that for each a > max{*= Ind l“EB , IHED
and a constant « € (0, 1), it holds that

< Mo, H’Uchz o(—2,2) < Mo, ||wa||c2,a(_%7%) < Mo.

[wallc2e(—g.9)

3
Letting a — +o0o (possibly along a subsequence), we have u, — u, v, — v and
w, — w in CZ (R), and (u(x),v(x), w(x)) satisfies

—u —cu =u(l —¢1 xu—bv—cw), z€R,
—dav" — v’ = rv(1 — g *x v + bow — cou), T € R,
—dzw” — cw' = r3w(l — ¢3 * w + bgv — c3u), x € R,
and
Pe <u(z) <min{M,p.}, G <v(z)<min{M,q.}. l.<w(z)<min{M,I},
which implies

lim w(z)= lim v(z)= lim w(z)=0. (3.7

T—r+00 Tr—r+00 T—r+00

4. PrROOF oF THEOREM [I.1]
To prove Theorem [[.1] we use the following lemmas.

Lemma 4.1. There exists a Zy > 0 such that u(z), v(z) and w(z) are monotoni-
cally decreasing for x > Zj.

Proof. On the contrary, suppose that u(x) is not always monotonic as * — +o0.
From (3.7)), then there exists a sequence x,, — 400 (n — +00) such that u(x,) — 0,
v(xy) = 0, w(zy) — 0 (n — +00) and u(x) achieves a local minimum at x,,, that
is v/ (zn) = 0, u”(zy,) > 0. Since

—u"(zn) = cu' (2n) = u(wn) (1 = (¢1 % w)(n) — brv(z,) — crw(zy)),
for each n € N| it holds that

(f1 % u)(2n) + brv(zyn) + crw(z,) > 1. (4.1)
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On the other hand, from lim,_, 1« u(z) = 0 and the boundedness of u(x) on C?(R),
it is easy to find that lim, oo (¢1 *u)(zy,) = 0. Then combining this with the fact
that lim,— 400 v(z,) = 0, lim, 4 w(z,) = 0, one can obtain a contradiction of
(4.1). Therefore, u(x) is always monotonically decreasing on [Zy, +00). In the same
way, v(z) and w(z) are also monotonically decreasing on [Zy, +00). This completes
the proof. |

Lemma 4.2. There exists no traveling wave solutions of (L.5)) for speed ¢ < c*.

Proof. Using a contradiction argument, we suppose that there exists a traveling
wave solution satisfying and for ¢ < ¢*. Take a sequence {z,} satisfying
Zn — +00 as n — 4o00. Denote u, () = u(z + zp,) /u(zn), va(x) = v(z+ 2,) /u(2,),
wp(x) = w(z + 2,)/w(zy), then we have

_u::(x) - Cu;z(x) = un(x)(l - (¢1 * an)(x) - blin(x) - Clwn(x))a z € R,
—dav]](z) — v, () = T2vn (2) (1 — (g2 % Up) (@) + bown (2) — c2lin(2)), z €R,
—dsw) (z) — cw],(z) = 13wy () (1 — (¢3 * Wy )(x) + b3Uy (z) — c3un(z)), =z €R,

where w,(z) = w(z + 2,), Un(z) = v(x + 2,), Wn(z) = w(z + 2,). Notice that
Un(0) = v,(0) = wy(0) = 1 and uy,(x), vy (x), wy(z) are monotonic decreasing on
[Zo — zn,+00) for n € N (where Z is defined by Lemma Since u(z) — 0,
v(z) = 0 and w(z) — 0 as & — +o0, it follows that (U, v,, w,) — (0,0,0) locally
uniformly at z as n — 4o00. Let (up,vn, wy,) — (U(x),0(z), ®(x)) in CZ (R) as
n — 400, so we have

—u" —cu =u, x€R,

—dov" — 0 =rov, 1wz E€R, (4.2)
—ds@W" — e’ = rsw, =z €R.

Evidently, U, ¥, @ are monotonically decreasing and @(0) = v(0) = w(0) = 1. In
addition, it is easy to get that u, v, W are positive. Take U to say, if there exists a
point zg € R such that u(zg) = 0, then from the monotonicity of the nonnegative
function @, we know that for each z > xg, U(zg) = 0. By the uniqueness of the
solutions of ordinary differential equations , we can obtain u(x) = 0 in R, which
contradicts with the fact %(0) = 1. Therefore, admits such a solution (u, v, @)
if and only if ¢ > max {2, 24/ dars, 2\/d37"3}7 that is, there exists no traveling wave
solutions for speed ¢ < max {2, 2+/doro, 2\/d3r3}. This completes the proof. O

Lemma 4.3. Under assumptions (A1)-(A3), the traveling wave (u(x),v(x), w(x))
of system (|L.5)) satisfies
liminf(u(x) + v(z) + w(z)) > 0.

r—r—00
Proof. Since u(x), v(z), w(x) are non-negative, liminf, , o (u(z)+ov(z)+ >
0. Using a contradiction argument, we suppose that liminf, , . (u(x) + v(z) +
w(z)) = 0 which will lead to a sequence y, satisfying u(y,) — 0, v(y,) — 0
w(yn,) — 0 as y, — oo(n — 400). Taking @(z) = u(—x), v(z) =
w(z) = w(—z) and ¢ = —c¢, then (u(=yn), V(=yn), W(=ya)) — (0, ,0)
u(x),v(z), w(x)) satisfies

<
/‘\

&
~

£

arn

/\

" —cu = ﬂ(l -1 ® u—bv— 01[1})7

—dgi)'// - = 7‘26(1 — P2 ® U+ byw — Czﬂ>7
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—dgl’l?// —cw' = 7’3’@(1 — ¢3 @ W + b3v — C3ﬁ),

where (¢; ® 2)(x) = [ ¢i(y)z(z+y)dy (i = 1,2,3). As in the proof of Lemma
we can obtain ¢ > max{2, 21/dara, 24/d3rs}; that is

¢ <min{—2, —2+/dary, —2+/dsrs}

which contradicts Lemma [£.2] The proof is complete. O

Lemma 4.4. Assume (A1)~(A3) hold If by < 717, ¢; < 537 (i = 1,2,3), then the
traveling wave (u(z),v(x),w(x)) of the system (L.5)) satisfies

liminfu(z) >0, liminfo(z) >0, liminfw(z) > 0.
T——00 r—r—00 Tr—r—00

Proof. Since u(z), v(z), and w(z) are nonnegative functions, we know that

liminfu(x) >0, liminfo(z) >0, liminfw(z) > 0.
Tr——00 r——00 r——00

We will prove this lemma in two steps.

Step 1. We prove that liminf,_, . u(z) > 0. By a contradiction argument assume
that liminf, , . u(z) = 0. Then there must hold one of the following two cases:
u(x) — 0 in an oscillating or a monotonous manner as  — —oo.

Case 1.1. There exists a sequence x,, - —o0 as n — +00, such that u(z) attains
local minimum at x,, and u(z,) — 0 as n — +oo. A well know argument (the

Harnack inequality) shows that for each Z > 0 and J € (0, M), there exists
a constant N > 0 such that u(z) < 6 for each n > N and =z € (z, — Z, 2, + Z)
which can conclude that lim, o0 (¢1 * ©)(z,) = 0 and
—u"(zy) — cu'(x,) = u(@p)[1 — (¢1 * u)(2p) — brv(xy,) — crw(wy,)]
Z w(@n)[1 = (by + )M = (¢ * u)(zn)] > 0,

for large enough n. On the other hand, it is easy to obtain that

—u" (zy,) — cu'(x,) <0,
because u(z) attains local minimum at x,, which implies v/(z,,) = 0 and v"(x,,) > 0.
At this point, we reach a contradiction.
Case 1.2. lim,_,_ u(z) = 0 and there exists a large enough constant Z > 0 such
that «'(x) > 0 for all x < —Z. From Lemma we know that

liminf(v(z) + w(z)) >0

r—r—00

which can be divided into the following two situations.
(a) Without loss of generality, we suppose that
liminf v(z) > 0,liminf w(x) =0
Tr—— 00 Tr—r— 00

which admits a sequence z,, — —oco(n — +00) such that

lim wu(z,) =0, ngriloov(xn)

dim minfv(z) = A >0, ngglmw(ﬁn) =0,

=1l

T——00
where A is a constant. Let u,(z) = u(z + z,)/u(x,), va(x) = v(z+ ) /v(zy,) and
wp(z) = w(z + ) /w(zy,), then we have

—ull(2) — culy(2) = un(@)[1 = (61 % Bn)(2) — b1Fa(2) — e1Ba(2)] for all 3 € R,
where u},(x), v}, (z) and w) (z) are defined by Lemma Suppose that u,(x) —

n n
u(z), va(x) = 0(z), wp(x) = w(z) in CZ (R) as n — +o00. Then by the Harnack
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inequality, we can conclude that @, (x) — 0, U, (z) = v(z), W,(x) = 0 (n = +00).
Since u'(x) > 0 for z < —Z, it follows that u'(z) > 0 for each = € R. Also we that
u(x) satisfies

—u"(x) — et/ (z) = u(x)(1 — byo(z)) for all x € R.

After integrating from 0 to x > 0, we obtain that
() + T (0) - cii(z) + @i(0) = / A(y)(L - by3(y)) dy
0

> (1 — by M)i(0)a.

Since u(x) > 0, @' (x) > 0, w(0) = 1, it follows that (4.3]) does hold for large enough
.

(4.3)

(b) liminf, , o v(x) > 0, liminf, , . w(xz) > 0. Processing w(x) as we did for
v(z) in case (a), we obtain

—u'(z) + @' (0) — cu(z) + cu(0) > [1 — (by + c1)M]u(0)z,
which also does not hold for large enough x. Hence,

liminfu(z) >0 for all z € R.

r—r—00

Step 2. We prove that liminf, ,_. v(z) > 0. As in the case above, we assume
that liminf,_, ., v(z) = 0 which implies that there exists a sequence y,, - —o0 as
n — +oo such that u(y,) — 0(n — +00). We also analyze the following two cases.

Case 2.1. v(z) attains local minimum at y,. The proof is same as the Case 1.1
in Step 1, except that we take € € (0,2=2M) here such that v(z) < € for each
2 € (Yn — Z,yn + Z) and n > N. Then we have

—dav" (yn) — cv'(yn) Z rov(yn)[1 = c2M = (d2 * v)(yn)] > 0,
which contradicts —d2v” (yn) — cv'(yn) < 0, because v(x) attains local minimum at
Yn-
Case 2.2. There exists large enough Z > 0 such that v’(z) > 0 for each z < —Z.
As in Case 1.2 in Step 1, one can obtain
— do0"(x) — ' (x) = ro0(z) (1 + ba(z) — c2ti(x)) for all z € R. (4.4)

From Lemma [4.3] we know that liminf,, o (u(z) +w(z)) > 0 which implies that
liminf, , . u(x) > 0, and either liminf,_, o w(z) > 0 or liminf, , . w(z) = 0.
Then, after integrating (4.4) from 0 to 2 > 0, we obtain

—ds?"(2) + o (0) — ci(a) + ¢3(0) = / ") (1 + badly) — ex8(y)) dy

> 1y / Hy)(1 — exii(y)) dy
> r9(1 — coM)v(0)x.

which does not hold for large enough = because v(x) > 0, v'(z) > 0 and v(0) = 1.
Therefore,

liminf v(z) > 0.

Tr——00
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Note that the proof of liminf,,_ v(x) > 0 is similar to the the proof of
liminf,_, o w(z) > 0; so we omit it. This completes the proof. ([

Now the proof of Theorem follows from Lemmas and
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