Electronic Journal of Differential Equations, Vol. 2024 (2024), No. 02, pp. 1-20.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2024.02

A KAM THEOREM FOR DEGENERATE
INFINITE-DIMENSIONAL REVERSIBLE SYSTEMS

ZHAOWEI LOU, YOUCHAO WU

ABSTRACT. In this article, we establish a Kolmogorov-Arnold-Moser (KAM)
theorem for degenerate infinite-dimensional reversible systems under a non-
degenerate condition of Riissmann type. This theorem broadens the scope
of applicability of degenerate KAM theory, previously confined to Hamilton-
ian systems, by incorporating infinite-dimensional reversible systems. Using
this theorem, we obtain the existence and linear stability of quasi-periodic
solutions for a class of non-Hamiltonian but reversible beam equations with
non-linearities in derivatives.

1. INTRODUCTION

In Kolmogorov-Arnold-Moser (KAM) theory, the non-degeneracy condition typi-
cally refers to the regularity assumption of tangent frequencies with respect to exter-
nal parameters. This condition plays a vital role in ensuring the persistence of KAM
tori under small perturbations. Degenerate KAM theory for finite-dimensional
Hamiltonian systems has been widely developed since the works of Arnold [1] and
Pjartly [15]. A complete geometric definition of non-degeneracy condition was given
by Rissmann [I8], which is not only applicable to maximal dimensional KAM tori
but also to lower dimensional elliptic tori. See also other important works by Brjuno
[5], Cheng and Sun [6] and Xu, Qiu, and You [22].

KAM theory for degenerate infinite-dimensional Hamiltonian systems was ini-
tially established by Xu, Qiu, and You [2I]. They proved a KAM theorem under
an analytic Riilssmann degeneracy assumption. Subsequently, Bambusi, Berti, and
Magistrelli [3] introduced a different Riisssmann degeneracy condition from that in
[21] and established a new KAM theorem for a class of nonlinear wave equations.
Building upon the non-degeneracy condition in [3], Baldi, Berti, Haus and Montalto
derived a new degenerate KAM theorem particularly applicable to gravitational
wave equations. The proof is based on the Nash-Moser iteration, KAM reduction
and pseudo-differential calculus. Furthermore, Gao and Liu[g] recently developed a
KAM theorem for degenerate infinite-dimensional Hamiltonian systems with dou-
ble normal frequencies, successfully applying it to nonlinear wave equations and
nonlinear Schrodinger equations with periodic boundary conditions.

2020 Mathematics Subject Classification. 37TK55, 35B15.

Key words and phrases. KAM theorem; infinite-dimensional reversible system:;
Riissmann non-degeneracy condition.

(©2024. This work is licensed under a CC BY 4.0 license.

Submitted August 1, 2023. Published January 3, 2024.

1



2 Z. LOU, Y. WU EJDE-2024/02

On the other hand, KAM theory for infinite-dimensional Hamiltonian systems
has also been extended to infinite-dimensional reversible systems [2] 4, [7, @, [12]
11), 13, [14] [24]. However, to the best of our knowledge, these results are all based
on classical non-degeneracy conditions, and there is still no works on KAM theory
for degenerate infinite-dimensional reversible systems. In contrast, some progress
has been made in the KAM theory for finite-dimensional reversible systems under
Rissmann degeneracy conditions [19] 20 [23].

The primary motivation of this article is to bridge the gap in the literature
concerning the degenerate KAM theory for infinite-dimensional reversible systems.
The study aims to generalize the existing theorems and to provide new insights
into the applicability of degenerate KAM theory in a broader range of systems,
particularly in infinite-dimensional reversible settings. By doing so, we hope to
advance the understanding of the existence and stability properties of quasi-periodic
motions in more complex systems that were previously not well-covered by the
classical non-degeneracy conditions.

In this article, we establish a KAM theorem for degenerate infinite-dimensional
reversible systems, which is, to the best of our knowledge, a new result in the
field. Our method combines and extends the techniques from previous works on
degenerate KAM theory for infinite-dimensional Hamiltonian systems and finite-
dimensional reversible systems, allowing us to study new systems by the combi-
nation of degeneracy and reversibility in an infinite-dimensional setting. As an
application, we use our KAM theorem to prove the existence and linear stabil-
ity of quasi-periodic solutions for a class of non-Hamiltonian but reversible beam
equations with derivative non-linearities.

We consider a family of vector fields with normal form

N = (€55 +10O7 5 — U5

z

n
j=1
on the phase space Z%P = T™ x R™ x [P x [*P 3 (0,1,2,%), where T"(1 < n <
+00) is the standard n—torus, {*P is the Hilbert space of all complex sequence
z = (21, 22,...,) with the norm defined by

0 . 0 . 0
Wj(§)87j +]Z>; (le(é)Zjajj - 19;‘(5)23'8?]_),

1202, = > 121%€*9 < +00, a>0,p>0.
j=>1

The parameter £ € II C R™, where II is a bounded, connected closed domain in
R™. Note that N is reversible with respect to the involution map S : (6,1,2,2z) —
(=0,1,z%,z2):
NoS=-DS-N,
where DS is the tangent map of S.
The motion equations of S-reversible vector fields IV are

0 =w(f),
I=o0,

z =—iQ(§)z.
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Obviously, for each £ € TI, " =T" x {0,0,0} C £L%? is an invariant torus of the
reversible systems with the frequencies w(§) = (w1(§),. . ,wn(§)).

Now we consider the small perturbations of N : X = N + P, where the pertur-
bations P are S-reversible. To vector fields X, the associated reversible equations
are

0 =w()+ P,
I=pPD,
5 =iQ(&)z + PX),
Z=—iQ(&)z + P,

The definition of P, PU) P() P(2) will be given below. We are concerned with
the persistence of invariant tori for reversible systems . For this purpose, we
first give some notations and assumptions.

Let CN>1(IT) be the N-order Lipschitz continuously differentiable function space.
If IT is a closed set, the derivatives of function on II are understood in the sense
of Whitney. Consequently, the space CV L(IT) is also understood in the sense of
Whitney, where the integer N will be decided below.

We use the following assumptions.

(1.2)

(Al) (Non-degeneracy condition) Suppose for all £ € II,
rank{g—(g =r,

B
rank{%:Vﬁ,lgm\gn—r—&—l}:n,

where g—? is a function vector group of all 1-order partial derivatives of
s ] s
w, and ?)T‘B" = (aaé“gl,...,aaén). Moreover, for some N' > n—r+1,w €

{CNHID)}" with [[w]leaqmy £ maxi<jcn |wjlleaqn < M.
(A2) (Spectral asymptotic) There exist d > 1 and § < d — 1 such that

Q) = b+ V% 4+ 0(%),b > 0,d < d,

where the dots stand for finite lower order terms of j and bjé + b'j¢ + . ..
are independent of the parameter £&. Moreover, 2; satisfies

19; — bj* = b'§% — .. |lovamy < Maj®, Vj>1.

(A3) (Regularity of perturbations) For all £ € II, the S-reversible perturbation
vector field P : PP — PP g real analytic with p < pandp—p < d— 1.
Without loss of generality, suppose p — p < 6.

We denote by D(s,r) a complex neighborhood of T™ in &?2%P:

D(s,r) ={(0,1,2,2) € %" : [Tm O] < s, [I| <1, |z[lap <7 [Zllap <7},

where |Im 6| is the imaginary part of 6 and |- | is the sup-norm for n-dimensional
vector, 7 > 0 is a radius of neighborhood (Note that it is different from that in
assumption (Al.). Let || - ||" = || - [[e~1 -

Now we consider the vector field

P(v) = (P (v), P (v), PP (v), PO (v)),
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where v = (0,1, z,2) € D(s,r). It is convenient to rewrite it as a partial differential
operator
0

P(v) = P ()55

+PD (v )% + P& (v) =

0

5,0
@ ()L
5, TP

0z’

where

and similarly for P() (v ) =) (v ) 5

Suppose the vector ﬁeld W( )= (W
with the weighted norm

(v)

POy g zn:
Jj=1

P

@(e),

g S

) (©), WE(€), WE(¢)) € 27,

* * 1 * 1 z * 1 Z)||*
W= Wl = WO+ WO WG+ W,

* 0) % z z *
where [WO)[* = (W, W) = AW W2 1)l
For a function f(v,£) on D x I, we deﬁne its norm by

1D = sup [ f(v,)]"
veD

Similarly we define the norm of vector field W as
IWI5p = IWllg.r,p = (WO, + ~ \W”)ID + - HW(Z)HapD + *HW(E)HZ,@D

For k € Z" and | € Z*>, we denote |k| = >0 [k;|,|I] = Y272, 4], |Us =
Z;il |1;15, and [I]g = {1, Z;‘;l 1;7¢}. We denote A = (1 + |k|)7, where 7 < 79
with
TO:{(n—i-dzl)(n—r—l—l), ifd>1,
(n41+48t=rty(n —p41), ifd=1,
where kK = min{d,d — 1 —4,d — d'}.

Theorem 1.1. Suppose the S-reversible vector field X = N + P satisfies (Al)—
(A3). Then there exist K and L such that for k,1 with 0 # |k| < K, || < 2 and
ll|x < L, the inequality

[(k, w(&)) + (I, U = a0 >0

holds for all V¢ € TI. Then for sufficiently small o« > 0(a > «p), there exists
sufficiently small eg = €9 (a) > 0 such that if e = ||P|[} .y < €0, then there exists
a nonempty Cantorian subset 11, of II and embeddings ®.(-,-) : T" x IL, — FP*P
satisfying
[ — Dol < ce,

where ®q is the trivial embedding T™ x I, — ™ = T™ x {0,0,0} C Z*P, and for
all £ € I, . (T™, €) is a real analytic embedding of a rotational torus for reversible
systems (L.2)) at & with its frequencies wy(§) satisfying |w. — w|* < ce. Moreover,
the Lebesgue measure meas(Il — I1,.) < c(diam Pi)"~a*, where

I ==y fd>1,
h= ifd=1.

K
(k+n—r+1)(n—r+1)>
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The Cantorian subset IT, in Theorem[T.1] arises from the small divisor conditions
encountered during the KAM step,
l
(k@) + (L2 2 000 Wk ez, 1z, <2k + 1 £0. (1)
k
In other words, the KAM iteration can only be performed for those parameters
that satisfy the inequality (1.3). Hence, we need to exclude certain points where
this inequality does not hold. The subsequent Theorem [I.2] ensures that the set II
is not empty if « is sufficiently small.

Theorem 1.2. Let

l
Ria(a) = {6 (k. w(©) + (L) < alg?},
where k € Z",1 € Z7°°, || < 2, k| + || # 0. If (A1) and (A2) hold, then there exist
K and L such that for sufficiently small o > 0,

meas ( Ujk|> Kor|ix>L R;@’l(a)) < c(diaun(Pi)”_lcy“7

where p is defined in Theorem[1.1]

The proof of the above theorem follows a similar approach as in [21I] and is
omitted here.

In the subsequent sections we focus on the proof and application of Theorem [T.1}
In Section 2, we derive and solve the homological equation. Section 3 is dedicated
to constructing one step of the iterative scheme. The complete iteration sequences,
forming the basis of the proof of Theorem are presented in Section 4. Finally,
in Section 5, we apply Theorem to a class of non-Hamiltonian but reversible
beam equations.

2. HOMOLOGICAL EQUATION

At each step of the KAM iteration, we obtain the S-invariant change of variables
® through the time 1-map ®%|;—; of the flow generated by the S-invariant vector
field F. The vector field F and the correction N to the normal form N are solutions
of the homological equation

[F,N]+ N =R, (2.1)
where the symbol [, -] represents the Lie bracket of vector fields, and the vector
field R is the truncation of the Taylor polynomial of the reversible vector field P,

0 . 0
R=R’— + (R'(0) + R™(0)I + R™*(0)z + R"*(0)z) =
00 ol
. 0
+ (R*(0) + R*L(0)I + R**(0)z + R¥(0)?) 5 (2.2)
s . . - 0
+ (R*(0) + R¥(0)I + R**(0)z + R**(0)2) P

The reversiblity of P implies that
R(0) = R°(—0), R'(6) = —R'(-0), R*(0)=—R*(-9),
R (0) = —R'(-0), R™(#) = -R'*(-0), R*(9)=—-R*(-0), (2.3)
R**(0) = —R**(—0), R**(#) = —R*(—0).
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The normal form of R is defined as

0 0 55 0
_ 6 : zz : ZZ13
[R] = [R ]769 + [diag R ]zfaz + [diag R ]z—82
- 0 0 5.5 0
_ Oy 2525] . Zj%i) 5.
=NIR ]aeb +Z[R 12 5 + §4 [R77]z; 55
b=1 Jj=1 Jj=1

We choose the normal correction N = [R]. Thus (2.1)) is a homological equation
of F. Below we solve this homological equation and estimate the generating vector
field F'.

Lemma 2.1. Suppose that uniformly on 11, C II,

(ko€ + (1€ > @, (2.4)

forallk € Z", 1 € ZT> with |l] < 2,|k| +|l| # 0. Then the homological equation
(2.1) has solution F and N that are normalized by [F] = 0,[N] = N. Moreover,
they satisfy F oS =DS-F and

OuF —IF —iQF7F = R, 4,j>1;

(
(
(
(

OLF? +iQF7 = RZ, i>1; (2.14
O F +iGF =R, i>1, j=1,...,m (
OuF5 +iGFF +i0FT = RY, 6,5 > 1; (
OuF7 — i F7 +iQF7 = Rif — R0y, 4,5 > 1. (

Below we only consider the homological equations (2.10) and (2.12), the other
equations can be analyzed similarly. Firstly, we consider the equation (2.10]). Note
that

IS0 ey < VB pery 1 Do) < g IR Doy
where b= (N +2)7+N +1+ 5, M = (M, + M)NF2 || = - len g,y
Proof. The homological equation splits into:

O.F) =RY —[RY], i=1,...,n; (2.5)
OFF =Rl i=1,....n; (2.6)
QuF =R, ij=1,..n (2.7)
O Ff +iGF7 =R, i=1,...,n, j>1 (2.8)
QFF —1FF =R, i=1,..n, j>1 (2.9)
O Ff —iF? = R?, i>1; 2.10)
QuFF —iuF =R, i>1, j=1,...m 2.11)
OuF7 +1Q,F7 — G F7 = R;f — [R16i5, 1,5 > 1; 2.12)
)
)
)
)
)

HRZ ||Z,p,D(s,r) < THRH:,D(S,T) :

F? = Z Fiz(k)€i<k’9>, R? = Z Rf(k)ei<k’0>,

kezn bezn

Let
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where {F?(k) | k € Z™} are the Fourier coefficients of F?. The vector R* is an
analytic mapping from D(s,r) into [%P, its Fourier coefficients R*(k) satisfy the
[2-estimates (ref. [16]):

z * 2 s n Z || *
S (IR (Rl p) " €M <2M(1R?(1: 5 pisy)
k

By Lemma and the non-resonant condition (2.4), for £ € I, we have w(§) =
(@(©),Q(8)) € O, and gizag = Gal@(§)], where k = (k,1) € Z"*'. By
deriving function Gjw(€)], we have

- . CAN+2|]C‘N+1M
[Grlo@]l" < ka/\/’—“

By Lemma [6.9] we have
CAN TN M
< k77

1 F5 (k)" < Nt 1R ()™

1E* W) < e R
Thus VB

Z||* c o *

||F | a,ﬁ,D(sftf) S WHRZ |a,ﬁ,D(s,7‘)7
where ,

_ 2AN+2) | 112N +1) . —2[k|o) /2 C

Ba—(;Ak [REN D2l ) T

Then

1 cM
ME a5 p6-0) S Sxrap 1B

;i,D(s,r)'
We now consider the homological equation (2.12) given by
0, F5 +iQF5 — 1O F7 = R7 — [Ri7]0i5, 1,5 > 1.

754

Since R** = %R('z)kz,zﬂ:o, by the Cauchy estimate, we have

2z 1 2) [|* *
H‘R H|D(S) < ;”R( )”a,ﬁ,D(s,r) < HRHT,D(S,T)’

where ||| - ||| denotes the operator norm from [%P — [P,

Note that the operator R*? is equivalent to the operator R = (vinjwj) from
12 — 1% and |||I§|||2}D(S) = |||R**||| p(s), where v; and w; are some weights, ||| - |[|2 is
the operator norm from /> — [?. Thus we need only consider the norm of [*-operator

R.
Let R=Y, R(k)e*? —F =% F(k)e*? we have

R (k) o
—_— |k — 0
<k,w>+ﬂj—ﬂi’||+|Z il #0,

iF(k) =
where {Ej(k) : k € Z"} are the Fourier coefficients of the (i,j)—components of
the F'. By Lemma and taking = (w, Q; — ;) € O4, by the same way as the
above and combining 2|i¢ — j¢| > |i — j| |i¢~1 + 97|, we know

H 1 ||*< CA£/+2|]€|N+1M
(kyw) +Q— Q0 ~ aNF2i—j] 7

i J.



8 Z.LOU, Y. WU EJDE-2024/02

Again by Lemmal[6.9]

~ CAN+2|k|N+1M _
Fo(k)||F < =k _ 1 " \|R;:(k)||*,i # j.
H ]( )H — OZN+2|I'7].| || j( )H ’L#]
~ NA+2| N +1 ~
Hence, by Lemma NE )|z < Wﬂm(k)ﬂb Summing up for k as
the above, we have

~ cBsM , ~
1F N2, 00s-0) < g Nl o0

Going back to the original operator norm we have

1 cM
;||FZZZ||Z,@D(5—U,T) < WHR”:,D(S,T)-

The proof is complete. U

3. KAM STEP

At the v-th step of the iteration scheme, we are given an S-reversible vector field
X, =N,+P,, where N, = wy% —i—iQ,,z% —iQ,,Z% is a normal S-reversible vector
field, and P, is an S-reversible the perturbation vector field.

To simplify notation, we drop the index “v” and write “+" for “v + 1”. Thus,
P=P, P =P,1, and so on.

To proceed with the next step of the iteration, we assume that the perturbation
vector field is sufficiently small, and we can choose 0 < 7 < % such that

agbtly

|P|:,D(s77‘) < o ’ (31)

where ¢g is some suitably large constant depending only on n and 7.

3.1. Approximation estimates. We approximate P by its Taylor polynomial R
of the form (2.2). This approximation extends to the corresponding components
PO p) plz) and P of the vector field P. Since P is analytic, the components
RO RU_ RZ R and their remainders are given by certain Cauchy integrals.
We then obtain the estimates

HR||:7D(S,T‘) < CHP”:,D(SJ’) ’ (32)
HP - R”:;T,D(sAn'r) < CT]HPH;,D(S,T) :

3.2. Solution of the homological equation. By Lemma 2.1 and the above es-
timates, we obtain

HN||:7D(S,T‘) < CHP”:,D(SJ’) ’ (34)
1EW7 p(s—o,r) < WHPHT,D(S,T)? (3.5)

* cM *
IZFI7 . D(s—20,5) < WHH r\D(s,r)" (3.6)

where P F is the differential of F' with respect to (6, I, z, Z), and the operator norm

| - [I7,» is defined by ||L[|7,» = sup,,g HHL;UII;B,;'

pr’r



EJDE-2024/02 DEGENERATE INFINITE-DIMENSIONAL REVERSIBLE SYSTEMS 9
3.3. Coordinate transformation. From Lemmal[2.1] F is defined on D(s—o,7)x
II;. By Lemma and Cauchy’s inequality, we have th4e following lemma.

Lemma 3.1. If ||F||:’D(S_U’r) < o, then for & € 11, the flow ¢%(-,€) exists on
ﬁ(s —20,%) for |t| <1 and it maps D(s — o0,%) into D(s — o,r). Moreover, for
t <1,

6% —
where id and Id are identity mapping and unit operator, respectively.

We choose E = Hj”&ﬁ, by Lemmas [2.1| and it follows that for [¢| <1,
||¢)§7' - id”:,D(s—QU,r/Q)? O-”‘@(I)% - Id||:(',7',D(s—30',7'/4) S cME. (38)

:,D(37207r/2)’ O-||‘@¢tF - Id”;r,D(sf?)o,r/él) < C”FH:,D(st,r)? (37)

Lemma 3.2. If the S-reversible vector field W(-,£) on'V = D(s—40,2nr) depends
on the parameter § € Il with [|[W]|},, < 400, F is an S-invariant vector field,
and ® = @ : U = D(s — bo,nr) — V, then ®*W (@@)’1W o ® is also an

S-reversible vector field and if E is small, we have ||*W||* ., < c|W||*

nr,U = nr,V-

Proof. See [11] for the verification of the reversibility of ®*W. Since ®*W =
(2®)"'W o ®, we have

"W,
By (3.8) and n* = E

1 s
~Jl@—id|

nr,U < H(‘@(D)_lnjyr,nr,U”W o ¢||;T7U7

nr,U>» ||@(P - Id”:/r,nr,U <1,

then by Lemma it follows that ||W o ®||* Again we have

nr,U
H(@(I))_lnnr nr,U <1+ H(@(I)) - id”;‘;r,nr,U <2,

< cWGo- U

< W1

nrv*
Hence [|®*W |}, 1y <

3.4. New vector field. The map ® = ®%|;,—; defined above transforms X into
X, =®*X = N, + P, on D(s — 50,nr), where Ny = N + N,

1
Pe = (@} (P=R)+ [ (@) [R(). Flat,
0
with R(t) = (1 —t)N + tR. By Lemma we have
”(q)l ) (P R)Hnr D(s—50,nr) < HP RHnrD (s—40o,2nr)>
||((b1) [R( )7 ]”nr D(s—50,nr) S H[R( )’ ]||777‘,D(sf40',27]'r)'
In (3.3), we had already estimated || P — R||*

Lie bracket [R(t), F].
Using the Cauchy estimate we obtain

* c *
||[R(t)7 F]||nr7D(s—4s,2nr) < B”@R(t) -F+9F - R(t)||T7D(S—4O',2’I7’I‘)

C
< —|R®||x
IR()

2D (s,477) > SO it remains to consider the

rD(s,r) "’ HF :,D(sfa,r)'

Then we arrive at the estimate

HP+H:]7’,D(5—5U,7]7’) < Cn”P”:,D(s r) + CMT]”PHT ,D(s,r) :,D(s,r)' (39)
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3.5. New normal form. We consider

N o . o .. _0
N+ = N + N = w_,_% + IQJ’_ZE — IQJ’_Z%
with ||N||TD ) < NPl ps e Where wy = w + @, Qp = Q+ Q. This implies
‘W‘D < ||P||r,D(s,r)7HQ||76,D(S,T) = HPH:,D(S,T)’ where ”Qll*—é = Supj21j_5||Qj||*‘
With —d < p — p, we have
1S + QU1 5, p(s,r) < 1P Do - (3.10)

For |k| < K, we observe that |l|s < |l|a—1 < [{]4, hence

00,2) + (,82) < 1] ol + s - 1925 < ekl G2 < cal

with & > c|k|Ak||P||%:. Using the bound for the old d1v1sors, the new ones then
satisfy

(koo (©) + (L2 ()] > a+%, K < K, (3.11)

on II with a4 = a — a.
4. ITTERATION AND CONVERGENCE

In Section 3, we present a detailed process of one cycle of the KAM iteration.
Now, we choose a sequence of relevant parameters that allow us to perform infinitely
many iterations of the KAM step. For v > 0, define

Qo Oy
Qy = —73 Uu+1:7»
Vv

3
ClMl,Eﬁ

_ _ N+1
6y+1—m7 My—(M1+M2+01(61+~..+6V,1)) ,

_ QY 2 __ €v _ €v
Ay = M,’ = o) P2l = ) T2
Furthermore, s,,+1 = s, — 5oy, r,,+1 = 771,7"1,, and D, = D(s,,r,). As initial value
fix o9 = 35 <1 7 so that sg > s; > --- > 3, and assume that
N+2 _a+1 —2
0 <oy Cogtt, 0 < (e + ),

where ¢; is twice as large as the constants that appear in Section 3, c3 £ ¢ - M >
My, M = (My + My + )N Let Ay = (14 [])7, (1+ ko)™ = L= and
1+K1/ == (1+K0) '2”.

Lemma 4.1 (Iterative lemma). Assume the reversible vector field X, = N, + P,
is regular on D, x II,, where N, is a normal form with coefficients satisfying
jwu " + [[2]]25 < M,

UF

‘<k7WV(€)> + <Z’QV(§)>| > aufka

on I1,,. P, satisfies

07 |k < K[l < 2]k < L,

||PV||;EV,DV < €.
Then there exists a family of real analytic, S-invariant transformations P,y :
D, 1 x1l,41 — D,, and a closed subset

M1 =L\ Uk >xr Rﬁl(auﬂ)v
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where

[l]d }

i ) = {€ e TL||(k, wur) + (L, 2)] < Qi1 —

such that for X,11 = (Pp41)* X, = Nyy1 + Poy1, the estimates
|wl/+1 - wu|* § Céy, ||QV+1 - Qu”*_(; S Céyp.

hold and the same assumptions as above are satisfied with v + 17 in place of v’

4(N+2)

Proof. By induction one verifies that €, < oY F2gbH1/22b+2420+ for all
v > 0. With the definition of 7, this implies ¢, < a?¥+25%1n, /c;. So the small-
ness condition of the KAM step is satisfied, and there exists an S-invariant
transformation ®,41 : D,41 x I, 41 — D, taking X, into X, 41 = Nyy1 + Poy1.
The new error satisfies the estimate

3
" cM e’ _
||Py+1||m+1 Doy S cMynye, = W = €yy1-

One verifies that ¢, < 10y T208T! < o, — a1 /K, - Ak, , hence
ckAg Py, <y —ay1.

So by - 3.11)) the small divisor estimates hold for the new frequencies with parameter
41 up to |k| < K. Removing from II,, the union of resonance zones Rk?l(al,ﬂ)
for |k| > K, we obtain the parameter domain IT,q C II,, with the desired proper-
ties. ]

With (3.7)), (3.8) and (3.10]), we also obtain the following estimates.
Lemma 4.2. Forv >0,

1 Cey
;y||¢ —idly, p,. 2% — |7, , b, ., < N2 BT (4.1)
|w1/+1 - wu|*a HQV+1 - Qu||*_5 S C1€yp, (42)
lwy, —w|™, 120 = Q7 s <ciler+---+¢€). (4.3)

Proof of Theorem[1.1]. Suppose the assumption of Theorem are satisfied. To
apply the Lemma with v =0,set Ngo =N, Ph=P,s9o=s,19 =1, By = F,
ap = o, and v = Yo *1 The smallness condition is satisfied because
||P0||:0,D(50,r0) ||P||7‘ ,D(s,r) <ya= PyOO-aJrl NHL = €0-

The small divisor conditions are satisfied by setting Iy = IT \ Uy R} 1(a0). Then
the Iterative Lemma can be applied, and we can obtain a decreasmg sequence of
domains D,, x II,, and S-invariant transformations {®¥ = ®;0---0P,} for v > 1,
such that (®¥)*X = N, + P,. Moreover, the estimates in Lemma hold.

To prove the convergence of {®”}, we note that the operator norm |||, s satisfies
lA- Bllrs < ||Allrr - | for r > s. We thus obtain

lovt — <[129"I7, r,.0, @1 —idl7, b, > (4.4)

HTl, u+1

and
129" 17 00 .D0ir < ||9<1>1||r1,7~1,p2“'||9‘1> IIiN«U, Dyis

< HII% [ H (1+277) < 400,
j=1
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for all v > 0. Then we have
@ —@¥|x b

So {®"} is convergent on Dy x I, =(,~; D, x IL,,.

Let lim, o ® = @, and (®.)*X = N, + Py, where N, = w, & +iQ,2.2 —
iQ*Z%. Since w, = lim,_ o w, by it follows that |w. — w|* < ce. Since
127, p, < € and limy o0 | Py — P}, p, = 0, it follows that P, = 0 on D, x IL,.
By it follows that |®, — id|* < ce.

Now we estimate the measure of II,. By Theorem ﬂ:Zl,

< cf|@uia —idll7, p

v+l — v41?

meas(II — I1,) < c(diam(Pi)H%,
so meas(II —I1,.) < Y>> meas(Il —1II,) < ¢ (diam(Pé)"~'a”. This implies that if
« is sufficiently small, IT, is nonempty. (I

5. APPLICATION TO THE BEAM EQUATION
5.1. Reversible seting of beam equation. We consider the beam equation
Ugy + Uggwe + M+ uu? =0, m >0, z €[0,n], (5.1)
with Navier boundary condition
u(t,0) =0 = u(t,n), (5.2)
Uz (8,0) = 0 = Upy (£, 7).

We denote the operator D as Du = (Orpas + m)l/Qu and introduce v = u;, then

(5.1) takes the form

Ut = v,
5.3
vy = —D%u — uu?. (5:3)
We set )
w = —(Du —iv),
v2 (5.4)
w = —(Du + iv).
5(Du-+iv)
We then obtain )
wy = iDw — iD_l(w + ) - (w —w)?,
(5.5)

w; = —iDw + iD‘l(w + ) - (w —w)>.
The eigenvalues of the operator D are A; = y/j* +m, j > 1, and the corresponding

eigenfunctions are ¢;(z) = \/g sin(jz), which form a complete orthonormal basis

in L2[0,7]. Let w = 2 i>14%(x) and w = Y ., qj¢;(x). System (5.5) is then
transformed into the lattice form B

g = i\jgj + Q)

_ ) (5.6)
g = =i\ + Q'Y
where
o (g9)
Q(qg) — § : § : Qaq.ﬁ%lmnqlaqglqz’ (5.7)

Lmn>1a,B,ve{+,—}
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< io | _
Q(q]) = —Z)\l 1almnj7 g G {+7 _}7 (5.8)

afy,lmn

constant, +l+m+tn =7,

Almngy = /Oﬂ- ¢l($)¢m($)¢n($)¢j($)d$ = {

0, otherwise.

In particular,
ayj; = %’ itl=j,
O N R
The system (5.6) can be reinterpreted as a reversible context with respect to the

involution Sy(q,q) = (7,q). To this system we associate the Sy-reversible vector
field

X(q,9) = Ma,0) + Q(g, 9) (5.10)

where
o 0 o 0
— @)y 7)— — @)y 5)—_
A ;:iA (¢:9) o Q UE:iQ (¢:9) G
with

A (g, q) = (A9 ;51 = (—0iXjq)) =1,
Q" (q,q) = (@) (¢,);51-

Now we establish the regularity of the nonlinear reversible vector field Q. To this
end, let lg and L? be the Hilbert spaces of all bi-infinite, square summable sequences
with complex coefficients and all square-integrable complex valued functions on
[—, 7], respectively. Define the inverse discrete Fourier transform F : IZ — L? by

1 g
Fg=—=Y ¢;¢"", q=(a)jez €lj.
2n ez
This defines an isometry between the two spaces.

For a > 0 and p > 0, define the subspaces [;” C [ consisting of all bi-infinite
sequences ¢ = (g;);ez with norm

lgli2,, = lgol? + > lgj[2|51%e2le.
Jj#0
These subspaces induce subspaces W®P C L? under F, normed by 1Fallap =
lglla,p-

Lemma 5.1. For a > 0,p > 0, the vector field Q is an analytic map from a
neighborhood of the origin of 15" x 15" into I5? x 137, with

l1@Map = Olallz,),
where the norm [[|Qlllap = 1QVlap + Q7 la.p-

Proof. Let q € 13", Considered as the functions on [—m, 7|, w and @ are in W*?
with |w]lap < l@llap, 1©llap < Gllap. D 'w and D7'w are in WP+ with
1D~ wllapt2 < lallap, D7 @]lapr2 < |G]lap, for m > 0. We denote

ﬂmwﬁ>&D*m+wym—wﬂ
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By the algebraic property and the analyticity of f(w, @), the function f(w,w) also
belongs to WP with

1f (w,0)la.p = ||—7D Yw 4 w) - (w —w)?
< c(|D7rw - w?
+ D70 w?|ap + 2| D7D - wibllay + [ D7D 57| p)

la.p

lap + 2D w - wib o + [|1D7 w0 - B lap

< e(IID7 wllapr2llwllaplwlap + 211D wllaprallwllap D)o

+ D™ wlaps2l@lapl@lap + 1D Dllapsallwllaplwlap

a.p)

+2| D7 00 pr2lwllapl@llap + 1D 0] aps2l| Do

< cllalla p,

in a sufficiently small neighborhood of the origin. By Q%) = fow f(w, w)¢;(x)dx
the components of the Fourier sine coefficients of f(w, @) . Therefore Q%) belongs
to I3’? with

1QDlap = [1f (w, @)llap < cllall? .
ie., [[1Qlap = Olall3 p)- -

5.2. Birkhoff normal form. In this section, to apply the KAM theorem, we
transform the reversible vector field X into a Birkhoff normal form. Before proving
the proposition, we give the following lemma.

Lemma 5.2 ([10, Lemma 4.1)). Ifl,m,n,j € Zo satisfy ol + Bm +yn —oj =0
and

((L, @), (m, B), (n,7), (4, =) # ((p, +): (P, =), (@, +), (¢, —)),
then
1
oA + BAm + 7 — 0N > ——,
(h* +m)?
with h = min{l,m,n, j}.
Proposition 5.3. There exists a real analytic, Sy-invariant transformation I" in

a neighborhood of the origin of 157 x 15", which transforms the Sy-reversible vector
field X into

I"X =Dl 'Xol'=A+Q+Q+K

such that the corresponding fields @, Q and K are analytic maps from a neighbor-
hood of the origin of 1577 x 157 into I5P x 157 where

11K llap = OClallz ,)-

Proof. We denote A ; = {(I,m,n) € N3 : min{l,m,n} < a}, Ba; ={(l,m,n) €
A = (L), (m, B), (n,7)) = (0, +). (, ), (4,9)). We write Q = Q+Q+Q where

9 (a7) o 0
Q = Z Z Qaqﬁ’y imndl quqna 0'7
o=%,j (I,m,m)E€B;z,0j,0,B,7y
A (q9) 0
Q - Z Z Qaﬁ'y lmnql mena 0-7

o=%,j (l,'m,,m)EAa,’j \BE,,rrj 06,8,y
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. (a9) 9
Q = Z Z Qaqﬁw,lmnq?qglqgﬁ'
J

o=d%,j (Lm,m)€AS J,a,B.y
Then the reversible vector field X becomes
X=A+Q+Q+0Q. (5.11)
Let I' = ¢} be the time—1-map of the flow generated by the vector field
e 0
r= O;I: l,m,m,jzzzl,a,ﬁ,’v Fi{gy)’lmanqquaiq?

with coefficients
(a7)

iQ
g Bl : . .
c(t(g’y)lmn = a)\erﬁ)\o:nl’YT)’\L:*o')\j ’ if (l’ m,n,a, 57 ’Y) € Ar’u] \ Baw‘fﬁ

0, otherwise.

Note that F' is well-defined because of Lemma [5.2]
By the Taylor series expansion of (¢%)*X at ¢t = 0, we have

"X = (¢})°X

:A+MJW+Q+LN1—®@@“MJ$H&+K;quQFMt

The last line constitutes the higher order term K.
By a direct calculation, we have

(0% 8 : (0% a
(A, g Q’;qZTq;-] =i(aN + BAm + 7\ — 0Nj)q) ngg@~

It follows that
A F]+Q

=Y Y eiaN B e — D Q) ardl,

o=%lm,n,j>1,a,8,y
=Q+Q.
Hence formally we have I'*X = A + Q + Q + K as claimed.

Now we investigate the analyticity of I'. We first prove that F' is an analytic
vector field on I3"? x 157 of the order three at the origin. Indeed, from Lemma

we have
F@ =1 S ST FEY) atdbal

Lmnz1a,By

< 3 S EY L llatllel gl

+l+tmtn=j o,B,y

<ea o Y>> latllanllayl

+ltmEtn=j a,B,y

v___
Qnaq;;

Let wy; = (|¢7]),j > 1,0 = &, we have

Yoo > latllanlladt= Y0 D lwarllwsmllwnal

+l+mtn=j a,B,y +l+tmEtn=j a,B,y



16 Z. LOU, Y. WU EJDE-2024/02
= Z [wi[wn [[wy]-
+l+mEn=j,l,m,n#0
Let w; = |w;| + |w—;|,j # 0, and for Vj,w; > |w;|. Then we prove that
Z ‘wl‘|wm||wn| SCQ('LD*’LD*@)J
+ltmtn=j,l,m,n#0

In fact, for each combination of +1 + m +n = j, for instance, considering the sum

Yo lwilfwallwnl.

l—=m—n=j
Let ' =1, m' = —m, n’ = n. Then
lwy| = |wy| < by,
[ win| = [w_pv| < Wy,
[wn| = |w_n'| < W,
Yoo wllwmlleal = Y wpllwol | < Y T i
l-m—n=j U4m'+n'=j Vtm! +n'=j

By the definition of discrete convolution,

ﬁ}l/’d)m/wn/ = (’lU * W k 'lU>]
UV4+m/+n'=j

Therefore, we obtain

1D ap = [> €2 j2|F@)]?

j>1
< |37 e jerccs| (i« i+ ), 2
#0

0162H’LZ) * W * ILDHG»I?

INIA

crca|| @3,

IN

cllall? .

where ¢ depends on h and m. The analyticity of F' follows from the analyticity of
each component function and its local boundedness. The estimate for K can get
from || F@ |4, = O(ldll? ) and Q' lap = O(llall3 ,)-

By straightforward calculations, one can verify that F o Sy = DSy - F. So I is
Sp-invariant. This completes the proof. O

5.3. Applying the KAM Theorem. Given an index set J = {j; < j» < -+ <
jn} € N, and denote N; = N\J. We introduce the action-angle coordinates (6, I)
and normal coordinates (z, z) by the transformation W:

jSb:\/lb+§beii9ba b=1,2,....n,
q]i = Z;tv .7 S Nla
depending on parameters £ = (£1,...,&,) € R}. We obtain a new vector field

X=U"T*X)=N+P (5.12)
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where
0 0 0
N = — +1if) i) 1
(&) 55 +10E)z5- — O3 i (5.13)
P= > P02z g)a—w (5.14)
we{0,1,z,z}
with
I~ 1 «
wp = Aj, — 1 > N e Q=X - 1 D N 56k (5.15)
k=1 k=1
1 _
PO = — Z)\jk Wi jngugo Ik — 4 Z Al lalljbjb‘zl|2
teth (5.16)
(Q(ij) 4 K(ij)) o B (Q(‘jjb) + K(@'b)) oW
2iqu 2iqu ’
PO = Q) 4 K(W)) 0 W, + (QU) 4+ K)o Wgy,, (517
P = (Z)\]k a]kaJJIkZ + lele >‘ alljj|zl| ) (5.18)

+ (Q(%) + K(CIj )) oW
Lemma 5.4. The vector field X is reversible with respect to the involution
S0,1,2,z)=(-0,1,z%,2).

The proof of the above lemma follows a similar approach as in [I1, Lemma 6.4]
and is omitted here.

Verification of Assumptions (A1)—(A3). The frequency vector w can be rewrit-
ten as

w(l) =a+ A
where
/\jl
. /\jz
o = . 5
A
and
—1 —1 —1
/\jllajljljljl Aggl%mm )‘j3la’j3j3j1j1 /\jnlajnjnjljl
1 Ajllajljljl?é )‘]21(7’]2]2]2]2 /\jglajaj3j2j2 e >\jn1ajnjnj2j2
A= (_Z) Ay @gugsds Ajy Qsdajegs Njy Qjggsjais T Aj, Qnjndads
—1 —1 —1 —1
Aiy Qrgrinin Njy Lingojnin  Nja sdsinin A jninin
As we can ﬁnd that
1 3
| =[Al = (—)"A A (= A —1)(5= )"1750
| = 4 J 2T ) 2

It is easy to see rank{2 } = n and there exist a positive constant M; such that
lwllen1ry < My. So the Assumption (A1) is satisfied.
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From Taylor’s formula we know that
- - 1 n . .
Qj — ,/‘74+m_7<§71++£7> :]2+O(j 2)’
am /\jl /\jn,
and there exist a positive constant My such that
19 = 72 llewaqm < M2j ™2, Vi =1

So Assumption (A2) is satisfied. From Proposition [5.3|and (5.12)) we know that the
perturbation P is analytic, thus Assumption (A3) holds. And we have verified all
the assumption of Theorem

6. APPENDIX

Definition 6.1 (Infinite-dimensional reversible system). Suppose S is an involution
map: S(0,1,2z,z) = (=0,1,z,z) on &*P. We say that an infinite-dimensional
system

=X(0,1,z2,%)

W W~ D

is called reversible with respect to S (or S-reversible), if X o S =—-DS - X. ie.,
X(S(0,1,2,2))=-DS0,1,2z,2)-X(0,1,2,2), V(0,12 2)e PP,
where DS(0,1, z, z) is the tangent map of S.

Definition 6.2. A transformation ® is called invariant with respect to above in-
volution S (or S-invariant) if ® 0 .S = S o ®.

Definition 6.3. Suppose S is an involution map: S? = id. A vector field X is
called invariant with respect to S (or S-invariant), if DS - X = X o S.

Lemma 6.4. If X is S-reversible, Y is S-invariant and the transformation ® is
S-invariant, then [X,Y] and ®*X are both S-reversible. In particular, the flow ¢
of Y are S-invariant, thus (¢} )*X is S-reversible.

Lemma 6.5 ([17]). The convolution w % v of two complex sequences w,v in ly" is
defined as (w*v); = > Wj—mVm. If a > 0,p > %, then 157 is a Hilbert algebra
with respect to the convolution of sequences, and
lw vy < cllwllp[v]lp,

the constant ¢ depends only on p.
Lemma 6.6 (|16 Lemma A.1]). If A = (Ai;) is a bounded linear operator on 12,
then B = (B;;) with

A
= ‘ U|. 5 23&.77

i =4l

and B;; = 0 is a bounded linear operator on 12, and || B| < %HAH

j

Lemma 6.7 (Cauchy’s estimate,[16, Lemma A.3]). Let E and F be two complex

Banach spaces with the norms || - ||g and || - ||p. The first-order derivatives d,G of
G at v is a linear mapping from E to F, whose operator norm is defined by
d,G(u F
4, — sup 1420

wro  |lulle
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If G is analytic on B,., the open ball of radius r around v in E, then
1
[doGllre < - sup [[G(u)]F.
T ueB,

Lemma 6.8 ([6, Lemma A.4]). Let k = (k,1), with k € Z", @ = (w, ) withw € R"
and Q € R, and

04 = {w|(k, )| > %,Vk = (k,1),k € Z"}.

Let Gf, = ﬁ, then Gy, is infinitively differentiable on Oy with respect to @ in the
sense of Whitney and the lth derivatives of Gi(®) is

0! _ U —\l]+1

o G(@) = (~1) K G (@)1

Lemma 6.9 (|21, Lemma A.5]). If fi and fy belong to CN-Y(I1), then f, - fo belongs
to CNH(1I) and

If1 - fellevaany < [lfillevaqy - 1f2llons om)-

Lemma 6.10 ([2I, Lemma A.6]). Let f(®,&) be analytic in ® on D C P*P and
belong to CN-Y(II) in &, where D is an open set of P%P. Let || - || be the norm of
PP, Denote by D_, = {® € D,dist(®,0D) > p}, where 0D is the boundary of D.
If®:p€DyCD— @(p;8)eD_y, for all £ € 11, and sup,ep, [|[P(p;-) —id[|* < p,
then for Vo € Dy,

[F[®(es ), IlI" < e sup [[£(®, )",
®eD
where || - ||* denotes the norm of CN>'(IT) and ¢ only depends on n and N .

Lemma 6.11 ([2I, Lemma A.7]). Let D be an open domain in a complex Banach
space E with the norm || -||. X : (9,€) € D x I — FE is a parameter dependent
vector field on D. Suppose X to be analytic in ® on D and belong to C’N’l(H) in
. If supyep | X(@;-)[|* < p, then for each & € 11, its flow ®'(-;€) exists on D_,
for |t| <1 and maps D_s, into D_,, where D_, and || - ||* are defined as those in
Lemm(@. Moreover, on D_5,

() —id[]" < e sup [ X(;-)[".
deD
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