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FAILURE OF THE HOPF-OLEINIK LEMMA FOR A LINEAR
ELLIPTIC PROBLEM WITH SINGULAR CONVECTION OF
NON-NEGATIVE DIVERGENCE

LUCIO BOCCARDO, JESUS ILDEFONSO DIAZ, DAVID GOMEZ-CASTRO

ABSTRACT. In this article we study the existence, uniqueness, and integrability
of solutions to the Dirichlet problem — div(M(z)Vu) = —div(E(z)u) + f in
a bounded domain of RN with N > 3. We are particularly interested in
singular £ with div £ > 0. We start by recalling known existence results when
|E| € LN that do not rely on the sign of div E. Then, under the assumption
that div £ > 0 distributionally, we extend the existence theory to |E| € L2.
For the uniqueness, we prove a comparison principle in this setting. Lastly, we
discuss the particular cases of E singular at one point as Az/|z|?, or towards
the boundary as div E ~ dist(z,dQ)~27<. In these cases the singularity of
E leads to u vanishing to a certain order. In particular, this shows that the
Hopf-Oleinik lemma, i.e. du/dn < 0, fails in the presence of such singular drift
terms E.

1. INTRODUCTION

It is well known that many relevant applications lead to the presence of a con-
vection term in the correspondent model which, in its simplest formulation, leads
to a boundary value problem for linear elliptic second order equation of the type

—div(M (2)Vu) = —div(uE(z)) + f(z) in Q

u=0 on 0. (1.1)

Here Q@ ¢ RY, N > 3, is an open, bounded set, and we assume that M €
L>®(Q)N*N s elliptic

M(z)E-€>alé]?, VEcRY and ae. x € Q.

According to the regularity of the right-hand side datum f(z) it is natural to search
the solution in the energy space W(}Q(Q) (case of f € H™1(Q): see, e.g. [21) 16, 1]),
or in a larger Sobolev space if f is singular (see [1]); when f € L'(Q), see, for
instance, [8], or when L'(Q,d) with §(x) = d(x,00), see, e.g., [7, 13].

In the mentioned references it assumed that the convection term is regular (for
instance £ € W1°°(Q)) and that it satisfies an additional condition which helps to
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have a maximum principle:
divE >0 a.e. on (. (1.2)

Recently, some effort has been devoted to get an existence and regularity theory
under more general conditions on the convection term E by different authors (see,
e.g. [IL 5] and their references). For instance, solutions in the energy space can be
considered under the conditions |E| € LV (Q) and f € L%(Q) In [13] and [12]
the authors study the case in which |E| € LY (Q) and divE =0in Q and E-n =0
on 99, f € L'(Q,d). See also [15] 20].

In this article, we show that makes div F/ behave like a non-negative poten-
tial in the Schrodinger case, and we can apply techniques from that setting. See, for
example, [12] [13] 14, [I7]. We focus on the case where holds in distributional
sense.

The article is structured as follows. First, in Section [2| we review known results
for the case |E| € LY and f € L%(Q) which were published in [I], were shown
there is a unique weak solution of that can be constructed by approximation.
In Section [3| we show that if |E| € L?(Q), divE > 0, and f € L™(f) for some
m > 1 then the same approximation procedure converges to a weak solution of
, and we give some a priori bounds for this solution. In Section 4| we show

that, if we also assume f € L% (Q), then this constructed solution is the unique
weak solution of ([1.1J).
Then we move to discussing interesting examples that fall in this setting. In

Section [{] we focus on the case
T

IEE

which is somehow in the limit of theory since it is not in LY (Q2) but it is in L"(£2)
for r € [1, N). In [5] the authors examined the more general class
Al

B < (1.4)

E() (1.3)

The authors show existence of solutions u, where the summability is reduced as | 4|
is increased. Their results indicate that the sign of A should play a role, but the
application of Hardy’s inequality (which they use in a crucial way) is not able to
detect this fact. In Theorem we show that if N > 1, f € L™(Q) for suitable
m, and A > 0 then we can use the sign of div F to deduce that the solution ua of
with E = AJ satisfies

ug —0 in L'(Q) as A — +oo.

By the contrary, when A < 0 we cannot improve the result in [5]. Notice that this
is similar to the equation L(ug) 4+ Bup = f, whereas B — oo we have ug — 0.
Lastly, in Section [ we discuss the case where F is suitably singular only on the
boundary. We present an example showing that if div E behaves like d(z,9Q) 27
for some v > 0 and f is bounded, then the solutions are flat on the boundary, i.e.

lu(z)| < C dist(z, 0Q2)* for some a > 1.

In particular, this shows that the Hopf-Oleinik lemma, i.e. % < 0 on 012, fails in
the presence of such singular drift terms F. Our example can be easily extended
to a more general class of E, as we comment in Section [7] Again, we use the
fact that div E acts as a potential. However, in the Schrédinger equation it is
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sufficient that V(z) > C6~2 to get flat solutions, whereas for E we need a strictly
larger exponent (see Remark . Questions of this type are quite relevant in the
framework of linear Schrodinger equations associated to singular potential since
they can be understood as complements to the Heisenberg Incertitude Principle
(see, e.g. [10) M1 12, 13| I8} [14]). We conclude with some further comments and
open problems in Section [7}

2. KNOWN RESULTS WHEN |E| € LY

We define the Sobolev conjugate exponent

mN mN N
= ifm< o) = i <
m N—m iftm<N, m (m™) N o 1fm_2

We have that m** € [1, o0] for NLH <m< % Notice that m* > 2 if and only if

m > % = (2*)'. Notice that, since m > 1 we have m* > m. In order to compute
explicit a priori estimates, we use the Sobolev embedding constant S, such that,

for 1 <p < +o0
Spllull e (@) < IVullze(a)- (2.1)

We point out the relevance of the constants, for N > 2 of (2*) = 1\2,—12 This

constant depends only of N. Since we are going to require the Sobolev embedding
for p = 2, we assume that N > 3. In [I] the author proves the following existence
theorem with a priori estimates.

Theorem 2.1 ([1]). Let f € L%(Q) and |E| € LN(Q)). Then, there eists a
unique weak solution u of (1.1)) in the sense that

u € Wol’Q(Q) 1s such that M(2)VuVv = /

uBE(x) -Vo+ [ f(z)v(x),
Q Q Q

for all v € Wy(Q). and it satisfies

(1) Logarithmic estimate:

([ nes e )™ = G [1me e g [
0l e = S3a? Jg Sia Jo o

(2) Gradient estimate: there exists C' = C(a, N) such that

2 2 2
[ vu < (1B + 1712 ay,)- (22)
2N N
Nt2' 2

(3) Stampacchia-type summability: For m € |
C =C(m,a, N,|E|L~) such that

[ullmes < Cllfm- (2.3)

(4) Stampacchia-type boudedness: Let r > N and m > % There exists C' such
that

) there exists a constant

HU||L°° < C(m7r7a7 ||f||Lm7 HEHLT) (2‘4)

Remark 2.2. The natural theory for this problem in energy space is precisely
|E| € LN (Q), since in the weak formulation we need to justify a term of the form
EuVwv, where u,v € Wy'*(Q). This means that u € L*>* whereas Vv € L?. So we
always have that uE € L?(Q).
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In [1] the main tool to study the linear problem (1.1)) are the auxiliary non-linear
Dirichlet problems

—div(M (z)Vu,) = —div (mEn(x)) + falz) Q 2.5
u=0 0%,

where the author take f, = T,,(f) a truncation of f through the family
s s| <k,
T(9=1° 1=
ksign(s) |s| >k,

and F, = We will take advantage of a similar approximation.

_FE
1+ |E|
Remark 2.3. Since the problem is linear, for t € R we have that tu is solution of
—div(M(2)V[tu]) = —div([tu]E(x)) + t f(z),

and that FE does not change. Thus, using (2.2))

LNF2

& [ 1Vul? <C(IER Y + 21T a,).
Q
Dividing by =2 and taking the limit as t — oo gives
2 2
[ 1Vul? < IR g, (26)
Notice that in Theorem 1] we will prove this fact for the case div E > 0.

3. EXISTENCE THEORY WHEN |E| € L2 AND divE > 0

The structural assumption in this section is the following:

F belongs to the Lebesgue space (L*(2))V,

3.1
div E > 0 in D'(Q), that is / E-V¢ <0, Y0<¢eWy?(Q). (3-1)
Q
Theorem 3.1. Assume (3.1)) and
N
ferL™ ), l1<m< —, (3.2)

2
and let p = min{2,m*}. Then, there exists a weak solution u of (L.1)) in the sense
that w € Wy P(Q) is such that

/QM(x)VuVU = /QuE(x) ~Vv—|—/ﬂf(a:) v(z), YveWy™(Q). (3.3)

Furthermore, it satisfies

, 2
lellygom oy < Conllfllms i1 <m < 57
(3.4)
. 2N N
Il 2y + b < Con s if g < <

Remark 3.2. From the gradient estimates, we can extend (3.3) to all v € Wy ¢(€2)
by approximation, where q = p’.

Since the construction of solutions in the proof of Theorem [3.1] is achieved by
approximation, we have the following result.
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Corollary 3.3. The solutions constructed in Theorem|[3.1] satisfy [2.3) and (2.4).
We say that w,, is a weak solution of (2.5) . ) if u € WOI’Z(Q) is such that

/M(m)Vuan:/ —T W+/ fa(z)v(z), Yoe W, 2(9Q).
Q 1+ |n|

(3.5)
The existence of a weak solution if E,, € L?(€2)" is a consequence of the Schauder
theorem. The proof of Theorem [3.1]is based on the following approximation lemma

Lemma 3.4. Let u,, be any weak solution of (3.5)) with E,, = E, (3.1)), (3.2), and
fn =Tu(f). Then, for any weak solution u,, of (3.5) we have that

{lunHWl Q) < G || fllms if1<m< N+2; (3.6)
Hun”vvl 2(Q) + [Jun [lme < C’m I fllms if 1\2752 <m< ﬂ~ .
where

Cy, does not depend on E. (3.7

Hence, up to a subsequence, {u,} converges weakly in L™

Proof. Our proof is the same of [4], since we will see that the contribution of
new term on E is a negative number. We use T}, ()| Tk (un)[?7~2 as test function

3.9), v = "2‘—, we repeat it is possible since every Tj(u,) has exponential
summability. Note that 2y — 1 > 0 since m > 1. Thus, we have

/Q M () Vit V (T (1) | T (1) 27 2)

U _ _
— [ T B V) Telan) ) + [ fol) el Tin) P72,
To study the second integral, we define the function
St[t2r2
H,(s) = dt
) /0 L+ 51t

It is easy to check that H,(s) > 0 for all s € R. Thus, using the sign condition on
div ¥ we have that

J, 75 Fan P P a7

= / (27— 1)1k (“” |T|’}(k<ull>r_ E(z) - VTi(uy)

/ H,(Ty(un)) E(z) - VI (un)

/ E(z H.,(Ty(un))] < 0.
Hence, we have that
/QM(x)VunV(Tk(un)ITk(un)|27_2) < /an(x) T ()| T () 72,
which is the starting point of [4], and we obtain the estimates

”Tk(un)||wol»m*(g) <Cn [ fllm, if1<m< m%
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2N N

e ) + Wil < Con 71 s <
Letting k£ — oo we recover ({3.6]). O

With this lemma, we can pass to the limit to prove Theorem

Proof of Theorem[3.1. Up to subsequences, {T}(uy)}, as constructed above, con-
verges weakly (in Wy™ (Q) or in Wy 2(€2) N L™ (Q)) and it is possible to pass to
some u (note that w € L™ (Q2)). Recall that E € (L?)V. To pass to the limit in

Un
—— F,(x)- Vv
/91+,£|un| (@)

in (3.5) we need
1 1 1
1>—+—+-.
- om* - N + 2
That is equivalent to m > 13—]12 Thus we pass also to the limit in (3.6)). O

Remark 3.5. Note that, once more it is possible to develop an approximate method
in order to prove the existence when F € L". Indeed, let Ey € L™, r > 1 and
E, € L? converging to Ey in L". Define now u,, in the corresponding way, we can
use the statement of , so that we can say that estimates still hold for
this new sequence {u,} and once more we can pass to the limit, and we prove the

existence if
1> 1 n 1 2
—r m N

We can provide further a priori estimates when div E > 0.

Proposition 3.6. The solutions constructed in Theorem satisfy the following
additional estimates:

(1) (L' estimate) If div E € L*(2) then we have that

/Q\u|divE§/Q|f|. (3.9)

(2) (L™ estimate) If divE > ¢o >0 and m > 1 then

m_ | fllzm
m <L —— 3.9
lullzm < —— ‘o (3.9)
We will later take advantage of (3.8)) and present several extensions. See, e.g.,

Lemma where we extend the result to div E € L}

loc*

Remark 3.7. Notice that (3.9) blows up as m — 1. In fact, it is known that the
case m = 1 does not satisfy such an estimate.

We prove a priori estimates under the assumption of div E > 0 for bounded (or
even smooth) E, which we now know will hold for approximations.

Proof of Proposition[3.6. Assume first that E € (L)Y, and f € L™ for m > 1\2,712

Then, we can deal with the unique solution v € VVO1 2(Q) that exists by Theorem
Because of the construction by approximation in Theorem the estimates
pass to the limit in the construction. Take h € W1°°(R) such that h(0) = 0. We
take v = h(u) as a test function we can write

a/ﬂh’(u)|Vu|2S/QM(x)Vu-Vh(u):/QuE-Vh(u)—i-/th(u).
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We can write
uVh(u) = uh'(u)Vu = VF(u)
where F(s) = [ 7 h'(7)dr. Hence,

a/Q '(u)|Vul* < /E VF(u /fh

Now we prove both items
(1) Since div E € L*(2) we can integrate by parts again to deduce

oz/ﬂh'(u)|Vu|2+/QF(u) divEg/fh(u). (3.10)

Let us consider h(s) = T.(s)/e. Then h. > 0 and |h.| < 1 and, hence, in

/F d1vE</|f|

It is clear that F.(s) — |s| a.e. as € = 0. Then

/Q|u|divE§/Q|f|.

(2) Let us take, for m > 1, h(s) = |s|™~! then

F(s)=(m— l)/ |7|™ 2 sign(7)Tdr = n- 1sm.
0

m
Hence, going back to (3.10]),

m —

=l

Co m

divE < / Flu™ Y < | f Ll

Hence, we simplify
m_|[flloe

m <
Jullom < T B

4. COMPARISON PRINCIPLE AND UNIQUENESS

To show uniqueness of solutions we prove a weak maximum principle.

Theorem 4.1. Let f € L%(Q) and B1). Then, if u € Wy (Q) is a solution of
(13.3) then

IVutlz < 7||f+|| 2

NF2

Hence, there is, at most, one solution of (3.3)) in Wol’z(Q). Furthermore, if f >0
then u > 0.

We first prove the following lemma.

Lemma 4.2. Let m,r > 1, E € L" (Q) with 0 < divE € D'(Q). Then, we have
that

—/ EVu>0 Y0<wveW," (Q). (4.1)
Q
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Proof. By definition of having a sign in distributional sense, for 0 < ¢ € C°(),
we have that

7/ EVyp = (divE,¢) > 0.
Q

For 0 < v e W, (2), we can find a sequence 0 < ¢,, € C>°(), such that ¢, — v
in W,"(Q). In particular, Voo — Vo in L"(Q). We can pass to the limit in the
estimate. |

Proof of Theorem[4.1. Let u be a solution. Take p,, a family of non-negative molli-
fiers, and use v,, = p,*u* as a test function. Passing to the limit in n and applying
the previous lemma

u? 1
a/ Vut? < [ EV—- +/ Jut < fll @y llut e < g I Flley Va2
Q Q 2 Q S
We recover the estimate. O

Lemma 4.3. Let E € L"(Q)YN for r > 1 with divE > 0 in D'(Q). Then, there
exists a sequence E,, € W1>°(Q) with div E,, > 0 such that E — E in L"(Q)V.

Proof. We use a similar decomposition to [22, Theorem 1.5] (done there for r = 2).
First, we define

—ApM =divE in Q,
pM' =0 on dQ.

By well-known results we obtain a unique solution p(*) € WO1 (). Take B =
VpM). Lastly, take E®? = E — EM ¢ L7(Q). Notice that div E® = 0. Due
to [19], E® admits a divergence-free extension to L”(R?), which we denote E®).
We can take a family of mollifiers p,, and B = E® x p, € Whee(Q). Now let
0<g® =divE® e W-1"(Q). Let gg) > 0 be a sequence of C°(Q) functions

with g5 — ¢ in L™ (Q). Take p$" the unique solution to

—ApD = g,(ll) in €,

n

pV =0 in 9.

Finally, define ES” = Vp{) € W°(Q). It is now easy to see that ES) — E@ in
L™ (Q)N for i = 1,2, and the proof is complete. O

Theorem 4.4. Let f € L™(Q) and E € L"(Q) such that 0 < divE € D'(Q) and

1 +1<1 / 2N < <N
S W if =2 e <
min{2* m**} = r — N+2~  — 2

1 1
— + - <1 otherwise.
2* " r

Then, taking ¢ = min{2, m*} (using formally m* = oo for m > N ) there exists a
solution of: u € Wy*(Q) such that

/ M (z)VuVv = / uEVv + / fu, Ywe Wr(Q). (4.3)
Q Q Q

Furthermore, if m > ]\2,—52 and r > N it is the unique solution of (3.3)).

(4.2)
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Proof. Let fr = Tr(f) where Ty, is the cut-off function. We consider E}, constructed
in Lemma By Proposition there exists a unique weak uy solution of .
Since the -* operation is monotone, then ¢* = min{2*, m**}. The sequence uy, is
uniformly bounded in VVO1 1(Q). Therefore, by the Sobolev embedding theorem, it
is uniformly bounded on L7 (Q). Up to a subsequence, there exists u € Wy4(Q)
such that

Vup — Vu in LY(Q)
up —u in L7 ().
Since M € L>®(Q)N*N | By, — E € L"(Q)Y strongly and we have that
M(z)Vu, — M(z)Vu in LI(Q)
up By — uFE  in LY(Q).

Therefore, we can pass to the limit in the weak formulation for v € WO1 ().

If m > ]352 and r > N, then uE € L?(Q), and it is a solution of (3.3) by

approximation. Il

5. CONVECTION WITH SINGULARITY AT ONE POINT

With the approach developed in this paper we are able to study the special
situation

E=A"_ where A>0 (5.1)
jz?
which is somehow in the limit of theory since it is not in L (£2), but it is in L"(£2)
for r € [1, N). In [5] the authors examined the framework of drifts such that
4]
1B < 7, (5.2)
||
The authors show existence of solutions u under (5.2), where the summability is
reduced as |A| is increased. They proved the following result.

Theorem 5.1 ([5]). Let f € L™(Q) and |E| < |A|/|x|. Then, there exists a solution
u the solution of and

(1) If 14| < W and m € [1\2,—12, &) then u € Wy ()N L™ ().

(2) If 14| < W and m € (1, ]\2,—]):2) then u € Wol’m*(Q).
(3) If |A] < a(N —2) and m =1 then Vu € (M%(Q))N and u € Wy (),

for every q < %

Above, M~ T denotes the Marcinkiewicz space (see [0 for the definition and
some properties). The argument in [5] is based on Hardy’s inequality

N —2\2 |ul? 2
—_— — < Vul*. 5.3
(N)/RN|:C|2—/RN|“| (5:3)
We are able to extend this result to distinguish depending on the sign of A. Our
result is the following theorem.
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Theorem 5.2. Let f € L™(Q) for some m > 1 and (5.1). Then, there exists a
solution ua of (4.3)), and it satisfies the estimates in Proposition . Furthermore,
us — 0 as A — oo in the sense that

ale) 1 [

< 7.
o ef =AW —2) J,
2N
Ni2’

We point out that, if m > we have furthermore uaE € L?(2).

Proof. Since N > 3 we know that |E| € L*(Q) and that

. _n O 14— A(N —2)

_ 1-N N—-1 1 _
divE =r a(’r A’I" ) = W (54)
is non-negative, and it is in L*(2). Then, we have satisfied the existence theory of
Theorem Because of Proposition and (5.4) the estimate follows. ([

6. CONVECTION WITH SINGULARITY ON THE BOUNDARY

The aim of this section is to understand the case where E is regular inside €2
but blows up towards 9f2. For the sake of simplicity we present an example, which
as mentioned in Section [7] can be generalized, but the computations become quite
technical. Let us consider ¢; the first eigenfunction of —A with Dirichlet boundary
conditions, i.e.,

—Ap; = Apin Q,
1 = Oon 0N2.

We normalize it so that [|[Vei1]pe = 1. It is known that there exists C' > 0 such
that
0 < Cdist(x,00) < ¢1(z) < Cdist(z,09), Va € Q,
and near 02 we have that
Vi (z)] > C > 0.
We focus our efforts on the particular case

E=—p "'V, for somey >0, (6.1)

and f € L°(Q), the space of bounded functions with compact support in €.
The aim of this section is to prove the following theorem.

Theorem 6.1. Let E be given by (6.1), M =1 and f € L2(Y). Then there exists
a unique u € HY(Q) N L>®(Q) such that uE € L>®(Q) and u is a weak solution in
the sense that (3.3)) holds. Furthermore, u is flat on the boundary in the sense that

for all a > 1 we have that |u(z)| < Cy, dist(z, IN), for a.e. x € Q. (6.2)
We will give the proof below. First, we prove positivity in the interior.

Proposition 6.2. In the assumptions of Theorem if f >0 and fQ f>0, then
u >0 in Q.

Proof. Let Q, = {z € Q : d(z,Q) > n}. Consider u,, the solution of with
E given by and u, = 0 in 09,. Notice that £ is smooth on €2, for > 0.
Since we already know from Theorem that v > 0 in €2, the classical comparison
principle in €2, ensures that u, < u for any n > 0. Take n > 0 small enough so that
fQ" f > 0. Then, by the “classical” strong maximum principle we obtain u, > 0 in
€2, and the proof is complete. O
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It is immediate to compute that
divE = (1+7)e1 7 [Verl* — o1 77 Apy
= 1+ Ve + Ay

Hence div E(x) > cdist(z,09)7277 near the boundary. Notice that E and div E
are not in L'(§). We start the proof with a lemma.

Lemma 6.3. In the assumptions of Theorem[[.]), assume furthermore that div E €
LL (). Then udivE € L*(Q), still satisfying estimate (3.8)).

loc

Proof. We consider the approximating sequence for Theorem For the approxi-

mation we know that
/ [t | div E,, < / [£]-
Q Q

Let us fix K € 2. We have that

/|un|divEn§/\f|.
K Q

Since we know that divE, — divE in L'(K), we have that, up to a further
subsequence, div F,, converges a.e. in K. Hence, applying Fatou’s lemma

/K|u\divE§/Q|f|.

Since this estimate is uniform in K, we can take K;, = {z € Q : dist(z,0Q) > h}
and deduce, as h — 0, that (3.8) holds. O

The solution found in Theorem is unique in a certain class. We provide a
uniqueness result extending Theorem [£.1] which can itself be generalized to a larger
framework.

Lemma 6.4. Assume that u € H} (), E € L°.(Q), ulE| € L?(Q), divE > 0
distributionally, and f € L%(Q) Then

1
+ +
IVaTlle < o172, -
In particular, there is at most one weak solution in H}(Q) of (L.1)).

Proof. We want to repeat the argument in Theorem [£1] i.e., taking v = u in the
weak formulation and using that

—/uE-Vu+20.
Q

We prove this formula by approximation. Take n € C2°(€2). There exists K € 2
and ¢,, € C°(K) such that ¢, — u,n in Hg(2). We have that

¢2
_/ SmE -V, = <diVEa 7m> > 0.
Q 2

Since E € L*°(K), we pass to the limit to deduce

- [ wen) - B9 (i) >0
Q



12 L. BOCCARDO, J. I. DfAZ7 D. GOMEZ-CASTRO EJDE-2024/13

Now we expand

/Q(uw)E-V(uw) z/QuinE~Vn+/Qu+772E-Vu+

Now we take n,, 1. In particular n,(z) = no(mepi(x)) where 7y is non-
decreasing, no(s) = 0if s < 1 and no(s) = 1 if s > 2. Clearly |V~ < Cm.
Since uy € HE(Q), then uy(z)/p1(x) € L*(2) by Hardy’s inequality. And we
compute

| [ winm - EVny| < U—Jrﬂ\uEngC ui|uE|—>0
+
Q pr(z)<L P11 M p1(z)<L Pl

since %|uE| € L'(Q) and the size of the domain tends to zero. We conclude, by
Dominated Convergence that

0> /(u+nm) - EV(uyny,) — / ur B -Vuy = / uF - uy. O
Q Q Q

We are finally ready to prove the main result.

Proof of Theorem[6.1. The uniqueness claim is proven in Lemma [6.4 We now
prove the existence and bounds by approximation. We can assume, without loss of
generality, that f > 0, and construct approximations of E given by

1. 4
Ep=—(p1 + Z) Ve
Clearly Ey € L°°(Q)). These satisfy the assumptions of Theorem Hence, there
exists a weak solution u, € HE(Q2) of (1.1) where E = E,. We compute

, 1, 1,
dlvEé:(HV)(@lJrz) 2 7|V901|2+)\1(<Pl+z) .

This is non-negative. Hence, from Theorem [£.1] we have that
Vel < Cllfllzoe-

Splitting the behaviour near the boundary and away from the boundary, it is easy
to see that div Ey > ¢¢ > 0 uniformly. Therefore, by Proposition we have that

LOO
el oo < 17l (6.3)
Co
Now we must construct barrier functions. Select a single « > 1 and the barrier
1 1
U=— -).
a(‘Pl + g)

We drop the dependence on £ and « to make the presentation below more readable.
Plugging it into the equation we obtain

— AU + div(UE)
= —AU + VU - E, + U div E,

1. 1. 1. 5
—(04—1)(<P1+z)0‘ 2|V501|2+)\1(<P1+Z)a 1@1—(901+z)a Ve

1 1
(4ot )TV + Mo+ )T e
1

> (g1 + )7 = (e = 1) (o1 + IV
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This is non-negative if ¢1(z) + - < (%)’1/7. There exists 7, > 0 small enough
such that
1 a—-1
f(z)=0 and ¢i(z) < i(aT)_lM’ Vz such that dist(z,0Q) < nq.

We will use the neighborhood of the boundary A, = {z € Q : dist(z, Q) < 14}
Also, we consider the candidate super-solution

«a + o [z )
MiNgist(2,00)=n, P1(T)Y o Milgist(z,00)>n, P1(T)"
We denote the constant on the right-hand side as C,. Using the first term of Cy,
7 > u when dist(x,0Q) = n,. Also, u = # > (0 =wu on 0. Let us call

f=—Au+div(uE,).

az) = U(m)(

By the previous computations, if ¢ > 2(“*1)%7 we have f > 0 = f in A,, and
clearly f € L>(A,). Hence, by Theorem we have that
0 <wue(z) <u(z), =€ A,.
Also, by and the second part of C,, we have that
0 <wuz) <u(z), ze€\A,.
Eventually, we deduce that for any « > 1 we have

C 1 a—1

0 <up(a) < —%(pr+ )% Vo€ Qand (> = )7

In particular, picking o = v+ 1 we deduce that

Cyia
y+1

Cyia
|WEASWXJMV¢NLWZ

We deduce that, up to a subsequence,
up — u a.e. and strongly in L? and wy — u weakly in Hj(Q).

This implies that uyEy — uFE a.e. And hence uFE is bounded. Passing to the
limit in the weak formulation by the Dominated Convergence Theorem, the result
is proven. O

Remark 6.5. Notice that the construction of the super-solution above can be done
in any dimension N > 1. However, most of the results in the rest of the paper are
only available for N > 3.

Remark 6.6. For Schrodinger-type equations —Awu + Vu = f, it is known that if
the potential V is greater than dist(z, )2 and f is compactly supported, then u
is flat on the boundary, in the sense that |u| < C dist(x, 9Q)'*¢. This means that
Onu = 0 on 0f2. This means that it satisfies Dirichlet and Neumann homogeneous
boundary conditions. And it can be extended by 0 outside 2 with higher regularity
than H'. In contrast, the exponent 7 in the above result can not be taken as v = 0
in order to get flat solutions. Indeed, the convection term E - V1, in the above
computations, is more singular than the term ¢ div E. A very explicit example
can be done in one dimension: if we consider E = —Cx~! then this drift does not
generate flat solutions since if we take U(z) = z* then

~U" 4+ (EU) = (—az®"' = Cz* 1) = —(a+ C)(a — 1)z°72,
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and this is a supersolution only if a@ < 1.

Corollary 6.7. In the hypothesis of Theorem replace f € L°(Q) by
|f(2)] < Cdist(z,02)Y for0<w<~y+1.
Then
lu(z)] < dist(x, 00)*  for alla e (1,v+2—w).
Proof. We maintain the notation of the proof of Theorem We have already
shown that, on a neighborhood of the boundary,

. 1.\ o 1.\ o
—AU + div(UE,,) > %(<,01+E) 2=V |? 201(501+E) 2 > el f).

For « in the range (1,7 + 2 — w), we can take as a supersolutions for the approxi-
mating sequence

1 n o Lo [ fll oo )
C2  MiNgisi(e,00)=n. P1(T)*  co MiNgist(x,00)>n, P1(T)*

And the rest of the proof remains as in Theorem [6.1 O

7. FURTHER REMARKS, EXTENSIONS, AND OPEN PROBLEMS

(1) We point that the proofs of our estimates can be extended to many non-linear
settings.

(2) Theorem admits many generalizations. For instance, one can consider
the case |E| < codist(z,0Q)77~1 with div E > ¢ dist(z,09)~7=2 up to suitable
conditions on the constants. Also, the techniques in this paper could be extended
to the situation where dist(z, 92) is replaced by dist(z,I') with a suitable part
I' € 99. The case I' an interior manifold can also be studied.

(3) Including a non-negative potential. The same analysis can be performed on
the equation

—div(M (2)Vu) + a(zx)u = —div(uE(x)) + f(z)
when a > 0. As above, our approach allows for less regularity in a than most

previous literature, e.g. a € L}, (£2). Furthermore, one will then obtain

[ lesaivemy < [ 171

Hence, one can reduce the hypothesis to a 4+ div E > 0 in the whole analysis.
(4) The study of @ =1 is useful in the study of the evolution problem

ug — div(M (z)Vu) + div(uE(z)) = 0.
For the study of this problem one can write u; + Au = 0 where

Au = —div(M (2)Vu) + div(uE(x)).
To obtain solutions in semigroup form in L? (where 1 < p < +00), following the
theory of accretive operators, it is sufficient that,

lullze < JJu+ AAu||Le.

Letting f = u + AAu, this is precisely what we have proven above, where M = A\I
and a = 1. See also [0].

(5) We point out that when |E| < |A|/|z|, we have that, if m > ]\2,712 then
ulE] € L*(Q). It seems possible to extend the uniqueness result (6.4) to this

setting.
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