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UNIFORM ATTRACTORS OF NON-AUTONOMOUS
SUSPENSION BRIDGE EQUATIONS WITH MEMORY

LULU WANG, QIAOZHEN MA

ABSTRACT. In this article, we investigate the long-time dynamical behavior of
non-autonomous suspension bridge equations with memory and free boundary
conditions. We first establish the well-posedness of the system by means of
the maximal monotone operator theory. Secondly, the existence of uniformly
bounded absorbing set is obtained. Finally, asymptotic compactness of the
process is verified, and then the existence of uniform attractors is proved for
non-autonomous suspension bridge equations with memory term.

1. INTRODUCTION

In this article, we focus on the long-time dynamical behavior of solutions for
the following non-autonomous suspension bridge equations with memory in Q =
(0,7) x (—1,1) C R?,

Ut + O‘Azu + But - /OOO .U’(S)AZU(t - S)ds + f(u(x,y,t)) = g(xa y7t)a

(z,y) €Q, t>71, T €R,

(1.1)

with the boundary conditions
w(0,y,t) = a0 (0,y,1) = u(m, Y, t) = Uza(m,y,1) =0, ye (=L1), t =7,
Uyy (2, 21, ) + ouge(x, £1,t) =0, 2z € (0,m),t >, (1.2)
Uyyy (T, £, 1) + (2 — O)Ugay (2, £, 1) =0, € (0,7),t>T,
and initial conditions
u(z,y,t) = uy(z,y), ul(z,y,t) =vi(x,y), (z,y)eQ t>7, 7eR, (1.3)

where «, 8 are positive constant, 5 is the damping coeflicient, 0 < o < % is the
Poisson ratio, f is the nonlinear term, g is the external force. Since we have in
mind a long narrow rectangle, that is [ < 7, it is reasonable to assume that the
forcing term g does not depend on y, see [9] for details. So, we now assume that
g(z,t) = g(z,y,t) and g € LE (R*; L?(2)). The assumptions on yu(s), f(u) will be
given in details in the next section.
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We know that the earlier suspension bridge equations are derived from the math-
ematical model of a one-dimensional hinged beam suspended by hangers, which
describes the deflection of the roadbed in the vertical plane, see [I5, [17]. As a
new problem in the field of nonlinear analysis in 1990, Lazer and McKenna [16]
introduced the following one-dimensional suspension bridge equation

gt + ElUgypy + 0ug + ku™ = W(z) +ef(z,t), (z,t) € (0,L) x R,

u(0,t) = u(L,t) = 132 (0,1) = upe(L,t) =0, ¢ >0. (1.4)
In 1998, Ahmed and Harbi [I] made a rigorous mathematical analysis for the cou-
pled suspension bridge equations, they studied the dynamical behavior of system
under the different conditions, which are clamped, hinged and mixed boundary
condition (one end clamped and the other one hinged), respectively, and gave the
relevant numerical simulation and physical interpretation.

A series of important works have investigated around the existence of a global
attractor for suspension bridge equations, see for example [3, [0 [14] 17, [I8] 19|
20, 24, 25] 27, 28], 29, B0] and the references therein. Ma and Zhong [18] first
obtained the global attractor of the weak solution for coupled suspension bridge
equations in 2005, and they further studied the existence of strong solution and
strong global attractor for beam-string coupling system in [30]. Bochicchio, Giorgi
and Vuk [3] proved the existence and regularity of the global attractor with finite
fractal dimension for the extensible suspension bridge equation. Park and Kang [25]
studied existence of global attractor for suspension bridge equation with nonlinear
damping in 2011. Recently, Wang and Ma surveyed the long-term behavior of
solutions for the suspension bridge equation with either time delay or state delay,
see [28] [29].

When p = 0 in (L.I), Ferrero and Gazzola [9] introduced the following model of
suspension bridges

utt(may7t) + AQU(x7yat) + aut(may7t) + f(m7yvu’) = 9(3«"7yat)7

for (z,y) € Q and ¢t > 0. The above model regards the suspension bridges as a
rectangular plate of length m with the same boundary value conditions as . They
obtained the well-posedness of the system and analyzed several other boundary
value problems. For further details on mathematical models for suspension bridge,
we refer the reader to the new book [II] published by Gazzola.

More much work related to the above-mentioned rectangular plate models for
suspension bridge can be found in [2] [4, Bl 10, 12 13l 22 23, 27] and reference
therein. For example, Messaoudi et al. [23] considered the suspension bridge prob-
lem with memory under the above-mentioned boundary conditions and initial data
in 2016, and established the well-posedness of the system and the existence of global
attractors. Al-Gwaiz et al. [2] studied the bending and stretching energy about the
rectangular plate model proposed in [9]. Berchio et al. [5] investigated the struc-
tural instability of nonlinear plate modeling suspension bridges. In 2019, Wang and
Ma [27] paid attention to the following nonlinear plate modeling suspension bridges
with time delay in Q = (0,7) x (=,1) under the same conditions as in [9],

attu + A2’U, + Vlatu + IYZatu(xa yvt - h) + f(’LL(.’E, Y, t)) = g(% Y, t)v

1.5
(r,y) e Q, t>71, T €R, (15)
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where 1 > 0 is the damped coefficient, v € R. dyu(x,y,t — h) is the delay term,
h > 0 represents the time delay. The existence of uniform attractors was achieved

for and .

To the best of our knowledge, we do not find any results of non-autonomous
suspension bridge equations with history memory, so we focus on the long-time
dynamical behavior of problem (L.1)-(L.3). For this purpose, as in [§], we shall add
a new variable n¢ to the system, which corresponds to the relative displacement
history, that is,

nt =n'(x,y,s) = u(z,y,t) —ulz,y,t —s), (r,y)€Q, scR t>7  (1.6)
then differentiating with respect to ¢, it is easy to see that
ni(z,y,s) = —ni(z,y,s) +u(x,y,t), (z,9)€Q, seRT t>1. (1.7)
Thus, taking o — fooo wu(s)ds = 1, problem — is equivalent to

wt Bt ot [ () A% ($)ds + S (uler.0) = gl
(9(6), Yy e t>71, TR, (1.8)
ni(z,y,s) = —ni(z,y,5) + w(z,y,t), (z,y)€Q seRY, t>1,
with boundary conditions

U,(O, Y, t) = uww(ov Y, t) = u(ﬂ-v Y, t) = uﬂcx(ﬂ-v Y, t) =0,
Yy S (7Zal)7t Z T,

Uyy (2, £, t) + oUgy (2, £1,8) =0, z € (0,7),t >, (19)
Uyyy (@, £, 1) + (2 — 0)Uggy(z, £1,t) =0, z € (0,7),t> T,
1'(0,y,8) = 032(0,, ) = ' (m,y, 8) = 1, (m,y,5) = 0,
y e (—1,1), s € R,
nzt/y(a:, +1,5) +ont,(z,£l,5) =0, x€(0,7), s€R", (1.10)
nzyy(x, +l,s)+ (2 — or)nfmy(x, +1,5) =0, x€(0,7), s€R",
and initial conditions
u(z,y,7) =ud(z,y), (x,y)€Q, 7€R,
u(x,y,7) =v)(z,y), (x,y)€Q, 7R,
(1.11)

n(z,y,8) =ng(z,y,8), (2,y) €Q, s €RT,
' (2,9,0) =0, (z,y) € Q.
We denote
2(t) = (u(t), ue(t),n'(s)), 20 = (u,vg,n5)-
The rest of this article is organized as follows. In Section 2, we present some basic
concepts and abstract conclusion. After that we establish the well-posedness of the
system by means of the maximal monotone operator theory, and further obtain the
existence of the uniformly bounded absorbing set and asymptotical compactness;
ultimately, the existence of uniform attractors to ((1.8)-(1.11)) is proved in Section 3.
All C throughout the paper represent real positive numbers, each C'is not exactly
the same in the same line, and C(-) denotes a positive constant depending on the
quantities in parentheses.
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2. PRELIMINARIES

In this section, we will give some preliminaries on the existence and uniqueness
of solutions to our problem —7 and recall some definitions and results
concerning the existence of uniform attractors. Firstly, let us introduce the phase
space as in [9]

H2(9) = {w € H*() : w(0,y) = w(r,y) = 0, ¥y € (~1, 1)},

equipped with the inner product and norm

(u,v) g2 = / [AUAD + (1 — 0)(2UgyVsy — UgaUyy — UyyUss )] dz dy,
Q

lullzz = [ /Q [(Au)? +2(1 — 0) (12, — tzgy,)] de dy] .

It has been proven that || - ||z2 is a norm on H?2 which is equivalent to the usual
H?(Q)-norm in [9, Lemma 4.1]. Moreover, H? is a Hilbert space endowed with the
scalar product (-,-)gz.

For the new variable 1!, we introduce the weighted L2-space

M= L2(RF; HA(Q) = € RY — H2(Q) - / T UIEE) Bpads < o0},

which is a Hilbert space endowed with inner product and norm

0o oo

(& Om = /O u(s)(E(s),¢ () mzds,  |IEIG4 = /0 p(s)lIE() 132 s,
respectively. Now, the phase space is defined as

H=H2Q) x L*(Q) x M,
equipped with the inner product and norm
U, V)n = (u, @) iz (@) + (0,0) + (w, W) p,
U117 = U, U)3 = llullzzz o) + 07 + llwli,
respectively. where || - || = || - || .2(q), and
U= (uv,w)t, V=0T ecH

Next, we assume that the memory and nonlinear term satisfy the following con-
ditions:
(H1) The memory kernel u(-) € C1(R*) N LY (RT) and satisfies

wu(s) >0, p'(s) <0, VseRT, (2.1)
/ p(s)ds = ko >0, VseRT, (2.2)
0
w(s) + kip(s) <0, for some k; >0, Vs € RT. (2.3)

(H2) The nonlinear function f € C1(R) and satisfies

[f(s1) = f(s2)] < C(|s1]P + |s2|P)|s1 — s2], Vs1,82 €R, p >0, (2.4)
< F(s) <sf(s), VscR.

where F(s) = [¢ f(v)dv.



EJDE-2024/16 SUSPENSION BRIDGE EQUATIONS WITH MEMORY 5

Lemma 2.1 ([9]). Let u € H2(Y) and suppose that 1 < p < +oo. Then there
exists a positive constant ¢, = c4(Q,p) > 0 such that

H2(Q)- (2.6)

To obtain the existence of uniform attractors corresponding to (1.8)-(1.11]), we
also need the following definitions and abstract results.

lull o) < cxlul

Definition 2.2. Let E be a metric space, X be a parameter set, and o € X be a time
symbol. A family of two-parameter operators {U,(t,7)} = {Uy (¢, 7)|t, 7 € R, t > 7}
is called a process acting on F, if

(i) Uy(t,s)Uy(s,7) =Uy(t,7) forallt > s > 7 and 7 € R;

(ii) Uy(r,7) =1 for all T € R.

Let {T'(h)|h > 0} be the translation semigroup on X. We say that a family of
processes {U, (t,T)},ecx satisfies the translation identity if

Th)Z =%, (2.7)
Us(t +h, 74+ h) =Uppy(t,7), VoeX, t>71, T€R, h>0. (2.8)

Definition 2.3 ([10,[7]). Let E be a Banach space, and B be a bounded subset of E
and X be a symbol space. We call a function ¢(-, - ; -, -) defined on (Ex E)x (X xX) be
a contractive function on B x B, if for any sequence {z,}5>; C B and {0,}52,; C X,
there are subsequence {z,, }?2, C {z,}52; and {0, }72; C {0, }52; such that

lim lim (b(xnk,xnl;o—nkﬂo'nl) = 0.
k—o00 l—00

We denote the set of all contractive functions on Bx Bx X x ¥ by €(B, B; %, %).

Theorem 2.4 ([26]). Let {Uy(t,7)}sex be a family of processes satisfying the
translation identity on a Banach space E and having a bounded uniformly
(w.r.t.o € X) absorbing set By C E. Moreover, assume that for any € > 0 there
exist T =T(e) and ¢r € €(By, Bo; L, X) such that

||U<71 (T7 7')1‘ - UUQ (Ta T)yH S e+ ¢T('ra Y3 0'170'2)5 vxay S BOv vala o9 € 2. (29)
Then {U,(t,7)}oes is uniformly (with respect to o € ) asymptotically compact in
E.

Theorem 2.5 ([10,26]). Let E be a complete metric space, {Uy(t,T)}oex be a fam-
ily of processes satisfying the translation identity on E. Then {U,(t,7)}sex
has a compactly uniform (with respect to o € X) attractor As, in E if and only if
(1) {Us(t,7)}oes has a bounded uniformly (with respect to o € ¥) absorbing
set By C E;
(il) {Uy(t,7)}oes is uniformly (with respect to o € ¥.) asymptotically compact
n B.

Let X be a Banach space with space. Then L{ (R";X) denotes all functions
with spatial values in Banach space X and time variable locally p-power integrable
in the Bochner sense; that is, the norm fttlz | - |%ds < oo for any time interval
[t1,t2] € RT. Moreover, the space L7(R*;X) denotes all translation bounded
functions in L2 (RT; X) satisfying

loc

t+1
||CT||%2(R+,X) = sup / Ha(s)Hids < 400, Vo€ L%(RJF;X)
e teR+ Jt
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Now, we define the symbol space so as to obtain the asymptotic behavior of the
solutions to problem (1.8)-(1.11]). For an arbitrary function gy € L>(R*; L2(2)) N
W;”(R*; L"(Q))(r > 1), then we define the symbol space H(go) as

H(go) = lgo(@,t +1)|r € RJF]L?(;:’(RJr;LZ(Q))’
where L (R*; L?(2)) denotes the space L (R*; L?(2)) endowed with local wealk

loc
convergence topology, and [ | denotes the closure of a set in a topological space

L3Y(RT; L3(Q)). Thus, for any g € H(go), (L8)-(T.11) with go instead of g pos-
sesses a corresponding process {Uy, (¢, 7)} acting on #H. The translation semigroup

{T'(r)|r > 0} satisfies (2.7) and (2.8), namely,
T(r)H(go) = H(go),
Ug(t +r, T+ 7“) = UT(r)g(t)(t7 T),
forall g € H(go), t > 7, 7€ R, r>0.

Proposition 2.6 ([7]). Let E be reflexive separable Banach space. Then the fol-
lowing statements hold:

(1) llgllzz@+:my < lgollL2+;m), for all g € H(go):
(ii) the translation group T(t) is weakly continuous on H(go);
(iii) T(r)H(g0) = H(go), for all r € R.
Proposition 2.7 ([26]). Let o € L=(R*; L2(Q)) N W, (RY; L™(Q))(r > 1). Then
there exists M > 0 such that
sup ||o(z,t +s)|| 2@ < M, VseRY.
teR+
Proposition 2.8 ([26]). Let 0 € L®(RT; L*(Q)) N W, (RT; L™(Q))(r > 1), s; €
R = 1,2,- ), {u,(®)[t > 0,n = 1,2,---} be bounded in H?(Q) N HE(Q), and
{ttn, #)In = 1,2, - -} be bounded for any Ty > 0 in L>(0,Ty; L*(Q2)). Then there
exist subsequence {un, }32, C {un}52; and {sn, }32; C {sn}o%:, such that

T
lim lim / / / (o(z, T+ sn,,) — 0(z, 7 + sp,)) Ot (Un,, — un,)(T)dxdTds = 0.
0 s JQ

k—o0 l—00

3. WELL-POSEDNESS AND UNIFORMLY BOUNDED ABSORBING SET

In this section, we will establish the well-posedness of problem ((1.8)-(1.11). To
achieve this, we set U = (u,v,n")T, where v = wuy, initial data U, = (ul,vg,ng)7T.
Then problem (|1.8)-(1.11]) is transformed into

Ui+ AU = F(U),

1
U(r) =0, (3:1)
where
—v 0
AU = A%+ Bo+ [ u(s) A2 (s)ds |, F(U) = | —f(u) +g(a1) | .
ne(s) —v 0
u
Ur-=|v)1,
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and the domain of A is
D(A) = {(u,v,n") e H:ue H(Q), ve H(Q), n' € L},(RT, H (),
and (L.9)-(L-10) hold}.

To obtain the well-posedness of problem (|1.8])-(1.11]), we first need to prove the
following statement.

Lemma 3.1. The operator A : D(A) C H — H is mazimal monotone.

Proof. Letting U = (u,v,n")T we have

(AU, U)y = (—v,u) m2(0) + (A%u,v) + (Bv,v) + (0", 0) m + (040 ) i+ (0,0 m
= Bllvll* + (1) as

From (H1), we infer that

() = / ) (), () s

1 oo
— 5 [ W) mzds (5:2)
0
ki, 4
> — .
> 'l
Using (3.2)), we arrive at
k
(AU, U)se > Blloll® + = 0 llae 2 0, (33)

thus, A is monotone. Next, we prove that 4 is maximal, so we need to prove that
R(I + A) = H. We prove that there exists U = (u,v,7")? € H such that

U+AU =U (3-4)
has a solution U = (u,v,n")T € D(A). Equation (3.4) can be written
u—v=1u,
v+ A%u 4 Bu+ / w(s)An'(s)ds = v, (3.5)
0

N+l —v="n"

Inserting (3.5)); into (3.5),, we obtain
oo
u+ A%+ fo + / w(s)A%nt(s)ds = u + v,
0 (3.6)
77t =+ T]i — U= :r\ft7
then, for any U = (u,v,n") € V.= H*(Q) x HZ(Q) x L2 (R", H*(£2)), problem (3.6)
is equivalent to
LiU,U) = Ly(U), VU= (u,0,7') €V,

where £1 : V x V — R is the bilinear operator, L5 : V' — R is the linear operator
with the following forms, respectively,

L2.T0) = (u,) + (A%, @) gz + (Bv.7) + / () (0,70) ads

+ ") M+ (LT M — (v,0),
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LoU) = (@ +70), @) gz + @' 7).
Obviously, £; is a bilinear and continuous from on V x V, L5 is a linear and
continuous from on V. Moreover, for some C7 > 0, we have

LiU,U) = Cilulli
Furthermore, there exist Cy, C3 > 0 such that
\Lo@U,U)| < Nulllf@l] + [l gz @l a2 + BllolIT] + Nl sl a2
+ 0 a7 Lave + IS a7 v+ lloll])
< CollU|lvU|lv,
|Lo@)] < |+ 0| 2@l gz + 17 a7 1 < CsllU|lv.

By the Lax-Milgram theorem, equation (3.6) admits an unique (weak) solution
U € V. In addition, from (3.5))-(3.6)), we deduce that

v=u =u—uc HX ),

Au=u+7—u—FU—u)— /00 w(s)A%nt(s)ds € L* (),
0

Nt =" = —ng(s) +u(t) € LE(RY, HY(Q)).
Then (u,v,n') € D(A). Hence, R(I + A) = H, which completes the proof. O

Theorem 3.2. Assume (H1) and (H2) and U; € H. Then problem (3.1) has a
unique global solution U = (u,us,n') € C([r, +00]; H).

Proof. From Lemma we know that the operator A is monotone and maximal,
and F' obviously satisfies locally Lipschitz from . Therefore, by the Hille-Yosida
theorem, we obtain the existence of a unique weak local solution for (L.8)-(L.1T);
that is,
U= (u,us,n") € O([1, Tynaz), H), for all Tp,us > 0.

Next, we prove that the solution is global, namely, T;,,, = 0o. For this purpose,
we need to prove that ||U(t)||3 is uniformly bounded with respect to time. For
simplicity, from now on we set dw = da dy. Multiplying the first equation of
by u; and integrating over €2, we have

d /1 1
G (Gl + Sl + [ Pla)dm) + Bllul® + (' ) = (a0 we), (37
multiplying the second equation of (1.8]) by n! and integrating over M, we obtain
1d
5l + () = (0 ) (33)
Then, by (3.2) and (3.7)-(3.8)), we obtain
d
%E(t) = _BHutHQ - (772777t)M + (g(t)’ut)a (39)
where ) ) )
B() = 3l + gl + 510 e + | Fladen (3.10)

By Holder’s inequality and Young’s inequality, for 0 < £ < 23, we have

(0(0).0) = [ atyudz < lg®lludl < gela®F + Slwlz. @)
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Using (3.9)-(3.11), we deduce that

d kv [ 1
GEO <=3 Dl = [ '@ lazds + gela®?, (312)
integrating (3.12) over (7,t), it is easy to see that
1 t
E(t) < E(r) + i/ llg(s)||*ds. (3.13)

By Proposition we know that Hg||ig(RT;L2(Q)) < HgOH%g(RT;LQ(Q)). Then

1
E(t) < E(r) + EHQOHQLg(]RT;L?(Q))? (3.14)
and by (2.5)), we obtain
1 1 1
B() > Ll + gl + L3 — el (3.15)
Thus, for each t > 7, we obtain
2
E(t) > Cul|(u(t), us(t), n* (#))[|3, — Cs- (3.16)
This and (3.14]) imply
1

2 1
Jute). e @), < & (BE) + gl maoy + C5) <Co (317
for all £ > 7, which completes the proof. ([

Remark 3.3. From Theorem we deduce that problem (1.8)-(1.11)) generates
a family of processes {Uy(t,7)}, g € H(go) in the space H. Then we define a family
of two-parameter operators Uy(t,7) : H — H given by

Uy (t, 7)(ug, vg,15) = (u(t), ue(t), m' (s)). (3.18)

where (u(t), us(t),n'(s)) is the unique global solution of (L.8)-(L.11]) corresponding
to initial data (ug,vd,ng), and {Uy(t,7)}, g € H(go) satisfies Definition More-
over, for all initial data z§ = (uf,v],n]) and 2] = (u],v],n]), we let z, = 2] — 27.
Then there exists a positive constant C' depending on zj and 27, such that

Uy (t.7)25 = Ut )27 llae < €T (23 + 191() = 92O T2 r L2 (@) (3:19)

for 7 <t < T. This shows that solutions of (1.8])-(1.11)) depend continuously on
the initial data.

Next, we prove the existence of a uniformly absorbing set in H. We need to
introduce a Lyapunov functional

L(t) = PE(t) + Q®(¢t), (3.20)
where P, @ are positive constants, which will be defined later, and ®(t) = (u, ).

Lemma 3.4. Let (Q be small enough and P be large enough. Then there exist 61
and 05 > 0 such that

Oull(u(t), ue(t), n" (£)13 — er < L(t) < Oall(u(t), ue(t), 0" )3, + Pea. (3:21)
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Proof. Firstly, we prove the left inequality of (3.21). Choosing @ small enough and

then P large enough such that =< 9 >0, £= Qc* > 0. By (3.15] -, we obtain
P P Qc?
L(t) > S llullds + el + 5llnt||34 Pl — Ll — D2
P —Qc? P-Q P 3.22
> (S Il + (T ) el + 5 g — Pl (3:22)

> Ol (u(t), we(t), 0" (8))13, —
where 6, = min{Z=2¢ 2Q° P_ £}, ¢1 = ¢P|Q|. Moreover, by [2-4), [2.6), (3-17),

and H?(Q) — LP(Q2), (1 < p < oo) we arrive at

/Q F(u(t))dw < / | () deo

< [ ullst) = fO)ld+ [ Jull 0l 2
1

g(]/ |u|2|u\pdw—|—%/ﬂ\u|2dw+§\9|\f(0)|2

< O ([[ullf ) + Dllullfz o) + 2

Applying Young’s inequality, Sobolev’s embedding Theorem and ({3.23)), we deduce
that

£48) < 5 Il + 5l + S0+ P [ Plu)
P P

(EEO%) s + (22 D) sl + Sy ||M+p/ L ()| dew

P+c2Q +2PC(||ul? w0y + 1)]

< S T

P+Q P
() el 4+ Sl [ + Pes

S 02||(U(t), ut(t), nt(t))”?;.[ + PCQ.
This completes the proof. O

Qci

Q
*||Ut||2

A

IN

Lemma 3.5. The function ®(t) = (us,u) satisfies

\W

(0 < (14 g2l + (86 + 2005 ~ 1) e

(3.24)
+ ol e + gl + el
2¢ 2¢
Proof. By (1.8)1, we have
(1) = (upe,u) + [|uel|?
= Jluel® = lJull3z ) — Blue,w) — (', W) pa = (f(w),u) + (9(2), ).
Using Young’s inequality, Holder’s inequality, and (2.6)), for each ¢ > 0, we have

fﬁwt,u)s%nutn%“n I? < §|| 2 + 22

(3.25)

ull3: (3.26)
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1 1
~whan < Sl + el (320
1
(900 < 5l + 1l < 5ol + 5 (3.25)
From , it is easy to see that
= (f(u),u) < Q. (3.29)

Inserting (3.26] into , we arrive at -7 which completes the proof.
|

Theorem 3.6. Under the assumption of Theorem a family of processes

{Uy(t,7)}, g € H(go) corresponding to (1.8)-(1.11) possesses a bounded uniformly
(with respect to g € H(go)) absorbing set B in H.

Proof. From ([3.12)), (3.20) and (3.24)), for P, @ > 0 it follows that
L'(t) = PE'(t) + Q¥'(t)
< -Q(1- (B¢ +20)°

ki P
- (B - 2B+ Ze ool + Qi

where (,& > 0. Choosing first ¢, £ small enough such that

2
1= (B +20% >0, f-5>0,

§

Nl — (8- P-4

2C) )||Ut||2 (3.30)

NIFse

after that, choosing again @) small enough, and then P large enough such that

BE_2s0 -Hr-a+l

> 0.
Thus, there exist positive constants 1, s, @3, @4, and @5 such that

d
= L(t) < —or1llull3z — e2lluel® = sln' 3 + eallg@®* + @5, (3.31)

dt
choosing ¢ = min{¢1, pa, w3} yields
d
ZL(t) < —p(llulliz + lluel + ') + allg@ 2 +05. (3:32)
By Lemma [3.4] we claim that
L) + 0L (1) < esllg(t)] + e, (33
where ¢ = ¢/02. Using Gronwall Lemma for (3.33)), leads to

t

t
L(t) < L(r)e =7 4 03/ et =) g(s)||%ds + C4/ e ot=3) s

T T

t+1
s [ lg(s)Pds + (3.34)
t>1 Jt

<L —o(t—T)
< Lir)e + 1—e

< L(T)e_g(t_T) +

Cs
o=z 90l 2@ :L2 () + co-
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If for any bounded set B C H, and the initial data (uj,vf,n]) € B, there exists a
constant Cp > 0 such that L(7) < Cp, then we deduce from (3.34) that

L(t) < Cge™ et~ 4

T o=z 190l 522 () + <o, (3.35)

for any t > to. It follows that

e ) e < - (LCE) + ) = B

This means that a family of processes {U,(t,7)} generated by (L1.8)-(1.11) has an
uniformly absorbing ball B = B(0, R) = {(u,ut,n") € H : |[(u,ur,n")||3, < R*} CH
for any g € H(go), which completes the proof. O

Next, we prove the asymptotic compactness of a family of processes {Ug(t, )},
g € H(go) associated with (1.8)-(1.11)) in . Our main results are as follows.

Theorem 3.7. Assume that (H1) and (H2) hold and g € H(go). Then a family

of processes {Uqy(t,T)}, g € H(go) corresponding to (1.8)-(L.11)) is uniformly (with
respect to g € H(go)) asymptotically compact in H.

Proof. Let 2! = (u',u},n') and 22 = (u?,u?,n?) be two solutlons of (L.8)- -

with the initial data 2§ = (ud™, 047, n87), 23 = (ud7,v37,m37) and the symbols g!,

g2, respectively.

Set z = 2! — 2% = (u,us,n?), the initial data zg = 2z — 23 = (ul,v§,ng). Then

(u, us, nt) satisfies the equations

uge + A2+ Buy + /Ooo () A" (s)ds + f(u') — f(u?) = g"(t) — g°(t),

(3.36)
(Y, s) = —1.(2,y, 8) + (2, y, 1),
with boundary conditions (1.9)-(1.10). We denote
~ 1 1 1
B(t) = gl + g el + S ln (337
L(t) = PE() + Qud(0), (3.38)

where ®(t) = (ug,u). Obviously, E(t) and L(t) are equivalent. Then there exist
two positive constants 7; and 72 depending on P;, @1 such that
nE(t) < L(t) < 7 E(t), (3.39)

where P; > 0 large enough and ()1 > 0 small enough.

First, multiplying (3.36)1 by w; and integrating over 2, multiplying (3.36))2 by
nt and integrating over M, then adding them, we have

d k
GE®) < =Bl = LB+ [ (F6) ~ Flu)uide
@ (3.40)
+ [ (60 - e)ma=.
according to the proof of Lemma [3.5] there exists ¢ > 0 such that
Y B 2, Cz 2
() = 1+ )IIU 17+ {6+ 05 = 1) llullye
(3.41)

+§ﬂ#MwﬁAUW%—fWUMMV+/wWU—f@WMW

Q
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combining with (3.40) and (3.41)), it is easy to see that
L'(t) = PLE'(t) + Q:®'(t)
c? B
< _ _ k. 2 5 — _ = 2
< =@i(1- B¢+ O )l = (B = (14 50)@a ) el

- (B DYt Py [ G0 - S (342

2
) = f(u))udw gl L) = ¢? (1)) updwo
+Q1/Q(f(U) f(ut)yud +P/Q<g<t> G2 (1) usd

+ @1 /Q(gl(t) — ¢(t))udw.

First of all, taking ¢ small enough such that

[ V)

1*(ﬂc+c)%*>0.

After that, choosing @)1 small enough and then P; large enough, such that

B

B @ LB
2¢

2 20

>0, PS—(1 )Q1 > 0.

Thus, there exists ¢y > 0 such that

GE < =00+ Py [ (F07) = f)d + Q1 [ (£ = )t

Q

Lt = ¢?(t))wpdw 1 L) — ¢%(t))udw,
+P1/Q<g () — (O)udw + Q /<g (1) — g(t))ud
thanks to (3.39), we have
LT +xE() < P /Q () — f(u)udw + @y /Q (f(u?) = F(u"))ude -

+ Py /Q (6" () — g2 (1)) mdow + Q, /Q (g"() — (1) udeo,

where y = % Integrating (3.43)) over [r,t], we conclude that

L(t) < L(r)e x(=7) JFPl/ /Qefxufs)(f(uz) — f(uh))updwds
t e X3 (F(u?) = f(u'))udwds
e} / [ e -t uda »
e Xt=5) (g1(s) — ¢%(s8))usdwods
e [ [ X e) - o)

+ Q1 /Tt/ﬂe_"(t_s)(gl(s) — ¢%(s))udwds.
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For each e > 0, there exists T > 7, such that L(7)e X("7) < ¢ for t > T.. Then, by

(3.39) and (3.44), we deduce that
¢
O <er P [ [ eI g - futudsmds
T JQ

t e XU (f(u?) — f(u'))udwds
o[ (F(u2) = f(u!))udwd
+P1/ /e*X(tfs)(gl(S)—92(5))utdwds (3.45)

+Q1/ / X(t=5) (g1 (s) — ¢°(s))udwds

::€+¢T((u0 a’UO a770 ) (U(Z)T?UO 7770 ) 91792)-

Now, we prove ¢r(-, ;") € €(B,B; X, X) for every fixed T > 7. By Theorem [3.6]
we know that

Uget(go) Ytelr,) Ug(t, 7)B
is bounded in H. Let the sequence (uf,,,v5,, 75,) € B, 9" € H(go),n = 1,2, -
Because B is bounded, the corresponding sequence of solutions (uy,,v,,nt) asso-
ciated with the system — is uniformly bounded in H. Without loss of
generality, we assume that

(i) u™ — u weak star in L (7, T; H2(2)),
(ii) ut — uy weak star in L (7, T; L?(2)),
(iii) u™ — win L?(7,T; L?(Q)),
(iv) u™(7) — u(r ),um(T)%u(T) in L¥(Q), k < oo.
Then, applying Proposition E 2.7l and (iii), it follows that

lim lim / / (x,8) — g™ (z,5))(u"(s) —u™(s))dwds = 0, (3.46)

n—oo m—roQo

from Proposition [2.8] we have

nh—>n<>lo "}E)noo/ / (x,8) — g™ (x,3))(ui (s) — uf*(s))dwds = 0. (3.47)

On the other hand, since f(u™) — f(u) weak star in L?(7,T;#H), and exploiting
(ii)-(iii), it follows that

im tim [ [ (£ 1) = S ) )~ ) dmdr =0, (348)

n—oo m—roo

lim lim / /Q (F™(r) = F™ () (@ (r) — u™ (r))deodr = 0. (3.49)

n—o0 mMm—0oo T

Therefore, from (3.46]) and (3.49), we deduce that ¢ € €(B, B; %, X)), which com-
pletes the proo. O

Finally, by Theorems [3.6] and [3.7] we conclude the main result of this article.

Theorem 3.8. Assume that (H1) and (H2) hold and g € H(go). Then a family

of processes {Uy(t,7)}, g € H(go) corresponding to (L.8)-(1.11) has a compactly
uniform (w.r.t.g € H(go)) attractor As, in H.
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