Electronic Journal of Differential Equations, Vol. 2024 (2024), No. 20, pp. 1-17.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2024.20

MAXIMAL REGULARITY FOR FRACTIONAL DIFFERENCE
EQUATIONS OF ORDER 2 < a <3 ON UMD SPACES

JICHAO ZHANG, SHANGQUAN BU

ABSTRACT. In this article, we study the ¢P-maximal regularity for the frac-
tional difference equation
A%u(n) = Tu(n) + f(n), (n € Np).

We introduce the notion of a-resolvent sequence of bounded linear operators
defined by the parameters 7' and «, which gives an explicit representation of
the solution. Using Blunck’s operator-valued Fourier multipliers theorems on
¢P(Z; X), we give a characterization of the £P-maximal regularity for 1 < p < oo
and X is a UMD space.

1. INTRODUCTION

In this article, we study the unique representation of solutions and the ¢P-
maximal regularity for the fractional difference equation

A%u(n) = Tu(n) + f(n), (n € Nyp) (1.1)

with the initial conditions u(0) = u(1) = w(2) = 0, where T is a bounded linear
operator defined on a Banach space X, f : Ny — X is an X-valued sequence,
2 <a<3and 1 < p < oco. Here we denote by Ny the set of non-negative
integers, the discrete fractional operator A® corresponds to sampling, by means of
the Poisson distribution, of the Riemann-Liouville fractional derivative [17] (see the
precise definition in the second section).

The fractional difference equation is the counterparts of fractional differ-
ential equations in discrete time which arises as models for several biological and
physical applications. Much literature have been devoted to such problems [2] [6].
For instance, Blunck studied the /P-maximal regularity for with the initial con-
dition u(0) = 0 when « = 1, and T substitutes for T—1I. He established the following
result: when the underlying Banach space X is a UMD space and 1 < p < oo, equa-
tion has the fP-maximal regularity if and only if {z : |z|] = 1,2 # 1} C p(T)
and the set

{G=D(E-T)":]z|=12#1}
is Rademacher bounded (R-bounded) [7].
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Later, Lizama further considered the ¢P-maximal regularity for (1.1) with the
initial condition «(0) = 0 when 0 < « < 1, and proved that when the underlying
Banach space X is a UMD space, 1 < p < oo and {2!7%(2—1)*: |2| = 1,2 # 1} C
p(T), then (1.1)) has the ¢P-maximal regularity if and only if the set

{17 - (-1 =T 2| = 1,2 £ 1}
is R-bounded [I§8]. In the case 1 < @ < 2,1 < p < oo and X is a UMD space,
Lizama and Arcila showed that (L.1)) with the initial conditions «(0) = u(1) = 0,
has the /P-maximal regularity if and only if {22=%(2 —1)® : |2| = 1,2 # 1} C p(T),
and the set

(-1 =) =T " |2 =1,2 #1}

is R-bounded [19]. See [6 15], [I7]-[2I] for further results on the corresponding
quasi-linear equations.

The fractional difference equation when 0 < a < 2 was studied in [I8] [19].
Meanwhile, when 2 < a < 3, the existence and uniqueness of solution of ,
as well as the fP-maximal regularity for , are open topics that deserve to be
investigated, the objective of this paper is to solve this problem. When 2 < a < 3,
we first introduce a sequence of bounded linear operators P,(n) defined by the
parameters T' and «, that we call a-resolvent sequence, which will give an explicit
representation of solution for . Precisely, the sequence (P, (n))nen, is defined
by P,(0) = P,(1) = P,(2) =1, and

P,(n+3)—2P,(n+2)+ Py(n+1)
=Tk 2% P)(n) + k* 2(n+3) I + (1 — )k % (n +2)I
N (o — 1)2(a —2)

for n € Ny, where k=2 is defined by (2.4). We show that when f : Ny — X is
given, the fractional differential equation (1.1) has a unique solution u : Ng — X
given by

k2 (n+ DI

u(n) = (ha * Po * f)(n —3)
for n > 3, where the function h, : Ny — R is defined by
ha(n+3)=—(1—=a)ha(n+2) — (a—1)(a —2)ha(n +1)/2

for n € Ng, and ho(0) = 1, ho(1) = a — 1, he(2) = a(a —1)/2. We notice that
similar a-resolvent sequences have been used in the representation of solutions of
(1.1) when 0 < o < 2 in [I8] [19].

Concerning the P-maximal regularity for , we show that when X is a UMD
space, 1 < p < oo and {237%(z —1)®: |2] = 1,2 # £1} C p(T), then has the
fP-maximal regularity if and only if the set

{27z — 1)z = 1)* =T 't |2| = 1,2 # £1} (1.2)

is R-bounded. Our main tool is the operator-valued Fourier multipliers theorems
on ?(Z; X) by Blunck [7], we will transform the P-maximal regularity for (1.1 to
an operator-valued Fourier multiplier problem on ¢?(Z; X).

It is clear that the R-boundedness of the set does not depend on the space
parameter p. Thus when X is a UMD space and

{237z — 1)t 2] = 1,2 # £1} C p(T),
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if has the ¢P-maximal regularity for some 1 < p < oo, then has the ¢7-
maximal regularity for all 1 < p < co. Since every norm bounded subset of B(X)
is actually R-bounded when X is a Hilbert space, we deduce that if X is a Hilbert
space, 1 < p < oo, and {z37%(z —1)*: |z| = 1,2 # 41} C p(T), then has the
fP-maximal regularity if and only if the set is norm bounded.

Concerning applications of the fractional difference equation (L.1)), it has been
considered as a time-stepping scheme in many fields of sciences such as linear vis-
coelasticity theory for describing the behavior of polymeric materials, see [14] [22].
Our results also reveal a close relation between time-stepping scheme and linear vis-
coelasticity theory, which are supported and coincident with very recent research
in mechanical engineering [9]. In terms of time-stepping scheme, the connection
stated in our paper can be interpreted as a methodology to identify the desired
(and probably best) time stepping scheme in terms not only of the mathematical
model but also of the characteristics of the real material that it models.

This article is organized as follows: In section 2, we recall some basic concepts
on UMD spaces, R-boundedness, fractional difference operators, the discrete time
Fourier transform and Blunck’s Fourier multipliers theorems for operator-valued
symbols on UMD spaces. Section 3 is devoted to the study of the a-resolvent
sequence defined by T and «, which gives a representation of solution for . In
the last section, we give a characterization of the ¢P-maximal regularity of
when 1 < p < oo and X is a UMD space.

2. PRELIMINARIES

In this section, we briefly recall some basic notions about UMD spaces, R-
boundedness, fractional difference operators, the discrete time Fourier transform
and Blunck’s Fourier multipliers theorems, which will be fundamental in our inves-
tigation.

Let X be a Banach space. We denote by S(Ng; X) the of all X-valued sequences
u : Ng — X. Similarly we denote by S(Z; X) the set consisting of all X-valued
sequences u : Z — X. The forward Euler operator A : S(Ng; X) — S(Np; X) is
defined as

Au(n) :=un+1) — u(n)
where n € Ny. For every m € N, we define recursively the m-th order forward
difference operator A™ : S(Ng; X) — S(Np; X) by A™ = Am~1A,
Let f € S(No;C) and g € S(Np; X). The finite convolution f x g € S(Np; X) is
defined by

(f*g)(n):==>_ f(n—1)g(j) (2.1)
3=0
for n € Ny. It is easy to verify that if h € S(Np;C), then

(fxhxg)(n)=((fxh)xg)(n) = (fx (hxg))(n) = > [f@)a(j)g(k) (22)

i+j+k=n

for n € Np.
The following definition of fractional sum, used the previous works (see [II, 4} [5]
12]), was formally presented by Lizama in [I7]. Let 0 < 8 < 1 and u € S(Np; X)
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be given. The fractional sum of u of order 3 is defined by
A Pu(n) = (kP % u) Zkﬁ n—ju (2.3)

for n € Ny, where
r )
kﬁ( ) = M (2.4)
LG +1)
for j € Ny, where I' is the Gamma function. It is clear that
F0)=1, K1) =8, K'(n)=BB+1),....(8+n-1)/n!  (25)
for n > 2.
Definition 2.1. Let @ > 0, o ¢ N and u € S(Np; X) be given. The fractional
difference operator of order « of w is defined by
A%u(n) == ATMATMNy(p) (2.6)
for n € Ny, where m € N is the unique integer m satisfying m — 1 < a < m. For

more information about fractional difference operators, we refer the readers to [11]

Remark 2.2. We notice that when 0 < 8 < 1 and u € S(Np; X), the value of
A~Pu(n) defined by (2.3) depends on all u(k) when 0 < k < n. If v € S(Ng; X)
and k > 1 are given, we let u € S(Ng; X) satisfy u(n) = v(n — k) for n > k. Then

n

Zkﬁ =APon—k)+ > E(Guln-j)

j=n—k+1
for n > k. Thus the equality
A Pu(n) = A Pu(n — k) (2.7)

is not necessarily true when n > k. Meanwhile if u(j) = 0 where 0 < j < k — 1,
then (2.7) is true. Similarly, let « > 0, a ¢ N, if v € S(Np; X) and k > 1 are given,
we let u € S(No; X) satisfy u(n) = v(n — k) for n > k, then the equality

A%u(n) = A% (n — k) (2.8)

is not necessarily true when n > k. But if u(j) =0 for 0 < j < k — 1, then
is true. This is the main reason that we only consider the equation with the
simpler initial conditions u(0) = u(1) = u(2) = 0, instead of the general initial
conditions u(0) = g, u(1l) = z1 and u(2) = z,.

Let w € S(Z; X). The discrete time Fourier transform of u is

j=—oc0

for all |z| = 1, whenever it exists. We notice that the Fourier transform of @ is
sometimes also denoted by F(u). It is clear that if f € S(Np;C) and g € S(Np; X),
then

(T *9)(2) = [(2)4(2) (2.9)

when both sides are well defined for all |z| = 1.
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Let 0 < o < 1 and let k% be defined by (2.4). It follows from (2.5 that the

Fourier transform of k¢ is given by

~ 2%

k< = — 2.10

)= 7 (210)
for |z| =1 and z # 1. This implies that if 0 < o, 8 < 1 and v+ 8 = 1, then

E* % kP =k (2.11)

by .

We say that a Banach space X is a UMD space if for all 1 < p < oo, there
exists a constant C' > 0 (depending only on p and X) such that for any martingale
(gn)n>0 C LP(Q, %, u; X) and all scalars |e,| = 1,n = 1,2..., N, the following
inequality holds:

N
HgO + Zgn(gn - gn_l)HLP(Q,E,M;X) < OHgNHLP(Q,Z,/A;X)'
n=1

It is well known that L,-spaces, Schatten class Sp,, and Sobolev spaces W™P are
UMD spaces when 1 < p < co. UMD spaces have played very important part in
vector-valued harmonic analysis and probability theory, see [g].

Let X be a Banach space, we denote by B(X) the space of all bounded linear
operators on X. Let r; be the j-th Rademacher function defined on [0, 1] by r;(t) =
sgn(sin(27t)) whenever j > 1.

Definition 2.3. Let X be a Banach spaces. A set W C B(X) is said to be
Rademacher bounded [I0, [13], if there exists C' > 0 such that
n n
I Z 7Tz, HLl([O,l];X) <C| Z Ti%j HLl([O,l];X)
j=1 j=1
forall Ty, Ts,..., T, € W, x1,22,...,2, € X and n € N.

Remark 2.4. It is clear that if W1, Wy C B(X) are R-bounded sets, then
WiWsy = {ST :SeW,, Te Wg} and Wy + Wy := {S+T SeW,,Te WQ} are
still R-bounded. It is easy to see that if W is a bounded subset of the complex
plane, then the set {u : p € W} is also R-bounded, where I stands for the identity
operator. This follows easily from the Kahane’s contraction principle [16].

Let X be a Banach space and let G : (—7,0) U (0,7) — B(X) be bounded and
measurable. Let f € S(Z; X) with finite support, i.e., the set {n € Z: f(n) # 0} is
finite. Then the function ¢t — G(t)(Ff)(e®) defined on (—m,0) U (0, 7) is bounded
and measurable. Thus its inverse Fourier transform

—1 i 1 ’r ity jint
FAGOENE]m) = o [ GOFENEem
0

makes sense for all n € Z. Let 1 < p < oo be given. We say that G is an ¢P-Fourier
multiplier if there exists a constant C' > 0 independent from f such that

(S eoEnE@]ml) " <o(Sirmr) "

neZ nez

for all f € S(Z; X) with finite support. In this case, there exists a unique bounded
linear operator T € B(¢P(Z; X)) such that

GW(Ff)(e") = F(Taf)(e") (2.12)



6 J. ZHANG, S. BU EJDE-2024/20

for t € (—7,0) U (0,7) and f € S(Z; X) with finite support. Here we used the fact
that the set of all elements f € S(Z; X) with finite support is dense in (P (Z; X).

We recall two results obtained by Blunck [7] concerning ¢P-Fourier multipliers
which will be fundamental in our investigation.

Theorem 2.5. Let X be a UMD space and let 1 < p < oco. Assume that G :
(—=m,0) U (0,7) — B(X) is differentiable and the sets

{G(t):te (—m0u0,m}, {(e"=1)(e"+1)G'(t):te (-, 0)U(0,T)}
are R-bounded. Then G is an €P-Fourier multiplier.

Theorem 2.6. Let X be a Banach space and1 < p < co. Let G : (—m,0)U(0,7) —
B(X) be continuous and bounded. Assume that G is an (P-Fourier multiplier. Then

the set {G(t) : t € (—m,0) U (0,m)} is R-bounded.
3. REPRESENTATION OF SOLUTIONS

In this section, we introduce a special sequence of bounded operators, called
a-resolvent sequence, which will give an explicit representation of the solution for
the fractional difference equation (1.1).

3.1. a-Resolvent Sequence (P, (n))nen,. We notice that the fractional difference
equation (|1.1)) in the case 0 < « < 1 with the initial condition w(0) = 0 was
previously studied by Lizama [I§]. Later, Lizama and Murillo-Arcila [19] further
studied the fractional difference equation ([L.1)) in the case 1 < o < 2 with initial
conditions «(0) = u(1) = 0. We will introduce a similar a-resolvent sequence used
in [I8, 19].
Definition 3.1. Let X be a Banach space, T € B(X) and let 2 < a < 3. We let
(Pa(n))nen, € B(X) determined by:

(i) Pa(0) = Pa(1) = Pa(2) = I

(ii) Pa(n+3) —2P,(n+2)+ Py(n+1) = T(Py * k%) (n) + k2 2(n + 3)I +

(1 — a)k*2(n 4 2)1 + &= e=2 ga=2(y 4 1) for n € N,.
(Pa(n))nen, is called the a-resolvent sequence generated by 7.
Remark 3.2. Let 2 < a < 3 and assume that 237%(z — 1)* € p(T) for all |z| =
1, z # £1. Then the Fourier transform of P, is
(a—1)(a—2)
2

for |z| = 1, z # 1. Indeed, taking the Fourier transform on both sides of (ii) in

Definition [3.1 and using (2.5 and (2.9)), we obtain
BP(z) -2 — 22—z — 2[22]504(2) — 22— z] + 2Py (2) — 2

= TPa(2)k"72(2) + 2°K72(2) — 2* — 2 (a — 2) — W

(@a=D(a=2)r 24
— [2k*7%(2) — 7]

Po(2)=[*+(1—a)2®+ -t

2] [z = 1)* = T] (3.1)

+(1-a) [ZQEO“Q(Z) — 22— 2(a—2)] +

for |z| =1, z # £1. This implies that

[23 — 222 4+ 2 — T?c\afz(z)]pa(z) =[+(1-a)?+
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for |z| =1, z # £1. Tt follows from ([2.10)) that

(a—1)(a—2)

Po(z)= [+ (1 —a)? + fz] [237%(z — 1)* — T]fl

(3.2)
for |z| =1, z # £1.
For the proof of the main result of this section, we need the following results.

Lemma 3.3. Let2 < a<3,b:Nyg—C, and P: Ny — X, where X is a Banach
space. Then

A%(bx P)(n) = (b* A”P)(n) + b(n + 3)P(0) + b(n + 2) [P(1) — aP(0)]

+b(n+1)[P2) — aP(1) + ala

Proof. By (2.1)-(2.3)) and (2.6), we have
A“(b* P)(n) = A3A~G D‘)(b* P)(n)
= A= (bx P)(n+3) —3AC= (b x P)(n + 2)
+3A 6B« P)(n+1) — A=) (b« P)(n)
= (K> % b*x P)(n+3) —3(k*> % bx P)(n+2)
+3(E3 % bx P)(n+1) — (K> “xbx P)(n)

~ Y p(0)).

n+3 n+2
_Zb )K= % P)(n+3 =) =3 b(i)(E*~* x P)(n+2 - j)

7=0
n+1 n
+3) b)) (R = P)(n+1—j) =Y b() (> % P)(n— j)
7=0 j=0

for n € Ny. It follows that
A% P)(n)

—Zb (K% % P)(n+3 — j) = 3(k* % P)(n+2 — j)

—|—3(k Y%« P)(n+1—j)— (k> > P)(n—j)]
+b(n 4+ 1) (>~ % P)(2) + b(n + 2) (K>~ % P)(1)
+b(n +3)(k*~% % P)(0) — 3b(n + 1) (k> P)(l)
—3b(n +2)(K*~ % P)(0) 4+ 3b(n + 1)(k*~ % P)(0)

= Zb YA (K~ % P)(n — j) 4+ b(n + 1) [k*~*(0)P(2) + k*~*(1)P(1)

k‘°’ *(2)P(0)] +b(n +2)[F*~*(0)P(1) + £*~*(1) P(0)]
+ b(n + 3)k*~*(0)P(0) — 3b(n + 1)[k*~*(0)P(1) + k*~* (1) P(0)]
—3b(n + 2)k>*(0)P(0) + 3b(n + 1)k>~*(0) P(0)
= (A*P xb)(n) + b(n + 3)P(0) + b(n + 2)[P(1) — aP(0)]
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ala—1)

+b(n+1)[P(2) — aP(1) + 5

P(0)]

where n € Ny. This completes the proof. (Il

Lemma 3.4. Let X be a Banach space, T € B(X), 2 < a < 3 and let (Py(n))nen,
be the a-resolvent sequence given by Definition|3.1l. Then

A%Py(n) =TPy(n)=T
where 0 < n < 2.

Proof. By (2.1)), (2.3) and (2.6]), we have
A“P,(0)
= APA~G=9Pp (0)
= A"G=9p (3) - 3A7C~9P(2) + 3A~C~ P, (1) - A=B= P, (0)
= (B3 % P,)(3) = 3(k3 % % P,)(2) + 3(k3 % P,)(1) — (K>~ x P,)(0)

3 . . ‘ 2 . ‘ ‘ (3.3)
=Y KB = )Pall) — 3 K2 — j)Palh)
=0 Jj=0

1
+3> K1 = §)Pald) — E¥(0) Pa(0)
j=0
= P,(3) + E¥~ (1) — 2k3~*(2)T + k>~ *(3)I — I
It follows from Definition B.I] that

Po(3) =T +T(k* 2% P,)(0) + k*2(3) + (1 — a)k*2(2)]

L (a- 1)2(a =2 a2y (34)

Therefore, (3.3) and (3.4) imply that

A°P,(0) =T+ T(k*% % P,)(0) + k*72(3)I

F = a2y 4 =Dl =2) 1)2(0‘ )

+ BT — 2K3 ()T + K3 (3) — I
=T(k* %% P,)(0) =TP,(0) =T.

We have

P,(4) =2P,(3) — T + T(k* 2% P,)(1) + k“2(4)I

(@ —1)(a—2) (3.5)

+ (1 — a)k*72(3)I + 5 E*72(2)1.
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Applying (2.1), and again, we have
A“P,(1) = ASA~G=9)p (1)
=AG9p (4) - 3A6~9P,(3) + 34~ G~ P, (2) - A=B~9Pp, (1)
= (K3 % P,)(4) — 3(k3* % P,)(3) + 3(k* % P,)(2) — (K*~* % P,)(1)

4 3
=3 K= PaG) — 3 Y KB =) Pali)
j=0 =0

1

2
+33 KTN2 = J)P(i) = YKL= 5)Pa(y)
j=0

j=0
= P,(4) — aPy(3) + kK3~%(2)I — 2>~ (3)I + k3~(4)] + (o — 1)1

By using (3.4), and (3.6), we deduce that 0
A°P,(1) =T + k> 2(4)I + (3 — 20)k*"2(3)] + Ww—%zﬂ
_la=D@=27 1)5@4 —2)° KO=2(1)] + K3=(2)T — 2k°~°(3)] + K3~“(4) = T.
We have
Po(5) =2P,(4) — Pa(3) + T(k“ % % P,)(2) + k> 2(5)1
+(1— )k 2T + Wk“‘z@)[. (37)

A similar argument used in (3.6) shows that

AP (2) = Po(5) — aPa() + 201

+ K33 — K (2)1 + 2K (1) — K*~(0)1.

By using (3.4), (3.5), (3.7) ,and (3.8), we deduce that
A®P,(2)

Po(3) + E3=(5)T — 2k3 = (4)] (3.8)

=T+ @I + E*72(5)T + (3 — 20)k2(4) + (a — 2)(2a — 3)k*"2(3)]

(2—a)(1—-a)5—2a) -1)(3 - a)(a—2)?

a—2 ((Jé a—2
- 5 k2(2)1 — . k2(1)1

+ B3 TO(B) — 2K ()T + kP (3) — K> *(2)T + 2k* () =T.

This completes the proof. ([

Lemma 3.5. Let X be a Banach space, T € B(X), 2 < a < 3 and let (Py(n))nen,
be the a-resolvent sequence given by Definition|3.1l. Then

A%P,(n) =TP,(n)
for all n € Ny.
Proof. First note that
A“K2(n) = ASATCIE2(n) = A3 %« k2 2)(n) = A%k (n) =0 (3.9)
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where n € Ny. By (ii) of Definition we obtain

Zk3“ W (n 43 — ;—22/&”“ YPy(n+2—7) Zk“*

7=0
—TZk3 () (k2 P@(n—j)+fjk3‘“<j)k“‘2(n+3—j)f
j=0
+(1—a) Zka_2(n +2 — ESTG)I
j=0

OO S s 1 e

Jj=0

w(n+1—7)

where n € Ny. This implies that

A=C=IP (n+3)—2A GNP (n+2)+ A=C~9P (n+1)
— P2k %(n 4+ 1) — Py(1)k**(n 4 2)
— k37 (n + 3) Pa(0) 4+ 26* % (n + 1) P, (1)
+ 2K3%(n + 2) P, (0) — E37%(n + 1) P, (0)
=TA G~ (k2% P)(n) + A~C=0E2=2(n 4 3)1
+(1—a)A=BEe2(n 4 2)1

%A—(Eifa)kafZ(n + DI — k203 *(n+3)I
)

— kT 2(D)E (4 2)T — k223 (n + 1T

— (1 =)k 2()E*(n+ DI — (1 — a)k* 2(0)k* “(n+2)I

)
_ (O‘ — 1)2(04 — 2) k_a—Q(O)k_S—a(n + 1)[

for n € Ng. Thus

+

A~C=IP (n+3) =20 GNP (n+2)+ A=C~9P (n+1)
=TA G~ (k224 P)(n) + A~C7DE2(n 4+ 3)

+ (1 —a)A=B "2 4 2) 4 la=D(@=2) 1)2(a —2) AG= a2y 4 7)
for n € Ny. Consequently

A%Py(n+3) —2A%P,(n+2) + A*Py(n+ 1) = TAY(Py * k*2)(n)
by for n € Ny. It follows from Lemma that
Ak 5 P)(n) = (A2 x Py)(n) + k*=2(0) Pa(n + 3)
+ [£*72(1) — ak®2(0)] Pa(n +2)

+ [122) - abe () + 200 o +1)

=P,(n+3)—2P,(n+2)+ Py(n+1)



EJDE-2024/20 MAXIMAL REGULARITY FOR FRACTIONAL DIFFERENCE EQUATIONS 11

for n € Ng. We conclude that
A2A“P,(n+1) = A*TP,(n+1)

for n € Ny. The conclusion follows easily from Lemma [3.4] The proof is complete.
|

3.2. Formula of Solution. With the help of the a-resolvent sequence (P, (n))nen,
we are able to give the exact expression of the solution of (|1.1)).

Definition 3.6. For 2 < a < 3, we define the function h, : Ng — R by hq(0) =
L ha(l)=a—1, he(2) =290 and

(a—1)(a—2)

ha(n+3)+ (1 —a)ha(n+2)+ 5

ha(n+1)=0 (3.10)
for n > 0.

Remark 3.7. Let (ho(n))nen, be defined by (3.10). Then the Fourier transform

of h, is
~ Z3
ha(z) = . 3.11
(2) z3+(1—a)22+%z (3.11)

Indeed, taking the Fourier transform on both sides of (3.10]), we have

Zgiloc(z) =28 —(a—1)2" - @Z +(1 -« [ZQi“La(Z) — 22— (a— 1)z]
+ (a—l)# [2ha(2) — 2] =0
when |z| = 1, which implies that
(o —1)(a—2)

(2% + (1 — )z + z] ho(z) = 2° (3.12)

2
for |z| = 1. Thus (3.11) holds for all |z| = 1.

Now we are ready to state the main result of this section.

Theorem 3.8. Let X be a Banach space, T € B(X), 2 < a < 3 and let | €
S(No; X) be given. Then (1.1)) has a unique solution u € S(Ng; X) defined by
u(0) =u(l) =u(2) =0, and

u(n) = (ha * Pax f)(n—3) (3.13)
forn > 3.
Proof. Let u € S(No; X). By Lemma [3.3] Lemma and Definition we have
A (hg * Py)(n)
= (ha * A%P,)(n) + ha(n + 3)P,(0)

ala—1)
2

ha(n+1)

+ ha(n+2)[Pa(1) = aPa(0)] + ha(n+1)[Pa(2) — aPu (1) +

(a—1)(a—2)
2

P, (0)]

= (Theo * Py)(n) + ha(n+3) + (1 — a)ha(n+2) +

=T(hg * Py)(n) ( |
3.14
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for n € Ng. We deduce from Lemma [3.3] Lemma [3.5] and (3.14)) that

A (he * Py * f)(n)
= (A%(ha * Po) * f)(n) + (ha * Pa)(0) f(n + 3)
+ [(ha * Py)(1) — a(hg * Pa)(O)]f(n +2)

e — 3.15
@ =D 0w PO F(n + 1) (3.15)

+ [(ha * Pa)(2) — a(ha * Pa)(1) +
= (A%(ha x Py) * f)(n) + f(n+3)
=T(Py*he*f)(n)+ f(n+3)

where n € Ng. We claim that
A%u(n) = A(Py x hg * f)(n — 3) (3.16)
where n > 3. Indeed, since u(0) = u(1) = u(2) = 0, we have

n

A~G=Ny(n) = (K>~ % u)(n) = Z k3 ()u(n — j)

=0
—ZkS “(J)(ha* Pyx f)(n—3—7)

= A G- (hy % Py f)(n—3)
forn > 3, Wthh clearly implies that (3.16) is true as A* = ASA~G=2) by ([2.6). It
follows from ([3.15)) and ( - ) that

A%u(n) = Tu(n) + f(n) (3.17)

for n > 3.
Now we are going to show that equality (3.17)) remains valid when 0 < n < 2.
Indeed, it follows from ([3.13)) that

U(3) = (ha P £)(0) = (b = P)(O)F(0) = ha(0)Pu(0)(0) = f0):  (318)
u(4) = (he = P = £)(1) = (e % P)(DF(O) + (e P)(O)S()
= [Ra(DPa0) + ha(0) Pa(D] F(0) + ha(0) Pa(0) (1) (3.19)
= af(0) + 71
u(5) = (ha # Pa = 1)(2) = (o # Pa)2)1(0) + (e P)(1)S()
+ (e PO (2)
= [Ra(2)Pal0) + ha(1)Pa(1) + ha(0)Pa(2)]F(0) 520)
F THa(PL0) + AaO P (D] 1) + ha 0P 052
= D 1) 1 af1) + 2.

On the other hand, using the conditions u(0) = u(1) = u(2) = 0 and (3.18)-(3.20),

we have

A%u(0) = APATC=y(0) = (K3~ u)(3) = K2~ *(0)u(3) = u(3) = f(0);
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A%u(1) = ASATCy(1) = (K37 % u)(4) — 3(k3~ % u)(3)
= 37 (0)u(4) + E5(1)u(3) — 3k3*(0)u(3)
= u(4) —ou(3) = f(1);
A%u(2) = ASATC(2) = (K37 s u)(5) — 3(k3™ s w)(4) + 3(K>~ % u)(3)
= E30)u(5) + E¥(Du(4) + B> ~(2)u(3)
— 3E37(0)u(4) — 3K37(1)u(3) + 3,372 (0)u(3)

A Dum) = 1)

Thus A%u(n) = Tu(n) + f(n) where 0 < n < 2 as u(0) = u(l) = u(2) = 0. We
have shown that u € S(Ng; X) given by (3.13) is a solution of (1.1
It remains to show that the solution is unique. It is clear that we only need to

show that 0 € S(Np; X) is the unique solution of the equation
A%u(n) = Tu(n), (n € Ny);
u(0) = u(1l) = u(2) = 0.

Let u € S(Np; X) be a solution of (3.21)). We first show that u(3) = 0. The identity
A%*u(0) = Tu(0) implies that A%u(0) = 0, or, equivalently,

APATB=Ny(0) = A=C7y(3) — BATEy(2) + 3BATCTNu(1) + A Pu(0)
= (E* % u)(3) — 3(k3* x u)(2) + 3(K* % u) (1) + (K>~ % u)(0)
=E(0)u(3) = u(3) =0

as u(0) = u(1) = u(2) = 0 by assumption.

Assume that u(n) = 0 for all 3 < n < k for some k > 3. We are going to show
that u(k + 1) = 0. Since k — 2 < k, we have u(k —2) = 0 by assumption. Thus
A%u(k — 2) = Tu(k — 2) = 0, or, equivalently,

ASA=B=0y(k —2)

= A"G(k +1) = 3A7 6y (k) + 3ATC Yy (k — 1) + A=C=Yy(k — 2)
=K xu)(k+1) =3k *xu)(k) +3(k3* xu)(k — 1) + (B> xu)(k — 2)
=0 uk+1) =u(k+1)=0

=u(5) — au(4) +

(3.21)

as u(k —2) = u(k — 1) = u(k) = 0 by assumption. Consequently u(n) = 0 for all
n € Ng. This concludes the proof. [l

4. CHARACTERIZATION OF THE fP-MAXIMAL REGULARITY

Let T € B(X), where X is a Banach space. Let f : Ng — X be an X-valued
sequence and 1 < p < co. In this section, we will study the ¢P-maximal regularity
for the discrete time evolution equation of fractional order

A%u(n) = Tu(n) + f(n), (n € No); i1
u(0) = u(1) = u(2) =0, “1)

where 2 < o < 3 is given.
For all f € S(Np; X), the unique solution v € S(Ng; X) of (4.1]) is given by
u(0) = u(l) = u(2) =0, and

u(n) = (Py % ho * f)(n — 3), (4.2)
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for n > 3 by Theorem [3.8 This means that A%u(0) = A%u(1) = A%u(2) =0, and
A%u(n) = T(Py * ha * f)(n—3) + f(n) (4.3)

for n > 3.
Now we introduce the following definition concerning maximal regularity, which
is motivated by the case a = 1 and a = 2, see for instance [7].

Definition 4.1. Let 1 < p < co. We say that (4.1) has the /P-maximal regularity
if
(Raf)(n) i=T(Pa# hax f)(n) =T Y (Paxha)(n—j)f(4), (n€Ng)  (4.4)
j=0
defines a bounded linear operator R, € B(¢?(Ny; X)).

It is clear that (4.1) has the ¢P-maximal regularity if and only if for all f €
¢P(Np; X)), the unique solution u of (4.1]) given by (4.2)) satisfies A%u € ¢P(Ny; X)

by (.3).
We say that T' € B(X) satisfies the assumption (C,) if 237%(2 — 1)® € p(T) for
all |z2| =1, z # £1. Now we are ready to state the main result of this section.

Theorem 4.2. Let X be a UMD space, 2 < a < 3 and let 1 < p < oo. Assume
that T € B(X) satisfies the assumption (C,). Then the following statements are
equivalent:

(i) Equation(4.1)) has the £P-mazimal regularity;
(ii) the set

{6(3—a)it(eit _ 1>a [6(3—o¢)it(eit _ 1)a _ T]
is R-bounded.

it e (-m0)u(0,m)} (4.5)

Proof. (ii) implies (i). Assume that the set (4.5) is R-bounded. We are going to
show that (4.1)) has the ¢P-maximal regularity. Let

Ja (t) = €3it(1 - e_it)a7 G(t) = ga(t) [ga(t) - T]
for t € (—m,0) U (0, 7). Then

-1

aiga(t) .. ai
eit _ 1 - (3’L + eit _ 1)ga(t)

C(t) = zi‘EgG(t) - zzgg G2(t) = (3i + -

for t € (—m,0) U (0, 7). Thus the sets
{G(t):te(—m0u(0,m}, {(e"=1)("+1)G(t): te(-m0)U(0,m)}

are R-bounded by assumption and Remark Using Theorem there exists
an operator T, € B(¢?(Z; X)) such that

Tof(e) = G(t)f(e™) (4.6)
when t € (—m,0)U(0,7) for all f € ¢P(Z; X) with finite support. The trivial identity

Tlgalt) =T = gal)[ga(t) = T] " =1

gL (1) = 3iga(t) +

)(G(t) = G*(1))

et — 1
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for t € (—m,0) U (0, 7) together with (4.6)) implies that

T[ga(t) —T] "

14 ~

F(e) = ga(®)[ga(t) — T f(e) — f(e™)
= G(t)f(e") - f(e') = Tuf(e™) — f(e™)

when t € (—m,0) U (0,7) for all f € ¢P(Z; X) with finite support. It follows from
Remark [3.2] and Remark [B.7] that

Py ho () = €3 [ga (1) — T
for t € (—m,0) U (0, 7). This together with (4.8) implies that

(4.7)

! (4.8)

Raf(e) = 4T [ga(t) — T] ' f(e')

when t € (—m,0) U (0,7) for all f € ¢?(Np; X) with finite support. Hence R, is
a bounded and linear operator on ¢7(No; X) by (4.7). Here we have used the fact
that the set of all f € ¢P(Np; X) with finite support is dense in ¢P(Np; X'). We have
shown that has the ¢P-maximal regularity. Hence (ii) implies (i).

(i)implies (ii). Assume that (i) holds. Then

T(Po * ho * f)(n), n=3,

| (4.9)
0, otherwise.

(Raf)(n) = {

defines a bounded linear operator R, € B(¢?(Np; X)). It follows from (4.8)) that
Raf(e") = T [galt) = T) " f(") (4.10)

when ¢ € (—7,0) U (0, ) for all f € ¢?(Ny; X) with finite support. Since it is clear
that R, is a convolution operator, R, is translation invariant on ¢?(Z; X). Thus
R« extends to a bounded linear operator on ¢7(Z; X). In other words, the function
t — T [ga(t) — T ~! defined on (—m,0) U (0,7) is an ¢P-Fourier multiplier by
(2.12). Hence the set

{e¥'T [ga(t) — T]fl te(—m0)u(0,m)}
is R-bounded by Theorem [2.6] The trivial equality
1 -1
T[ga(t) = T] " +1 = ga(t)[gal(t) — T]
for t € (—m,0) U (0,7) implies that the set

{ga (t) [ga (t) — T]

is R-bounded. This completes the proof. ([

ite (=m0)u(0,m)}

Since the second condition in Theorem does not depend on the parameter
1 < p < oo, we have the following immediate consequence.

Corollary 4.3. Let X be a UMD space, 2 < o« < 3 and let T € B(X) satisfy the
assumption (Co). If (4.1) has the £P-maximal regularity for some 1 < p < oo, then
it has the (P -maximal regularity for all 1 < p < co.

Let H be a Hilbert space, then each bounded subset W C B(H) is actually
R-bounded [3]. This together with Theorem gives the following result.
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Corollary 4.4. Let H be a Hilbert space, 2 < a < 3,1 <p < oo and letT € B(H)
satisfy the assumption (Co). Then (4.1) has the (P-mazimal reqularity if and only
if there exists C' > 0 such that

‘e(Bfa)it(eit — 1) [6(3704)1'26(61'26 — 1) — T] —1’ <C (4.11)
for allt € (—m,0) U (0,7).

Now we give a concrete example that Corollary [£:4] is applicable. Let H be a
Hilbert space, 1 <p < o0, 2 < a < 3 and let T € B(H)) satisty

o(T)Cc{zeC:|z| > 2%}.

Then for every f € ¢?(Ny; H), there is a unique u € ¢?(Ny; H) such that (4.1)) holds.
Indeed, an easy calculation gives

sup |(e" —1)%] < 2%
te[—m,m]

This together with the assumption o(T) C {z € C : |z| > 2%} implies that
e(B=a)it(git 1)@ ¢ p(T) for all t € [—m, 7], and since the function t — |(e(3=®)% (e —
1)®—T)~1] is continuous on the closed interval [, 7], the condition (4.11]) is valid.

Acknowledgments. This work was supported by the NSF of China (Grant No.
12171266). We are grateful to the anonymous referees for the careful reading the
manuscript and for providing valuable comments.

REFERENCES

[1] T. Abdeljawad, F. M. Atici; On the definitions of nabla fractional operators, Abstr. Appl.
Anal., 2012 (2012), 1-13.

[2] R. P. Agarwal, C. Cuevas, C. Lizama; Regularity of Difference Equations on Banach Spaces,
Springer-Verlag, 2014.

[3] W. Arendt, S. Bu; The operator-valued Marcinkiewicz multiplier theorem and maximal reg-
ularity, Math. Z., 240 (2002), 311-343.

[4] F. M. Atici, P. W. Eloe; A transform method in discrete fractional calculus, Int. J. Difference
Equ., 2 (2007), No. 2, 165-176.

[5] F. M. Atici, P. W. Eloe; Initial value problems in discrete fractional calculus, Proc. Amer.
Math. Soc., 137 (2009), No. 3, 981-989.

[6] D. Baleanu, K. Diethelm, E. Scalas, J. J. Trujillo; Fractional Calculus: Models and Numerical
Methods, World Scientific, London, 2012.

[7] S. Blunck; Maximal regularity of discrete and continuous time evolution equations, Studia
Math., 146 (2001), No. 2, 157-176.

[8] D. L. Burkholder; Martingale transforms and the geometry of Banach spaces , Lecture Notes
in Mathematics, Vol. 860, Springer, Berlin, 1981, 35-50.

[9] R. E. Corman, L. Rao, N. Ashwin-Bharadwaj, J. T. Allison, R. H. Ewoldt; Setting material
function design targets for linear viscoelastic materials and structures, J. Mech. Des., 138
(2016), No. 5, paper No. 051402.

[10] R. Denk, M. Hieber, J. Pri§uss; R-boundedness, Fourier multipliers and problems of elliptic
and parabolic type, Mem. Amer. Math. Soc., 166 (2003), 788.

[11] C. S. Goodrich, C. Lizama; A transference principle for nonlocal operators using a con-
volutional approach: Fractional monotonicity and convexity, Israel J. Math., 236 (2020),
533-589.

[12] H. L. Gray, N. F. Zhang; On a new definition of the fractional difference, Math. Comp., 50
(1988), No. 182, 513-529.

[13] T. Hytonen, J. van Neerven, M. Veraar, L. Weis; Analysis in Banach Spaces, Volume I:
Martingales and Littlewood-Paley Theory, Springer International Publishing, 2016.

[14] B. Jin, B. Li, Z. Zhou; Discrete maximal regularity of time-stepping schemes for fractional
evolution equations, Numer. Math., 138 (2018), No. 1, 101-131.



EJDE-2024/20 MAXIMAL REGULARITY FOR FRACTIONAL DIFFERENCE EQUATIONS 17

[15] C. Leal, C. Lizama, M. Murillo-Arcila; Lebesgue regularity for nonlocal time-discrete equa-
tions with delays, Fract. Calc. Appl. Anal., 21 (2018), 696-715.

[16] J. Lindenstrauss, L. Tzafriri; Classical Banach Spaces II, Springer, Berlin 1996.

[17] C. Lizama; The Poisson distribution, abstract fractional difference equations, and stability,
Proc. Amer. Math. Soc., 145 (2017), No. 9, 3809-3827.

(18] C. Lizama; £p-maximal regularity for fractional difference equations on UMD spaces, Math.
Nachr., 288 (2015), 2079-2092.

[19] C. Lizama, M. Murillo-Arcila; £p-maximal regularity for a class of fractional difference equa-
tions on UMD spaces: the case 1 < a < 2, Banach J. Math. Anal., 11 (2017), 188-206.

[20] C. Lizama, M. Murillo-Arcila; Maximal regularity in £, spaces for discrete time fractional
shifted equations, J. Differential Equations., 263 (2017), 3175-3196.

[21] C. Lizama, M. Murillo-Arcila; Well posedness for semidiscrete abstract fractional Cauchy
problems with finite delay, J. Comput. Appl. Math., 339 (2018), 356-366.

[22] C. Lizama, M. Murillo-Arcila; Discrete maximal regularity for Volterra equations and nonlocal
time-stepping schemes, Discrete Contin. Dyn. Syst., 40 (2020), 509-528.

JICHAO ZHANG
SCHOOL OF SCIENCE, HUBEI UNIVERSITY OF TECHNOLOGY, WUHAN 430068, CHINA
Email address: 156880717@qq. com

SHANGQUAN Bu
DEPARTMENT OF MATHEMATICAL SCIENCE, TSINGHUA UNIVERSITY, BEIJING 100084, CHINA
Email address: bushangquan@tsinghua.edu.cn



	1. Introduction
	2. Preliminaries
	3. Representation of solutions
	3.1. -Resolvent Sequence (P(n))nN0
	3.2. Formula of Solution

	4. Characterization of the p-maximal regularity
	Acknowledgments

	References

