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PROPERTIES OF THE SOLUTIONS TO PERIODIC
CONFORMABLE NON-AUTONOMOUS NON-INSTANTANEOUS
IMPULSIVE DIFFERENTIAL EQUATIONS

YUANLIN DING, KUI LIU

ABSTRACT. In this article, we study the properties of solutions to periodic non-
autonomous conformable non-instantaneous impulsive differential equations.
We use a conformable Cauchy matrix and obtain some basic properties of the
periodic solution to the homogeneous and non-homogeneous problems. We
consider the periodicity of solutions to nonlinear problem via a fixed theorem.

1. INTRODUCTION

Hernédndez and O’Regan [12] establish a non-instantaneous impulsive differen-
tial equation model depending on the current state and duration of action, that de-
scribes phenomena in engineering, physics, biology, and many other fields. With the
development of research, there are many publications studying the existence, sta-
bility, controllability, and periodicity of solutions for non-instantaneous impulsive
differential equations; see for example [IJ, [5] [7], 9], 111 [14), 15, 16, (T8, 20} 22} 23, 24 25].
Motivated by the results based on conformable derivatives, [2] 3] [, [6] & [10] 13| 17
19, 21], we consider the homogeneous linear conformable non-autonomous problem

D3B(t) = a(t)B(t), te (s;,tip1], 1€ Nyg:={0,1,2,...}, 0<7 <1,
B(tH) = (E+P)B(t), leN:={1,2,...},
B(t) = &()B(E), te (t,s), l€N, (1.1)
B(s{)=B(s;), LeN,
B(c) = B € R™,
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and the nonhomogeneous linear conformable non-autonomous problem
D3B(t) = a(t)B(t) +C(t), te (sitipn], l€Ng:=1{0,1,2,...},0<7 <1,
B ) =E+P)B(t;)+Qi, 1eN:={1,2,...},
Bt)=&)BH ), te (t,s), LEN,
B(s/)=B(s;), LeN,
Blc) = B € R™,

(1.2)
and the nonlinear conformable non-autonomous problem
DIB(t) = a(t)B(t) +n(t, B(t)), te€ (si,tit1], L €Ng:={0,1,2,...}, 0 <7 <1,

Bt) = (E+PR)B(t7) + @, 1€N:={1,2,...},
Bt) =aM)B(), te(t,s], lEN,
B(S;L):ﬁ(sf)v leN,
B(c) = p. € R™.

(1.3)
The sequences {t;}1en, and {s;}ien, satisfy ¢ = so < -+ <t < 8§ < ty41 for
Il eN. Set A =U2, (s, t1+1], B=UP,(t1,s1], a(-) : A = R™™ §(-) : B — R"*™,
C() : A - R™ and n : A x R™ — R” are continuous functions. Also, P, € R"*™
Q: € R™ with Py, = P, and Q4+, = @;. What’s more, E denotes the unit matrix.
Note that for each I € N, the sequences t;, s; satisfy t;1, =t + 9 and s;1, = 51+ 0
where a € N means the number of impulsive points of a periodic interval (c, ¢ + )
and ¢ is a fixed positive number.

This article consists of 6 sections. Section 2 presents basic theory and the con-
formable Cauchy matrix. Section 3 shows the properties of the conformable Cauchy
matrix. Section 4 studies the stability and periodicity of the solution of (1.1).
Section 5 proves the existence and boundedness of the periodic solution of (|1.2)
Section 6 proves the existence and uniqueness of periodic solutions of (1.3 using
Brouwer’s fixed point theorem.

2. PRELIMINARIES

Set C = [¢,+00) and PC(C,R™) := {: C — R™ : B € C((t;, t141], R™), there
exists B(t;) and B(t1), I = 1,2,... with B(¢;) = B(tl)}, where C((tl,tl+1],Rn>
denotes the space of all continuous functions from (¢, ¢;41] into R endowed with
the norm ||5|| = sup,ec |B(t)]. We introduce PCy(C,R") = { € PC(C,R") :
B(t) = B(t + 1), t € C}. We denote a vector a = (a1,...,a,)" € R" with its norm
lall = >"1; |ai| and a matrix b € R™*™ with its norm ||b]| = max =1 [|b]|.

Definition 2.1 ([3, Definition 2.1]). The conformable derivative with lower index
c of a function 7 : C — R is defined as
t+e(t—c)'7) - Bt
@ﬁﬁ(t)zlimﬁ( telt—o)) BU, t>e 0<7 <1,

e—0 9

0:5(c) = Jim DIA(W)

Remark 2.2. For ¢t > ¢ we note that the conformable derivative D¢5(t) exists if
and only if y is differentiable at ¢ and D¢S(¢) = (t — )1~y (¢).
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Definition 2.3 ([3, Notation]). The conformable integral of a function r : C — R
is written as

t t
t) = / B(s)d-(s,c) = / (s —c)"'B(s)ds, t>c,0<T<1,

if ¢ =0, then we write d.(s,c) as d.(s).
Lemma 2.4. Let §: A — R™ be a continuous function. A solution 8 € C(A,R"™)
of the linear problem

DA[(t) = alt)B(t), 0<7 <1,

B(s)=ps, t>s>c.
has the form
B(t) = @(t,5)Bs,
where ®(-,-) is the Cauchy matriz of D21 B(t) = a(t)5(t).
We set ||‘P(t,8)|| < ef: la(0)]|(6—s1)" " *do for 5 <s<t< tit1, and

o= maXye(s;,ty11] Ha(t) .

Lemma 2.5. The solution ((-, s, 3s) € PC(C,R™) of with B(s) = Bs has the
form

B(t,s,Bs) = Alt,s)Bs, t > c,
in which
O(t,s), t,se€(s;,tiv1], 1=0,1,2,...;
ai(t)o, (s), t,s € (t,s1], 1=1,2,...;
Ocey O T 0y 4ol (B 4 PY®(tr, 511001 (5 ) (E + Pyeay41)
XP(te(e,s)41,5)s 5 € (Se(e, s), s(es)ils € (teet)s Se(en)]s
(I)(t S¢(c, t))6 (e, t)(Sc(c t)) Hl s(c,s) +1[(E + Pl)q)(th 8171)5171(8171)]
Aty s) = § X075 o (8), 8 € (tee, s)vs§(c s)] € (Sg(ct)s La(ety+1)5
(I)(t S¢(c, t))éc(c t)(Sc(c t)) Hl s(c,s) +2[(E + Pl)q)(th 8171)5171(8171)]
X (B 4 P (c,6)+1) P (te(e,5) 415 5)
5 € (8¢(e,8)s te(es)+1)s T E (Se(e,t)s te(et)+1)i
Scteny O TS0 oy a (B 4 PO®(t, s11)d11 (s11)]0 ) (),
5 € (te(es)r Sc(e,s))s T € (te(et)s Se(e)]s

(2.1)
when ¢(c,t) = ¢(c, s) and ¢(c,t) denotes the number of the impulsive points which
belong to (c,t). ng(c;(tp s =E

Proof. We consider 4 cases.

Case 1. No impulsive point between ¢ and s.
(i) For t,s € (si,ti+1), 1 =0,1,2,...,¢(c,t), we have

B(t) = @(t,s1)B(si)), and B(s) = D(s,s)B(s1),
so B(t) = ®(t, s)B(s). We obtain
A(t,s) = D(t, ).
(ii) For t,s € (t1,s1], 1 =1,2,...,5(c,t), we have
B(t) =a(H)B(]) and  B(s) = ai(s)B(t;")
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so A(t,s) = 6,(t)6; *(s), t.s € (t, 5]
(iii) For any s € (¢;,s;] and any t € (s, t;4+1], we have
B(t) = ®(t,50)8(s;) = B(t, 50)8(s;) = B(t, 51)6u(50)8; ' (s)5(s),
so A(t,s) = ®(t,s1)0,(s1)0; *(s).
Case 2. One impulsive point between time ¢ and s.
(i) For any s € (s;_1,%;] and ¢ € (¢, s1], we have

B(t) = at)B(t) = a(t)(E+ R)B(t,) = a()(E + F)®(t, 5)B(s),

so A(t,s) = 0;(t)P(ty, ).
(ii) For any s € (s;—1, ;] and any ¢ € (s;, t;4+1], we have

B(t) = ®(t, s1)B(s;")
(L, s)B(s; )

(t, s1)81(s1)B(t])

(t, s)du(s)(E + Pt )
(t,51)01(s1)(E + P)®(t1,5)8(s),

[
*&G*@*

0
A(t,s) = (¢, s1) 01 (s1) (B + ) B(4;7) @ (1, 5)-
(iii) For any s € (t;—1, s;—1] and any t € (¢;, s;], we have

B(t) =&)L

)
A(t,s) = 6i(t)(E + P)®(tr, s1-1)01-1(s1-1)8, (s).
(iv) For any s € (t;—1, 8;—1] and any t € (s;,t,41], we have

SO
Alt,s) = (I)(t, 8l>(5l(81)(E + P[)(I)(tl, 81_1)(51_1(&_1)61111(8).

Case 3. Two impulsive points between t and s.
(i) For any s € (s;-2,t;—1] and any t € (¢, s;], we have

B(t) = a(t)B(t)
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SO
Aty s) =6 ()(E+ B)P(tr, 81-1)01-1(s1—1)(E+ P_1)®(t;—1, 5).
(ii) For any s € (sj—2,t;—1] and any t € (s;, t;4+1], we have

B(t) = D(t,s1)8(s;")

)BH)
_)(E+P_1)B(t_,)
~1)E+ P-1)®(ti-1,5)B(s),
A(t7 s) = ®(t, 81)51(81)(E + Pl)q)(tl, 8171)6171(8171)@@ + Plfl)q)(tlfl, s).
(iii) For any s € (t;—2, s;—2] and any t € ({;, s;], we have

B(t)

At,s) = 6(t)(E+ P)®(t1, 51-1)01—1(s1—1)(E+ P—1)®(t;-1, 5172)5172(3172)617_12(3).
(iv) For any s € (t;_2, 8;—2] and any t € (s;,t,41], we have
B(t) = @(t,s1)B(s)")
= ®(t,5)B(s; )
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= ®(t, s))di(s)(E+ P)B(t)
= ®(t,51)01(s1)(E 4 P)®(t1, 51-1)8(s;" 1)
= ®(t, 51)0u(s0)(E + P)® (1, 51-1)B(s1_1)
= ®(t,51)01(s1) (E + P)®(tr, s1-1)01-1(s1-1) Bt )
= O(t, s1)6i(s0)(E + P) (L1, s1-1)01-1(s1-1) (B + P—1)B(¢;_4)
=®(t,5)01(s1)(E+ P)®(ts, 51-1)01-1(s1-1)(E + Pr_1)®(ty—1, s1-2) B(s] )
= O(t, s1)01(s1)(E+ P)®(t1, 51—1)01-1(s1-1) (B + P—1)®(ti—1, 51-2) B(5;_5)
= ®(t,5)01(s1)(E + P)®(t1, 51-1)01-1(81-1)(E + Pr—1)

X ®(t-1,81-2)01-2(51-2)8; 5 (5)B(s),

SO

A(t, S) = P(t, Sl)él(sl)(E + Pl)q)(th 8171)5171(8171)(E + Pl,1)¢(ﬁl,1, 8172)
X 5172(8172)(5;_12(8).

Case 4. Many impulsive points between t and s.
(i) For any s € (t(c,s), Sc(c,s)] and any t € (S¢(c,t)s to(e,t)+1], We have

A(t) 5) = (I)(t, Sg(c,t))éc(c,t) (Si(c,t))
s(e,t)

X H [(E+Pl)<I>(tl,55_1)51_1(31_1)]6;;8)(s).
l=s(c,s)+1

(ii) For any s € (5¢(c,s)s te(e,s)+1) and any t € (to(c,t), S¢(c,)], We have

s(e,t)
Alt,s) =0geny®) ] (B4 P)O(t,s1-1)61-1(s;4)]
l=¢(c,s)+2

X (E + Pc(c7s)+1)¢)(t§(c,s)+17 5)-
(iii) For any s € (8¢(c,s)» Lo(c,s)+1] and any t € (S¢(c,1), te(e,t)+1], We have

s(et)

(et
A(ta S) = (I)(tv Sq(c,t)>5g(c,t) (Sc(c,t)) H [(E + P[)(I)(tl, 8171)5171(&,1)]
(¢,8)+2

X (]E + Pq(c,s)Jrl)(I)(tg(c,s)Jrl: 3)-

l=¢
(iv) For any s € (t(c,s), Sc(c,s)] and any t € (te(c,t)s So(c,)], We have
s(e,t)

A(t, S) = 6<(c,t) (t) H [(E + Pl)q)(th 5171)5171(8171)]5:((1:75) (S)
l=¢(c,s)+1
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Summarizing, we can write

O(t,s), t,s€(s),ti41], 1=0,1,2,...;
&)t (s), t se(ty,s], 1=1,2,...;
Sty TTE0 o) 4ol (B 4+ PO (L, 51-1)01-1 (51 )]
X(E + Py(e,s)+1)P(te(c,s)+1,5),
5 € (S¢(e,s)r ta(ers)+1)s t € (te(ent)s Se(enn)]s
At 5) = 4 P Sce0)isen(Ssces DL ot [(B+ PO®(t, 51-1)01-1(s1-1)]
Xag(c,s)(s)v s € ( <(e,8) Se(e, 9)] te (sc(C,t)vtc(C,t)+1]§
Bt Sc(e) e ety (See) TI 0yl (B + POD(E 51-1)01-1(51-1)]
X(E + Pc(C,S)+1)(I)( <(e,8)+1: 8 )»
s € (Sc(c ) c(C,S)Jrl]’ te (Sc(c t)> te(e, t)+1]'
Octety W TT oy  [(E 4+ PO®(tr, 511)00-1 (51-1)10 L (5),
5 € (te(e,s)r Seles))s T € (Be(ert)s Se(e,t))-

O

Definition 2.6. A function 3(-, 3.) € PC(C,R") is J-periodic if (¢, 8.) = B(t +
9, Be) for all t > ¢.

Definition 2.7. System (/1.1)) is exponentially stable if there exist constants A\; > 1
and Ay < 0 such that

AL, s)]| < Ae2t=9) o< g <t
[A(t, :

3. BASIC PROPERTIES OF A(-,-)
Set r = sup;s |E + Pil|, g = suppso U0 € = supysy maxg, . [10:(2)],
¢ = max;>o ¢;. We use the following assumptions:

(Al) a(t+9) = aft) for t € A;
(A2) a4+ 09) =6,(¢) for t € B.

Theorem 3.1. When ¢ < s <t, we have
IA(t, )| < ebuts(et)(Ink+ln E+¢u)’
or
AL, 0)| < es(et)(InmtIné+epu)
Proof. For t € (8u(c.t); tw(e,t)+1], we have

s(e,t)

A, ) < N9 (E, See)detety (Se(ey) [ [E+ PPt s1-1)51-1(51-1)]
=2

X (E+ P1)®(t, )|
< eFlt=ssien)T E(redrg)s(e =1 geon
< e¢u(,§e¢u§)<(cyt)
— ePpts(et)(InrtIng+ou)
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For t € (tu(c,t)s Sw(c,t)], we have

s(e,t)
1A O < 10c(ery @) T 1B+ P)R(tr, 51-1)01-1(s1-1)](E + P1)®(t1, 0)|
=2

< E(refre) (et = gedn
< (R6¢u§)€(c,t)

_ es‘(C,t) (In k+1In E+opp) )

Theorem 3.2. Ifc < s <u<t, then A(t,s) = A(t,u)A(u,s).

Proof. By the form of (2.1)), when s € (8¢(c,s)s to(c,s)+1] and t € (8¢(c,t)y te(et)+1], We
have

A(t, s)
(et)
= ®(t, 5¢(c,t))Ic(c,t) (Se(eyt)) H (E+ P)®(t, 51-1)01-1(51-1)](E + Pe,uy+1)
I=c(cyu)+2
s(cu)
X Bt )41, WU, Sc(c))Oe (e (Seeny)  [[ - [E+ P)®(tr, s1-1)8-1(s1-1)]
I=c(c,s)+2
X (E + Pc(c,u)+1)(1>(t<(c,u)+1, U)
= A(t,u)A(u,s), u€ (S¢(au)ste(au)+1)s
Aty s)
(et
= ®(t, 5¢(c) e (e (Sc(e) H [(E+ P)®(t, 8171)5171(8171)]5;(,1;#)@)
l=¢(c,u)+1
s(e,u)
X Ocey(@) [ B+ P)®(w, s1-1)0-1(51-1)](E + Pee6)41) P (te(c,s)11 5)
I=c(c,s)+2

= A(ta U)A(U, S)v u e (tg(a,u)v Sq(a,u)]-
When s € (tC(c,s)7 Sg(c,s)} and t € (SC(C,t)7t§(C,t)+1]7 we have

s(e,t)
At,s) = B(t se(en)beten (Scen)) [ [E+P)®(t, s1-1)81-1(s1-1))]
l=¢(c,u)+2
X (E + Pc(C,u)+1)(I)(tc(C,U)+1> u)q)(% sc(C,u))éc(C,u) (Sc(C,u))
s(c,u)

X H [(E+P[)‘I)(tl,8171)(5l,1(Slfl)}(sz(}:)s)(s)
l=¢(c,s)+1

= A(ta U)A(U, 8)7 (AS (Sc(qu)v tg(c,u)Jrl]a

s(e,t)

A(ta S) = CI)(t7 Sc(c,t))ég(c,t) (Sg(c,t)) H [(E + Pl)q)(tl; Slfl)(slfl(slfl)]és(i’u) (u)
l=¢(c,u)+1
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s(c,u)

< Soean@) [T [(E+ P, si1)01(si-1)107 2, (5)
l=¢(c,s)+1

= A(t,u)A(u,s), u € (t(eu)s Se(e,u)l-
When s € (S¢(c,s)s te(e,s)+1] and t € (to(e,t)s S¢(e,t)], We have
A(t, s)
s(e,t)
=0ey® [T [E+P)R(t, 51-1)81-1(51-1)] (B + Pe(e,uys1) @ (Ee(eruy 15 1)
I=c(cyu)+2
s(c,u)

X (I)(’LL, sg(c,u))ég(c,u) (Sg(c,u)) [(E + -Pl)(I)(tla 8171)5171(8171)]
l=¢(c,s)+2

X (E + Pc(C,u)+1)(I)(t<(c,u)+17 U)
= A(tv U)A(U, 5)7 AS (Sq(c,u)a tg(c,u)Jrl];

A(t, s)
s(e,t)
=0en®  JI  (E+ PRt si-1)8i-1(51-1)]8 1, ()
l=¢(c,u)+1
s(c,u)
x Seay(@) [ (E+P)®(t,si-1)0-1(s1-0)](E + Peesa1)P(to(e,s) 415 )
l=¢(c,s)+2

= A(ta U)A(u’ s), u € (tc(c,u), sg‘(c,u)]'
When s € (tg(c7s), Sg(qs)} and t € (tg(c,t)a Sg(c7t)], we have
At s)

s(e,t)
=0eny® [ [E+P)®(t,s1-1)81-1(51- )] (E + Pegeuys1) P (be(euy+1, 1)
l=¢(c,u)+2

s(c,u)

X @ (U, S¢(e,u) ) (eu) (Se(e,u)) H [(E + P)®(t1, s1-1)81-1(51-1)]0 ¢ oy (5)
l=¢(c,s)+1

= A(t> ’U/)A(’U,7 5)7 RS (Sc(c,u)7 tc(c,u)Jrl]a

s(e,t)
A(t, s) = b (t) H [(E+ P)®(t, 8171)5171(8171)]5:(;”) (u)
l=¢(c,u)+1
s(c,u)
X O e,u) (W) H (E+ P)®(uy, 8171)5171(81—1)}55(;5)(5)
l=¢(c,s)+1

= A(t7 u)A<ua S)a u € (tg(c,u)v Sg(c,u)}-

Theorem 3.3. If (Al) and (A2) hold, then
AC+9,-+9)=A(,-), NeN.
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Proof. Equation (2.1) implies that for s € (8¢(c,s)s to(c,s)+1] and t € (S¢(c.t), Le(e,t)+1)5
we have
At +9,s+9)

= (I)(t + ﬂa Sg(c,t+19)>6g(c,t+19) (Sg(c,tJrﬁ))
s(e,t+9)
< JI  (E+ P, si-1)0-1(s1-0)I(E + Peesroye1) te(e,so)1, 5 + )
l=¢(c,s+9)+2
= (I)(tv Sc(c7t))5§(c7t)(5<(c,t))
s(e,t)
< ] B+ P)®(t, s1-1)61-1(s1-1)1(E + Poes)41)(Ee(e,)415 9)
l=¢(c,s)+2
= A(t, s).
When s € (tC(c,s)7 Sg(c,s)} and t € (5§(c,t)7t§(c,t)+l]a we have
At + 9,5+ )
= (I)(t + 197 S{(c,t-‘rﬂ))ég(c,t—i-ﬂ) (sg(c,t+19))
s(e,t+9)
X H [(]E+Pl)q)(tl,8171)5171(8171)]5:(;%19)(3+19)
l=¢(c,s+9)+1
s(e,t)
= O(t, S(et))0c () (Sc(ery) || B+ P)O(t, s1-1)01-1(51-1)10 5 4 ()
l=¢(c,s)+1
= A(t, s).
When s € (S¢(c,s), to(c,s)+1] and t € (te(c,t)s S¢(e,)], We have
At +9,s+9)
s(e,t+9)

= O¢(c,t+0)(t + 1) H [(E+ P)®(t, 81-1)01-1(81-1)]
l=¢(c,s+9)+2

X (E+ Pyc,s40)+1) P(te(c,s49)+1, 5 + V)

s(e,t)
=bcenn® I B+ POt s1-1)6-1(51-1)](E + Pre.s)41)@(Ee(e0) 115 9)
l=c(c,s)+2
= A(t, s).
When s € (tg(c’s), S<(C’S)} and t € (tg(c)t), 3g(c,t)]7 we have
At +9,s+79)

s(e,t+9)
= e+ [ (E+P)B(t,s1-1)8-1(s51-1)107 ) gy (s + )
I=¢(c,s+9)+1
s(e,t)
= 5§(c7t)(t) H [(E + ]Dl)(b(tlv 51—1)65—1(81—1)]5:((1173) (S)
l=¢(c,u)+1
= A(t,s).
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Theorem 3.4. Suppose that (A1) and (A2) hold. Then
A(-+ N9, ¢) = A, ) [A(c+9,¢)]Y, NeEN.
Proof. From Theorems [3.2] and [3.3] we have
A(t+ NY,¢c) = A(t+ N9, c+ NI9)A(c+ N9V, c)
=A(t+ Nd,c+ NHA(c+ N, c+ (N — 1)) Alc+ (N —1)3,¢)

N-1
= At,c) [] Me+ (N =19, 0)A(c+ (N —1—1)9,¢)
=0

= A(t,c)[A(c+9,¢), N eN.

4. HOMOGENEOUS LINEAR PROBLEM

Theorem 4.1. If (A1) and (A2) hold, then one of the following 2 items is satisfied:

(i) Equation has the trivial ¥-periodic solution if and only if rank(E —
Alc+9,¢)) =n.
(i) Equation has at least one nontrivial ¥-periodic solution if and
only if rank(E — A(c+ 9, ¢)) < n.

Proof. (i) If rank(E—A(c+9, ¢)) = n, then the only solution of (E—A(c+9,¢))8 =0
should be zero solution, which means the solution of are trivial solution.

(ii) If rank(E — A(c + ¥,¢)) < n, (E— A(c+ 9,¢))8 = 0 has a nonzero solution
which means has ¥-periodic nontrivial solution. (I

Theorem 4.2. If (Al) holds, then

S0 0
t—s—oo t — 8§ 9

Proof. For s € [m¥, (m + 1)¥] and t € [nd, (n 4+ 1)¥] for m < n, we have
mn—-m-1)9<t—s<(n+1-—m)d,

and
(n—=—m-—1)a<g(s,t) < (n+1-—m)a.

Hence,
(n—m-—1)a < ¢(s,t) < (n+1—m)a
m+1-m)d ~ t—s =~ (n—m—1)39"

It is obvious that t — s — oo if and only if n — m — co. So,

% lim s(s,t)
9 t—s—oo t — 8§

a
S@v

and
m S5 _ @ O

t—s—oo t— 8§ 9

Theorem 4.3. Iflnk +1In& + ¢u < 0, then system (1.1)) is exponentially stable.

~—
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Proof. Combining Theorems and with e € (¢, %) and t € (s;,t141], we

obtain
|A(t, o) < efrts(et)(Inmtiné+on) o pout(G—c)(Inrtin g+¢u)t’

in which Ay = e? > 1 and Ay = (% —&)(Ink + In& + ¢p) < 0.
For ¢ € (t, 1], we obtaini

a

AL, 0)| < es(et)Inrting+on) < o(F—e)(n n+ln£+¢n)t7

in which A\; = 1 and Ay = (§ —¢)(Ink + In& 4 ¢pu) < 0. From Definition it
follows that system (1.1)) is exponentially stable. (I

Theorem 4.4. If a nontrivial solution B(t, .) of (1.1)) is 3-periodic, then Ink +
Ing + op > 0.

Proof. B(c+9) = A(c+1, ¢)B. implies B(c) = A(c+¥,¢)B.. Hence, ||A(c+¥,c)]| > 1
and
oI rtington) 5 1.

Then, there is Ink +1Iné& 4+ ¢u > 0. (]

Corollary 4.5. Suppose that (A1) and (A2) hold. If 5(t) is periodic and exponen-
tially stable, then B(t) = 0.

Example 4.6. Consider (1.1)) andlet 7 =1/2, s =0, s, =1, ¢, = Zf%, 1=1,2,...,
v=1,a=1,B.=(1,0)T. Set

3(t — Sc(at) 0 -2 0
)= (2 s(ayt > , P = < 10 > ,
O[( ) < 0 t— Sg‘(a,t) ! 0 —1%

1 t—1
1, -t 0
(1) = (2 2651 t1) 4t > .

s;—1t;
So
e(tfsl)gmf(sfsl)zs/2 0
(I)(tvs) = 0 e%(t,51)3/2,%(5751)3/2 , t,s€ (Slatl-‘rl]'
Next,
(t=5c(a,0))? 0 1 0
e
A(t’o)_< 0 P2 (t=5 (a0 (0 0)
s(a,t) —s_1)3/2
S I [T
1=1 0 1% 0 edti=si-)”/ 0 0
_ (et (LevR/Aysan g .
0 0
Then o
A(t,0)8. = (e“‘s“a’f“ (()&)eﬂ“)*(‘m)
and

tlim HA(taO)BcH < e(t—sg(a,t))3/2(%eﬁ/4)§(a7t) < e%-’—(%—ln 10)t =0
— 00

)

so [ is exponentially stable.
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Also, In k+1In&+¢p < 0 and Theorem [4.3]is verified. Furthermore, B(t+1) # (1)
and
_ 1,v2/4
E — A(1,0) = (1 1%6 ?) det(E — A(1,0)) # 0,

Equation (|1.1)) has only the trivial 1-periodic solution.

5. NONHOMOGENEOUS LINEAR PROBLEM
Theorem 5.1. The solution of (1.2) has the form

s(e,t)—1

tiy1
B = Attt Y / A(t, $)C(s)(s — s1)™Lds
1=0 Vs
t s(ct)
b [ A — s s Y A1)
S¢(c,t) =1

Proof. For t € [sg, t1], using the variation of constants method, one has

t

B(t) = A(t,c)Be + | Alt,s)C(s)s™ ds.

0
If it holds for ¢ € (s¢(c,¢)—1te(c,)]; One has

s(et)=2 gy

BO=ACB+ Y [ A s - ) s
=0 Y5

s(e,t)—1

F [ A~ ) s+ Y Al

Sc(e,t)—1 =1

and for t € (t(c.t), S¢(c,)], We obtain

B(t) = by ) (B + Pee,)) Bt 1) T Ociety (1) Qs(ert)
= 6<(C,t) (t) (E’ + Pc(c,t))[A(t;(Cﬂg)a C)ﬁc

s(e,t)—1

tiy1

+ Z/ A(t (o 5)C(8)(s = 31)7 ' ds

=0 /=

s(e,t)—1

+ > A(t ey 50)01(s0)Qi] + bcet) () Qe -
1=1

Next, for t € (8¢(c,t)s te(e,t)+1], we have

B(t)
t
= Altssiee)Bseen) + [ A5~ sy s
Sc(c,t)
= A(t’ Sc(c,t))(sg'(c,t) (Sc(c,t))(]E + Pg(c,t))A(tg_(c’t)a C)Bc

s(e,t)—1

ti+1
+ Z / A<t’ SC(C,t))6§(C,t) (SC(C,t))(E + Pg(c,t))A(tg_(qt)a S)C(S)(S - Sl)T_lds
1=0 Sy
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s(e,t)—1

+ D A o) ooty (Soen) B+ Poge) A0y 5000 (s1)Qu
=1

+ Aty Sc(e,))0c(e,t) (Sc(e,t)) Qe(ert)

t
+ / A(t7 S)C(S)(S - Sg(c,t))T_ldS + A(t7 sc(c,t))6§(c,t)(8§(c,t))Q§(c,t)

Sq(e,t)
s(e,t)—1 ti4n
—AGOSt+ S / At $)C(s)(s — 517 Ads
1=0 St
t §(c’t)
+ / A $)C(5) (5 — sge)™ s+ 3 Alt s (s0)Qu
S¢(e,t) =1

By the mathematical induction method, we obtain
s(e,t)—1 tl+1

B(t) = A(t, c)Be + Z / s)(s—s)" ds

t s(et)
+/ A(t, $)C(8)(s = se(e)™ Tds+ Y Aty s1)6u(s1) Q- O

Ss(c,t) =1

Now we introduce the following following assumption:
(A3) C(t+0) =<(t), for t € A.

Theorem 5.2. Suppose that (A1)—(A3) hold. If the solution of (1.2]) is bounded,
then it is a 9-solution.

Proof. Let B(t) be a bounden solution of (T.2). Then 3(c -+ nd) is bounded. Using
Theorems [3.2] and one obtains

Blc+ (n+1)9)

(n+1)a—1 tl+1
=Alc+ (n+ 1)¥,0)B: + Z / + (n 4 1)9, 5)C(s)(s — ;)" ds
(n+1)a
+ ) Alet (n+1)9,s)61(s1)Q
=1

na—1 ti41

=Alc+ (n+1)9, c—l—nﬁ)[ (c+nv,c)B. + Z / Alc+nd,s)C(s)(s — s) ds

(n+1)a—1

tL+1
+ZAc+m9 51)01(s1 Ql + Z / Alc+ (n+1)9,8)¢(s)(s — )" ds
l=na s
(n+1)
+ > At (n+1)9,5)8(s0)Q
I=na+1

tiq1

Ale+9,¢)B c—l—m9 +Z/ Alc+ (n+1)9, s +n9)C(s +nd)(s — s;)" 'ds
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+> Ale+9,5)8(s)Q

=1

ti41

= A(c+9,¢)B(c+ nd) +Z/ Alc+9,5)C(s)(s — s1)" tds

+ Z Alc+ 19, 51)01(51)Q

=1
= A(c+9,0)B(c+nd) + A,
where A, = Y7, f:l’“ A+ 9,8)¢(s)(s — s))" s + D1, Ale + 9, 8)01(s1) Q.-
Hence,
a—1
Bc+nd) = A(c+V,c)B +ZAlc+19 c)Ae.
1=0

Then, E(t) is a ¥-periodic solution that needs to be proven. If ﬁ(t) is not the
¥-periodic of (|1.2)), then we can not find a . € R™ such that

(E—Alc+9,0))Be = Ac.
By Fredholm alternative, we can find a Z € R" such that
E-AT(c+9,¢)Z2=0, (A,Z)#0.

Since (E — AT (c+9,¢))Z = 0, with each n € N, we have [A"(c + 9,¢))]" Z = Z.
Also,

(Blc+n¥), Z) = (A*(c + 9, 0)B +az:Alc+19c)Ac,Z)
=0
= (B(e), [A%(c+0,0)] T 2) + imc, (A (c+0,0)]" Z)
=0

= (,E(c),Z) +a{A., Z) = 00, asa— oo,

which contradicts the boundness of 3(t). So 3(t) is a ¥-periodic solution of (L.2).
O

Now we introduce the following assumptions:
(A4) det(E — A(c+9,¢)) # 0;
(A5) det(E — A(c+3,¢)) =0

Theorem 5.3. If (Al)—(A4) hold, then has a ¥-periodic solution with
Be=(E—Alc+9,¢) " Ac.

Proof. det(E — A(c+Y,c¢)) # 0 implies
Be=(E—Alc+9,c) 7 A

to satisfy ~B(c +4,8.) = B.. With B(t) = B(t+ ) and the properties of Aty s),
we know B(t) = B(t + 1) is the solution of with 8(c) = B(c + ) = B.. The
uniqueness of the solution implies 5(t) = f(t), i.e. 8(t + ¥, B.) = B(t, Be). a
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We study the system
Dix(t) = —a' (t)x(t), te (si,tip1], 1€ Ng:={0,1,2,...}, 0 <7 <1,
X)) = (E+Pz )R X(t), leN:={1,2,...},
X(0) = (&' ) 'x(t), te (s leN,
x(s)=x(s;), leN

Theorem 5.4. If 3(t) is the solution of (L)), and x(t) the solution of (5.1)), then
(B(t), x(t)) is a constant.

(5.1)

Proof. For t € (s,t141], we have
D(B(),x(1)) = (DT B(1), x (1)) + (B(t), D x(1))
= (a(®)B(t), x (1)) + (B(1), —a"x(1))
— (B(8), o)) TX(1)) + {B(t), —a(t) X () = 0.
For s € (t1, s1], we have
(B0 X)) = GBS, (BT ()X = BED, Xt ).
For t = t;, we have
(BE), x (1)) = (E+ P)B(H), [E— (E+ B") 7 P |x(t))
= ((E+ P)B(t), (E+ B~ x(t))
= (B(t), x(tr)).
Hence, (8(t), s(t)) is a constant. O

Theorem 5.5. If (A1)-(A3), (A5) hold, then (1.2)) has a ¥-periodic solution if and
only if (Xc, Ae) =0, where x. is the initial value of the ¥-solution of (5.1).

Proof. Equation (1.2]) has a ¥-periodic solution if and only if there exists 8. such
that

(B~ Alc+1,0)fe = Ao,
Then

<Xca A(’> = Xe» (E - A(C + 9, C))ﬂc>

(B~ Ale+0,0) " xe, Be)
(E— AT(C+ U,¢))Xe, Be)
=(0,8.) = O
Example 5.6. let 7 =1/2, s =0, s, =1, t;, =1— % forl=1,2,...,9 =1, and
a=1. Set a(t), P, §(t) as in Example [1.6] and let

¢t) = (t _Osl> , LE(si,ti], Q= G) :

/tl“ Ale + 9, )C(s)(s — s)™ds + 3" Ale + 0, 5061 (s)Q

l =1

o~ o~~~

So
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) s

Then
1 - Lev2/4
]E — A 1 = 10
(1,0 ( 0 1)’
B. = (E—A(1,0)" A, = <1_0m> ,
Aty s)
_ e(t—s;(c,t))?’/z 0 1 0
B 0 e3t=sce.)®? | \0 0
s(e,t) e )32
L DET )60
I=¢(c,s)+2 0 10 0 es(ti=si-1) 0 0 0 10
eltete,) 41— 5c(e,9))* 2 =(5=5¢(c,))? 0
g 0 03 (to(e)+1756(c,)) > 2= 3 (s 5¢(e.0)) %/
_ 6(t78<(‘3:t))3/27(‘978c(c,s))3/2(%Oe\/i/zl)C(C,t)fC(c,S) 0 .
0 0
Then
s(e,t)—1 tisa
B(t) = At )b+ Y / A, 8)¢(s) (s — )7 Lds
1=0 Vst
t s(e,t)
+/ At $)C(8)(s = sqten))™ s + Y Alt,s51)d1(s1) Qs
S¢(e,t) =1
_ e(t_sc(c,t))3/2(%eﬁ/4)§(c,t) 0 %:%;75‘2/24
O 0 10
+§(C,t)1/t1+1 e(t*Sg(c,t))3/2,(5751)3/2(%e\/i/‘l)g(c,t)—l—l(s o Sl)1/2
s 0
1=0 !
t —s 3/2_(g_s. 3/2
+/ (e(t ) (8=Sc(e,t)) (S—Sg(c,t))1/2> i
S¢(e,t) O
s(et) 3/2
(tfsc(c‘t)) (L \/5/4 s(e,t)—1
€ 10€ )
3 ( ! )
=1
5_2,-v2/
0
So

6(t+ 170760) = 5(7570’50)7
B(t,0,8y) is a 1-periodic solution, and

5
3 3 _

Fe?i -2 2 va_ 2
- Lovaia '3 3

1B <

17
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6. NOLINEAR PROBLEM

In this section, we study the ¥-periodic solution of (1.3]), using the following
assumptions:

(A6) for t € A and g € R™, n(t+ 9, 8) = n(t, 5);
(AT) for t € A and 8 € R™, there is a 77 > 0 such that [|n(t, 8)| < 7.

We study the system

DIB(L) = at)B(t) +n(t, B(1), B(si-1) = Bi1,
te (Slfl,tl], 0<7<1,1leNy, By= B(C),

whose solution is

B(t) = A(t, s1)Bi-1 +/ A(t,s)n(s, B(s))(s — s1)" ‘ds. (6.1)

St

We set the mapping
P(Bi-1) = di(st) o (E+ P) o B(ts) + Qu). (6.2)
Equality (6.1)) implies

L (tj—s1-1)" n, e s )7
I8 < e 3]+ Dbt
and (6.2)) implies
IPU(Bi1)|| < ke Bs=0)7|18,_|| + Hg%(eé(m—sz_l)f — 1)+ x0,

where @ = maxjen [|Q1]]-
Then we construct the operator

P::PaoPaflo"'o-Plv
and set ¢; = efti=s-0)7 and o = k€.
Theorem 6.1. If (A7) holds, then

|
—

a

1P(Bo)]| < o ] @il 50ll + Z
=1

M

{ a—j+1 H¢ ¢j+1 1)}

+ G, -1+ 60 T3, +1]0
: !

2

~

el

1

Proof. For [ =1, we have

1811 < 061 | Boll + E(% — 1)+ rQ.
If (6.3) is satisfied with [ = a — 1, then for | = a, we have
[ Ball

< 08ulBacrll + (3, — 1)+ #Q

¢

a—1 _a—2 —
ggaa{ga—lnalnﬁng{ H& B (@ -1}
=1 =1 3=l
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_ a—1 a—1 _
ne —~ a— o ne — =
+E(¢a—1 +|:ZZZQQ J]=l a—1"- }HQ}+E(¢Q_1)+K/Q
a _a—2 -2 B B =2
=o' TT a0l + {3 [aJ+II¢¢ RICER R SACES
=1 =1 j=l
a—1 a—1
+[ > 0" T Guus ¢n@+@m@+gw¢—nw@
1=2 j=l
__a . - ﬁ = a—7+1
=0 H¢1H50||+$Z{ H¢ Gjy1(0 1)}
=1 =1
Yo [ @w+%m—wmQ
1=2 j=l
a _a—1 a—1
= o TTalsol + 53 {o" 7 [+ 81035 - 1)}
=1 =1 j=l
[T [y + 1|50 + %9@—1). O
1=2 j=l

Theorem 6.2. If (A1)-(A3), (A6), (A7) hold, then (L.3) has a ¥-periodic solution
if and only if P has a fized point.

Proof. Sufficiency: If P has a fixed point fy, there is
P(Bo) := Pyo Py_10---0Pi(Bo)

ti41

Alc+ 9, ¢ 60+Z/ Alc+9,8)n(s, B(s))(s — s1)" ds

+ Z A(C + 19, Sl)él(sl)Ql.

1=1
The above equality implies
ﬂc = B(C + 19)
Next, we show that B(- + ) = S(-). For t = t + N1, Theorems and
imply that
B(t) = BE+ NY) = A(E+ N9, 0)B(c) = [AE+ 9, DV AE ) B(0),

and

Bt +19) =B+ (N+1)9)

=A{t+ (N +1)9,¢)8.
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then B(t + 9) = B(¢).
Necessity: if 5(t) is a ¥-periodic solution of (|1.3), then P(By) = 5o and 5y is a
fixed point of P. O

Theorem 6.3. Suppose that (A1)—(A3), (A6), (A7) hold. If

S|

then (1.3) has at least one ¥-periodic solution and ||| < w := 1% where

p7
_a—1 a—1
ﬁ:g {Qa ]+1H$a"‘$j+l($j_1)}
=1 j=l
+ G-+ [0 [0 8, +1]nQ
1=2 =1

Proof. ||o]| < 72, and (6:3) imply

I1P(Bo)l < pllBoll + 7 < —L—

— 1 _ p'
Then P : B(0,w) — B(0,w). Obviously, P is continuous. Next, Brouwer fixed
point theorem implies there is a 5y € B(0,w) such that P(5y) = fo. O

Example 6.4. Counsider (1.3) and let 7 = %, so =0, =1,1t =1-— %, for
1=1,2,...,9=1,a=1, B. = (0.1,0)T. Set

3(t— Sc(ar) 0 ) (—9 0 )
=2 s(ast , P = 10 ,
a( ) < 0 L — Sc(at) ! 0 —1%

1 t—1;
34 gt 0
ai(t) = (2 T e )

si—ty

Set a(t), Py, 6;(t) as in Example 4.6/ and let
t—s;)cosf

s = (70 e G = (7).

_ 3v2
Then, 7=1/2, 0 = k€ = 1/10, p = 0¢; = 55— < 1 and

o \/ﬁessﬁf\@w%’)
o 30 ’

~ No,~+ —
p="0 0, 1) +5Q
¢
Thus, (1.3 has at least one periodic solution and 0.1 = || 5o < fﬁp = 0.16.
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