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FORMS OF ENTIRE SOLUTIONS OF PARTIAL DIFFERENTIAL
DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS

XIN DING, XIU MIN ZHENG

ABSTRACT. The purpose of this article is to describe the transcendental en-
tire solutions of quadratic trinomial partial differential equations (PDDEs)
with constant coefficients. We establish theorems on the forms of finite order
transcendental entire solutions for such PDDEs, which generalize and improve
previous theorems. Some examples confirm the existence and the forms of
transcendental entire solutions with finite order of such equations.

1. INTRODUCTION

In this article, we consider transcendental entire solutions of certain quadratic
trinomial partial differential difference equations (PDDEs) in C2, related to the
Fermat type functional equations with constant coefficients. We begin with the
Pythagorean functional equation

fP+g=1, (1.1)
which is frequently studied as analogue of Diophantine equation over number fields.
In 1966, Gross [4] proved the classical result that entire solutions of are f =
cosa(z), g = sina(z), where a(z) is an entire function. In fact, the study of these
Fermat type functional equations goes back to Montel [12] and Pélya [I3]. The
Pythagorean functional equations also include the eikonal equation u? .t ui =1,
which was considered by Li [7] and by Khavinson [6]. They proved that entire
solutions of uZ +u?, = 1 must be linear in C*. Clearly, the eikonal equation is a
typical partial differential equation of Fermat type.

As is known, partial differential equations (PDEs) occure in various areas of
applied mathematics, such as nonlinear acoustic wave propagation, geometric op-
tics, and traffic flow (see [2 B]). In general, it is difficult for us to find entire and
meromorphic solutions of nonlinear PDEs. By employing Nevanlinna theory and
other methods of complex analysis, there are a number of publications focusing
on the solutions of some PDEs and their variants, see [I]. For instance, Yuan
[24] obtained all traveling meromorphic exact solutions of the modified Zakharov-
Kuznetsov equation by using a method of complex analysis; Khavinson [6] in 1995
showed that each entire solution of the partial differential equation u? +u2, =1in
C? is necessarily linear by using Nevanlinna theory. Later, Saleeby [15] [17] studied
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the forms of entire and meromorphic solutions of some PDEs with several complex
variables, and obtained the following result.

Theorem 1.1 ([I5] Theorem 1]). If f is an entire solution of

0 , 0 ,
( f(;;zz))2+( f(;;222))2:1

in C%, then f(z1,22) = c121 + caza + ¢, where ¢,c1,c0 € C and ¢3 +c3 = 1.

(1.2)

Saleeby [16] further investigated entire and meromorphic solutions of the qua-
dratic trinomial equation

fP+2afg+g>=1, o®#1, aeC, (1.3)
and obtained the following result.

Theorem 1.2 ([I6] Theorem 2.1]). Entire and meromorphic solutions of equation
(1.3) (respectively) have the forms
1 , cosh sin h 1 , cosh sin h

=Bt vi—a) i Ve
d
v f_041—a252 o 1-p?
_(Ol1—042)ﬁ’ g_(Oél—OQ)@”

where h is entire, B is mermorphic in C? and oy = —a + Vo2 -1, ay = —a —

va? —1.

Liu, Cao and et al.[8-11] further studied entire solutions of some variants of
Fermat type equations with more general forms than the difference equation f(z)%+
f(z+¢)? =1 and obtained the following result.

Theorem 1.3 ([I0, Theorem 1.15]). Let ay,az,as,as be nonzero constants. If
a1 f(z 4 ) + asf ()] + asf (2 + ) + asf(2)]* = 1
admits transcendental entire solutions with finite order, then a3 + a3 = a3 + a2 and
as cos(aiz + bi) + aq sin(aiz + bi)

flz) = ;

a203 — 104

where a is a nonzero constant and b is a constant.

Cao and Xu [1,19-23] investigated the existence of the solutions for some Fermat
type partial differential difference equations with several variables by using the
difference analogue of the logarithmic derivative lemma of several complex variables
and obtained the following result.

Theorem 1.4 ([22, Theorem 1.2]). Let ¢ = (c1,¢2) be a constant in C2. Then any
transcendental entire solution with finite order of the partial differential difference
equation

(3f (21, 22)

821

has the form of f(z1,22) = sin(Az; + B), where A is a constant in C satisfying
AerAer =1, and B is a constant in C; in the special case whenever ¢; = 0, we have
f(z1,22) = sin(z; + B).

)2+f(21 +e, 22+ e) =1 (1.4)
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Recently, with the help of Nevanlinna theory and its difference analogues with
several complex variables, Xu and et al. obtained some interesting results about
Fermat type partial differential difference equations with several complex variables
(see e.g.[21-24]). Especially, Zheng and Xu [25] in 2022 obtained the following
result. When %;1’22) and f(z1 + c1, 22 + ¢2) in equation are replaced by the
partial differential difference polynomials in C2.

Theorem 1.5 ([25, Theorem 3.1]). Let ¢ = (c1,c2) € C2\{(0,0)}, and a1, as, a3, a4
be constants in C such that D := ajaq — asas # 0. Let f(21, z2) be a transcendental
entire solution with finite order of the partial differential difference equation

of 12
821] =1.

a1 /(= 40) a3 9L 4 [as (= + ) + s
21

(1.5)
Then f(z1,22) is of the form
- 1 as + ial L(z)+B asz — 7:(11 —L(z)-B
f(a22) = =5 ( 20, © 20, ¢ ):
where L(z) = a121 + agze, a1 (#£ 0),a, B € C and L(z) satisfies

o — _aj+d3 Q2L(e) _ (iaz + aq)(as —ia1)
! a3+ a3’ (iag — aq)(asz +iay)’
Theorem 1.6 (|25, Theorem 3.3]). Let ¢ = (c1,c2) € C?\{(0,0)}, a1, az, a3, as be
nonzero constants in C, and ug = co + %cl. Let f(z1,22) be a transcendental
entire solution with finite order of the partial differential difference equation

0 0
[alf(z—l—c)—i—aga—zfl]Q-i-[agf(z+c)+a4azf2]2: (1.6)
Then f(z1,22) is of one of the following two forms:
(1) -
_ 104
f(21,22) = (22 + - 1),
where ¢(u) is a transcendental entire function with finite order in u := z9 + Z;Z‘; 1
satisfying
aq 1
P(u+uo) + —o(u) = +—=——;
as ay +aj
(i)
o a3+ia1 L(2)+B _ as —ia1 —L(z)-B
f(z,22) = 2(a1agas — agaiay) ¢ 2(ara0a3 — aiaiay) c +u),

where L(z) = a121 + aaza, 01, 0, B € C and p(u) satisfy

(agon)® + (asag)®

=-1
2 2 ’
aj + aj
eL(c) _ Q40 + 10201 _ as — 1aq
as + 1aq1 1as0 — CL40¢2’

2 () + pu + ug) = 0.
as

Inspired by the above results, the following question can be raised naturally:

How about replacing binomials in the left-hand sides of both equa-

tions (|1.5)) and (1.6) with trinomials?
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2. MAIN RESULTS AND EXAMPLES

Motivated by the above question, our purpose of this paper is to explore the finite
order transcendental entire solutions of the following quadratic trinomial partial
differential difference equations

Di(f)? +20D1(f)D2(f) + Da(f)* = 1 (2.1)
and

D1(f)? + 2001 (f)Ds(f) + Ds(f)* =1, (22)
where a(# 0,£1), A; (7 =1,2,3,4 and A\ Ay — A2 A3 # 0) are constants in C, and

0 0 0
Dl(f) = )\1f(2+0)+)\gaizfl,pg(f) = )\3f(2+0)+)\487f7D3(f> = )\3f(Z+C)+)\4ai
If @« = 0, then equations and (| reduce to equatrons and .
respectively. If a = =+1, that is, equatrons and | can be represented as
[D1(f) £ D2(f)]?> =1 and [Dl(f) +D3(f))? = 1 respectively, then we have

(O £ A5) (= 4+ ) + (o £ Ag) gfl — 41 (2.3)
and 5
(O 2a) f (= + )+)\28—fi>\4azf; _ a4, (2.4)

respectively. Further, equation has finite order transcendental entire solutions
with the form f(z ) :|:>\ i Te 121+52Z2+B° , where (A} £ A\3)efreitheee — _(\y 4+
A1) PB1; equatlon ) has ﬁnlte order transcendental entire solutions with the form
f(z) = i/hi)\s + 671Z1+72Z2+'Y° where (A & A\3)e?1 177262 = —(Agyq & A\gy2).
In the following, we assume that «a # 0,41 and denote
1 1 1 1
Al = + - P A2 = - 7 .
Vita iV1I-« Vita iVl—a

The first main theorem is about the existence and the forms of transcendental entire
solutions of the quadratic trinomial partial differential difference equation ([2.1)).

Theorem 2.1. Let ¢ = (c1,c2) € C*\{(0,0)}, and \;(j = 1,2,3,4) be nonzero con-
stants in C such that D := A Ay — AaA3 # 0. If equation (2.1) has a transcendental
entire solution f(z1, z2) with finite order, then f(z1,22) has the form

F(o1, ) = Zg[AlAQ;A‘D’Al ebres _ =08 ate)-
where L(z) = a121 + agze, a1 (#£ 0),a, B € C and L(z) satisfies
Q3= — (A1 A — A3A2) (M1 Ag — A341)
(AgAs — A A1) (AgA1 — A2 Ad)’
o2L(e) — (A1 A — A3A2) (A Ay — )\2A2).
(A3A1 — A As)(AgAs — A2 Ay)
The following examples confirm the conclusion about the form of transcendental
entire solutions of equation .

7,

Example 2.2. Let

3V - \[Z —22z1+log \/ 13+3 V3i izo+bo

f(zlaZQ) 4
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3\/ +\/>Z —Tzzl—log qud‘/E izg— bo

14
where by € C. Then f(z1,22) is a transcendental entire solution of equation
With)\1:2 /\2:/\3:)\4:1,61:—\/3717;,62:1,0412@,

ag = log y/ 13;;36‘[’ i,a=1%and p(f) = 1.

Example 2.3. Let

f(z1,2) = M rlz1+(9+\fz)/22+boJr21\f4‘7\fZ —Li ) (94+/3i) 22 —bo
’ 61/51 6v/51 ,

where by € C. Then f(z1, 22) is a transcendental entire solution of equation (2.1)

with At = 2, d = V2, A =1, M= V2, a0 = 5, 0 = &, a1 = 4,

a2:9+\/§i,a—% and p(f) = 1.

When % in equation is replaced by 8 + az , we obtain the second
theorem as follows.

5

Theorem 2.4. Let ¢ = (c1,c2) € C*\{(0,0)}, and X\;(j = 1,2,3,4) be nonzero
constants in C such that D := AAg — XoAs # 0. Let f(z1,22) be a transcendental
entire solution with finite order of the partial differential difference equation

Di(f)* +2aD; (f)D3(f) + D3(f)* = 1, (2.5)
where a(# 0,£1) € C, and
D) = MfG+ A+ halah+20) DI = Xs+ 0+ aph+ 2D

Then f(z1,22) is of the form
F(1,2) = \f[AlAz —AsA1 1z)+5 _ AAL — Asdy ¢~ L()=B]
’ 4D @1 + a2 @] + Qo ’
where L(z) = a121 + agza, 01(# 0),as, B € C and L(z) satisfies
()\1A1 — )\3A2)()\1A2 — /\3A1)
(AAy — Ao A1)(MgAL — Mo Ay)’
sner _ (nAs = AaAs)(\As — Aody)
()\3A1 — )\1A2)(>\4A2 — )\QAl) ’
Since the proof of Theorem [2.4] is similar as the one of Theorem we omit its

proof. The following example confirms the conclusion about the forms of transcen-
dental entire solutions of equation (2.5)).

(al —+ a2)2 = —

Example 2.5. Let

f(Zl 22) 3+ 9\[ \/71z1+2\/7122+b0 422 9VY 3 — g\f —/22iz1—2/2%ize— bo
where by € C. Then f (zl, o) is a transcendental entire solution of equation (2.5
WithAl:27A3:17)\2:A4:i701:1702:gaa1:\/ﬂi,a2:2\/ﬁi,a:%a
and p(f) =1.

When A4 gz in equation ([2.1) is replaced by )\4 B2 that is equation (2.2)), we
obtain the followmg theorem
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Theorem 2.6. Let ¢ = (c1,c2) € C\(0,0), and X\;j(j = 1,2,3,4) be nonzero
constants in C. If equation (2.2) has a transcendental entire solution f(z1,z2) with
finite order, then f(z1,22) is of one of the following two forms.

(1)

A1y )

/\2/\3

where ¢(u) is a transcendental entire solution with finite order in u := 29 + 2 /\2/\3 421
satisfying

P(u +U0)+ ¢>( )=

f(z1,22) = ¢<Z2 +

1 A1

4+ U = co + 224 1 4

VAT + A%+ 2003 Aads
(’LZ) If Cl)\4 # :th)\Q and )\2A3041 - )\1)\40[2 = 0, then

2
f(Zh 22) 422;3

Zf )\2)\3041 — /\1/\40&2 75 0, then
\/i /\3A1 - /\1A2 L(z)+B _ /\3A2 - )\lAl

1HA3AT = A1 A2)e®2 B 4 (N34 — A Ar)e 2" B 4 p(u);

_ Ve —L(2)—B
f(Zh Z2) 4 [)\2>\30[1 — )\1)\4&26 )\2)\30[1 — )\1)\4&26 ] + SO(U,)’
where L(z) = a121 + agza, a1, a2, B € C and L(z) satisfies
eL(C) _ Azda — M Ay _ AoAsay — AAan
AgAzan — A2 A1 A3A1 — A1 A
and (u) is an entire function with finite order in u = zy + >‘1 21 satisfying

o(u+ ug) + /\390( u) =0, ug =co + i;;\‘;cl

We also give two examples to confirm the conclusion about the forms of tran-
scendental entire solutions of equation (2.2]).

Example 2.7. Let

VT

f(z1,22) = iT 4 2tz

Then f(z1,22) is a transcendental entire solution of equation (2.2) with \; = 2,
)\2:)\3:)\4:1,61:Cgiﬁi,ail/Q.
Example 2.8. Let
V6 | V6
— Y 2 L(x)+B _ VY _—(L(2)+B) 2z1+22
f(ZhZQ) 126 126 +e )

where L(z) = 321 + (2 — v/3)20, B € C. Then f(z1,22) is a transcendental entire
solution of equation (2.2) with Ay = A3 =Xy =1, Ao =2,

2/3 ,
61=(1+\/§)log1+3\[_(3+\/§)i+(1—\/§)m,
c *71+\/§(10 2v3 — i)
S TR NI W ST WA F
a1 =1/2, a3 =2—+/3i,a =2, and p(f) = 1.

Next, we give some lemmas which play the key role in proving our results.
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Lemma 2.9 ([I4, [I8]). For an entire function F in C", F(0) # 0 put p(np) =
p < 00. Then there exist a canonical function fr and a function gr(z) € C"™ such
that F(z) = fr(2)e97(3). For the special case n = 1, fr is the canonical product of
Weierstrass.

Here we denote by p(np) the order of the counting function of zeros of F.

Lemma 2.10 ([I3]). If g and h are entire functions in the complex plane and g(h)
is an entire function of finite order, then there are only two possible cases: either
(i) the internal function h is a polynomial and the external function g is of
finite order; or
(ii) the internal function h is not a polynomial but a function of finite order,
and the external function g is of zero order.

Lemma 2.11 ([5]). Let f;(#0), j = 1,2,3 be meromorphic functions in C" such
that f1 is not a constant, and f1 + fo + f3 =1, and such that

3
1 —
Z{NQ(T, 7) + 2N(T7 f])} < )\T(’I“, fl) + O(log+ T(T, fl))7
j=1 J
for all r outside possibly a set with finite logarithmic measure, where \(< 1) is a

possible number. Then either fo =1 or f3 = 1.

Here, No(r, %) is the counting function of the zeros of f in |z| < r, where the
simple zero is counted once and the multiple zero is counted twice.

3. PROOF OF THEOREM [2.1]

Suppose that f is a transcendental entire solution with finite order of equation
(2.1). Denote

Di(f) = %(mm, Do(f) = %

where m,n are entire functions in C2. Thus, equation (2.1)) can be rewritten as

(m —n), (3.1)

(1+a)m?+ (1 —a)n? = 1. (3.2)

If v/1+ am is not a transcendental entire function, by , then 1 —an is
not a transcendental entire function, which implies that f is not a transcendental
entire function, a contradiction with the assumption that f is a transcendental
entire function.

Hence, v/1+ am and +/1 — an are transcendental functions. We can rewrite

equation (3.2)) as
(V1+am+ivV1—an)(vV1+am —iv1l—an) =1. (3.3)

Noting that m,n are transcendental entire functions with finite order, we have that
V1+ am+iy/1 — an and /1 + am—iv/1 — an have no zeros and poles. Therefore,
by Lemmas and there exists a nonconstant polynomial p(z) in C? such
that

VI+am+ivl—an=eP®), 1T+ am—iV/1—an=e PR, (3.4)
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In view of (3.1 and (3.4), it follows that
0
Di(f) = Mf(z+0) + ho ot
21
_ Q[( 1 + 1
4 Tra iil-a

- g( AP 1 Ape )

1 B 1
Vi+ta i/l1-a

)er + ( Je O] (35)

and
Dg(f) = )\3]”(24-6)—|—/\4(§7;1
_ Q[( 1 1
T 4% 1ta iWli-a

_ g( ApeP®) 4 Aye ).

1 n 1
Vi+ta i/l1-a

Jer ) + ( Je "] (36)

Noting that D = A\ Ay — A2 A3 # 0, and solving the system consisting of (3.5)) and
(13.6), we deduce that

V2

f(Z + C) = E[()\4A1 — )\2A2)€p(z) + ()\4142 — )\gAl)e_p(z)], (37)
TR i
ai 4D [()\1A2 — )\3A1)6p(z (/\1141 — )\3A2)€ p( )] (38)
Then and ( . 3.8]) yield
wlep(z+c) + wQe—p(z+c) — Wy Op ep(z) w2 Op —p(z), (39)
(921 821

where

w1 = A Ay — X341, wa = AMA1 — A34o,
w3 = )\4A1 — /\QAQ, Wy = )\4A2 — /\2A1.

If wz =0, then wy # 0. Otherwise, A7 = A%, a contradiction. If LU38 =0, then

either ﬁ =0orw3=0.1If ap = 0, then from 7 it follows that wlep(z+c) =
0, which implies w; = 0, a contradlction. If wg = 0, then wy # 0. Otherwise,
A% = A2, a contradiction. Thus, (3.9) yieldS

eplztoytp(z) _ _wa Op
w1 821
Since p(z) is a nonconstant polynomial, p(z+c¢)+p(z) can not be a constant. Hence,
the above equation implies a contradiction that the left-hand side is transcendental
but the right-hand side is not transcendental. Thus, it follows that w3z # 0. Then,

wyq # 0. Otherwise, wo = wy deduces a contradiction that D = 0. By combining
this with (3.9)), yields

9p e2P(2) _ o, 9p
82’1 821

(z+e)+p(

wiel %) = w3

(3.10)

Noting that N (r, i) = 0, N(r,e?EHIHP(E)) = 0 and N(r, 2=) = 0, by
the Nevanlinna second main theorem in several complex variables, and in view of
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(3.10)), we conclude that

T(r, ep(z+c)+p(z)) < N(r L

ep(zto)+p(2) —
+ N(r,ePEHITPE)) L G(y ePGHe)+p(2))
1

)+ N(r, )

7 ep(z+c)+p(2)

< p(z+c)+p(2)
1
= N(r, —- 2p(z)) + S(r, ep(z+0)+p(Z)) = S(r, ep(Z+C)+p(Z))’
w1 921 ¢
where x = f%%. This is a contradiction. We conclude that we # 0.

Similarly, we have w; # 0, w3 # 0, wyq # 0. Thus, we rewrite (3.9) in the form

w3 0P patorp(z) _ W1 9P pato—p(x) _ W1 2p(4+0) _ . (3.11)
w2 82’1 w2 821 w2

In view of Z—;ezp(zﬂ) # 0 and eP(*t9+P(2) is nonconstant, by Lemma 2.3,

Wi 0P p(ate)—plz) —
w4 9P =_1. 3.12
wo 821 € ( )

Thus, it follows from (3.11)) that

w3 Jp p(2)—p(z+ec) —
- =1. 3.13
w1 021 € ( )

Since p(z) is a polynomial, (or (3.13)) implies p(z + ¢) — p(z) = ¢, where ( is
a constant in C. Thus, it follows that p(z) = L(z)+ H(z)+ B, where L(z) = a1 21 +
Qozo, 0,09 € C,H(z) := H(s), H(s) is a polynomial in s = ¢a21 — ¢129,¢1,¢2 € C,
and B € C. Next, we prove that H(z) = 0. (3.12)) implies

which also means that deg, H < 1. Thus, the form of L(z) + H(z) + B is still the
linear form of a121 + anzs + B, a1, g, B € C, which means that H(z) = 0. Hence,
it follows that p(z) = L(z) + B = a121 + agze + B, a1, a9, B € C. By substituting
this into and , we deduce that

P el@ =1, PBaele =1, (3.14)
w2 w1
which implies that
02— W2 ar(e) . W2ws (3.15)
! w3L«J4’ w1w4' ’

By applying (3.14) to (3.7), we have
V2

f(Z) — E[WgeL(z)—i-B—L(c) + w4€_L(z)_B+L(C)]
_ Q[ﬂemaw _ Y2 L) B
4D (65} (651} ’

The proof of Theorem is complete.
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4. PROOF OF THEOREM

Suppose that f is a transcendental entire solution with finite order of equation

(2.2). Denote

1 1
D =—(u+vwv), D = —(u—v), 4.1
1(f) ﬁ( ), Ds(f) \/5( ) (4.1)
where u, v are entire functions in C2. Thus, equation (2.2)) can be rewritten as
(1+a)u® + (1 —a)? =1. (4.2)
As in Theorem [2.1] we discuss the folowing two cases.
Case 1. /1 + au is a constant. We denote
Vi+au=v, m €C. (4.3)
In view of equation (4.2)), it follows that /1 — aw is also a constant. We denote
V1—av =", v2€C. (4.4)
This leads to 77 +~3 = 1. Thus, we deduce from (4.1]) that
of 1 . m 72
Di(f) = Mflz+ )+ ot = L + , 4.5
1(f) 1f(Z C) 2821 ﬁ(\/m m) ( )
of 1. m 72
D =A +o)+ M =— - . 4.6
S(f) 3f(Z C) 4822 ﬂ(\/m m) ( )
In view of (4.5) and (4.6)), we have
of of 1 g Ve M V2
AAz=——— M A— = —| A + - — . 4.7
2 3821 ! 4822 \@[ 3(\/14—04 \/1—04) 1(\/14—04 \/l—a)] (47)

By differentiating both two sides of (4.5) and (4.6]) for the variables zo and z;
2

respectively, and by combining with the fact afng = 8;92 8le , we deduce that

Of(z +¢) 7}\1/\46‘f(z+c)

A2 A =0 4.8
278 821 822 ’ ( )
which also implies by (4.7)) that
2! 72 71 V2
A + = — . 4.9
3(\/14—04 Vl—a) 1(\/1—&—04 vl—a) (4.9)
Thus, from [#.9) and 42 +~3 = 1 it follows that
N \/1+Oé()\1 —|—)\3) 4 \/1—04()\1 —)\3)
1

= ’ ’Y - .
V22 1202 1 dadhs o V2N 1202 +dadhs
The characteristic equations of (4.8)) are

le dZQ df

— =X A3, — = ANy, —

a7 Mt
By using the initial conditions z; = 0,20 = u, and f = f(0,u) := ¢(u) with a
parameter u, we obtain the following parametric representation for the solutions of
the characteristic equations:

=0.

¢
21 =XAgt, z=-MMt+u, f(tu) = / 0dt + ¢(u) = ¢(u),
0
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where ¢(u) is a transcendental entire function with finite order in u = 2z + ’;;i;‘
A1

Then, by comblmng this with ¢ = S )\ z1 and u = 2z + S 21, the solution of
equation (4.8)) has the form

Z1.

fer,z) = 0l + 1) (1.10)
By substituting into ( 7 we obtain that
1
St o) + 5 ) = £ (4.11)
where ug = ¢ + i;iic
Case 2. v/1+ au is not a constant. Then we can rewrite equation (4.2)) as
(V1 +au+ivV1—av)(V1+au—ivV1—av) =1. (4.12)

Noting that u, v are transcendental entire functions with finite order, we have that
V1+ au+iv/1 — ov and /1 + au — i/1 — av have no zeros and poles. Thus, by
Lemmas and there exists a nonconstant polynomial ¢(z) in C? such that

Vitau+ivi—av=e!® VI+au—ivl—av=e 1), (4.13)
In view of (4.1)) and (4.13)), similar to Theorem it follows that
af V2

Di(f) = flz+c)+ A 9o = (Aleq + Ape™ 1)), (4.14)
Ds(f) = Msf(z+¢) + M% = %(Ageq@) + A1)y, (4.15)

which means

2
AQAggi — M\ g / {[(ABAl — M A2)e?®) 4 (\3Ay — A Ay)e 93] (4.16)
22
By differentiating both two sides of (4.14)) and (4.15) for the variables zo and z;
2 2
respectively, and by combining with the fact 651 szg = ai alev we conclude that
0 0
ks flz+¢) M f(z+c¢)
021 0z
V2 0 0 dq 0 (4.17)
q q q
A2 A — MA e? + (A — XA .
4[(228 4182) +(4zaz 2131) 7]
It follows from and - ) that
Uleq(z+c) + 09eIGH) = 3e9(®) 4 gy, (4.18)
where

v1 = A3A1 — AMAs, v = A3Ay — A\ Ay,

9q 9q 9q 9q
= MAs— — A = MAs— — XA —.
U3 2 282'1 441 75— Dz Vg 442 92 241 071
If vy = 0, then vy # 0. Otherwise, A2 = A3, a contradiction. If v3 = 0, then
vy # 0. Otherwise, ([4.18) leads to v1e4(*+¢) = 0, a contradiction. Thus, it follows

that vs # 0. Similarly, v4 # 0. By combining this with (4.18)), we have

pd(zHe)+a(z) _ Y4
U1
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Since ¢(z) is a nonconstant polynomial, g(z+c¢)+¢(z) can not be a constant. Hence,
the above equation implies a contradiction that the left-hand side is transcendental
but the right-hand side is not transcendental. Therefore, by (4.18)), we obtain that

01T = y020(2) 4 o) (4.19)

Similar to Case 2 in Theorem[2.1] by the Nevanlinna second main theorem in several
complex variables, and in view of (4.19)), we conclude that it is a contradiction.
We conclude that vy # 0. Similarly, we have v; # 0. Thus, (4.18) leads to
U8 calzte)ta(z) 4 Y4 a(zte)—a(z) _ UL 2q(=+e) _ | (4.20)
U2 V2 V2 ’
If vg = 0, then vy # 0. Otherwise, (4.20]) leads to —%62‘1(”‘0) =1, a contradiction.
Then (4.20) becomes

o2a(zte) — Y4 ja(ato)—a(z) _ Y2 (4.21)
U1 U1
Noting that N (r, i) = 0, N(r,e24+)) = 0 and
1

(r, ”—46<I(z+0)*q(2)) =0,
1

by the Nevanlinna second main theorem in several complex variables, and in view
of (4.21]), we conclude that
T(r, eZq(z+c))
1
62Q(Z+C)

1
U1 pa(z+0)—a()
v1

< N(r, )+ N(r )+ N(r, e2q(z+c)) + S(r, 62q(z+c))

< N(r, )+ S(r, 62q(z+c)) = S(r, qu(z«l»c))’

which leads to a contradiction. Hence vz # 0. Similarly, we have vy # 0. By
Lemma and the fact that e?(*T9)+4(2) s nonconstant yields

Y4 q(z+e)—q(z) = 1. (4.22)
(%)

Thus, in view of (4.20]),
U3 ga(x)—a(z+e) = 1. (4.23)
U1

Since ¢(z) is a polynomial, (or (4:23))) implies g(z + ¢) — q(z) = n, where 7 is
a constant in C. Thus, it follows that q(z) = L(z)+ H(z)+ B, where L(2) = a121 +
iz, ag, a9 € C, H(z) := H(s), H(s) is a polynomial in s = ca2z1 —¢129,¢1,¢9 € C,
and B € C. Next, we prove that H(z) = 0. In view of and , we have

1 dH
—[o1 — (c1 A4 + cadoAy)—] = A7, (4.24)
Vg ds
1 dH
—[o2 4 (c2Aa A2 + 1M A1) —] = A, (4.25)
U1 ds

where
A=¢l= €L(C), o1 = )\4A20l2 — )\2141@1, 09 = )\2A20[1 - )\4A1a2.

This implies that both (Cl>\4A2 + CQ/\gAl)% and (CQ)\QAQ + 01A4A1)% are con-
stants. By combining this with the fact c; Ay # +eoo, it follows that Cﬁl—H is a

constant; that is, deg, H < 1. Thus, the form of L(z) + H(z) + B is still the linear
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form of ay21 + agze + B, ay, e, B € C, which means that H(z) = 0. It follows
that q( )= L(2)+ B = a2 + azzs + B, a1, as, B € C. Thus, we can deduce from

and - ) that

TLel) — 1, T2 o= L(0) = L,

U2 U1
that is,
TI92 _ oLl =2 %2 (4.26)
VaU1 ’ o1 U1
On the other hand, in view of (4.16)), we can deduce that
0 0
Nohs f(z) o 2R) f(z)
0z z1 822
Y (4.27)
— T[UleaflzlJr(l2Z2+J'3 + Uze*(a121+a222+3)].
The characteristic equations of (4.27)) are
le dZQ
— = X3, — =-—-X1\
It 2A3, 1A4,
d 2
di; — %[Uleoqzr‘rozzzz-‘rB + U2€—(a1z1+a222+3)].

By using the initial comditions z; = 0,29 = u, and f = f(0,u) := po(u) with a
parameter u, we obtain the following parametric representation for the solutions of
the characteristic equations: z; = Ao A3t, 29 = —A1 M\t + u,

\/E ¢ a1z21+a0ze+B —(a1z1ta222+B)
flt,u) = e [P TA222TE o e~ (MA1TA2Z2T BN Gt + o(u),
0

where ¢(u) is an entire function with finite order in w such that

o(u) = eo(u), A2Aza; — A g = 0;
= o1 e@2utB vy e (@2utB)

wo(u) — T(,\Z,)\;alj,\l)%w - Agfgalj\l,\wﬁ’ AoAzay — A g # 0.
If )\2)\3@1 — )\1/\4042 = 07 then

V2

[’Uleo‘z’”B + vgef‘”“*B] + o(u).

f(zl7 22)

4)\2)\3
If )\2)\30(1 — )\1)\4042 7é 07 then
V2 U1 L(z)+B v2 —L(z)-B
f(Zh Z2) N T[)\Q)\g,al — )\1)\40&26 B )\2)\30&1 - )\1)\40[26 ] + LP(U)

By substituting this expression into (4.14]) and combining it with (4.26)), we can
deduce that ¢(u) satisfies

o(u+up) + =—¢'(u) = 0. (4.28)

M
A3
The proof of Theorem [2.6] is complete.
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