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A GLOBAL COMPACTNESS RESULT FOR QUASILINEAR
ELLIPTIC PROBLEMS WITH CRITICAL SOBOLEV
NONLINEARITIES AND HARDY POTENTIALS ON R¥

LINGYU JIN, SUTING WEI

ABSTRACT. In this article, we study the elliptic equation with critical Sobolev
nonlinearity and Hardy potentials

ulP~ 1y *
(—A)pu + a(@)ulP~ u — “‘ ::E\P =[ul’" Pu+ f(z,u), uweWHPRY),
p pp—1 2
where 0 < p < min{ (Np_pp)p, NP ;5_10 )}7 p* = ]\]fvj’p is the critical Sobolev

exponent. Through a compactness analysis of the associated functional oper-
ator, we obtain the existence of positive solutions under certain assumptions
on a(z) and f(z,u).

1. INTRODUCTION

For second-order semilinear elliptic differential equations on bounded domains,
Brezis and Nirenberg [3] obtained an existence result of solutions for a class of el-
liptic equations with critical Sobolev nonlinearities. by verifying a sub-level which
make the Palais-Smale conditions hold. A global compactness result for a semilin-
ear elliptic problem with critical Sobolev nonlinearities on the bounded domains
was obtained by Lions [19] and Struwe [27]. It was known that the sub-level which
makes the Palais-Smale conditions hold is determined by a compact result (refer to
[19, 27]). Alves [2] and Yan [29] generalized the result of Struwe [27] to the case of
p-Laplacian with critical Sobolev terms. Alves [2] also obtained the global compact-
ness result for the p-Laplace equation involving critical Sobolev terms on the whole
space. As for the case, the global compactness results for the p-Laplacian with crit-
ical Sobolev terms were obtained by Saintier [22] on a smooth Riemannian manifold
without boundary, and by Mercuri and Willem [20] on a smooth bounded domain
respectively. For the semilinear elliptic equation with Hardy potentials and critical
Sobolev terms, Cao and Peng [4] established global compactness results on bounded
domains, also demonstrating some new blow-up phenomena. On the whole space,
the global compactness result for the semilinear elliptic problem involving Hardy
potentials, and critical Sobolev terms was discussed in [7, T4, 25]. It is worth noting
that the equation discussed in [25] does not include sub-critical terms, whereas the
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equations discussed in [7, [I4] include sub-critical terms caused new phenomena.
As for the p-Laplace equation with Hardy potentials and critical Sobolev terms on
bounded domains, the corresponding global compactness were proved in [13] and
[T7]. Over the past two decades, the loss of compactness has led to numerous inter-
esting phenomena related to the existence and nonexistence of solutions for elliptic
equations (see, for example, [1} 2, Bl 4, Bl I3} 6] [7, 10, 12| 22 23] 24] 25| 26] and
the references therein).
Motivated by [, [7, [I7), 20], we consider the nonlinear elliptic equation

p—1y, .
—A)pyu+ a(z)|uP "ty — [ = |ulP" “2u+ f(z,u),
(Bl u = =l S f),
u € WHP(RY),

N-p)? NP~H(N-—p? *
{( ppp) 7 (p p)}vp —

where 0 < p < min v

nent.

The main feature for this type of problems is the presence of the singular poten-
tial ﬁ related to the Sobolev-Hardy’s inequality. We recall the Sobolev-Hardy’s
inequality,

NN—% is the critical Sobolev expo-

p
/ [ut) dmgc/ \Vu(z)P dz, Yue DVP(RY) (1.2)
Ry |zlP RN

where c is a positive constant. The Sobolev embedding D*?(RY) — LP(|z|~?,RY)
is not compact, even locally, in any neighborhood of zero. In addition to the inverse
square potential, another motivation for our investigation of problem is the
presence of the critical Sobolev exponent and the unbounded domain, which result
in the loss of compactness of embeddings WP(RY) — LP(RV) and DVP(RY) —
L (RY). Therefore, considering the noncompactness of embedding, we encounter
a triple loss of compactness, and their interaction introduces new challenges. To
address the challenges arising from the lack of compactness, we conduct a non-
compactness analysis, which allows us to distinctly identify and express all the ele-
ments responsible for non-compactness. To delve into more detail, in the context of
Palais-Smale sequences associated with the variational functional corresponding to
problem , we initially construct a comprehensive non-compact representation
encompassing all instances of singular behavior resulting from the critical Sobolev-
Hardy nonlinearity and the unbounded nature of the domain. Therefore, it can
determine the energy level intervals corresponding to the Palais-Smale sequence.
By leveraging the energy level intervals, we can more easily ascertain the existence
of both minimal energy solutions and high-energy solutions. In this paper we only
deduce the existence of minimal energy positive solutions for problem (L.I). Our
methods are based on techniques from [7, [14] 18] 21 25], 27, [29].

This article is structured as follows. In Section [2] we present the main results of
the paper. In Section |3 we establish Theorem through a meticulous analysis of
the characteristics of a positive Palais-Smale sequence for I. Section [dis dedicated
to the proof of Theorem [2.3] achieved by employing both Theorem [2.1] and the
Mountain Pass Theorem. Finally, in the last section, we provide some preliminary
information as an appendix.
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2. MAIN RESULTS

In this Section, we present the main results of this paper. For convenience, first
we provide some important notation and assumptions.

Let D'?(R™) be the homogeneous Sobolev space as the completion of C$°(RY)
under the norm

[ullprr@yy = [Vull Lo @r), (2.1)

and denote by W1P(R¥) the usual nonhomogeneous Sobolev space with the norm

lullwre@yy = [[Vull Lo @y + 1wl Le @)y (2.2)

Let ut = max{u,0},u~ = u™ —u. Denote ¢ and C as arbitrary constants which

may change from line to line. Let B(x,r) denote a ball centered at x with radius r
and B(z,r)¢ = RN\ B(z,r).

A measurable function u : R — R belongs to the Morrey space with p € [1,00)
and v € (0, NJ, if

Hu”ip,u(RN) = sup TV*N/ |u(z)|P dx < oco.
r>0,7€RN B(z,r)

By Holder inequality, we can verify that

N-p

L™ (RN) = LP (RY), for1<r<p1<p<N. (2.3)

Let X be a Banach space, ® € C}(X,R), ¢ € R, we call {u,} C X is a Palais-
Smale sequence of ® if

b (u,) —c, ®(u,)—0 asn— oo. (2.4)

Next we establish specific assumptions regarding the functions a(x), f(z,u).
(A1) a(x) € C(RYN), lim a(x) =@ > 0 and there exists a constant A; > 0 such
Tr—>r00
that

/RN [(1 - (NL_p)pu)|Vu|p + a(x)|u\p} de > M\ /RN (@—a(x))|ufPdz, (2.5)

for all u € WHP(RY). (Without loss of generality, we assume that a = 1.)

(A2) f(z,t) is differentiable with respect to t € [0,+00) for all z € RY and
continuous with respect to € RY for all ¢t € [0,+00). Moreover, we
extend f(x,t) =0 for all t € (—00,0), z € RV,

(A3) There exists a constant ¢ € (p,NN—z)) such that t£+moo ft(q‘{f) = 0 and
flzt) _

tp=1

lim 0 uniformly in z € RV,

t—0t
(A4) There exists a constant § € (0,p* — p) such that t% (,t) =2 (p—1+
0)f(x,t) >0, for all z € RN ¢ > 0.

(A5) | |lim f(z,t) = f(t) uniformly on any compact subset of [0, 00) and there
x|—+4o00
1

p_l)% such that for any € > 0 we can find C; > 0

exists a constant o > p(
satisfying

f(x,t) = f(t) = —e llet?= + C477Y) forallz e RY, ¢ >0,

where ¢ € (p, NN—%) is given by (A3).
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As in [8], assumption (Al) implies that
uP 1/p
(/ (IVul? + a(z)u? — p—) d:c)
RN |[P

is an equivalent norm of W1P(RY). Also in Lemma we give the proof of (2.5))
if a(z) satisfies some specific conditions.
As an example of a function that satisfies (A2)—(A5), we have

(1—e“lhte, (p—1<qg<p*—1), fort>0zecRN,
[z, t) = N
0, fort <0,z € RY,

In the following, we assume that a(x), f(x,u) satisfy (A1)-(A5).
The energy functional associated with problem ([1.1)) is

1 P
I(u) = f/ (|Vu|p + a(x)|ulP — ,u|u| ) dz
p RN |x|P (2 6)
1 * '
- — (u+)p dx — F(x,u)dz, Yu € WHP(RY),
P Jrw RN

with .
Fla,u) = / ot dt.
0

Next, we present some problems associated with problem (1.1). The limit equa-
tion of (|1.1]) involving sub-critical terms is

(—A)pu+ alulPru = f(u) + |u|”*_2u, u € Wl”’(IRN)7 (2.7)

and its corresponding variational functional is

1 1 « _
I°(u) = 7/ <|Vu|p +Zz\u|p> dx — —*/ (™) da 7/ F(u)dx,
D JrN P JrN RN
for all u € WHP(RY), where F(u) = ;' f(t) dt.
The limit equation of ([L.1]) involving the Sobolev critical nonlinear term is
(—=A)pu = [ul” "*u, we D"PRY), (2.8)
and the corresponding variational functional is
1 1 *
Io(u) = 7/ |VulP do — 7/ (u™)” dx, Vue DVP(RN).
P JrN p” JrN

The limit equation of (1.1)) involving the Sobolev critical term and the Hardy
term is
ulP"tu

(=A)pu—p T lulP" ~2u, ue D¥P(RN), (2.9)
x
and its corresponding variational functional is
1 p 1 *
I,(u) = 7/ <|Vu|p — u@) de — — (u*)p dx, Yu€ D"P(RY).
P Jry [P P Jry

Abdellaoui, Felli, and Peral [I] proved that all the positive solutions of problem

([2.9) take the form
Uilx) =7 Uu(a/e). (2.10)
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Additionally, U, (r) and U, (r) have the following asymptotic properties

lim ra(“)U#(T) =c >0,

r—0
lim WU, (r) = ¢y > 0,
. TT(‘;)H / (2.11)
11_1%7' U,(r) = cia(p) > 0,
Tll>n010 rb(”)HU,;(r) = cob(p) > 0.

Here, ¢; and ¢y are positive constants depending only on N and p, while a(p) and
b(u) are the zeros of the function

N-p
P

gt)=(p-1P —=(N=p)t" ' +p, t=20 (0<p<An,=:( )"
and satisfy 0 < a(p) < b(p).
We need further information on a(u), b(i), the two roots of g(t) = 0. After a

direct calculation, we infer that tyiy, = ;p is the only minimal point of g(t),t > 0,

and g(%) =—Anp+p <0for 0<p < Anyp. Moreover, ¢'(t) <0 for 0 <t <
tmin, g’ (t) > 0 for ¢t > tmiy. That is, g(t) is decreasing on the interval (0, ¢piy) and
increasing on the interval (¢pin,00). Thus,

—-p

N
a(p) < <b(p) for0<p<Anp.

Furthermore, we obtain that

]Z<b(u)<=>—W+u=g(]Z) < g(b(p)) =0
<:>0<u<w (N > p?).

pp

Moreover, Uj;(z) are also minimizers for the quotient

Jan ([VulP — u%) dx

S, = in - (2.12)
eI EVNO} ([ fule da)
For the case that u =0,
1
Uy=———F 55" (2.13)
1+ o))
We can define

J% = inf I°°(u), (2.14)

ueN
with

*

N = {ueW"PRY)\ {0} : /RN(|Vu\p +alul’ — (uT)? — F(u))dz =0}. (2.15)

It is well known that A/ # @) since problem (2.7)) has at least one positive solution
if N > p? (see [15]). Moreover, the authors in [I5] proved that J° can be achieved
by a function w(x) € A satisfies following properties

: )/7a)

__N-1 1/p _ _N-1 a
e (1+ |z) 70 e~ ) ol < p(2) < ep(1 4 |z|) P D e (5T (2.16)
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For convenience, we define the quantities
D()Z/ (*VUop—onp)dCE:f p’ 2.17
- pl | p*l | ~ 0 (2.17)
1 U P\ 1 . 1
D, = [f(VU Pl )——U p]d — —§N/p, 2.18
o= [ (90 =Ry = i Jar = ) (2.18)

The main result of our paper reads as follows.

Theorem 2.1. Suppose a(z), f(x,u) satisfy (A1)—(A5), N > p?, and
—p)P NPTHN —p )}

0 < g < min ,
8 { pP pP

Also assume that {u,} is a positive Palais-Smale sequence of I at level d > 0. Then

there exist sequences {y*} C RN(1 <k <1ly), {R\} CRY(1 <i<ly), {RL} C

RY {zi} cRVN (1 <j<l3) and up, € WHP(RN)(1 < k < 14),0 < ue WHP(RY)

(I1,12,13 € NT) such that up to a subsequence:

I
d=1I(u)+ Y I®(up) + 12D, + 13D + o(1)

k=1
and
ll l2
Hun_u_zuk(x_y:i) ZUR _ZUO o }Wl P (RN) = o(1) (2.19)
k=1 i=1 j=1

as n — 0o, where u and ug(1 < k <1ly) satisfy

I'(w)=0, I®(u) =0,

i j ||
R, —0, R, —0 —/——>x
Ry,
In particular, if uw # 0, then u is a weakly solution of (1.1). Note that the corre-
sponding sum in (2.19)) will be treated as zero if I; =0 (i = 1,2, 3).

Remark 2.2. (1) Similar to [25 Corollary 3.3], one can demonstrate that any
Palais-Smale sequence for I at a level that does not have the form m; D, +maJ +
ms Dy, m1,ma, ms € N|J{0}, gives rise to a non-trivial weak solution of .

(2) To account for the lower-order terms in problem (L.1]), it becomes necessary
to impose the condition that u € WHP(RY) in order to ensure the well-defined
nature of the functional I(u). Specifically, when u € W1P(RY), the Sobolev in-
equality implies that u € LI(R™) for p < ¢ < p*. It is worth highlighting that
the quantities ||u|| >~y and ||u| La(r~y are influenced solely by translation invari-

ance, while the integral fRN % dx is affected by scaling invariance. Consequently,
these considerations give rise to three limiting equations introducing intriguing new

structures.

Using the compactness results and the Mountain Pass Theorem [3] we prove the
following existence result.

Theorem 2.3. Assume that p < ¢ < p*, 0 < p < mln{(N p)p, NT N P )} and
N > p?. If a(z), f(z,u) satisfy (A1)—(A5), then problem (L.1)) has a nontrivial
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solution u € WYP(RN) which satisfies
1
I(u) < min{NSiLV/p, JOO}.

3. NON-COMPACTNESS ANALYSIS

In this section, we prove Theorem [2.1] by using the Concentration-Compactness
Principle and a delicate analysis of the Palais-Smale sequences of I. Firstly, we give
the following Lemmas.

Lemma 3.1. Let {u,} C DVP(RY) be a bounded sequence such that

neNt

inf / [un|P" dz > ¢ > 0. (3.1)
RN

Then, up to subsequence, there exist two sequences {r,} C R* and {z,} C RY
such that

U, — g #0 in DVP(RY), (3.2)
where
N;p o |Tal b ded
T Uy (T if = 18 bounded,
U =1 (rn) o (3.3)

o Un(rnx +x,) if |f—| — 00.
Proof. By [2I, Theorem 2], we have
-0
|t || o+ (RN) < C”Un”%l,p(RN)H“nHle,N—p(RN)a (3.4)

where p% <6 <1.
Then there exists a constant ¢ > 0 such that

||un||’£p1N_p(RN) = sup R*p/ |un|P dz > ¢ > 0. (3.5)
ZERN, RERt B(z,R)
From ({3.5)), we may find 7,, > 0 and z,, € RY such that for n large enough,
_ c c
rnp/B(Wﬂ nl? do = Nun | ny — 5 = 5 > 0. (3.6)
We define o
B T’ Un(TpT) when 22l jg bounded,
Up =19 v i (3.7)
" Up(rn® + T,) when ‘:—"‘ — 00.

Since {u,} is bounded in DV?(RY), from the scaling and translation invariance
of DVP(RY), it follows that {1, } is also bounded in D*?(RY), therefore, up to a
subsequence (still denoted by a,),

i, — 1o in DYP(RY) and 4, — 4o in LE, (RY), as n — oco.
If |z |/7n is bounded, there exists a constant R > 1 such that B($*,1) C B(0, R),
then

‘< / | |P do < / |0 |P d — ldo(z)Pdz.  (3.8)
2 Jp(em ) B(0,R) B(0,R)

Tn

If |z |/rn — o0, then

§</ [P da g/ i P dar — ao(x)Pde,  (3.9)
B(0,1) B(0,R) B(0,R)
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where R > 1. Obviously we have @y £ 0. From (3.8) and (3.9)), the proof is
complete. ([

Lemma 3.2. Let {v,} C WYP(RY) be a Palais-Smale sequence of I at level d and

vy, — 0 in WHP(RY), vnllLa@ay — 0 for all 1 < q < p*, asn — co. If there exist

sequences {r,} C R*, {z,} C RN with r, = 0, |z,|/rn — 00 as n — oo such that
N—p

Tp(x) := 10" p(rpx+u,) converges weakly in DP(RYN) and almost everywhere to
some 0 # vg € DYP(RY) as n — oo, then vy solves problem ([2.8)) and the sequence
p—N

T—Typ
Tn

Proof. First, we prove that vy solves problem (2.8)). Fix a ball B(0,r) and a test
function ¢ € C§°(B(0,7)). Since

Zp 1= Up — rnTvo( ) is a Palais-Smale sequence of I at level d — Ip(vp).

vy =0, Uy = v in DYP(RY), vl paer) — 0, and [2a] — 00,
T'n

it follows that

/ a(@)|vp [P v dz = o(1), / f(x,vn)vndn dz = o(1),
RN RN

M/ Mdmzo(l),
R

N ‘17+r*"|p

Tn
p=—N
where ¢, = 7,7 ¢(**=). It implies

(I5(vo), &)
:/ |Vv0|p72Vv0V¢dx—/ (v(')")p*ilqﬁdx
RN RN

7. |P—25 -
= / |V, P2V, Vo dr — u/ [on" "0 dx — / (o5)" “odr+ o(1)
RN RN

Ry |z + 2P

p—2 *
= / |V, P2V, Ve, do — ,u/ M dz —/ (vz)p 71¢n dz
RN RN RN

||?

+ /RN a(z)pn|vn|" vy dz — /RN f(z,v) v dz 4+ o(1) = 0(1)

(3.10)
as n — 00. The last equality in (3.10]) holds since
[ toalan=rz [ o dz = o),
RN RN
and
¢l pre@yy = @nllwie@y) +o(1) asn— oo.
Thus vg solves problem ([2.8)). From Lemma [2.13) and N > p?, it follows that
1
Idx < dx < Yq > 3.11
fo@lese [ oo s azn 1Y

which implies that vg € LP(RY).
Let

p=N

Zn(x) = vp(x) — 10 ” 1)0(%) c WhHP(RN).
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Obviously z, — 0 in WHP(RY) as n — co. Now we prove that {z,} is a Palais-
Smale sequence of I at level d — Ip(vg). From (3.11)) it follows

p=N —
/ |7 v()(x xn) Pdr = rﬁ||v0||ip(RN) — 0, asn — oo, (3.12)
RN Tn

by Brézis-Lieb Lemma and the weak convergence, similar to Lemma we can
prove that

I(Zn) = I(’Un) - 10(1}0),
and (I'(z,), ) = o(1) as n — oo. This completes the proof. O

Lemma 3.3. Assume 0 < p < min{(N;,p)p, Npill()g_pz)}, Let {v,} ¢ WLP(RYN)
be a Palais-Smale sequence of I at level d and vy, = 0 in WHP(RN), ||og || paeyy — 0
forall1 < q < p*, asn — oo. If there exists a sequence {r,} C RY, withr, — 0 as

N-p
n — 0o such that v, (x) :=rn" v,(r,x) converges weakly in DVP(RYN) and almost

everywhere to some 0 # vy € DVP(RN) as n — oo, then vy solves problem (2.9)
p—N

and the sequence z, := v, — rp " vo(%) is a Palais-Smale sequence of I at level
d— IH (Uo).

Proof. First, we prove that vg solves problem (2.9)). Fix a ball B(0,7) and a test
function ¢ € C§°(B(0,7)). Since

U = 0, Ty = vo in DPRY),  on || pa@ny — 0,
it follows that

/ a(@)|vp P v dz = o(1), f(x,vn)vpn dr = o(1).
RN

]RN
So, we obtain that

<IL(U0),¢>
p—2 .
:/ |va|p72Vv0V¢dz—u/ Md$_/ (’Ua_)p 1¢d:1:
RN RN RN

|z[?
7 |P—25 -
- / |V, P2V, Védr — u/ [onl”" "0 dzx —/ (v,5)" “lodz +o(1)
RN RN |z [P RN
p—2 *
=/ |V, P2V, Vb, d:r—,u/ de_/ (v;f)p 71¢n dx
RN RN |z [P RN

p—2 _
s [ a@lonl todnds = [ ot da -+ ol1)

=o0(l) asn — oo,
(3.13)

p—N

where ¢, =" @(;Z). The last equality in (3.13) holds since
[ Joalrde=r2 [ ol o= o),
RN RN
9l prr@yy = | Pnllwre@yy +0(1) asn — oo.

Thus vg solves (2.9). From (2.11)) and p < w, it follows that

pp

1 1
P
/RN lvo(2)[P da < C/z|§1 e dr + C/I21 2P dr <c, (3.14)
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which implies that vy € LP(RY).
Let

zn(z) = vy (z) — T:LHTN’U()(%) € WhP(RM).

Obviously z, — 0 in WLP(RY) as n — oo. Now, we prove that {z,} is a Palais-
Smale sequence of I at level d — I,,(vp). From (3.14)) it follows that

p—N
/ |rn® vo(ﬁ) " dz = rfLHUOHip(RN) — 0, asn — oo. (3.15)
RN Tn

By the Brézis-Lieb Lemma and the weak convergence, as in Lemma we can
prove that

I(zn) = I(vn) — Lu(vo),
(I'(zn), ¢) = o(1)
as n — o0o. This completes the proof. O

Lemma 3.4. Let v be a unit vector of RN and w be that in (2.16). There exist
some constants Cy > 0 and Cz > 0 independent of R > 1 such that: (1)

-1 L
/ (w(z — Rv))P dx > ClR*(ffl)efp(ﬁ)pR, for R > 1,
jel<1

and (2)

g(N—=1)

1
/ el (w(z — Rv))ide < CoR™ 9o 1 ¢~ ™moaGEDPRY - g B>
RN

The above lemma can be proved by the similar arguments as that of [5, Lemma
3.6]. We omit its proof.

Proof of Theorem[2.1 By Lemma in the appendix, we can assume that {u,}
is bounded in W1?(RY). Up to a subsequence, as n — oo, we assume that

U, —u in WHP(RY),
RN) for1<q<p*,

Uy — U a.e. in RN,

Uy, — U In L?OC

We denote vy, (z) = up(x) — u(z), then {v,} is a Palais-Smale sequence of I and

vp =0 in WHP(RY), (3.16)
vy, =0 in L{ _(RY) for 1 < ¢ < p*, (3.17)
v, — 0 ae. inRY. (3.18)
Then by Lemma we know that
I(vp) = I(up) — I(u) + o(1), asn — oo, (3.19)
I'(v,) = 0(1), asn — oo, (3.20)
[onllwrr@yy = llunllwr@y) = llullwir@y) +o(1),  asn— oc. (3.21)

Without loss of generality, we may assume that
an”Z‘:Vl,p(RN) —1>0 asn— oo.

In fact if [ = 0, Theorem [2.1] is proved for [; = 0,1 = 0,13 = 0.
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Step 1: Getting rid of the blowing up bubbles caused by unbounded domains.
Suppose there exists a constant 0 < § < oo such that

|vnllLe@yy > 6 > 0. (3.22)

By Lemma there exists a subsequence still denoted by {v,}, such that one of
the following two cases occurs.
(i) Vanishing occurs: for all 0 < R < oo,

sup / (IVUnl? + [vp|P) dz — 0 as n — oo.
yeRYN J B(y,R)
By the Sobolev inequality, for 0 < R < oo, we have

sup / lon|" dz < sup c/ (IVur|P + |[vn|P)dz — 0 asn — oo, (3.23)
yERN JB(y,R) yeRN  JB(y,R)

where 1 < r < p*. Since v, is bounded in WHP(RY), from (3.23) and Lemma
it follows that

/ |vp|?dz — 0 asn — 0o, V1<gq<p*,
RN

which contradicts (3.22)).

(ii) Nonvanishing occurs: There exist 3 > 0, 0 < R < oo, and {y,} C R" such
that

lim inf (|[Vvn|? + |vn|P)dz > 8 > 0. (3.24)

oo yn+BR
We claim that there exists at least one |y,| — oo as n — oco. Otherwise, if any
{yn} satisfying (3.24]) is bounded, then there exists a R > 0 large enough such that
an”Wl,p(B(O’R)C) —0 asn— oo. (325)

From the fact
v, =0 in LY _(RY) for 1 < ¢ < p*,
(3-25), and the Sobolev inequality, it follows that ||v,|[z»@~) — 0 as n — oo. This

contradicts (3.22]).

To proceed, we first construct the Palais-Smale sequences of I°°. We denote v,, =
Un (@ + yn). Since ||Un]|wip@yy = [[Unllwir@yy < C, without loss of generality, we
assume that as n — oo,

Tp —vo in WHP(RY),
Tp — vy in LE (RY), V1< q<p*

loc

Since for all ¢ € C§°(RY), for n large enough,

/ |Un| Un¢ de < / |'Un|p_2vn¢n dr
RN [T+ ynlP lynl? Jrv

< ﬁ(/w |vn|1’dx)p”1(/RN oulrdz) "

where ¢, = ¢(x — y,,). Obviously

/RN | |P daz = /RN |p|P dx < e, /RN [ P dx < c. (3.27)

(3.26)
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Let |yn| — oo, from (3.26)) and (3.27)), we have
/ [onl" "0 dx =0(1) asn— 0. (3.28)
RN [T+ ynl?

Since v, — 0 weakly in W'P(RY) and lim,, o, a(z + y,) = @, by the Lebesgue
convergence Theorem, as n — oo, we have

/ a($)|vn|p_2vn¢n dz

RN

= / a\vn|p_2vnq§ dx + / [a(az + Yn) — EL] |vn|p_2vn¢ dz (3.29)
RN RN

:/ v, P20, ¢ dz + o(1).
RN
Similarly, we have

f(xavn)vn¢n dx = f(@n)@n(bdw + / [f(l‘ + Yn, 77n) - .]E(T)n)]ﬁn(bdx

RN RN RN
= f(0,)0,¢ dx + o(1).
RN
(3.30)
Recall that v, is a Palais-Smale sequence of I, by (3.28)-(3.30) we have
(I'(v), dn) + 0(1) = (I (0,), 9) = 0(1), asn — cc. (3.31)

This shows that ,, is a Palais-Smale sequence of I°°(u), and vy is a weak solution

of (7).
We claim that vy # 0. From ([3.22)), we may assume there exists a sequence {y, }

satisfying (3.24]) and
/ o (@)[Pdz = b+ o(1) > 0, asn — oo, (3.32)
B(yn,R)

where b > 0 is a constant. If vy = 0, we have

/ |17n|pd$:/ [vn|Pdz =0(1) asn — 00, 0< R < o0,
B(R) B(yn,R)

which contradicts (3.32)).
We denote z, = v, — vo(z — yn); therefore, as n — oo,

lznllwie@yy = [vnllwrr@yy = [[vollwie@yy + o(1), (3.33)
I(z,) = I(vy) — I%(vo) + o(1). (3.34)

Hence 2z, — 0 in WYP(RY) as n — oo, and 2, is a Palais-Smale sequence of I.
Then by Brézis-Lieb Lemma, we have

/ |zn|pdm:/ lvm — vo|P dz + o(1)
n R‘IL
:/ |vn|pda:—/ lvol? daz + o(1) (3.35)
Rn R”L

g/ fonl? dz — c.

where the last inequality follows from the fact vo # 0. If ||z, [/ zp vy — d2 > 0 as
n — oo, from (3.35)) and the boundedness of v, || Lr@®~), then one can repeat Step
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1 for finite times (I; times) since the amount of sequences satisfying (3.22)) is finite.

Step 2: Getting rid of the blowing up bubbles caused by the Sobolev term. Suppose

there exists 0 < § < oo such that

inf / (o) da > 6> 0. (3.36)
RN

neNt

It follows from Lemma that there exist two sequences {r,} C R* and {z,} C
RY, such that

Uy — v #0 in DMP(RY), (3.37)
where
N=p
- Tgvn(rnx) if |x,|/ry is bounded, (3.38)

. Op(rpx + ) if |2,|/rn — 00.

Now we claim that r, — 0 as n — oo. In fact, there exists a R; > 0 such that

/ ool dz = 61 > 0, (3.39)
B(0,R1)

From the Sobolev compact embedding, (3.16))-(3.18)), (3.37)-(3.39), for all » > 0 we
have

v, — 01in LP(B(0,7)), ¥, — vo in LP(B(0,7)),
0# HUO||12p(B(0,R1)) +o(1)

= / |0 | dx
B(0,R1) (3.40)

{r;p JB0r 0y [0nlP dz, if 2y /ry is bounded,

P fB(zn,ran) |’U"‘p de, if ‘xn‘/rn — Q.

From |lvp||e @~y = o(1), (3.39) and (3.40)), it follows that r, — 0.
p—N

For |z,|/r, — oo, we define z, = v, — rp" vo(%). Then z, — 0 in
WLP(RY). Tt follows from Lemma that {z,} is a Palais-Smale sequence of
I satisfying

I(zy) = I(vy) — Io(vo) + o(1), as n — oo. (3.41)

Since vy satisfies (2.8), from Lemma[3.1] (2.10) and (2.17) there exists £; > 0 such
that

pP—N 7
Vo = €1 P Uo(x - 1‘1)’ IQ(’U()) = Do. (342)
1
Let RL = r,e1, 2L = 7,71 + x,, it follows that
p=N -y, =N T —x) R o}
ra” v - ) =) = ) =Ug, (3.43)

with RL — 0, |2L|/RL — oo. Then from (3.19) it follows that
Zp = Up — Ugi"xi‘ = U, —Uu— Ué%’l“x;,
I(zn) = I(vy) — Do+ o(1) = I(uy,) — I(u) — Do + 0(1)
with RL — 0, |z1|/RL — co. Obviously

lznll o= @y = lvnll Lo ®yy = 0ol o* (mvy + 0(1).
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For |z,|/r, bounded, we define z, = v, — rp" vo(%). Then z, — 0 in
WLP(RN). Tt follows from Lemma that {z,} is a Palais-Smale sequence of
I satisfying

I(zp) = I(vp) — Iu(vo) +0(1), asmn — oo. (3.44)
Since vy satisfies (2.9)), from (2.10) and (2.18)) there exists €1 > 0 such that
p=N T
vw=e " Uﬂ(f), I.(vo) = D,.. (3.45)
€1
Let R. = 7,1, from (3.45), it follows that
p=—N T —  B=N T R!
T ? vo(a) — (RY)"7 Uﬁ(ﬁ) = Ul (3.46)
with R} — 0. Then from (3.19) it follows that
R} R}
Zn=vp —U," =up —u—-U,", (3.47)
I(zn) = I(vn) = Dy + o(1) = I(un) — I(u) = Dy + o(1)
with R. — 0. Obviously
l2nllLe @vy = lvnllLos @~y = [Upll o= @y + o(1). (3.48)

If still there exists a § > 0 such that
/ ()" dz > 5> 0,
RN

then we repeat the previous argument. From ({3.48) and that

p* *
/]RN (Zi) dr < ”ZnH;zVLp(RN) <g

we deduce that the iteration must stop after finite times. That is, from step 1 and
step 2, there exist constants {1, l2, I3 and a new Palais-Smale sequence of I, (without
loss of generality) denoted by {v,}, such that as n — oo,

U1

d=I(vn)+I(w)+ Y I®(ug) + 12D, +I3Dg + o(1), (3.49)
k=1
I l2 B I3 R i
Up = Up — U — Zu;c(x—y,’fb) - ZUR - ZUO ot
k=1 i=1 j=1
S P j ||
with R;,, R} —0, —— — oo, (3.50)
R,
[vnllLa@ay =0, / (v dz — 0 (3.51)
RN

as n — oo. Then from (I'(v,),v,) = o(1), it follows that

p
||Un||W1,p(RN) < C/N <|V11n|p—|—a(x)|vn‘l7 _M|Un| )dd?
R

[P

:C(/RN f(x,vn)vndx—F/ (v,f)p* d:z:) -0

RN

as n — oco. From (3.51)) and (3.52)), it gives that
I(v,) = o(1). (3.53)

(3.52)
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From (3.49)-(3.53), the proof of Theorem [2.1]is complete. O

4. PROOF OF THEOREM [2.3]
For this proof we use Mountain Pass Theorem [3] and Theorem From

tP ulP tp* *
I(tu) = > |:/]RN (|Vup+a(x)u|p—ulx:p) dm}—— /RN(qu)p dz— - F(z,tu) dz,

p*
we deduce that for a fixed u 2 0 in WHP(RY), I(tu) — —oc if t — +00. Since

/ F(x,u)dr < C”U”xq/vl,p(]RN Jr6||UHW1 P(RN) / lulP dr < CHUH%/LP(RNy
RN RN

we have
I(u) > CHUHZ{:VL:D(]RN) - C(Hu”({]yl P (RN) + ||UHW1 P RN))

Hence, there exists 79 > 0 small such that I(u ’83 vy = P> 0 for g.p* > p.
As a consequence, I(u) satisfies the geometry structure of Mountain-Pass The-
orem. Now define
¢ =:inf sup I ,
o e (v(£))
where I' = {y € C([0,1], WLP(RN)) : v(0) = 0,7(1) = 19 € WEP(RN)} with
I(typg) <0 for all t > 1.
To complete the proof of Theorem we need to verify that I(u) satisfies the
local Palais-Smale conditions. According to Remarks 1), we only need to verify
that

N oo . 1 es)
c* <rn1n{ SN/p NSO/p,J }:mm{NSfLV/”,J }. (4.1)
Us .
Let Ve = W, we claim that
L onm
max I(tve) < NS“ . (4.2)
Since, U are the minimizers of S, we have

|ve |
Vo |P do — 1 dx = 5,. (4.3)

RN ry |zl

From (2.11) (also refer to [6]), and a(u) < 252, 4 < w, it is easy to
calculate the estimate

/ |ve|P da < cs”/ |U,.|P dx
RN RN

(4.4)
Scep/ #dm—&—csp/ %d:c:O(ap).
lz|<1 \g;|a(u)p 2|1 |z| (1)p

Similarly,

/ 0|7 dz = O(e 554+, (4.5)
RN
Since p* > ¢, we have

O(?) = o(e "7 2+N). (4.6)
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We denote by t. the attaining point of max;~q I(tve), similar to the proof of [l
Lemma 3.5] we can prove that t. is uniformly bounded. In fact, we consider the
function

0 = )
= 190l + [ (et = ]

" .
- */ |ve|? dx—/ F(z,tv.)dz

P Jry RN

. 4.7
ot (4.7)

D Hve||W1p (RN) — D Hve||W1p (RN) (5tp||v€||€vl,p(RN)

I \/

—ct? HUEHWLP(RN)

(c — op)t? ctP -
> THU€||€V1,1}(RN) - pTHUEHWl,p(RN) - th”%”({]/{/l,p(ﬂgzv)a

where § > 0 small enough. Then h(t) > 0 when ¢ is closed to 0, it follows that
max;~o h(t) is attained for t. > 0. From [y [v:[F" dz = 1, it follows that

0="n(t)
—1 |U€‘p
=127 90 vy +/RN (a@)lvel? - ap ) da] (4.8)

— tg**l —/ [z, tve ) de.
RN
Since f(z,ve) > 0, from (4.3) and (4.4)), for € sufficiently small, we have

*

p*—p p p_ |7)6|p)
0 Vol + [ (el e e <25, (@9)
Then
1S < [V ||b + (a(m)|v [P — \v5|p) dx
9K ele@) ™ | LT
— (P 7P 4¢Pt f(z, tve)ve da (4.10)
RN

<t POV,
Choosing ¢ > 0 small enough, by (4.3)-(4.5)), there exists a constant v > 0 such
4.9

that t. > v > 0. Combining this with (4.9)), it implies that t. is bounded for € > 0
small enough. Hence, for £ > 0 small,

rgagl(tvg) = I(tve)
tr P tP .
§max{—/ (|Vve|p—u|vs‘ )dx— / |ve [P d:z:}
>0 Lp Jrwy |[P p* Jrw
(p
—0(e

1
< S (by (E8)).

This completes the proof of (4.2]). By the definition of ¢*, we have ¢* < %S,ﬁv/p.
Next we verify that

< J®. (4.11)
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We only need to verify that

sup I(twg) < J*
0<t<t

for R large enough Here wr = w(z — Rv), v is a unit vector of RY and w be that
in (2.16). Since a(z) € C(RY), we can choose a small 7 € (0,1) such that

i
1— il
@)+ 15 2 o

Viz| < T
Then, we find that

/ (1—a(x)+ L)w% dx
RN |z|P
b
>/ (|foy|+1) P p(E Pl Rvl gy
jal<r 277 (4.12)

OD (L) 7 (R+D)
c—(R+1) p=1 ¢ Plp=T dx
|z| <7

1
N-1) (N-1) 1 \p
> erN-r R G PGP R _ o G G TR,

where ¢,c are positive constants. On the other hand, it follows from (A5) and
Lemma [3.4] that

/ [F(twg) — F(z,twg)| dx

/RN/wR / S)]dex (4.13)

6— _Ulz‘wp dx—i—C e‘”‘“glw%dx
p JrN q JrN ]

1 1
(N-1) z : z
< ecR™ 5 e PFEDR | 0L eR oD e~ min{oa(Gin) P R

where ¢, C. are positive constants. Hence, noting o > p(pil)%, we see that for R

large enough,

I(twr)
P _
< I®(twg) — t—/ (1—a(z)+ L)w% dx +/ (F(twg) — F(x,twg)) dx
P Jrw || RN
< J® — RS e PG p

(N—-1) (N—-1

teeR™ T e Pl ) R4 C.cR™ = =V ¢~ min{oa(72) 7}

< J*.

5. APPENDIX

In this section, we give detailed proofs some lemmas used above.

Lemma 5.1 ([28, Lemma 2.1]). Let {p,}n>1 be a sequence in L'(RY) satisfying

pn >0 onRY, lim pndr=\>0, (5.1)

n—oo RN
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where A > 0 is fized. Then there exists a subsequence {py,} satisfying one of the
following two possibilities: (i) Vanishing:

lim sup / Pn, dx =0, for all R < 4o0. (5.2)
B(y,R)

k—o0 yERN

11 onvanisning: ere exists a > U, < 400 an ki C suc a
(ii) N jshing: th jst 0, R d {yr} CRY such that

lim Pn, dz > > 0.
k—too Yx+Br

Lemma 5.2 ([28, Lemma 2.3]). Let 1 < p < 00, 1 < ¢ < o0, with ¢ # NN—_’; if

p < N. Assume that {u,} is bounded in LY(RY), {|Vu,|} is bounded in LP(RY)
and

sup/ lun|?dz — 0 for some R >0 as ,n — .
yeRN Jy+Bgr

Then u,, — 0 in L*(RY), for a between q and NN—_’;}.
Lemma 5.3. Assume that a(x) satisfies (Al). It follows that
Juf?
cummmmw)sAQ(Vup+amwwumwymscummmmwy (5.3)
where Cy and Cy are positive constants.
The proof of the above Lemma is obtained based on condition (Al).

Lemma 5.4. Let {u,} be a Palais-Smale sequence of I at level d € R. Then d > 0
and {u,}y C WHP(RN) is bounded. Moreover, every Palais-Smale sequence for I at
a level zero converges strongly to zero.
Proof. From (A4), it follows that

1 1

p+9unf(un) > F(z,un), i > et (5.4)
Thus from and 7 we have
A+ 1 o [ual) 2 Tua) = 5 0" (), )
— (% - ]ﬁ) /RN (}Vun|p - um: + a(x)|un|p> dx
+ ]ﬁ /]RN p f (2, upy) doe — -/RN F(z,u,)dz (5.5)

> C’(% - Iﬁ) /RN (‘Vunl” —u't]f +a(x)\un|p)dx

> C”“nHIxjvl,p(]RNy

It follows from ([5.5)) that {u,} is bounded in W1P(RY). Since

d= RILH;O I(up) — m([’(un), Up) > Clirrln%sotip ||un||€vl,p(RN),

then we have d > 0. Suppose now that d = 0, we obtain from the above inequality
that

lim ||Un||W1.p(]RN) = 0.
n—oo
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Lemma 5.5. Let {u,} be a Palais-Smale sequence of I at level d € R. Then {u,}}
is also a Palais-Smale sequence of I at level d when u,} = max{uy,,0}.

Proof. By the definition of I, we have that as n — oo

p
flun) = %/RN ('Vunl” + a(x)lunlp) dz — ﬁ/R fual” g,

p Jry |zP
1

- — (u*)p* dx — F(z,up)u, dr — d,

p* Jpy " RN

and

(I'(uy), ¢) = /RN |Vun,|[P~2Vu, Vo dr + /RN a(x)|un [P~ 2w, b da

. |un|p_2un¢ _
M/]RN — " dx /RN fz,un)ode

|z [P
— / (u;)p*‘lqsda: — 0, forall g € WHP(RYN).
RN

Taking ¢ = —u,, = min{u,,0}, from

up =ul — o, uiu, =0, (5.6)
we have
(I’ (un), —uy)
= 7/ |Vun|p*2VunVu;d:cf/ a(x) [un|P 2 unu, de
RN RN
p—2 - . 5.7
—|—/J/ de— f(x,un)u;dx—k/ (u)’ Ly da (5:7)
RN || RN RN
- - | [”
:/ (|Vun|p+a(x)|un|p)dx—,u/ ~— dx — 0.
RN ry [Z|P
From (A1), (5.7), w,;} >0, and u,, > 0, it follows that
||U;HW1,[1(RN) — 0. (5.8)
Thus
. + _ . _
nh%rréo I(u') = nhHH;O I(uy,) =d,
I'(ut, @) = I'(un, ¢) = 0,
as n — o0o. This complete the proof. O

Lemma 5.6. All nontrivial critical points of I, are the positive solutions.

Proof. Let u # 0 and u € W1P(RY) be a nontrivial critical point of I,,. First,

arguing as in the proof of Lemma (similar to (5.7) and (5.8))), we can obtain
that ||u™||w1p&y) = 0 which gives that u > 0 a.e. in RY. By the maximum

principle we can obtain u > 0 in RY. O
Let {u,} be a Palais-Smale sequence. Up to a subsequence, we assume that
U, —u in WHP(RY) as n — oo.
Obviously, we have I'(u) = 0. Let v, = u,, — u, then as n — oo,

v, =0 in WHP(RY), (5.9)
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vp =0 in LL (RY) forall 1 < ¢ < p*. (5.10)

loc
As a consequence, we have the following Lemma.

Lemma 5.7. {v,} is a Palais-Smale sequence for I at level dy = d — I(u).

Proof. By the Brézis-Lieb Lemma in [3] and v, — 0 in WHP(RY), as n — oo, we
have

F(z,v,)dx = F(z,up)dx — F(z,u)dz + o(1), (5.11)
RN RN RN
P P p
/ [vn dx = / [tn| dx—/ Mdz—&—o(l), (5.12)
Ry [fP Ry |T[P N [[P
/ [Vu,|P de = / [Vuy,|P de — / |Vul|P dx + o(1). (5.13)
RN RN RN

Hence I(v,) = I(uy) — I(u) + o(1) =d — I(u) + o(1).
For ¢ € C$°(RY), there exists a B(0,r) such that supp¢ C B(0,7). Then as
n — oo,

| / f(ZE,Un)(,ZS dJC’ < C| / (|vn|q71 + |'Un|p71)¢dx| = 0(1)7 (514)
RN B(0,r)
and from the Lebesgue convergence theorem
p*—2 p"—2
| Mdﬂ?’ <| de| — o(1). (5.15)
RN | [P lz|<r [P

By (5.9), (5.14) and (5.15)), we have (¢, I'(v,)) = o(1) as n — co. O

Lemma 5.8. The assumption (A1) holds naturally if a(z) € C(RYN) satisfies

(1) a(z) = a>0 as x — oo;
(2) —m < a(z) and the set {x € RY : —m < a(z) < 0} is nonempty and
bounded, where m € (0,m*) and m* is a small positive constant.

Proof. By assumptions (1) and (2), we can find p > 0 such that
{z e RN :a(z) <0} C B(0,p),
a
RN\igEO’p)a(ac) > 2
We claim that
(la]* + [b* +2a-b)*/2 — (]a|*)*/% > plal’~2a - b.
From Cauchy’s mean value theorem, we have
(lal> + [b|? + 2a- b)"* — (ja|2)"* = gg‘%z (Ib]?> +2a-b).
If la+b|? > |a]?, ie., |b|>+2a-b >0, |a> < ¢ < |a+ b|?, thus
¢ (|b|2 + 2a-b) > |aP~2(|b]? + 2a- b) > 2[a]"%a - b.
If la+b|?> < |al?, ie., [b|> +2a-b <0, |a+bl? << |al?, thus

€1 (Ib[? + 22 b) > [a]""2(|b[2 + 2a- b) > 2|a]"%a - b.
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For R > p, we can choose ¢(x) € C5°(B(0, R)) satisfying 0 < ¢(z) < 1,¢p(x) =1
in B(0,p), p(z) = 0 in R¥\B(0, R) and |V¢| < 2(R71—,®p' For each u € W1P(RY),
let

a=V(pu), b=V((1-pu).
Then we can derive that

/ [VulP dz
RN

> / IV ()| da + p / IV ()P (V- u- V(1 — 20) — [VipPu?) da
RN RN

1
>5[ NP [ (Vallul Vel e tds - [ VePlpy e ds
RN RN BN

1
> f/ |V (pu)|P dx — 2p73pp/2/ |VulP de — 3p”/22p73/ |VlP|ulP de
2 B(0,R) RN RN

.9p=3 . yp/2
M/ lu|P do — u/ |u\1’dx—2p*3p”/2/ |Vul? dz
2 B(0,p) (2(R = p)p)P Jr~ RN

1 31 1
2 Plp — = —— P g — 9P—3 p/2/ by
2(p— 1)R? /Bm,p) il dz = S /= 2 /RN [ul” dz p? [ |Vl de,

where A1 ,(B(0,R)) > (p_l)(pj::(): 7oamyr 1S the first eigenvalue of the operator
(=A), in WyP(B(0, R)) (refer to [16]).
We set d = 1 — (% )Pu, choose R large enough such that
-
2(p—1)RP
Then

/ (dIVul? + a(@)lul?) da

RN

> L/ |u|pd;v+/ a(z)|u|? dz
2(p = DRP Jp(0,p) RN

3d
- P _ 9p—3,p/2 Vul?
8(R — p)rpr/? /RN uf? do =279 d/uwl uf? da

d 3d
- - + a(x)||u|P dz
/B(o,p) [2(1) —1)Rr  8(R — p)rpr/? ( )M |
3d
JF/ aly) = — =
RN\ B(0,p) [ () 8(R — p)ppp/Z]
Therefore

(142302 / (dVul? + a(a)|ul?) dz
RN

d P a
> — 4+ (14 2p_3p2)a(x)] |ulP do + 7/ ulP dx.
/Bp(o) [8(10 —1)Rp 4 JrN\B(0,p) |

1 d :
Let m* = REEYEw SRR oy ok For 0 < m < m*, it follows that

(1427302 / (dVul? + a(@)|ul?) dz

RN

N—p
1 1 1 3d

3
— . > ; d ———
8 pE(R—pp~ Sp-DR M SR-ppp2

| QI

|ulP do — 2p73pp/2d/ |Vul|P de.
RN
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d / a
> |ulP dz + - / |u|P dx
16(p = 1)R? /(0,0 4 Jry\B,(0)
d a
Zming —————, — Pdx.
i { 160y~ DR 4} MRS
* __ 1 : d a
If we set \* = P min { BT R Z}’ then we have

We can complete the proof by taking A\; =

Py P+ a(z)|ulP|de = ul? 4+ a(x)|u|?) dx
[ 10 G mlval + a@lul]de = [ @Val? + a@)luP)d

2)\*/ |ul? dz
RN

A*
=— (@+ m™*)|ul? dz
a+m* Jgn

A*
> [ @ a)luld.
a+m* Jrn

*

O

a+m* "’
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