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A PRIORI ESTIMATES FOR THE LINEARIZED RELATIVISTIC
EULER EQUATIONS WITH A PHYSICAL VACUUM
BOUNDARY AND AN IDEAL GAS EQUATION OF STATE

BRIAN B. LUCZAK

ABSTRACT. In this article, we will provide a result on the relativistic Euler
equations for an ideal gas equation of state and a physical vacuum boundary.
More specifically, we will prove a priori estimates for the linearized system
in weighted Sobolev spaces. Our focus will be on choosing the correct ther-
modynamic variables, developing a weighted book-keeping scheme, and then
proving energy estimates for the linearized system.
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1. INTRODUCTION

The starting point for our work is the relativistic Euler equations which describe
the motion of a relativistic fluid in a Minkowski background (see [3] for historical
context). The equations of motion are given by

u"du0+ (p+ 0)Opu =0, (1.1a)
(p + 0)u"Opu® +7"0,p = 0, (1.1b)
guutu” = —1, (1.1c)

where ¢ is the fluid’s (energy) density, u is the fluid’s (four-)velocity, p is the
fluid’s pressure given by an equation of state (whose choice depends on the nature
of the fluid, see below), g is the Minkowski metric, and mag = gag + Uaug is
the projection onto the space orthogonal to u. This problem can be studied for
a general background metric, but the Minkowski metric already contains all the
important mathematical features. Coupling to Einstein’s equations, on the other
hand, is an entirely different (and much harder) problem.

Above and throughout, we employ standard Cartesian coordinates {x®}3 _, with
t := 2% denoting a time coordinate and x := (2!, 22, 23) denoting spatial coordi-
nates, the sum convention is adopted, Greek indices vary from 0 to 3 and Latin
indices from 1 to 3, and indices are raised and lowered with g.

Remark 1.1. We note that is the conservation of energy for the fluid,
is the conservation of momentum, and is a normalization condition where
the velocity is assumed to be a forward time-like vector field (and this constraint
is propagated by the flow).

We are interested in the case where the fluid is confined within a domain that
is not fixed but is allowed to move with the fluid motion, such as, e.g., the motion
of a star. Fluids of this type are called free-boundary fluids. We further consider
the situation where the pressure and density vanish on the boundary which is often
referred to as the gas case. The liquid case where the density does not vanish on
the boundary is a different problem.

Denote the region containing the fluid at time ¢ by ;. Then, ; can be described
as

Q= {(r,z) e R . 7 =+t o(t,z) > 0}.
Equations hold in the spacetime region
9D = U0§t<T{t} X Qt, (12)

for some T" > 0, known as the moving domain. The fluid’s free-boundary at time
t is defined as T'y := 09y, and the fluid’s free boundary, also called the moving
boundary, free interface, or vacuum boundary, is defined as

I':= U0§t<T{t} xI'y = U0§t<T{t} x 08.

Sometimes we also call ; and I'y the moving domain and the free boundary, re-
spectively. In free-boundary problems, understanding the dynamics of I' is crucial,
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as it is the fact that Iy moves with time that distinguishes such problems from
a standard initial-boundary value problem where the boundary of the domain is
fixed. Note that, according to the foregoing, we have

p=0p=0 onl. (1.3)

1.1. Physical vacuum boundary with a barotropic equation of state. Be-
fore discussing our work for a non-barotropic equation of state, let us consider the
barotropic setting which will motivate our discussion. Consider the equation of
state:

p=plo) = 0", k>0, (1.4)
where k is constant. Equation then becomes
(! + Q) B + Er 0 = 0, (1.5)
where
i =p'(0) = (v +1)0" (1.6)

is the fluid’s sound speed [3] and the second equality in (1.6)) is valid for the equation
of state (1.4]). Since o vanishes on the free-boundary, we also have

|, =0. (1.7)
).

Remark 1.2. Observe that (|1.7]) follows immediately from (1.3)) and (1.6). But
typically one would still impose (|1.7)) for other equations of state than (1.4]) when

(1.3) holds, since sound waves should not be allowed to propagate into vacuum
across a region where the medium (the density) vanishes.

The decay rate of ¢2 near the free-boundary plays a key role in this problem. One
needs to consider decay rates that allow for I'; to move with a bounded non-zero
acceleration. We have from (1.5 and (1.6)) that the fluid’s (four-)acceleration is
(k+1)o" !

1+ p"
Since ¢ ~ 0 near the free-boundary, we have that 1+9 = O(1) so, near the boundary,

a® == utou”* = — T0,0.

a® ~ 0" 9,0 ~ Dg" ~ Oc2,

using 0 to denote a generic spacetime derivative. At this point, we need to make
some assumption on the decay rate of ¢2. In view of the finite speed propagation
property, away from the boundary the motion of the fluid is essentially the same
as in the case without a free-boundary. Thus, a natural scale in this problem
which allows us to separate the bulk and boundary behaviors is the distance to the
boundary:
d =d(t,z) = distance from x to T';.

Therefore, a natural assumption to make on ¢? is that it decays like a power of d,
ie., 2~ d? for some > 0. Under this assumption, the acceleration becomes

a~ad® = Bd*~'od ~ d°71,
where we used that 0d = O(1). From this, we see that
0, p>1,
00, 0<B<1,
finite 20, B =1.

a|rt =
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Hence, we expect a realistic dynamics only in the case § = 1. Therefore, we assume
that

c2(t,x) = d(t,r) for x near Iy, (1.8)
i.e., ¢2 is comparable to the distance to the boundary. Condition is known
as the physical vacuum boundary condition. One should understand as a
constraint, i.e., something that is imposed on the initial data and then propagated
by the flow. The local well-posedness of the relativistic Euler equations with as
equation of state and initial data satisfying the physical vacuum boundary condition
was obtained in [4] using Eulerian coordinates. Additionally, a-priori estimates for
the same problem with equation of state were obtained in [6] using Lagrangian
coordinates. In [§], the authors proved a priori estimates using an equation of state
where the pressure is assumed to be a power law of the fluid’s baryon density n

(see below).

1.2. The case of an ideal gas. We would like to extend the results of [4] to the
case of a non-barotropic equation of state. In addition, we would like, if possible,
to treat situations that are of direct relevance to physicists working in numerical
simulations of star evolution. A typical equation of state used by physicists in their
simulations of stars is that of an ideal gas (see [I5] Section 2.4),

p:p(nv‘e) :’I’LE(’}/— 1)a (19)
where n is the fluid’s baryon density, € is the fluid’s internal energy, and v > 1 is a
constant. We recall that n satisfies the equation

u”Oun + noyut =0, (1.10)
and ¢ is defined through the relation
o=n(l+e). (1.11)

Equation is known as the conservation of baryon density [3]. This provides
a closed system in terms of the unknowns (g, n, ut).

Since € > 0, equation implies that n also vanishes on the free boundary. In
addition, since we must have € = 0 in a vacuum, we also need to impose that € = 0
on I';. We need to find conditions that play a similar role to the physical vacuum
boundary condition employed for barotropic fluids. As in Section we try
to determine such conditions by ensuring a finite non-zero boundary acceleration.

We now adopt (¢,n,u) as primitive variables. In this situation, using (1.9),
equation becomes

lfy—i_ Efnu“aﬂu“ +en®on + nr*to,e = 0. (1.12)

Inspired by the discussion of Section [1.1}, we suppose that
n~d? e~d’, 3>0,0>0.
Using this Ansatz into equation ((1.12)) and proceeding as in Section we find
an~d

An interesting observation is that d? cancels out and we are left with

0, o>1,
alp, = 4§ 00, 0<o <1,
finite #0, o=1.
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Therefore, we conclude that in the case of an equation of state of an ideal gas given
by (L.9), the physical vacuum boundary conditions should be

e(t,x) ~=d(t,z) and n(t,x)~ (d(t,z))?, >0, forz near T. (1.13)
Using and , in terms of (g,n,u), equations and read

u'due + (y — 1)edu” =0, (1.14a)

ztgfnu“aﬂua +en®on + nr*to,e =0, (1.14b)

u”9,n +ndyut =0, (1.14c¢)

Guutu” = —1. (1.14d)

Remark 1.3. We observe that (1.13) is what we obtained solely from an analysis
of the boundary acceleration. However, from the thermodynamic relations and the
equation of state (see (1.22]) below), we have that the entropy s is given by

1
s:ilog(
v—1

where sg is a constant. From the physical boundary conditions, near the free
boundary we would have that

LI
S~ O
v—1 8

n"/—l) + S0-

d
(d(vfl)ﬁ) + 50 ~ log(d* P01 4 5.

Thus, as we approach the free boundary, d — 0 and s would behave like
1
—00 Jfor B < P
s — { finite value, for g = ﬁ (1.15)
1
00, for 5 > P
1
However, in what follows, our analysis will be solely with respect to the variables
s,u, and r, where 7 is a multiple of ¢ that we introduce in Section We make this
remark to indicate that there is a natural choice for the physical vacuum boundary
condition in the case of an ideal gas.

Thus, 8 = ’v% is a natural condition for the decay rate of n in our problem.

1.3. Main Result. Here, we summarize our main result which is based on the
linearized version of system with variables s,u and r (where r is defined in
below). See below for a rewriting of with our new variables,
and for the full linearized system. We remark that Theorem below is a
statement amount the linearized problem, where the non-linear variables (s,r,u)
serve as background data.

Theorem 1.4 (Sobolev estimates for the linearized system). Let (s,r,u) be a
smooth solution to that exists on some time interval [0,T], and for which
the physical vacuum boundary condition holds. Let (30,70, Ug) be initial data
to system . Then, there exists a constant C depending only on s,r,u, and T
such that, if (3,7, 1) € C™(2) is a solution to on [0,T], then

||(§a T, ﬂ)Hﬂ%(Qt) 5 CH(§07 To, 710)||')‘{2’“(Qo) (116)
where H?8(Q;) is defined in (1.46)).
See Theorem in Section [7] for a proof of our main result.
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Remark 1.5. In Theorem [I.4] we assume smooth solutions for simplicity. Our
quantitative bounds depend only on finite regularity norms as indicated in Theorem
and in similar theorems.

Free boundary fluids have been studied in a variety of contexts since the 1930s,
see |14} 17, 18]. For more recent papers, we refer the reader to [1l [5, &, [0} 10} 111
16l 19, 20]. For recent work on free-boundary problems from relativity, we refer the
reader to [I2] [I3]. For a review of recent developments in mathematical aspects of
relativistic fluids, see [3] 4]

Remark 1.6. We will use the following schematic notation when discussing deriva-
tives in the arguments that follow. We will use the symbol

e 0 to denote a generic spatial derivative, i.e. 01,02, or 03, and
e J to denote a generic spacetime derivative, i.e. 8,81, 02, or Js.

In view of subsection [2.2] it is important to note that there is significant overlap
between these two symbols. Namely, one can use our primary system to solve
for the time derivative of a given quantity in terms of the spatial derivatives in a
way that, as it turns out, does not introduce problematic terms into our estimates.

1.4. Linearized system in terms of entropy and sound speed (squared).
Our goal is to rewrite so that we can apply energy estimate techniques. For
our purposes, it is more effective to consider the unknowns (s, r, u*) where s denotes
the entropy per particle, r is a multiple of the sound speed (squared), and w is the
usual (four)-velocity. We will often abuse language and simply refer to r as the
sound speed (squared) or just the sound speed.

We begin by rewriting in terms of p, and then introducing our new vari-
ables which will be used in the remainder of the work.

First, using (1.9) and (1.14a]), we observe that
uoup = (v — Dnut0ue + (v — 1)euOun

= —(y - 1)’ned,u” — (v — 1)ned, u* (1.17)
= —yp0,ut.
Then, rewriting in terms of € and p, our system takes the form
w0 + (v — 1)edyu” =0 (1.18a)
! tgfpu“ﬁuua +en™9,p=0 (1.18b)
u"Oup + ypo,ut = 0. (1.18c¢)

In the following lines, we will use several identities (1.19) (1.20), and (1.21)),

which can be found in [I5] Section 2].
Recall that the enthalpy per particle h is defined by

-1 1

which has been simplified using (1.9) and (1.11]). Using the well known thermody-
namic relation

h

ndh — dp = nf ds, (1.20)
where 0 is the temperature for the fluid, and the fact that

p=nb (1.21)
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for an ideal fluid, we can solve for s by
nyde — (y—1)(nde + edn) = ne(y —1)ds
(1.22)

)+507

= S—T og (n’y—l

where s¢ is a constant (and we will often set so = 0 for convenience). Additionally, a
quick computation (such as in [3]) shows that ((1.14c)) along with the thermodynamic
relations implies

ut0,s = 0. (1.23)
which is the conservation of entropy along flow lines. Moreover, ([1.22)) allows us to
solve for £ in terms of s and p. We see that e(7=1s = T = vil -2, which leads
to )

e 5T am
(y-1)"
Now, substituting for ¢ in (1.18b)) and multiplying by (v — 1)%1, we obtain
Cipu* 0, u™ + e%lsp%lﬂa“aup =0, (1.25)
where )
y=1lg =1 7%
Ci=——r e * :
Chmpa T P T

Note that Cy is O(1) as we approach the free boundary since p — 0.

Before proceeding, we can quickly verify that the acceleration of the free bound-
ary is O(1) using . Near the free boundary, € ~ d where d is the distance to
the boundary. Using , we obtain p ~ d77. In this case,

a® = utdu® ~ p M 18p ~ (d%)_l/vdﬁ =0(1). (1.26)

Because, d ~ p%l, this motivates the definition of our new variable

r= p%l (1.27)
with the idea that r ~ d and r will serve as our weight in the energy for the free
boundary problem. After computing the sound speed squared given by ¢ = %Lg,
we further note that r is comparable to the sound speed (squared) for the fluid
and it will play a similar role as in the work from [4]. Using (1.18d]) above, we can

quickly verify that
-1
uto,r = Lpfl/“’u"(?up = —(y—1)ro,u (1.28)
Y
and thus (1.18¢c|) becomes
utOr + (y — 1)rou” =0. (1.29)
To complete the system in terms of (s, 7, u*) we must further rewrite the second

equation ([1.25). Observing that d,p = -2 pl/“@#r, we obtain

~y—1

Ciu*o,u® + e%lsp’lhw“”é)ﬂp = Cut0,u” + 58

. . =0 (1.30)
Then, calling

1,
T et (1.31)

OQ = Cl'
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we obtain the form of the system in terms of the unknowns (s, r, u*):

ut0,s =0 (1.32a)
1
u o u® + -m*0,r =0 (1.32b)
Cy
utor + (y — )ro,u” =0, (1.32¢)
=1
where Cy = w + 7. For simplicity, let us define
e R
y—1
15
Pi=p(s)= Q=D (1.33)
e ?

so that Cy =T'(s) + .
Finally, using the convective derivative which we denote as

Dy = u"d,, (1.34)
our new system in terms of the unknowns (s,r, u®) takes the form
Dys =0, (1.35a)
Dyr + (y — D)rou* =0, (1.35b)
Ty rﬂ'“”@,ﬂ" =0, (1.35¢)
ggwmﬁff1. (1.35d)

where I = I'(s) is defined according to (L.33).

Now that the form of our system is complete, we will compute the full linearized
equations using the standard procedure with linearized variables. Consider a one-
parameter family of solutions {s,,r,,u,}, for the main system such that
(SryTryUr)|r=0 = (s,7,u). We can now formally define the function § = d%|T:0
and linearized variables (3,7, @) := (ds,6r,du). These variables will solve the lin-
earized system that we now compute by taking ¢ of the equations in . After
a computation, we can write the linearized equations in the form:

D5 = f, (1.36a)
Dy + aM0ur + (v — Dro,at = g, (1.36b)
~Q 1 « fod «
D.a +F+r7r "o, T = h%, (1.36¢)
Gau® =0, (1.36d)
where I' is defined according to (|1.33)), and
f=-u"0,s, g=—(y—1)ro,u"
/
ha = —ﬂ“@uua — F T (’ELQU# + uaﬂ“)ﬁur =+ mgﬂ'a'uau’r‘ (137)
1
+ 7@ ST FrrO,r .

Remark 1.7. We note that the terms in blue will later combine to form a perfect
derivative that will assist in our energy estimates. Additionally, each of the terms on
the RHS contains undifferentiated (8, 7, @) with coefficients of the form (s, Or, du).
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To clarify the exposition, we will make the following assumption which can be
used when handling the relativistic Euler equations with a physical vacuum bound-
ary (see [4] and [6] for similar examples).

Assumption 1.8 (Uniform smallness of r). Without loss of generality, we assume
that for each ¢ € [0, 7], r is uniformly small in €:
. 1

Irllzee (o) <€ <35,

where ¢ is a small positive constant that we fix for the remainder of the paper. By

‘K %’, we mean, in particular, that there exists a large positive constant C' such

that C¢é < % We will fix this constant C for the remainder of the paper.

Recall from the physical vacuum boundary conditions and that this as-
sumption will be verified in a small neighborhood of the free boundary I'. Because
of the finite speed of propagation, the behavior of the fluid away from the boundary
is non-degenerate and a priori estimates in Sobolev spaces can be handled using
methods from the standard relativistic Euler equations. The removal of Assump-
tion [L.8|requires a partition of unity argument in which one must separate the fluid
into its bulk behavior away from the free boundary and its behavior near the free
boundary. By using Assumption[I.8] we are able to focus on the essential difficulties
posed by the degenerate nature of the free boundary where [|7||=(q,) < & < 3.

Remark 1.9. In what follows, we will often refer to the “smallness” of r near the
free boundary which will allow certain terms to make much smaller contributions.
We will use ¢ when appropriate to reference Assumption [I.8]

Remark 1.10. Additionally, when handling these “small” terms (see Remark
in Section 6), we will often use the Cauchy-Schwarz inequality with . Thus, it is
useful to fix the interplay between € and € so as to not cause any confusion. Given
that &€ < % is fixed by Assumption and we also have ﬁ < % where C is the
fixed positive constant from Assumption We will use ¢ in applications of the

Cauchy-inequality-with- € to be a small positive constant such that

1
<e< < 1.38
c-1°°°72 (1.38)

Note that the previous definitions make the following inequalities true

0<

(1.39)

Remark 1.11 (The symbol <). Throughout our work, the symbol < will be used
in the usual fashion, i.e.

A< B<— A<DB,

where D is a constant depending on the the fixed data of the problem. In our case,
D will depend on the background solution (s,r,u) along with v and T. By slight
abuse of notation, we will sometimes write A < DB or A < D(9'(s,r,u))B if we
want to highlight, for example, that D depends on [ derivatives of our fixed data
(s,r,u). This is also done to assist the reader in following our estimates where these
quantities are often removed from an integral with the L norm.
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1.5. Function spaces and Energies. Here, we define the function spaces and
energies that will play a key role in our work. We denote the weighted L? spaces
with weight h as L?(h) and equip them with the norm

11220 = /Q HfP de. (1.40)

We will assume throughout that r is a positive function on €; which vanishes
simply on the free boundary I';. Thus, r will be comparable to the distance to I';.
For pairs of functions in our system defined on €, we will use the base Hilbert
space

H = L2(ro1) x L2(r7-T) (1.41)
with the usual norm depending only on the weight . However, we will often use
an equivalent norm which is compatible with our energies in the problem. Let G,z
be the following two form

Gap = gap + 2uqug (1.42)
which, by [6], has been shown to be a Riemannian metric in spacetime.

Then, we define the norm

- 1
H(f,fL)H% =/Q r%(771f2+(1ﬂ+r)r|ﬁ|2) dz, (1.43)
t

where |4|? = |42, = Gapa®a® > 0.

Remark 1.12. We observe that the two norms [ - |3 and || - || are equivalent
on the space of pairs (7, %) due to a key fact about the weights appearing in the
energy. For x sufficiently close to 0€2;, we have that » — 0, s approaches a finite

value C; by (1.15), and the weight

— 15
C+7) — % >0 (1.44)
,yeT s
which is a finite positive constant bounded away from 0 (as v > 1 is fixed, and Cs
fixed). Hence, || - |3 and || - ||;; are equivalent near the free boundary.

We also define the higher order weighted Sobolev spaces H7* with integer j > 0
and o > —% to be the space of all distributions in €2; whose norm

1F 150 = Y 1770 fII72 (1.45)

| <5
is finite. For higher regularity, we will use the following higher order Sobolev spaces
where the powers of r are linked to the number of derivatives. Similar to [4], we
will define higher order function spaces H2* on triplets (5, 7,4) in Q; with the norm

= " 2—y 1
IG R DB = > Y (It o)
=00 (1.46)

|a|—a<k
+ [T+ (3D T

where we note that the r weight in the 7 norm is % less than the weights on s
and @ (which is a direct consequence of the powers of r in ) Additionally,
these higher order function spaces are based around an even number of derivatives
due to the underlying wave-like operator that governs the second order evolution of
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(1.36). Taking D, of (|1.36) illustrates this underlying operator which is a variable
coefficient version of D? — rA. We can show that the H2* norm is equivalent to

1 2—~ 1
the H*F 2tk Ptk o g?Rsmo+F porm.

Remark 1.13. Similar to [4] and [7], we can use embedding theorems to show that

. . 2k, st 4k 2k, 5ot 4k 2k, st +k
the #2* norm is equivalent to the H** 260" x F**2G=5%% « g 26-57% norm.

Remark 1.14. We remark that the 7 norm will be used to control convective
derivatives of 7 and @ which satisfy a system of wave equations (see for the
definition of E2¥ ). Meanwhile, @ will be decomposed into its vorticity part which,
alongside 3, satisfies a transport equation that we can estimate directly (see (|1.48))

for the definition of Efr’;nsport).

Here, we introduce energies that will be used in the higher order analysis. First,
we have the wave energy

k

B2 (5,7 0) = > (D7, DY) (1.47)

2
wave | | H

§=0
recalling (L.43)). Note that the definition of # guarantees that | D}’ |2 = |D/a|% >
0.
Additionally, we will use the transport energy

2k s~ 112 -
Etransport(‘s?r’u) = ”w”H?k*la’Hz(ﬂ,l,l) + ||S||H2k,k+2(7171) ) (1'48)

where @ is the reduced linearized vorticity defined in (3.14)), and this will be ad-
dressed in Section [3:2] Then, the final linearized energy is given by

EQk(‘gv T, ﬂ) = E@ﬁve(gv T, ’&) + Ethkansport (57 T, ﬂ) (1'49)

Remark 1.15. Although both components of Efr’;nsport satisfy transport equa-
tions, we remark that they will be used slightly differently in the arguments that
follow. In particular, the estimate for & will be used to complete div-curl estimates
for @, whereas 3 can be estimated directly with the #?* norm from above and below
as in Section B.1}

1.6. Basic energy estimate. In this section, we will prove a basic energy estimate
for the quantities 3,7, and @ in weighted L? spaces. Although the higher order
estimates in Sobolev spaces require additional techniques, this section serves as a
starting point in our analysis. As discussed in Section the s equation will later
be treated separately (see section as it satisfies a transport equation as opposed
to the wave equations satisfied by 7 and @ (see Section @

After computing the linearized equations , multiply by Py 3, the
second equation by vilr%f and contract the third equation with

(T + r)rﬁGa@ﬁB. Using (1.35d)), (1.36d)), and identities like wu,m™* = u* =

GaptP T, we obtain

1
irﬁDt? = —r7150M0,s (1.50a)

o TR, = —2ra9,ut (1.50b
[T LT+ 10,0 = —Feram10,u (1.50Db)
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'+r 1+ 1 . T 1
T Dy|af? + r7 T a0, 7 = —(0 + r)r i1, a" 0u® — ri-7 | *utd,r
r . . EEE
+ ry-15u"0,r + ra=IFat o),
I'+r I'+r

(1.50¢)

Thus, after adding the equations together, the blue terms combine to form a perfect
derivative:

1 2=y 1
v—1

PIEF O, + 1T IO 4 r T T M0, = 0, (rT TN (1.51)

which will be handled using integration be parts. Combining the equations together,
we obtain

1 1 = T
T DS 6T 1)7«%1)#2 + L Dyl + 0, (TR
= —rﬁéﬁ“aus - er%aMu“ — (T + r)rﬁﬁad”auua — T |i|*utd,r (1.52)
F/
+ rﬁéa“@ﬁ + rﬁﬁ]“@ﬂ“.

I'+r I'+r

Next, we integrate with respect to = over {2; and use the moving domain formula
(noting that the fluid particles on the boundary move with velocity %)

% fda = 8tfdx+/ 8i(f%)dx
2 2 2 (1.53)

1 u
For the blue terms, we have » = 0 on 9€;, so integrating by parts yields

Ou(r7iFit)de = | Gi(ri i) de+ | O,(r7 i) da
o & o

:_/ PR dS | 0, de (1.54)
0N

= [ o(rvT7i) da
Qy

For the energy terms, we plan to apply (1.53]) to the function

1 1 - I
F0) = 3778+ e (1.55)
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First, recall using the r equation that Dyr = —(y — 1)rd,w*. We then obtain

th(t’ 1')
I'+r

1 2y o 1
— ST OS — e Ot — Sr ()

= 0, (rTT M) — P §EMD,s — a1 0,ut (1.56)
— (T + r)rﬁﬂaﬂ“ﬁﬂuo‘ — T |ﬂ|2u“8ur

T’ 1 1

+ T Trﬁ,ﬁl"aﬂr + T rrﬁfﬂ“é‘ﬂr — irﬁauu’@z
2 — - 1
“55 D 771)7"%0,11#‘%2 — Erﬁ (T + yr) 0 |a)?

using that D;I' = 0 and computing several more expressions.
After gathering terms, we apply (1.53) to f(¢,x) and integrate over ;. This
yields

d

— t,x)d
i [ s
= f(t,x)ai( O)dx
Q

1 /1 — 1

_/ T(7Tﬁ§2+77 riflfQ—Ffrﬁ(F—F'yr)Wz)@Hu“ dx

o, u9\2 2(y—1) 2
| ) (1.57)
1 1
—/ —Oat(rﬁfﬂo)dx — —5 T 18Ut 0, s dx
Qy u Q u

1 B R TIE TV E

-/ E(F—i—r)rv*luau Ouu +Ervfl|u| u!Oyr dx
1 1 4 1 1 .

# Ty S e Gy

Thus, we define the squared base energy (k = 0) to be
R o 1.
B, 7 a)lt] = 1R, )l + 511802 o, o
H '2(v—1)
(1.58)

1 - 1
-1 /Q . (7 2 (T )l + i) d.

Remark 1.16. Observe the correspondence between and the higher order
energy where we have a wave part and a transport part. We only make the
distinction here between § and (7, @) to highlight the differences in the higher order
estimates. In Section we can simply differentiate the § equation with spatial
derivatives 9?*. However, in Section @ we must differentiate the 7 and @ equations
with the convective derivative D;.

This will allow us to prove the following basic energy estimate.

Proposition 1.17 (Basic Energy Inequality). Let (s,r,u) be a solution to (|1.35))
that exists on some time interval [0,T]. Assume that s,r,u and their first order
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derivatives are bounded in the L> () norm for each t € [0, T] and r vanishes sim-
ply on the free boundary. Then, the following estimate holds for solutions (3,7, a)

to (|1.36]):
t
E'[t] < E°[0] exp (/ C(]|9s, Or, aU,S,T,UHLm(QT))dT) , (1.59)
0

where E°[t] is given by (L.58)) and C is a function depending on the L>°(2;) norms
of s,r,u and their first order derivatives.

Before giving the proof, we provide the following remarks which are critical in
understanding the methods used throughout this paper.

Remark 1.18 (The symbol <). Throughout our work, the symbol < will be used
in the usual fashion, i.e.
A< B« A<DB,

where D is a constant depending on the the fized data of the problem. In our case,
D will depend on the background solution (s,r,u) along with v and T.

Remark 1.19. In view of (1.44)), we will often use inequalities of the following
form when handling weights that appear in our integrals:

1 1 1
/Qt ri=tla)? de < Hr+r||L°°(Qf,)/ (C+r)ri-tla)*de S E°, (1.60)

t

where we note that F%_T tends to a finite positive constant depending on v when
we are sufficiently close to the boundary (see Remark . When we refer to an
expression consisting of s, r, u and v as O(1) near the free boundary, we simply are
referring to the fact that when r is sufficiently small, this weight tends to a finite
constant bounded away from zero. Thus, it can be absorbed into the < symbol
without having much effect on the primary estimate.

Remark 1.20. Additionally, there are many situations in which we would like to
estimate expressions involving spacetime derivatives 0,, over the spatial region €.
However, this can be done with the help of section The primary idea is that
we can use system directly to solve for 0(s,r,u) and 9;(8, 7, @) in terms of
the spatial part d(s,r,u) and (8,7, @) respectively, plus additional terms that can
be estimated. A key identity is

@0 = g (1.61)

which follows from the orthogonality of v and @ in . With section taken
for granted, one can treat J, as a generic first order spatial derivative 0 in the
following proof with the understanding that all time derivatives will be eventually
written in terms of purely spatial derivatives.

Proof of Proposition[I.17 Using Remarks and the first two terms in
(1.57) on the RHS containing J,u* and 82(3—;) can be quite easily estimated using
EY and an expression depending on the L®°(£;) norms of u and du. We arrive at
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the inequality

d
aEO < Co(lloull Lo (0,), lull L= ,)) E°
1 1
—/ —Oat(T‘v%lffLO) dr — —Orﬁéﬂ“ﬁﬂs dx
QU QU
R 10 Ry LT g (1.62)
o 10 ol Ou 20 n
1 I . 1 1
* /Qt w T+ rm_l SUOur + w T+ rm_lmua”rdx
= [|(0u, u)|| o) E® + T + Io + Is + 1y,
where each lower order term I, ..., 14 will be estimated in the following way.

The first term I; is unique in that we plan to combine it with the LHS of our
inequality after integrating in time. We leave this term for now and will return to
it later.

For I, we estimate it using the Cauchy Schwartz inequality. We have

L) < / P |(u0)~Y| 3305
Q

t

-~ 1 1/2 1 1/2 163
< 108l ) iy ([ 7 ls) ([ eeaE) 6

Q¢ Q
< Co([10s Lo (0,)s 1l Lo (0,)) B

where we used remarks and that G is a Riemannian metric, hence |i|? <
|2, where 6 is the Euclidean metric in spacetime.
For I3, we simplify D;r = —(y — 1)rd,u* and obtain a similar inequality

Bl < [ @0 @) a0, do
Q¢
+/ T ’(uo)_1| @ (y — 1)r|0,ut| da (1.64)
Q

< Cs([|0ul| < (0, llull L= 0, E°

where we used Remark [L.19)
For I, we observe that I'(s) = —%I‘(s) using ([1.33]), and we can apply similar
arguments along with the Cauchy-Schwarz inequality to obtain

v—1 Or—1 1 S
1< [ OS0! T3 0

1
+ /Qt T +T7’ﬁ |(u0)—1‘ |F11“6ur\ dx (1.65)

< Ca([107 )| Loe 0,y Nl e () E-

Thus, for the energy defined in (1.58|) with ¢ replaced by 7, we combine (1.63))-
(1.65) and I to obtain the inequality

d 1
—E° S C(|0s], [|or], [|oull, lull) E + [|u] /Q O (r=17a°) da, (1.66)

dr
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where the constant depends only on v and the norms are on L>°(f2,). Integrating
in time from 0 to ¢ € [0, 7], this implies

t
E°lt] < E°[0] +/0 C(llosll, llorll, lowll, |lul) E°[r] dr

t
+/ / 8T(Tﬁfﬁ0) dzdr,
Jo Ja.

where the constant depends on « and the L* norm of u which is bounded on [0, T7.
Then, from a quick computation using the moving domain formula, we obtain

// Oy (r = 1540 ) dxdT

0

:,/0 (dr/ P dwdT—/QT 8¢(rﬁfﬁ0%)dxd7)
/ dT/ - lru dxdt

=/<<tx>> )@ (t) do [ (r(0,2) 7770 )2°(0,) da
Q Qo

where we integrate by parts for one of the terms and used the fact that r vanishes
on the free boundary. Thus, we can substitute this into our inequality to obtain

(1.67)

(1.68)

t
E°lt] < E°[0] + /0 C(l|osll, llorll, owll, [lull) E°[r] dr

+/Qt(r(t,x))v 17 (t, z)a’ (t, x) dr—Ao(r(o,x))ﬂf(o,x)ﬂo(o,x) dz,

where the constant depends on 7 and ||u|ze(q,) which is bounded.
Then, for x sufficiently close to the boundary, we have estimates of the form

1/2 1/2
| / vt de| < / ) / v (i)
Q Q Q
1/2 2=y o0\ /2 1) /2 1.69
g||r\|L{m(QT)(/Q P72 (/Q r77)a) (1.69)
t t

Se2E,

where we applied Assumptlonand used the smallness of r so that /2 <« f <1

A similar estimate also holds for the Qg term. Thus, we can move the £/2E°[]
term to the LHS which will yield

1
E°l] S 7 (E°0)1 +€%)
. (1.70)
+ [ 105lmie) + 10710y + 10l 0 )Vl ).
Thus, by Gronwall’s inequality, we have
t
E°[t] < E°[0] exp(/0 closll, lorll, l|oul, lIsll, [, IIuII)dT) (1.71)

with a constant depending only on v and our distance to the free boundary. This
completes our proof of the basic energy estimate. [
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2. CREATING A BOOK-KEEPING SCHEME

In works such as [4], a book-keeping scheme was created using the equations’
scaling law for the leading order dynamics near the free boundary. However, no
such scaling seems available for ; thus, we will need to develop several key
ideas around the notion of order which is first defined in Definition 24 After
differentiating the equations, we plan to create a book-keeping scheme which ac-
counts for the number of derivatives and the powers of our free boundary weight
r. Along the way, any derivatives of the background quantities s, r,u will serve as
L coefficients for each of the terms that we will encounter.

Using system , we record the computations when taking D?* of the equa-
tions (where DY is the identity). Since the § equation will be treated separately in
Section [3:1] we put only the 7 and @ equations here for convenience. Writing the
equations in commutator notation and keeping only the higher order terms on the
LHS, we obtain the system

Dy (D*7) + (DFa") 9ur + (v — 1)rd,, (DF*a) = Bay, (2.1a)
. I, . a
Dy (DF*a”) + T "9, (D*F) = Csy, (2.1b)
where
2k—1 . )
Bow = D*g — Y~ (Djitd, (D" 'r) — D*"'ro, (D))
=0
2k—1 ] 2k .
- Y D@D a0 — (v = 1)) DDy, 0,
=0 i=1

2k—1
. 1 )
Cgi = DP*he = 3 DP (™) 0, (D)
=0

2k 1
2k—1 « i ~
-0 (5" DL 0,7

and g and h® are defined in (1.37). Additionally, we removed terms from the
summation where the commuator was zero. Each of the terms in will be
included in the higher order wave equation estimates in Section [6]

Using several lemmas from [4] on embedding theorems combined with Assump-

tion [1.8] we are able to prove the following lemmas which motivate our definition
of order defined in Remark 2.5l

Lemma 2.1. Suppose that o > 0, r vanishes simply on the free boundary, and
feH . Then f € H*o%2 | and more specifically

H'f”ilk’”Jr%(Qf) < é”f”?—[k,a(gt) )

where the integrals are interpreted with respect to Remark[1.9

Lemma 2.2 (Free boundary embedding lemma). Let HY™ be the corresponding
Sobolev space for the free-boundary problem with weight r that vanishes simply near
the free boundary, and l,m > 0. If k > 0 is provided, then

H2k,k+% C Hl,m
provided | < 2k and m — 1+ k — % > 0.
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By following the proof, we also have that natural corollary that H2¥* c HL™
provided m — [ + k > 0. By combining the above lemmas we have the following
useful corollary.

Corollary 2.3 (Free-boundary trading derivatives for weight). Suppose that f €
HIT1Lo+ and j,0 > 0. Then, we have

[l zie S Elflpare s (2.3)
where ¢ is the small positive constant defined in Assumption [1.8

Proof. From [], we see that | f|lgiec < || fllgi+1.0+1 with a constant depending
on o. Then, we can simply pull out a power of r in the L>°(€);) norm and use
Assumption [T.8] O

2.1. Defining order for free-boundary terms.

Definition 2.4 (#H?F-critical, subcritical, and supercritical terms). Let m,l € N.
In view of Lemma terms of the form

rmota, rmols or rmolF
with 0 < [ < 2k and m > 0 will be called H?*-critical provided that m—I+k—1 =0,
or respectively m — [ + k = 0. Additionally, terms such that m — [ + k — % >0
or respectively m — [ + k > 0 will be called H?*-subcritical. Similarly, terms where
m—1l+k—2%<0, m—1+Fk <0 will be denoted H?*-supercritical. In view of

subsection a similar classification can also be used for the terms 7 8'a, " d'3,
and r"d'7.

Remark 2.5. We can also refer to the H?*-order of a given term by computing
the value O :=m — 1+ k — % (or O := m — [ + k for terms involving 7) and the
sign of O will determine if the term is subcritical or supercritical. As an example,
a term of the form 70?4 will be called H2*-supercritical of order f%. The value
O can be interpreted as an indicator for how well that term can be estimated using
the H2?* norm. Critical terms have the exact number of derivatives and powers of
r to be estimated, whereas supercrtical terms are lacking key additional powers of
r. Also, note that the order @ depends on a particular derivative level, i.e. what
value of k we are using in order to estimate terms using the H?* norm. Also, note
that that the weights in the H2?* norm depend not only on k, but also on v > 1
which is a fixed constant. For clarity, one can interpret this notion of order as in
the simplified setting where v = 2 since our starting Lemma [2.2] is built around the
function spaces H2K*+3 and H2%F. In that case, the H2*-order of a term T can
be interpreted as a statement about the powers of r present/needed in the term T
in order for the inequality

to hold, and the symbol = is used to represent the norm equivalence from Remark
2
For arbitrary v > 1, we will instead use the function spaces Hk et
2

and H2*T26-0  In this setting, the H?*-order for a term T is a statement about
the inequality

TN ey ST, a) 52

) (2.4)

NMHE 7|2 >
R I L L W !
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which we summarize as follows:

e Suppose that T is H2* subcritical. We claim that inequality (2.4) holds as
well as

ry=1)

using the previous Lemmas (also, note that implies (2.4)). To see this
fact, let us assume that T consists of 7 terms so that T = r™d'F (although
@ and § terms are similar). By Definition we have that m — 1+ &k > 0.
If | = 2k, then we must have m > k (extra power of r) and we can apply
Lemma to obtain the desired inequality with é. If I < 2k, ie.
I =2k —b with 0 < b < 2k, then we must have m > k — b (and m = 0 for
b > k). We would obtain

[ NPy ]
H '2(0—-1) H

HT||2L2( o—y S E[GB,7, )32 (2.5)

2—y < Hf”sz,m+b+ 2—y . (2'6)

2k=bm+ 50—y 2(y—1)

Then, since m+b > k we can apply Lemmato finish the proof of .

o If T is H?* critical, then holds by Lemma but in general
does not since we do not have any additional powers of r to spare.

o If T is H?* supercritical with order O < 0, then does not hold (and
subsequently also does not), but is true with T replaced by
T = r=9T as T is lacking key powers of r. To see this fact, we simply
observe that the order of the term 7' will be (m — O) + 1 — k = 0 which is
critical.

Lemma 2.6 (Sum of #2* orders). Suppose that Ty and Ty are free boundary terms
(i.e. Ty and Ty are of the form r™d'(a,7,5) for some m > 0 and 0 < | < 2k)
that have H?* orders Oy and Oo respectively. If O1 + Oy > 0, then |[TiTs||n, <
(5,7, @)|13,2x, i-e the H** order of a product is the sum of its orders.

Proof. Without loss of generality, the proof can be obtained by splitting into cases:
(1) T1 = rm181112 and T2 = rm28lzﬂ, mi,mo > 0, 0 < ll,lg < 2]41;
(2) T1 = T’mlallf and T2 = rm2812f, mq,msa > O, 0 < ll,lg < 2]{3,
(3) Ty = r™ U7 and Ty = r™20%21, my,me > 0,0 < Iyl < 2k.

Then correctly distributing the powers of r as needed. O

Remark 2.7. We note that Lemma [2.0] is especially useful in energy estimates
where we would like to compute the order of a product of two terms, but we are
estimating in L' instead of L? and utilizing the Cauchy-Schwarz inequality. Using
Lemma [2.6] we can extend the notion of order to a product of terms Ti7» by

replacing inequalities (2.4) and (2.5) with

ITTl, 2z S NG F D) s, (2.7)
ITTel, 223, S ENGF DR (2:8)

With this new definition for products, Lemma states that if the 7} has H2*-
order @7 and Ty has H?*-order s, then TyT» has H?**-order ©; + Oy provided
that O; + Oy > 0. When referring to the order of products T17%, we will always
compute the order of Tj and T separately before using Lemma [2.6] to make a
statement about the order of T7T5.
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Remark 2.8 (Definition of the ~ symbol). Now that we have described the no-
tion of order, we will often use the symbol ~ to mean the following. Suppose
that A(a,7,3) and B(i, 7, 3) are expressions involving powers of r and derivatives
(0,8, D) of our linearized variables. Using Remark suppose that A and B
both contain terms of order O at worst (i.e. there are no terms with order strictly
more negative than O). Then, we will write

A~ B« C1(8%* (u,r,s),u,s)A = Co (8% (u,r,5),u,s)B+ P, (2.9)

where C7 and Cy are expressions containing (u,s) and up to 2k + 1 derivatives
of (u,r,s), and P contains terms with order J > O (i.e. strictly better terms).
Also, note that C7 and C5 must not contain undifferentiated r, since powers of r
would contribute to the calculated order for A and B. For illustrative purposes
(and by slight abuse of notation), we will sometimes write A ~ B + P instead of
just A ~ B if we want to highlight the terms in P and calculate their order which
will be strictly greater that B.

As a final remark, we stated that 9(r,s,u) or 9(r,s,u) does not, in general,
contribute to the order of given term. However, there is one exception which can
be seen by analyzing above. For situations where we have D;r, we see that

a full power of 7 is obtained since D;r = —(y —1)rd,u* and powers of r are needed
for calculating order. Thus, it can be useful to add the fact that
Dyr ~r (2.10)

even though in (2.9) we used the symbol ~ when referring to terms involving
(a,7,8).

It remains to show several lemmas and commutator identities. We will ultimately
use our scheme to simplify the By, and C§; terms that appear in . Then, we
can estimate these terms using the H2* norm in Section @ The proof of these
lemmas is a routine application of the commutator identities:

[0, D6 = [0, D(D{ " ¢) + De([0, D" ')

Dy, 0N = (D1, 010N 16 + 0 ([Dy, 0V 1)) (2.11)

Lemma 2.9 (First commutator lemma). Let N € N. For the convective derivative
Dy = ut0,, generic spatial derivative 0, and ¢ sufficiently smooth, the following
identities hold:
[87 Dt]¢ = (8uu)al/¢a
[0, D)o = 2(0u”)8, (D) + [De(9u”) — (9u)(8,u”)]0y 6,

c (2.12)
N—1 4
[0, DN]¢ ~ > Cro,(Dig),
i=0
where CY := C;(0u, Dyu) for i € {0,...,N — 1} are coefficients depending on the
spatial and convective derivatives of u.

We note that Lemma [2.9]is used extensively in Theorem in order to simplify
the commutator terms from . For a discussion of the commutators used in
elliptic estimates, see Section [d] We also have an important commutator lemma
which will be used in our higher order estimates.
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Lemma 2.10 (Second commutator lemma). Let N € N. For the convective de-
rivative Dy = ut0,, generic N-th order spatial derivative OV, and ¢ sufficiently
smooth, the following identities hold:
(D¢, 0]¢ = —(0u”)d, ¢,
[Dy, 8% = —2(0u”)0,(9¢) — (9°u”)0, ¢,

(2.13)
N—-1

DL oMo~ 3 BLO,(06),
i=0
where BY := B;(0u) fori € {0,...,N — 1} are coefficients depending on the spatial
derivatives of u.

Let us continue the book-keeping process for higher order convective derivatives
Di3, Di7, and Djii. The following Lemma can be taken with Section [2.2)and remark
[2.13)in mind that we preview here. Namely, we use a generic spacetime derivative
with the understanding that time derivatives will eventually be solved for in terms
of spatial derivatives plus additional terms that are more sub-critical (see Lemma
and Remark below). For now, we will write Lemma using the generic
spacetime derivative symbol @ from Remark

Lemma 2.11 (Book-keeping D! derivatives). The following simplifications hold
when counting derivatives and powers of r. For i =1, we are left with the terms
Dtg >~ 12,
D7 ~ rdu + 4, (2.14)
where we only ignored 8s,0r, Ou,s,u, and w, and we listed only H® critical or
supercritical terms. Moreover, for i > 2, we obtain the following

Dis ~ Di™'a,
Dif ~ Z;/jo Tlalﬂ/?f,_ if i is even,
t l(z:ng)/2 rla”(’*l)/?a, ifi is odd, (2.15)
Dif ~ ngo rlo 2 E;/jo_l rigity, if © s even,
tU = Zl(z:—ol)/Z Plgit+D/2s 4 rlal—o—(i—l)/Q(a V3), ifiis odd,

Proof. This lemma is proved inductively using that D;r ~ r, Lemma 2.9 and our
assumptions on key terms that can be ignored at each step. ([

2.2. Solving for time derivatives. There are many instances in which we would
like to estimate the spacetime derivatives d,, of a particular quantity using only the
spatial derivatives 9. To do so, we can can solve for the time derivatives in terms
of spatial derivatives by using system directly and the orthogonality identity
(1.61).

Lemma 2.12 (Solving for time derivatives). The following computations and sim-
plifications hold under the book-keeping scheme from Section [3

(W) =1+wu;, @ =2 ~a,
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0 Ui i i U - u®
o = =20 + w0~ ~0u+u, Ois=——0;s,
u0 Ug u0
i ~0 07~i
w'u —u'n .
W&s ~ 05+ u,

O’ = Ciou® + CLo;r 4 Carou’,

N ut
8ts = _70828 +
u

810 = CL,i° + CL;7 + Cyrdyii’ + Csidhu’ + C19u° + Cidir + Cardsu’
~ U+ OF + 70U+ (W+5+7) +7(T+35+7) +r2(a+35+7),

u’ y—1 i
Eaﬂ‘ " rou’ — 0
—1 w9 — w0
w0 (u0)2

(=D v=1N, i (=1 o v=1\ o
+( (w072 ur——3 r)aiu’—i—( ()2 ur——3 T) [Oru”]

~ OF +1(00+ OF) + (G +F) + (04 5+ F) + 2@+ 5+7) + (@ + 5+ 7),

1
Oir = — r[@tuo],

i -1
8# == fu—é‘lff ’Y 0
u

P
ro;u’ —

0

U

T [3,5110] +

8ir

O’ = —Eaiuj — 70 [0yr] — g Oir,

(T +r)ud (T+7r)u
ot 1 0 =
Ot = T o = (T +7r)ud 0 0] —

750 0

1
u'a® — uu’ w (I3 +7) + (T + )/
e T )
(67 + wu)[(T + r)a’ + u (V5 + 7)] — (T + r)ul (@ u’ + v/ a?)
+( (T + r)2(u0)2 )[31'7‘}
~ Qi+ OF + r(di+ OF) + (i + 5+ 7) + (@ + 5 4 7)
+r2(U+ 5+ 7) + 3 (a+ 5+ F)

0,7

oi? + (

with
(v = D(’)? - 1)
ap = u’ — (F n T)uo T,
S0 (=D -1)
=t (T +r)ud "
_ ,,(Q(F +r)(y = Dua® — (v = D((w?)? = DII'5 + Fu’ + (I + 7“)110])
T+ (02
~a+7+r(a+§+7)
; u uw'ay —arat .
Cl:ial’ Ci = za1)21 ~a+7+r(a+§+7),
7 _# i
Cs = (I‘—H")uocl’
— — 1% 1 %)y,0 =01
Gio bt g MSHDCETENT] i Gy s r @ 547,

(T +7)2(u0)?
0)2
0, =D~ 1)

ul

%
C27
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Gy = (v = D((”)* = 1)55’ n u'2(y — 1)a’ — ((ZZ)Q D((w®)? —1)

@
u' Cz

AT (A E 4T,
where, namely, we only ignored 9s,0r, du, s,u and O(1) coefficients in the simplfi-
cation ~.

Remark 2.13. In general, we have that
05 ~ 05 + (terms which are more subcritical than 95),
Orlt ~ OU + (terms which are more subcritical than 01), (2.16)
OyF ~ OF + (terms which are more subcritical than 97)

with coefficient expressions that have at most one spatial derivative of s, r, or u. The
point is that any time derivative of our linearized variables (3, 7, @) can be written in
terms of spatial derivatives (with good coefficients) plus additional subcritical terms
that can be easily estimated. When estimating terms such as in Sections [3.2] and
[6] we will often apply Lemma [2.12] proactively so as to not introduce unnecessary
subcritical terms that obscure the argument. Thus, going forward, one can treat
the spacetime expressions below with the generic spatial derivative symbol 0,

08 ~ 05, 0,Ff~0r, 0,0 ~0u

from the point of view of their #2* order, as opposed to Remark Where 0 would
be used.

Recall that when referring to the order of a free boundary term, we are doing
so with respect to Definition 2.4 and Remark where terms with order O = 0
are denoted as critical, O < 0 are supercritical, and O > 0 are subcritical. For
example, it is crucial in our expression for 0,7 that the parentheses do not
contain terms of the form 4. This is because, at a given level say k = 1, the H?
order of a term OF is 0 (i.e. critical), but the order of a term like da is —3 (i.e.
supercritical) with order strictly worse. If this were the case, we could not reliably
argue that we could replace 0,7 with 07 since we would be introducing terms that

require additional powers of r in order to be estimated with the H?* norm.

For Lemma [2.12] we have computation details in the Appendix. To finish this
section, we prove a useful Lemma which expands on the notion of order O to each
of our key operations on free boundary terms. This Lemma is especially helpful in
proving higher order analogs of our elliptic and div-curl estimates using induction.
The last proposition in Lemma is helpful in jumping from the base case H? to
the general case H2*.

Lemma 2.14 (Orders of each operation). Let k € N be fized. Suppose that T is a
free boundary term with H** order O (i.e. T is of the form r™0' (3,7, @) for some
m,l €N, m>0,0<1[<2k, ). Then the following holds:

1) the term rT has H** order O + 1,

the term OT has H?* order O — 1,

)
)

3) the term DT has a minimum H** order O — %,
)

Proof. Since the case with s is identical to @, it suffices to consider the following
cases for our free boundary term 7"

(a) Ty = r"™ 0“7 which has H?* order my —I; + k= 0O
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(b) Tp = r™29'24 which has H?* order mo —lo+k—1 =0
For Part 1, observe that for cases (a) and (b), we simply have an extra power of
r?
rTy =7 (r™ohF) = rmtighy
— Ty has H** order m; +1 -l + k=0 +1,
rly=r (rm2812ﬂ) = pmatlglag (2.17)

1
== rTzhas?-l%orderm+1—l+k—§:(’)+1.

For Part 2, we see that there are two sub-cases when mi,ms > 1 and m; =0 =
ma. If m; = 0 = mo, then
T = 90" 7) = 9" Ty
= 9T} has H?* order m; — h+)+k=0-1,

Ty = O(027) = 92+14 (2.18)
1
— 9T, has H?* order m27(12+1)+k75 =0 -1.
If my,mg > 1, then we obtain
Ty = O(r"™ 7)) = myr™ L7 4 gl HF
= 9Ty has H?** order © —1,
(2.19)

ATy = 8(7“m28l2ﬂ) — m27“m2_181212 + rmzgl2atly
— 9T, has H?* order O — 1
since both terms have H2*¥ order © — 1, noting that we either lose a power of r or

gain a derivative (and both operations decrease the order from O to O — 1).
For Part 3, we will first consider when [; = 0 = I5. For case with T, we have
DtTl = Dt(’l“mlf)
= ml’f'mlil(DtT)f + Tmlth
miz  .m . (2.20)
~ myr™F + r™ (rot + )
= ™90 4 ™G g™

where we used (2.10)) and Lemma Then, computing the #?* order (and noting
that we now have some terms with @ instead of 7), we see that the first two terms

have order O — %, while the last one has order @. Thus, DT} has a minimum

H?* order O — % (i.e. it has order @ — L at worst). For Th, we obtain a similar
computation using (2.10) and Lemma ﬁ
DtTQ = Dt (Tm21~1,)

= mor™ 1 (Dyr)i + r™2 D

~ mor™2a + r™2(0F 4 4 + )

= r"20F 4+ r™2 0 + mor™? 4 + r™23§,
where the first term has order mo — 14k = (mo —0+k—3)—1 = O — 1 and the
remaining terms have order O.
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For Part 3, it remains to consider when [1,l3 > 1. We will additionally make use
of Lemma [2.10] For the 77 case, we have

D, Ty = D (r™ 9" 7)
~ 1™ Dy (0" F) 4+ myr™ "7
~ ™91 (D7) 4 1™ Dy, O')F 4+ myr™ 917
11—1
~ ™M (rot + @) 4+ 1™ ( > B;’&,(@lf)) +myr™ ol
i=0
li—1
~ Qi g 4 ™M Prdt g + rm o g 4+ ( Z 7""“8’“7’) +myrm™ oy,
i=0

where we note that 9"t (rdi) only produces critical terms when all 9t derivatives
hit 04, or one derivative hits r and 9" ~! derivatives hit 9. For the summation
terms, we make use of Remak to simplify 0,07 as 0°T'7. Then, counting
the H?* order for each of the terms, we see that the first three have order O — %,
whereas the remaining terms have order O at worst (with additional terms in the
summation having order O + I3 — ¢ with 0 <1 < I7).

For the Ty case with Iy, I > 1, we perform a similar computation and keep track
of whether the terms have 7 or @ when computing order,

DtTQ = Dt (rm28l2ﬂ)
~ M2 Dt(ﬁll’ﬂ) + mar™29l24
~ 1™M29'2(Dyit) + ™2 [Dy, O'i + mor™2 924
o l2—1 - . (2.22)
~rM292(0F + 4+ §) + ™2 ( Z Bfﬁy(alu)) + mor™20"4
i=0
-1
~ pmeglatly 4 pmeglag 4 pmagleg 4 ( Z 7“7”28”1&) + mar™2 924,
i=0
where the first term has H2* order mg — (lo+1)+k = (mg —lo+k— %) — % =0- %,
and the remaining terms have order O at worst. Thus D,T only produces terms
that have a minimum order of O — %, and all other terms have strictly O order or
better at the H?* level. This completes the proof of Part 3.

Lastly, we provide the proof of Part 4. In the previous parts, each operation
changed the number of powers of r, the number of derivatives, or whether we are
using 7 or @ and each of these has an effect on the computed order. In Part 4, we
are only seeing what happens if we raise the level from k to some K > k, and the
proof can be seen by noticing that for 77,

m1711+K:(m1711+k)+K71€:O+K71€

and for T,
1 1
m2—12+K—§:(mg—l2+k—§)+K—k:O+K—k.
This completes the proof of Part 4. The proof is complete. (|

Remark 2.15. A natural corollary of this Lemma is the following. Suppose that
T has H**-order O. Then, DT has H**-order O — 1, but this implies that D?T
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has H2(*tD_order O (if we increase the level k by 1). Hence, if a given term is
H? subcritical (with k& = 1), applying Df(k_l) (for k > 2) will keep the term
H?*-subcritical at the corresponding k level.

3. ESTIMATES FOR THE TRANSPORT ENERGY

3.1. Entropy estimates. Recall the definition of Egr’;nsport in which consists
of both the entropy and the vorticity. Our goal in this section is to prove estimates
for the entropy, whereas the voriticity will be handled separately in Section [3.2]
Instead of applying D?* to the § equation, we can simply take 9% and estimate
5 using the H?* norm directly. This can be done because § satisfies a transport
equation instead of a wave equation that would require the intermediate E2F
energy. We have the following proposition which is routine by envoking out previous
Lemmas on the order of terms.

Proposition 3.1 (Entropy estimates).

d

zl2
dt ||5||H2k,k+2(7171)

< Bal|(3,7, @) |32 (3.1)

where By depends on L™ norms of up to 2k + 1 derivatives of (s,r,u).
Proof. Using equation (1.36al) Lemma for the commutator [D;, 3%], we obtain

Dy (0%3) = [Dy, 0%%)5 + 0°F f
2k—1
= Y BY,(0'3) + 0% (i ,us)
1=0
2k )
~ " Bid's + 0% (i0,s)

1=0

(3.2)

where we recall the definition of f from (1.37), and we used Remark to combine
0,0'5 and write everything in terms of spatial derivatives. Then, multiplying the

equation by r2*T5°1 92k, we obtain
1 2k
1 1 , 1
§T2k+ﬁDt(|82k§|2) ~ r2k+ﬁ82k§( Z Biazg) + r2k+ﬁ82k§82k(ayaus)’
=0

%Dt(‘rkﬂrﬁa?kgﬁ)
1 2k
_§Dt(r2k+ﬁ)|82k§|2 + T2k+ﬁ82k§<ZBiaz§) + T2k+ﬁ82k582k(auaﬂs)
1=0

1

2k
1 , _
~ (k(v -1+ 5)r2’“+ﬁ|82’€§|2 + r2’“+ﬁa2k§( > Biazg)
=0
+ R 92ROk (), 5).
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Integrating, this leads to

d1 o 1 1
%5\/52 |T]€+2(71_1) 62k)§|2 d.T ~ /Q W(l{j(’}/ — 1) + §)r2k+fil|82k§‘2 dl'

2k
2k+%82k¢~ iai~
+/Qtr 7 s(§B s)dm

=0
1 3.3
+ / KT 9% 5028 (09, 5) dar (33
QU
1 7
7 AR CICO

= J1+ o+ J3+ J4.

For the J; term, we note that u and its derivatives have been absorbed in ~
1

symbol (for example when we simplifying D, (r?**5=1)). Thus, we can remove any

derivatives of u and quickly estimate

1 ~ JUR
|J1| 5 ||8uHL°°(Qt)(/ ‘Tk+2(771)82k8|2d:1}) g ||8’U/||Loo(ﬂt)||<8,’l",U)H?sz (34)
Q

t
recalling the definition of H2?* from (1.46)), and Remark The estimate for
Jy follows similarly since 0; (%) is an expression depending on up to one spatial

derivative of u. For the Jy and J3 terms, we simply use Lemmas and as
needed while keeping track of subcritical terms. [

3.2. Vorticity estimates. We also plan to derive estimates for the vorticity which
will be used in connection with the elliptic estimates. We recall from [2] that the
relativistic vorticity is given by

Wap = aa’Uﬁ — 851@. (3.5)
where v is the enthalpy current defined by

~y—1

r -1 -
T popg = 0T e (3.6)
r gl

Similar to [15], we obtain an expression for u®w,g using the following steps. From
the fact that v®v, = —h2, we obtain

Vo = hug, h

—’Uaagva = haﬁh. (3.7)
From (|1.35¢|) rewritten in terms of v, we obtain
1 1
ﬁ’l} aa'l)ﬁ maﬁr (3 8)
Then, we can compute the expression
1 T y—1
— (u¥0uv3 — u*0pvy) = ——— ——03s. 3.9
5, (u0avs — ud5va) Tt 5 0 (3.9)
Multiplying by h, we obtain
r
Wap=—=(y—-1 1
Wiy = Ty~ 1)0ss (3.10)
which agrees with [15] as
e=_ (3.11)
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after checking (1.24)). To find the evolution equation satisfied by wag, we can first
compute that

1 —1
Ont = — (Bar + i r8a5>.
el gl
Using similar computations as [15] and applying (3.11]), we have
-1
w0 wap + Out'wyg + Ogutwa, = 771_‘(8@7"855 — 03704 S) (3.12)
Y

which is the evolution equation for the vorticity wap in terms of the unknowns
(s,r,u).
Next, we introduce the full linearized voricity w.g by

Bap = Oalhug) — d5(huy)

= o (hitg) — Dp(hila) + Oa(hug) — d5(huy) (3.13)
= Lt)ag —+ wag,
where
Wap = 8a(h115) — 8ﬁ(h12a) (3.14)

will be called the reduced linearized vorticity and Wyg is the h-scaled vorticity.

The plan is to derive estimates for the full linearized vorticity w, and then relate
this back to the reduced linearized vorticity @ by ||&] < ||@]] + ||@]|. Our reasoning
is a matter of convenience, since estimates for @ are more readily available in view
of . Additionally, @ better resembles curl % in connection with our elliptic
estimates (see Section 4| and Lemma .

Throughout this section, we will use the following facts similar to the bookkeep-
ing system from Lemma [2.11] We put the order simplifications here for reference

Wap Oh+h
he 741 (3.15)
Doh =~ OF + 105+ 7 + 5+ 75,
where we also make use of Lemma in the expression for d,h, i.e. O;h will have a
slightly different expression, just with more subcritical terms coming from 0,5 ~ 93

and &F ~ OrF.
From linearizing (3.12)), we have the evolution equation for @ given by

u“au(:)aﬁ’ + aau“dzﬂg + aﬁuud}ay

—1)2
= — "' 0wap — OutH'wug — 03t way, + %q‘)é(aaraﬁs — 9104 8) (3.16)

-1
+ %(aamgs + 00155 — 07 0as — D3r0a3)
Y

For the following lemma, recall Remark where we have by embedding the-
orems that H2F ~ H*F55-1 « g2PFtoe-15-2 « g2*T35-0 where the weight
on 7 is less by %

Lemma 3.2 (Estimates for @). For a solution @ to (3.16) on an interval [0,T]
defined in this section, we have the estimate

||22k—1,k+

L SClG )G (3.17)

2(y—1)

L
dt
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where C depends on the L () norms of up to 2k + 1 derivatives of s,r, and u.
Proof. We begin by fixing a spatial multiindex [ such that |I| < 2k — 1. We recall
the notation [0'@|%, = Gi’;G?@le‘S@l(Da[; (where [ is not summed over) and G is
the Riemannian metric defined in . Then, we apply 9 to and contract
against the expression N CE GﬁG?@lJﬂ‘s .

When contracting, we will use the quick observation that

2k L ~ ~
r +<~*1>G?{G’§6lw”5uﬂﬁuﬁlwaﬂ

1 1 11
= 57“2’” G0 Dy(|0'@lg) — r* D iDt(Gg‘Gf)alm‘sal@aﬂ
1

1 1 1 1
§Dt<r2’“+ﬁ|alw|é> = 5@kt T ol
v

(3.18)

. 2k}+(,y 1) (GaGﬁ)alw'y&alw 5.

and only the first term in will be kept on the LHS. This leads to the long

expression

1
SDir* T T 9wl

1 1
= 5O+ P e g0l

11
+r?t T S Dy (G G000 Bag
- 2k+( 1)GaGﬂal 'yéal
— T e a0

1 —_— ~
— D GG o' !

Oout'@pp + Opu! Doy
" Ouwap)
Do wyp)

1 -
— M Em GeGyala’ o 8ﬁu"wau)

5(0ar05s — 0310y s))

(

(

(

(

2kt L Bl a1~
+ 7T )GA/G(;GZW'Y (‘3[( 'yQI‘

1 1
+ P T GEGLO 00 (L (0a7 055 + 0ar D55 — 0570 — 05r0a7))

AT
8
= Z R
i=1
(3.19)

where each term on the RHS of (3.19) will be handled separately. Then, using the
1
function f(z,t) = r**TG=1]0'%|%, we have

8
jt fdxf/ f8< >dﬂc+/ﬂ %Zmdm (3.20)

We plan to estimate each of the terms on the RHS of ([3.20) - by the H2* norm which
is also used in Theorem [6.2) . This is done by analyzing the H2* order (see Remark
and making use of Lemma [2.12] n as needed for any time derivatives that appear.

We start by observing that the first term on the RHS of is handled in an
identical way as the term Jy from in the entropy estimates. We can use (3.13])
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and (3.15) to obtain the additional comment that
Wi=0+w~0u+0r+1r05+5+7+715 (3.21)

noting that, from an H2* order perspective, & contains terms with the same order

as 0u or better These terms primarily come from the reduced linearized vorticity

w, whereas w ~ Oh + h and h contains terms that are like 7 at worst.
To finish estimating the first term on the RHS of (3.20) -, we have

‘ 2k+(7 ) |8l |Ga( d.T’
< ||au||Lm(Qt)/Q P | GO QLI G 0 | da (3.22)
t

S 0wl Lo () /Q Pt P+ 30! (D + OF + 105 + 5 + 7 +r3)|” da,
t

where we applied (3.21] . The point is that if we greatly expand the expression
GO‘Gﬁalw’V‘salwaﬁ, only the terms with the worst H?** order need to be checked,
since terms that are more subcritical have plenty of powers of r to be estimated
using the H2* norm. In this integral, the terms with the worst order are 75+2§+1,
Since |I| < 2k — 1, we see that the order of this term is exactly 0 (critical) when
/| = 2k — 1 and subcritical when |I| < 2k — 1. Thus, it can be estimated using the
H?* norm. For any cross terms in the expansion of |0!(9@ + OF +rd5+ 5 +7 +13)|?,
we simply apply Lemma [2.6] where the order of a product of is the sum of the orders
of each term. For example, in the product |(#*T 751 §+14)(r*+ 2617 91+17)|, we
see that the order (i.e. when v =2)is0+1/2 =1/2 > 0 at worst when || = 2k —1,
so Lemma implies that

/Q |(rF* 7m0 9 L) (P e 91 ) da S || (5, 7 ) |2 (3.23)

All other cross terms in |0'(d@ + OF + 1705+ 5 + 7 +735)|? are handled using Lemma
Thus, we obtain

\/ PRI R0 )dxy<co|| 7,8 20 (3.24)

where Cy depends on the L*(€);) norms of up to 2k derivatives of s, r, and u.

We will proceed through each remaining term on the RHS of . For the
integrals containing R; and R, the estimate is quite similar to the first term since
derivatives of u will be removed, and Dt(Gi’Y‘G?) = Dy((g5 + ZuQuV)(gf + 2uPus))
is another expression containing derivatives of u. We have

2
Rl S 0l [ 3 (s
Q

t

1 - -
2t =) Il de S GG 7 Dl

and

1
Rl S [ D DGO sl da
Qy

SHBUHL‘”(QQ/ T%WH%@Z(@&—!—8F+r8§+§+f+r§)’2dx (3.25)

5 02”(5’ T, ﬂ)”%—ﬁ’w
where we handled it in the same way as for (3.22).
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For the Rs integral, distributing 0 (Oaut@us + 0gut@,,) leads to terms that
contain 0'@ at worst along with up to 2k derivatives of u. We can write this as

U
0" (Do @yp + Oput'@ay) = Y O"@0! "y (3.26)
n=0

so that, upon estimating, we will have
2k 2=y 3 k+1al~1. k+iagn~ NP
Rl S 107 ullieia [ 735D IR0 0] de S Cal5, 7 1)
Q4

n=0

since the worst term in the summation only contains 2k — 1 derivatives of @.

For the R, integral, we have 0'(ii"0,wap) which will lead to terms with 02*~14
at worst and coefficients containing up to 2k + 1 derivatives of u, 7, and s coming
from 8l(6uwa5). Since we have previously estimated up to 9?*i, the terms in Ry
will be more subcritical (and thus easier to estimate) than Ry through Rs which
all contain 2k — 1 derivatives of @. We can write it as

[Ral S110°+ (u,,8) 1= (02 / P (P 20E) (10 | da S Call (8,7 ) e
Qq

For the R5 and Rg integrals, the argument is quite similar since we obtain up to
2k derivatives of 4 and up to 2k derivatives of w.

For the R7, integral, we will have terms containing up to 2k — 1 derivatives of §
and 2k derivatives of r and s. However, we know from computing H2* orders that
0%#~15 has the same order as 0%*~14, so it can be estimated in the same way as
Ry.

Finally, for the Rg integral, we will have terms containing up to 2k derivatives
of s and 7, and up to 2k derivatives of s and r. However, we know that the order
of these terms will be comparable to 9?*% at worst (and in fact, terms with 927
are more subcritical by an order value of 1/2).

Thus, by estimating each of the terms in separately and removing expres-
sions involving L norms of up to 2k + 1 derivatives of s,r, and u, we combine the

above estimates with (3.20]) to obtain
d -

= [ P el de £ G @) e, (3.27)

Q¢

where C depends on up to 2k + 1 derivatives of s,r, and u. Summing over the
multiindex [ achieves the desired vorticity estimate using the H?* norm. [

Lemma leads nicely into the next theorem, and we note how this theorem
compares with the transport energy defined in (|1.48)).

Theorem 3.3 (Linearized vorticity, Transport energy estimates). The following
estimate holds for the linearized vorticity defined in (3.13]).

112
HWHH%—LIH—ﬁ @)

(3.28)

t
5 ||@0||22k71,k+ 2(71_1) () + 5”(57 'Fa a)”’?’-{?k(ﬂt} +/0 C||(§7 7:7 d)”’z}-LQk(QT) dT,

where &g is the initial linearized vorticity and C is from Lemma[3.2
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Proof. We plan to use Lemma [3.2 and the identity & = @ —© to split the estimate:

< 11112 12 3.29
S ||W||H2k—1,k+2(7171) @) + ||w||H2k—1,k+2(w171) @) ( )

1
—1

112
(I ——

) (Q4)

Now, from the definition of @ and the simplifications outlined in (3.15]), we obtain

the following when applying a multiindex I with |I| < 2k — 1:
0'w ~ " (O(F + r3) + 7 +13)

l+1 1+1 ! (3.30)

~ O 0t 4 015,

where the additional terms are even more subcritical than the ones listed. Then,
1
using the L2(r*** =1 norm, we have

2=y 10—
/ r=1 |2 0% da
Q¢

2-y 1 ~ 2—y 1 ~ 2—q 17~
5/ rv—l\rk+28l+1r|2dx+/ rw—1|rk+2+1al+ls|2dx+/ a1 k2 9l5)? do
Q Qy Q4

A 27y ~ A 2-y 1 ~
56/ rw—1|r}€al+1r‘2 dx+€/ r7_1|rk+28l+1s|2 dx
Qy Q
~ 2-y 1+l a1~
+€/ Pt PR 12 9452 da,
Q

where we used the smallness of r from Remark Summing over |I| < 2k —
1 and counting the order for each term (where the worst terms take the form
rkO2kF ph+3 92k and rFt21928-13) we obtain the estimate

Hw”i{2k71,k+2<’ytl) /S éH(gv 7:5 ﬂ)H?_sz (331)

By integrating Lemma |3.2] we have

t
~ 112 < 15112 S & S\ 2
oW s i @)~ = (€20) Jr/o N7 Dl ) dr» (3:32)
where @y can be solved for using the initial data for the linearized equation (3¢, 7o, to).
Combining the above equations together yields the desired result. O

Theorem [3.3] will be used in our main result, Theorem [7-1}

4. ELLIPTIC AND DIV-CURL ESTIMATES

Our goal is to bound the total energy from above and below by the H?*
norm . In this section, we focus on bounding from below, and one of
the key ingredients for the wave part is elliptic estimates involving 7 and the
spatial divergence of @. The proofs in this section involve isolating a “good” spatial
elliptic operator similar to [4], with the added difficulty in that we must explicitly
split off time derivatives while isolating the critical terms and using Section [2.2
Additionally, we will often make use of Lemma [2.11| where identities with D, serve
as another method for counting order.

Our analysis will focus on isolating the “good” spatial elliptic operators, as one
can readily compare that the structure of these operators closely resembles the
elliptic operators already treated in [4].
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4.1. Elliptic estimates for 7. Upon taking D; of equation (|1.36b|) and applying
Theorem as needed, we can rewrite D?7 in the following way:

D?7 ~ L;7 4 additional terms (4.1)

e e ~ 1 _
Ly7 = T TW” (rou 0,7 + o 18,/8,,7")

v - 1 .. N 1 _ vy — 1 - 1 -
=T rﬂ'” (ro;0;T + 1 18ir8jr) + T rﬂ'oo(rafr + o 1@7‘@7‘) (4.2)

20 =1) 40 Y 0j =
T " (r@zatr)+r+r7r (Gtrajr)—kr_i_r

7Ti0 (aﬂ’aﬂ;)

serving as the “spacetime” elliptic operator for 7, and we have split the time deriva-
tives from the spatial derivatives. To see how the additional terms in will be
treated, as well as the higher order elliptic estimates, we refer the reader to section
[4:3 where these additional terms are shown to be subcritical using our book-keeping
scheme from Section 2

It is important to note that since we are estimating the wave energy from below
by the H?* norm, we cannot simply cite section for the time derivatives since
the structure of the terms is quite important. Instead, we will make use of the
following additional facts from the definition of D;:

O = ED# Eaﬁ
1 i i 1 .
rOF7 = oy DET &%yﬁﬁﬁ 22570007 = gy Dar O — L Dudri
1 9 whud ul . ut _ul -
= (u0)2TDtT + 7(110)27*6,10]-7’ - 27@0)27"8@‘(1)0") + 2ﬁﬁiﬁr6jr
1 1 S
- 7(u0)2Dtu0r8tr - 7(u0)2Dtu r0;T,

(4.3)
where, by Remark the only critical terms (for k¥ = 1) are in red. For the
remaining terms, we can write

%

5 1 1 _oout L

Ty rﬂ'ooatrﬁtr =T Twooﬁtr(ﬁDtr — anr)

1 00 1 00 in ~ 44

= mﬂ' at’I"DtT‘_mﬂ' atru ()»L'T'
and

2v-1) ~ 2v—1) 1 o
T 00 = Sptel (50 - GoyT)

2Av—1) 2Av—1) .

= 7(1?4_ . )ruZBi(th)— 7(Ij+ . )mt‘u-’ 0;0;T (4.5)

20=1) i 0.1 2n 1 ul
+ T ' T[Dtraiﬁ - 81»@@7“]
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and

1 10(8 8~) iOa (1D~
T2 (0;70,T) = 7P0r( — Dy —

I+r t I+r ud

1 0
= 799rD,F—
(F—l—r)uoﬂ e

1
(T + r)ud

EJDE-2025/10

w o
w07)

‘ ‘ (4.6)
709, ru’ 0jT.

So, if we gather all the red critical terms (which look like rd?# or 97), we will get
precisely,

Lt = - 2ui’uj) r0;0;7

N PR () el I PN
(VP W 29007 AT =

rg al7djr+r+r<u W 0 W >dtr8jl
v—1 ul ut o ud
rDZ — 2-———10;(DyT) + 2— 0 —
+F—|—r(( o 2 O(D) 2 5D

y— ON2 _ 1\ ind
1( i ((u¥)* — D!
L +r (u0)2

0;7
1 1
(u)? Tl

(u )?
2y—1) .. 2y=1) , 1w
+ %ruz&-(Dtr) + %u uor[DtraiE — 0;—= 0

700;r D7

Dt’LL r@tr Dﬂﬂﬂ?ﬁ) + WooatT’Dt’F

;7

* (T +r)ud
and we can check that each of the black terms is subcritical with the help of Lemma
and Remark For a discussion of how these subcritical terms are handled,
see section below. Finally, we use (4.3)) to simplify d;r in the red critical terms
(which splits into a subcritical and a critical term). Combining, we end up with

L7 = ﬁH”Ud ;0,7 + - d rd;T) + (black subcritical terms), (4.8)
where o
- - wrud
HY := 6" — . 4.9
()2 (4.9)
If we set the “good” spatial elliptic operator to be
~ 1
L7 F+rHZJ(1@3r+ 8/@ ), (4.10)
then we obtain the expression:
L7 = Ly7 + (black subcritical terms), (4.11)

where the term in red is critical, and all the black sub-critical terms are equal to

b
I+ 7 (u0)2

i

T A 1 9~ U
Dyrw? 0;7 + 77"( oz DT - 27(110)2

Dtuiraﬂz>

Tai(Dﬂ:)

u? 1 1
2— 0, — S, o
T20% 079 (u0)2 (u0)2
1 2(v — 1 )
+ m’ﬂ'ooaﬂﬂDﬂz + %Tul&(Dﬁ)

26y—1) ul i0 =
s u'u T[Dtral - 82»@@-7“] + w01 Dy
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under the book-keeping scheme of Section [2] (where we can use Remark [2.5 and
Lemma as needed to see that these terms have order O = % at worst). See
section K.3| below for how these terms are handled.

Lemma 4.1 (Ellptic estimates for 7). The following estimates hold for ¥ and the
“good” spatial elliptic part Li7:

I7] (4.12)

< || LyF P _
H2,2(71_1)+% ~ HLlr||HO,2(,Yl_1)7% + HT”Lz(T%)
Proof. After examining the structure of L1 7, we see that the proof will closely follow
[4] by proving two related inequalities:

Hf” 2, 5L +%§”L17ZH 0

H 200-1) H BG-T 2 + ”FH

PRt
i (4.13)
(17

< |T.~ .
H1’2(~r171)7% ~ ”LlTHHO’z(wlﬂ)*% + ”THLZ(T?Y%AIL)

Instead of repeating the proof of 4 Lemma 5.3], we illustrate a few of the
primary differences. When derivatives hit the weight F%rr, we see by ((1.33)) that

1 1 -1
a’“(rw) - (F+r)2(77 raks_akr) (4.14)
which only contains derivatives of r and s. Similarly, when derivatives hit the
metric H% | we obtain an expression that only contains derivatives of u (and this
metric also appears in [4]).

To show the next inequality in (4.13), we use a similar method as the proof of
[4, Corollary 5.5]. O

4.2. Elliptic estimates for @. Next, we handle the @ equation. From , we
note that D24 will satisfy an equation involving one derivative of the spacetime
divergence 9,u" (see for the definition of operator Ls). In view of Section
[2:2] we would like to solve for time derivatives in terms of spatial derivatives and
relate our analysis back to the spatial divergence of @ which we denote by

divai .= 8,3 (4.15)

To estimate our energies from below with the H?* norm, we will need to do elliptic
estimates involving diva. After extracting the spatial part, we will arrive at the
“good” operator Ly (see (4.26))) which is properly suited for div-curl estimates. To
complete the estimates, we will need to examine the spatial curl whose components
are given by:

(Cu—ﬁﬂ)ij = 8ﬂ]j — 8J’l]1 (416)

We plan to pair Ly with the corresponding opem@> Ls (see (4.28) below), and we

note that Ls is roughly one spatial derivative of curla with a weight 7.

Our goal is Lemma [1.3] but we will begin by highlighting key steps in the follow-
ing computation to show how we correctly isolate the spatial components. Similar
to the 7 equation, we start by isolating the spacetime elliptic piece of D?a® which
will produce the following upon taking D; of :

D?4 ~ (Ly@)® + additional terms, (4.17)
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where

~No v~ 1 ap ~v 1 ~v
(Low)” := A (8M(T6,ju )+ po— | 18Hu 8,,7")

_L_l i ) ~v L iz
~ 1 (2:raa) + O our) (4.18)

7_1 a0 ~v
+71_‘+T7T (@(T@,m )+

and the additional terms will be shown to be subcritical (see section for a
discussion of these terms). Then, solving for

1 - 8,512”3,,7“)

1 u?

at - E t E@, (419)

and gathering up similar terms, we have the useful identity
7Y, = 10; + 100, := B*0; + ﬁa0$Dt : (4.20)
where we defined:
Bt = gl g0 (4.21)
Further, note the explicit identity
GapB*' B = HY, (4.22)

where G,z is defined in (1.42)), and H% is defined in (4.9).
Using these identities, we arrive at the equivalent expression

=1 _ 1
(Lo@)® = L~ " goi (073(7‘01,’11”) n 70112"01,7’)
I'+r v—1
y—1 1 1 (4.23)
— 0 ~v ~v
+71_‘+T7T01 E(Dt(ra,,u )+771Dtu 8VT)'

Remark 4.2. If we suppose that k = 1 for computing order (see Remark, note
that the terms in red have order —% which are supercritical, but the terms in black
have order 0 which is a strictly better order. In the context of estimating Lou®, we
will use the norm H2 in which case we will have an extra 1 /2 power of r in order
to safely move these black terms to the other side. Thus, the terms in black can be

treated in a very similar way as (4.11)) in the 7 elliptic estimates.

At this stage, we still have an expression for Lo@® involving the spacetime diver-
gence 0,0". To further isolate the spatial divergence, we make use of the following
identities by repeatedly splitting and removing time derivatives as needed. We

apply (1.61)) and (4.19) to obtain
v = B 05y + — Dyiiy + 0, (4.24)
v - Uk (U0)2 tyj tuo' .
Similarly, we can apply the same identities such as (1.61)) to replace any instances

of 4° with a spatial component in the expression 9;4”9,r. Splitting the sum over
v and solving for 0;r using (4.19)), we arrive at

@-ﬂ”ayr
l

m ~l ~
wu'™ m 1 u'u m U
(w02 0t O + TOE 0t Dyr — 0 0; e Om7 + 0 0; i Dﬂ’)

m

= 0;u" Opr + (—
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~l,m
u'u Uy
Oyl Dyr — ——0;
u

~1
u u
= B Oy 0r + (s 5 Oi Oy + 50— D)
u u u

(u?)?
Plugging these identities into (4.23)), we have

f\/

L~a
(L21) I'+r

1
B(“H]k <01(707L~t1\) + 1071”07’l~tk>
. - .

V=1 paig (W
+ﬁ 0; ()2 oy T Detiy + i 8t 0 (4.25)

1 . uy 1l aum at oy
4 T - TB()/L ((u0)2 U - Tazﬁﬁmr + @azﬁDtr .
If we define the “good” spatial elliptic part for the divergence of @ to be

= \“ _,7_1 ai ik N~ 1 )0 .5
(L2u> = f— BT H (02(73, )+ 1a7raluk>, (4.26)

and observe Remark [£:2] we obtain the nice expression

(Loit)* = <i277,) + (black critical and subcritical terms) (4.27)

~ «
Next, we will combine the (Lga) with a corresponding curl term in order to
prove the desired div-curl estimates. Consider the term

(iga)a: ;JrlBM —5E gy, ( (B faiam)> (4.28)

Lemma 4.3 (div-curl estimates for @). The following estimates hold for 4 and the
“good” spatial elliptic parts (Lgﬂ)a and (Lgﬁ)a.

Nl oyt on S (L2 + La)al

e (4.29)

HO'Q(’YI* ” HL2(

Proof. This proof is done in two steps similar to those in Lemma and it closely
follows [4, Lemma 5.3] where one should compare with our definitions of Ly and
Ls. Additionally, we make explicit use of identity since u“u, = 0, and we
refer the reader to Remark [L.20]

We start by writing

I(E2+ Bl o = / 17T Gapl(Lo + Lo)il*[(La + Lo)i) dz - (4.30)

Then, using identity (4.22)), we obtain the following collection of terms in the inte-
gral:

(%) S e gk g {Taiajﬂk + 010ty
+ %@r&ak o0 (P (O — 013) ) | [rOudiin (4.31)
+ Our byt + — OOt + 70y (P (Ot — D)) |
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which can be expanded to obtain

—1\2 i . 1
(; m 7”) rﬁHzaHJkHln r0;0;1, + 0yr0;ty + majraﬂ]k

1Oy — 1Oy + ﬁ(@krajai — Ority) | [rOuiit, + Dardhit, (4.32)

_|_

-0 Dt + 10,0, — 10,0y + Ll(anralaa — Bprdaiy)|,
Y= Y=

where each of the terms in red take the form r02%. Then, we group the red terms
and integrate by parts while using the symmetry present in the expression

o SN2
piaikin (%ﬁ) Hi {ik fin, (4.33)

In this form, we can apply the same ideas as [4] where we first prove

7 Fov=i2 S |15 (12 a2
1t )il 2R =l (430
and then integrate by parts with d3a, to prove the second inequality
~ ~ 12 > ~112 g 2
e+ Bl o 2R o — R, (4.35)
in which case (4.34]) and (4.35]) will combine to prove the desired result. O

For the last 1emma_ir>1 this section, we ultimately need to connect the spacetime
two-form @ back to curla which is a key quantity in our div-curl estimates for u.

Lemma 4.4 (Relating vorticity to spatial curl). The following estimate holds for
the reduced linearized vorticity:

_>~ R ~
2 ||curlil|? = Eal? by s (4.36)
H H

1
2k—1,k+ =T

~ 112
||w||H2k71,k+ L 3(7—1)

2(v-1)

—
where € is small positive constant defined in Assumption and curltd is defined
in .10
Proof. Recalling the definition of & in (3.14) which is a spacetime two-form, we

%
observe the following. First, we define the spatial reduced linearized vorticity @ to
be a spatial two-form with components

Then, if we denote by | - \(QW) the spatial Euclidean norm (squared), we have
- y
| &2y = 09 MM 1@ (4.37)

For a generic multiindex [ with |I| < 2k — 1, we claim that the following inequality
holds:

- .
10" 3 S 1001 (4.38)
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Indeed, since G is a Riemannian metric on R*, it equivalent to § on R* with
constants depending on u. This gives

‘el

2 |05

= 627572010, 50" 05

= 671670 0" ;30 @5 + 6776700 000 0y

= 64 6P004 ;50055 + 6706700050 o5 + 8700400 05

= 696R 0 0 0'@j5 + 698901 0100' D5 + 8700 00 o5

= 695 Qi 0 g, + 06700 011,0' o + 6D i Do + 6700 00 05

— 2
= ’8%}
5(3)

(4.39)

+ 6900100 D40 + 601000 o,

where we split indices, the red terms are zero, and the blue term is zero when 5 =0
or 6 = 0 using the definition of @. Then, using @;; = —w;;, we have

3
- iial~ ~ i ol A N )
108 @ 3 + 670" i00'j0 + 670" 0;0'0; = |0' D [Fay + D _(0'oio)? (4.40)

-
>10'@ 3

which completes the proof of (4.38). Multiplying (4.38) by the weight r2k+ﬁ,

integrating, and summing over the multiindex ! with |I|] < 2k — 1 produces the
inequality .

~ 112 ~ N2

Hw||H2k—1,k+2<7171) Z ” w |‘H2k—1,k+2(“{171) :

To complete the proof of Lemma we simply observe from (4.16) that
55PN, 04 jim
— 19 5+m U h(curl) i + axdih — ;06O R(CULId) jm + Tm;h — O]

~ §i gkm(p! (cTﬁrlﬁ)lk + additional terms) (hal(mﬂ)jm + additional terms)
(4.42)

(4.41)

We note that any terms where less than || derivatives hit curli will be less critical.
For each additional term, we will always have 2k — 2 or less derivatives of u, and
thus we can can apply Corollary [2.3]to gain an extra weight and apply the standard
smallness arguments with Cauchy-Schwarz as needed for cross terms (see Lemma
where similar cross terms are handled). Moreover, since h ~ O(1) near the free
boundary, and 0;h = %81-7" + %r@is does not contribute to the order, we can pull
out derivatives or r and s in the L>°(;) norm. Thus, we have

(4.43)

2k—1,k+

—
||LZ)||§1I2,C71,,€Jr 1 2 |lcurld 4 (smallness terms)

[l L
2(v-1) H 2(v-1)

which produces the desired inequality (4.36)) after removing the terms with . O

4.3. Higher order commutators with the convective derivative. In this
subsection, we adapt the elliptic estimates to higher values of k and show that
all lower order and commutator terms can be treated using the correct weighted
Sobolev norm. First, we will prove Lemma which handles the additional terms
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that appear when taking multiple convective derivatives of our system for 7
and u. In Section[4.4] we will focus on commuting with weighted spatial derivatives
where the 7 equation will be discussed in detail. For @, the method is quite similar,
and we state the important result in Lemma

Earlier in section [ recall that there were many “additional terms” or black
subcritical terms that appeared when defining our “good” operators ﬂ1,£27 and
Ls. In the following summarizing lemma, we will indicate how each of these terms
is subcritical, as well as the interaction between D; and these operators so that we
can eventually prove higher order elliptic estimates.

Lemma 4.5 (Commutators between D; and Ly, Lo, Eg). Using the Book-keeping
scheme of Lemma the following identities hold

~ 1
D2*7 ~ Ly (D?*72F) + (terms with H**-order 3 at worst), (4.44)

D2 ~ Ly(D?*24%) + (terms with H**-order 0 at worst), (4.45)
D2*=2(L30)® ~ L3(D*2a%) + (terms with H**-order 0 at worst), (4.46)

where the order of the terms has been computed with Remark [2.3.  Moreover,
[Ls, D?*72)a contains terms which are critical /subcritical at worst.

Proof. First, we collect the “additional terms” that appear in (4.1). We begin by
writing the structure of (4.1) in a manner similar to Lemma where derivatives

and powers of r are examined. We obtain

D?7 ~ L7+ 10(5 + 7 + @) + r[Dy, 0 +

SN (4.47)
~ [17 + rou + rds + u + ror,

where L is the operator defined in (4.2)). If we account for the black subcritical
terms that appear in (4.11]), we will have

~ 1
D?7 ~ Ly7 4 (H?-order 3 terms at worst) + r0u + rds + u + ror. (4.48)

If we compute the order of each of these terms at the j = 1 level, we see that the
blue terms have order O = 1 > 0 and the blue terms have order O = 1 > 0. By
Lemma and Remark applying Df’“2 to the blue and blue terms will
produce corresponding subcritical terms with H?*-orders O = % at worst for level
k. Thus, we will take D?*~2 of to obtain

~ 1
D% ~ D2*=2([17) + (O = = terms at worst)
2 . (4.49)
= L1(D?7%7) + [D?*72 L7 + (O = 3 terms at worst).

To complete the proof of (#.44)), it remains to check the commutator [D2*~2 |7
which can be done with the help of Lemma [2.10] and an induction argument. We
start by computing the first commutator with the help of Lemma [2.10

~ ¥ — 1 i 1 i
[DhLl](b = [Dt, T n ’I"H ]Taiaj]¢ + [Dt, T n ’I"H ]8ir6j]¢
~ [Dy,r9%)¢ + Dy, )¢ (4.50)

~ r0%¢ + ¢ + rdo,
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recalling that 0 indicates a generic spatial derivative, and we are ordering terms
from the worst to the best order. We have

[D?, L1])¢ = Dy[Dy, L1]¢ + [Dy, L1] Dy

2 9 (4.51)
~ rd°(Dyd) + (D) + rd(Dyd) + rd* ¢ + d¢ + 1.
We also note by Remark and when ¢ = 7, we will obtain
[D?, L)]F =~ rd*(rdi + @) + d(rdt + @) + rd(rd + @) + rd*F + oF + roF (452)

~ (r?0%u + r&°u + 0u) + rd°F + OF + ror.

Then since, the “k” value when computing order at this level is 2, (i.e. from Remark
we see that each one of these terms has H*- order =, 1, and 2 respectively (and
they are all subcritical with O = % at worst). To complete the induction, suppose
that for some j > 2, we have [D7? 2 L] is subcritical (with order O = 1) at level

7. Then, we compute using the commutator identities that
[DPY L) = (DY, L) (4.53)
= [D}DY"2, Ll = DD}’ Lol + (D7, LD %,

Since [D}7 7%, L] is subcritical at level j, we can conclude using Remark that
the first term in must have order O = 1/2 at the j + 1 level. For the second
term in , it is easiest to compute the order at the j + 1 level by counting
derivatives and powers of . We will have using Lemma that

[D2, L] DY~ %F ~ rd*(D, D ~*F) + (D, D}’ ~*F)
+r0(Dy DY 7 2F) + r0?DP 2F + 9D T + rdDF T3
~rd*(r10¥ 1) + 0(r? 0% L a) + ro(r 0% L)
+ r0*(ri 9% 2 )—1—8(7“] 192i=25 )—i—ra(rJ 192i= 2)

(4.54)

noting that there is a collection of terms in the simplification for ij ~7 which all
have the same order. Thus, computing the total order at the j + 1 level, we obtain
that each of the terms has order O = % at worst. We have completed the induction

and shown that [D?*~2, L] has order O = 3 at worst for level k, and this completes

the proof of (4.44). The proofs of (4.45) and (4.46|) are similar. O

Remark 4.6. When we go to estimate E2E . from below, we will observe that
these subcritical/ critical terms will not cause any issue. First, consider estimating
terms in the T equation which are subcritical. In Lemma [{.19 below, there terms
are ultimately handled with smallness arguments combined with Remark [2.5 A
similar situation also happens for the i equation. Although the expression for D2*
contains terms which are critical as well (and not just subcritical), we recall the
useful fact that the 4 equation gets a multiplier of order 1/2 when doing energy
estimates. Subsequently, the E2F _ energy has an extra r1/2 weight and this will be
perfect for applying the same smallness arguments for these extra terms.

4.4. Commutators with weighted spatial derivatives. Our goal is to extend
Lemmas [£.1] and [£.3] to higher order Sobolev spaces. To do so, we will need to
compute commutators between our good elliptic operators Ly, Lo, L3, and the
weighted spatial derivatives r*—792(F—7)
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Let k € N be fixed, and j € Nwith 1 < j < k. To begin, we will use the following
notation

mi=k—j, L% :=r%" iy :=DJF (4.55)
and we recall from (4.10) that
Ly = ——H"(r9;0; + ——0;19;).
el (r68J+7_137"8])

We plan to handle L, first, before moving on to Ly and L. By Lemma we
have that

Foj o LyFaj_o + P, (4.56)

where P are terms that have an order of 1/2 or better at level j (i.e. at the H%

level). We plan to ultimately handle these terms using smallness arguments after
2—y

we apply L™2™ to ([£.50) and analyze with the H*?G-D norm. Applying L™2™
to both sides (where L™?™ is defined in (.55))), we have

Lm,2m52j ~ I~/1Lm’2m7:2j,2 + [Lm,2m’ .Z/l]?zgjfg + Lm’sz (457)

Remark 4.7. Observe what will happen to the order of the terms in P when we
apply L™2™. At the start, P has terms with 2’ order % (at worst). However, by
repeatedly applying Lemma we see that 0™ P has H%-order 3 — 2m. Then,
rm§?m P has H¥-order 3 —2m+m = 3 —m = 3 — (k — j). Then, if we want to
calculate the order at level k instead of level j (and note that k > j), we see by
Part 4 in Lemmathat r™?™ P must have H?*-order § — (k—j)+(k—j) = 3.

By Remark this means that at the H2* level, L™ 2™ P will still be subcritical
and we plan to handle these terms with smallness arguments. Thus, let us use the
notation

1
Pos1/2 = (terms with H2* order © > 5) (4.58)

which we will use to collect any perturbative/smallness terms along the way that
can handled easily with respect to the #?* norm. Using this notation, we have

Lm’2mf2j ~ Ele’zm’sz‘_g —+ [Lm,2m, Zl]fzj_g + P(921/2 (459)

and the bulk of our analysis concerns the proper handling of the commutator
[L™2™ L1]Fg;—a.

Since the commutator is trivial for m = 0, let us assume that m > 1, and we
plan to apply an induction argument on m. As we will see in the coming pages, the
critical terms in the commutator need to be handled in a particular way where we
absorb a critical term into the elliptic operator El, and then the rest of the terms
are subcritical. Note that if we had arrived at with L™~ 1.20m=2) instead of
L™2™  this would produce

Lm—l,Q(m—l),;;Qj ~ ile_LZ(m_l)’FQj—Q"' [Lm_1’2(m_1)7il]fQj—Q_‘_POZS/Q’ (460)

where the other terms, at worst, have H?*-order 1 (instead of critical in the m
case). For the inductive hypothesis, we need to assume that Lm=12(m=1) “hehaves
well” when we commute it with fjl in that we have already absorbed the order 1
terms. We will make the following inductive assumption (recalling from that
k=m+j):
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Assumption 4.8 (Inductive hypothesis on m — 1). (1) All the terms in
[Lm=120m=1) L1]75;_5 have H2(M~1%9) order 4, except for key order 0 terms which
have already been handled by absorbing into ﬂle_l’Q(m_l)fgj,g with the analog
of Proposition below. ) )

(2) The above assumption also holds for L; replaced by L; + bil:_:, H9;rd; with
b>0.

Remark 4.9. There are several consequences of Assumption that we summa-
rize:

(1) The terms in [L™~120m=1 L1117, 5 have H2("+9) = H?* order 3, i.e. they
belong to Po>3/2,

(2) The terms in [mel,Q(mfl), El]afgj_g belong to P(921 2,

(3) Suppose that m > 2. We claim that Assumption on the m — 1 case
also provides information on lower order commutators. Indeed, we compute the
following using two different ways:

[ro (Lm—2,2m—3) Li)p o~ [Lm—12m=2 4 [m=22m=3
Ll = (L7272, Lo + (L7227, Lo
[rd (L"‘_Q’Zm_?’) L) = rO[L™= 223 Lilp + [rd, L) L™~ %2m 3y
Combining terms, we have
(L= 12m=2 [ o rO[L™ 223 Lo+ [rd, Ly L™~ 22 3o [L™= 2273 L.

Thus, since [Lm*m(m’l), El]fgj,g belongs to Pp>3/2 and [mel’z(mfl), L]a@j,z
belongs to Po>1/2, we can conclude that [Lm—22m=3 Iil]fgj_g belongs to Po>3/2
and [L™=22m=3 [1]07; o belongs to Po>1/2. By repeated use of this argument,
a similar statement also holds for commutators involving LbmH=1 where 1 <1 <
m — 1.

Now that we have finished discussing the consequences of our inductive hypoth-
esis, we proceed with the commutator by computing the following

[L™2m Ly|foj_o = L™* ™ LiFa;_g — LiL™*™Fa;_o (4.61)
and
Lm.QmE ~ _ m82m 7_1Hij 9.0, 1 .10 T
’ 1r2j—2 =T (m (r0;0;T2j—2 + P i j7“2j—2)>
-1

.. ~ 1 B
= mszrmazm (Taiajrzj_Q + ﬁaﬂaﬁzjﬁ) + Po>1/2,

where we note that any terms where derivatives hit IZ—EH i get absorbed into
Po>1/2 (since these derivatives are not hitting either » or 7;_» which are critical

terms at worst). For analyzing the remaining terms, we continue

1
r’"82m (Taiaijjfz + 7181'7"3]7’2]',2)
5 —
o : (462)
~ M Z alr62m_l8¢8j7:2j,2 + 7(r“)lai7“32m_lajf2j—2>
1=0 v-1
where we absorbed combinatorial constants with ~. Now, we plan to separate out
any of the terms that belong to Pp>1/o from the critical terms which must be
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handled. When 92 hits L;, we observe that the worst terms only occur when 2m
derivatives hit 7;_9, or 1 derivative hits r (in the first term) and 2m — 1 derivatives
hit 72;_o. The point is that after the first power of r is removed, any subsequent
derivatives that hit dr do not actually contribute to the order. In fact, they are
only taking away derivatives that could have hit 73;_5. Indeed, we can check by
computing the order. When [ = 0, we have that

P05 o = IO MI(DI TR is HE-critical (O = 0),
1 . 4.63
ﬁrmairanajfzj_Q ~ Mm@ (D2IT2E) is HPReritical (O = 0) (4.63)
N -
using Lemma [2.14] When [ = 1, we see that
FmOrd* 0,095 o ~ rMO*FY(DPTPF) is H-critical (O = 0),
1

1rm88ir82m_18jf2j_2 ~ MY (DPTPF) s HF-subcritical (O = 1).
(4.64)
Thus, in the summation when [ > 2, we will obtain
rm APl 0;0,7g o ~ ISP (DI T?F) is H 2 -suberitical (O > 1),
1 ,
ﬁrmala,-raﬁm—laﬁﬂ ~ pmISEmTL(DAI 2R s HPPosuberitical (O > 2).

Summarizing our order analysis, we see that many of the terms in the summation
will be absorbed into Pp>1/2, and we have

m2m7 Y- 1 ij (,.m+192m ~ m 2m g =
L 2 L1T2j,2 ~ _—HY (7‘ + 0 3i8jr2j,2 + r 827"8 8]'7’2j,2

P L0057 ) + Pozaja
For the other side of the commutator, we have
Ly (17 2752,.0)

Y- 1 i m a2m 1 m a2m
~ F7—|—7'H J (T@iaj(T H? 7“2]'_2) + ﬁf}iraj(r ? 7“2]‘_2))

-1 .
~ 7; Tr (H” (’I“m+18i8j82m7:2j_2 + 27‘8i(7“m)8j62m7:2j_2 + Taiaj (Tm)anfQj_Q)

1 - N .
+ mH”&-r (rm8j82mr2j,2 + 8]- (Tm)(?QmT'Qj,Q)) .
(4.66)

Now, if we compute the order of the blue term, we see that
—1 .
%H”r@iaj (rm)aszgj,g ~ rm*182mf2j,2 is H?*-subcritical (0>2)

and thus, we can absorb it into Pp>1/2. Observing that the blue terms cancel in

(4.65) and (4.66), we have

~ -1 ..
[Lm,2m, Ll]F2j—2 — %HHU (87,Lm,2mflaiajf2j_2 o Qmai’l"Lm’2maj’F2j_2

1 m—1,2m (467)
o 1@7‘8er ' 7“23‘72) + Po>1/2,

where the first two terms take the form Lm’2m+1f2j_2.
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Then, combining with m, and applying the H 0,55 norm, we have

||L L™ 2mT2j 2” -

Pabcen]
S L™ 2= | LA 2|| 0,525 (4.68)
HILT TRy o] o, a o+ HPOZI/ZHHO S
For the LHS, we can apply Lemma [£.1] to obtain
A T | A T et S LT

Then, adding the blue term to the other side of ( , we have

||Lm 2mT2J 2H 2 1+2(
S IE™ 2m?”sz o %—L L LA YR JEEES
e 2’"7“ » (4.69)
220 o5t
m,2mx
+ || L™ "LT2J72||H0,2(2;]1> + HP(921/2||H e
Now, by adding the following quantity on both sides of our inequality:
m—1
~ l, +l
HrzjszHo,za—j + ; | LE™ g o . (4.70)
we see using the help or Remark [[.13] that the LHS will be equivalent to
“FQj—Q“H27n,+2,m+1+2(2’_Y*7_71) . (471)
For the RHS, we will get the following collection of terms which we number
m,2m m,2m—+1~ | m—1,2m ~
L Taj=2ll o gz=a; +IIL Taj=2ll o g2
m—1
=+ ||Lm 2m,’:2] 2” z 1) Z ||Ll m+l7,2j 2” 2 14 2( 7) + ||7:2j—2||H0,2(2;_71)
tllPoziyell o 2=
= [|[ L2y | g ZRﬁ
(4.72)

using R; through Rg.
For the terms Rq, Ry, and Rz, we first observe that

L2 g | oz HILTT B2y of| o aen
2(v—1) H 72(y—1)
+|\Lm’2m7'2j—2|| e =
1,2 1~ _ —12m—-2q9~
S ”Lm " T25— 2” 21+T"L HLm " ar?j—QHHQ,l-p%z_fjl)

Then, we claim that the following proposition.
Proposition 4.10.

—1,2m—2n~
IZm m 6T2j_2||H211+2(2ﬁ%
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—1,2m—29x —1,2m—29~
SILPTEm20 | o+ LT R0 | e+ [Posul e

Proof. To prove this proposition, we rely on the smallness of 93r (similar to the
work in [4]) as well as a key step in which we we must absorb a term into Ly,

creating the updated elliptic operator Ly. Similar to [], we rely on localizing in
the neighborhood of a boundary point such that

07 S A, |0sr— 1 S A, [HY

<A, (4.73)

where A < 1 is small constant, and primed indices will range over x! and 2

(i.e. &'r ~ Oyr,0or). Note that a key assumption is present on the off-diagonal
components of H (and a similar simplification can also be found in [4]). The proof
is quite similar, and we only need to show the related inequalities

m—12m—29 ~
”L 837‘2]*2”Hz,1+2(t"7_jﬁ

SN2 | e LT e (4T4)
+ ||P021/2||H0,2(ZT*_"1L)
and
||Lm71)2m728/7;2j*2HH2,1+%
S ||Lm71’2m723/7’2j||H0,2(2T—;%) + ||Lm7172m723/7:2j72||Ho,2(2;31) (4.75)

tlPoziyell o 2= -

From Proposition [4.10| we have a corollary.
Corollary 4.11. Letl e N with 1 <1l <m —1. Then

Lmtl—1ax~
HL " ar?j*2”H2,1+%

Imtl—1ax Imtl—1ax
SIL 07|y o 1L O] s+ WPos1pl s

Proof. To prove this corollary, we simply need to follow the proof of Proposition
combined with the last consequence in Remark Anywhere the inductive
hypothesis is used on the commutator L™~ 1:2"~2 we know that a similar fact holds
for Li™*!=1 by Remark 0O

Now, we can return to (4.68)-(4.72]) and summarize our results for what we have
on the LHS and RHS now that we have estimated the terms R;, R, and R3 using
Proposition Simplifying L™~ 1?m=29 = [m~1.2m=1this yields

||f2j_2||H2m+2,m+l+%
< m,2mz B m—12m—15 B
SN2 e + T sl o

m-1 (4.76)

—1.2m—1~ Lol ~
+ || 2m 7“21—2||Ho,2(2%l> + IZ(:) | L5 721—2||H2,1+23;731)

Hlrzi-all o jz=a +1Poz1s2l o 2=
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where only the red terms need to be handled, and we will be keeping Rs; and Rg
from before on the RHS. For the first red term, we have

HLm 1, 2r7171~ 9 2” <{/:1 < || Lm 1,2m— 27’2 72” 2(27_31)
< m—1,2m—2 (4.77)
||L (L Toj— Q)HHO’%’

where we used the elliptic estimate for L; in the last line. Then we can use (.8)
to commute with L™ 12(m=1) which will only produce additional terms in Po>1/2.

Finally, we use (4.56]) to express Zlfgj_g in terms of 7; plus additional P terms.
We have

Lm—l,2m,—1~ _
l ] QH 0,520

< |Lmehame 2(L17‘2j72) + P<921/2||

2—’Y
0. 555y
2(v—1)

SALTTHE (o + P o, 2 +||Po>1/2\| (4.78)

1)

SHLm 1,2m— 2f2jHH0’2(2_’Y +HP021/2||H0%
SNl o 222 + IPo2172]l o220

which is an important estimate for the first red term.
For the final red term, we start by rewriting and then applying Corollary

m—1
; HLl,nLH*lanj,QHHL]+2(‘2;jl)
m—1
5 Z (”Ll ,m41l— 187"2]” 27_:/1 + HLl m4+l— 187,.2] 2” W)
Tlnz_ol (4.79)
/S <||Ll7m+l7:2j ||HO’ 2(277—1) ||Ll m+lr2] 2” 2(7 71) )

N
I
<

2( T2(v— 1)

- Lmtl—1~
SN7251| o g2 + lz_: | =

where, in the last line, we used an inequality similar to [£.77] for the 72; 5 terms.
For the remaining sum, it remains to apply the elliptic estimate for L; and then
commute Ly with L mei-1 using Remark |4.9. We have

m—1

Z (”Ll’mﬂ_lfzj—z” 2(2;)
1=0

m—1
S SN gy )| e

1=0 B (4.80)

m—
S Poz1p2ll o Z IZHm 25 T P o p2=2s
—0

S (172 2momt g2 + HP(921/2||H0,%,

where we followed the argument in (4.78) with L™~ 12™~! replaced by Lb™m+-1,



48 B. B. LUCZAK EJDE-2025/10

Finally combining (4.76])- , we are now ready to prove our higher order
elliptic estimates for the 7 equation.

Lemma 4.12 (Higher order elliptic estimates for 7). Under the conditions for

Lemma[/-1], we have

k
e ot g Z D T” 2

7=0
where Cs < 1 depends on €.

Proof. Combining (4.76])- (4.80) and summarizing our work in this section, we ob-
tain the inequality

(17l

el (5,7, )l (4.81)

||7:2j*2 ||H2m+2,m+1+ 2(2;71)

S B Y] RES o 1] s
+ ||72j 2|l 0(24—L+||P0>1/2|| 0,52 (4.82)
Sl i, el o+ [Posall g an

SN2l o gz=a 17252l o, j2a +€H(s7r,u)l\n2k

~Y=1)
which we showed usmg an induction argument on m > 1, and the Po>1/2 terms are

treated using and Remark - Then, we recall from ) that m =k — 7,
sowhenm*kfl we have j =1 and

< |07

g I o s +EIG 7Dl (483)

2k 2,k—1+4

||rF||H2k,k+2(2_Y

Iterating, we obtain successive inequalities all the way up to || DZ*7| T Com-
H 20—

bining together, we have

k
_ 25
[ e < DR otz T Cell (5,7, @)l (4.84)
7=0
where C; < 1 depends on €. This completes the proof. (Il

Remark 4.13. We observe that the RHS of the mequality in Lemma[{.13 closely
resembles the higher order wave energy E2E_ found in . After obtaining the

wave

matching estimates for ija, we will have the full E2E  energy on the RHS and

wave
we will almost have the proof of Theorem [5.1] on the equivalence between our full

energy (1.49) and the H?* norm (1.46)).

Next, we apply a similar argument for the @ equation and the operators Ly with
“good” spatial parts Lo and L. We observe that much of the analysis will be quite
similar with L, replaced by L, and H%26-1 replaced by HO 260 — gOae-n
Following the arguments of Section we will need to also incorporate the Lg
operator at each step in order to apply Lemma We will state the desired
Lemma here for convenience.

Lemma 4.14 (Higher order div-curl estimates for @). Under the conditions for
Lemmal{.3 the following inequality holds

+D:||(5, 7, @) [|322n

1
2(v=1)

k
. Z 25 —
”u”H?k,kJrz(wl,l) S ( — ”Dtju||H0,2(w171) )"’_chrlu”szq,kJr
j=
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where De < 1 depends on €.

Remark 4.15. We observe that the RHS of the inequality in Lemma[{.1] closely
resembles the higher order wave energy E2E . found in (L.47) plus an additional

— . . . . .
term that depends on curl u. However, in view of Lemma M this term is precisely

bounded by ||w|| T — which is the key vorticity piece of EZE, .. We note

that Lemma is used in conjuction with Lemma to prove Theorem on
the equivalence between our full energy (1.49) and the H?* norm (1.46).

5. ENERGY EQUIVALENCE

Theorem 5.1 (Equivalence between E?* and H2* norms). Let (3,7,7) be smooth
functions in Q. If r is positive and uniformly non-degenerate on ', then

E2k(§7 7~‘7 ﬁ) ~ ||(§7 7:7 ﬂ) ||’2H?k ’
where the equivalence depends on v and up to 2k derivatives of s,r, and u.
Proof. Let us begin with the < direction. Using our book-keeping scheme from
Section 2] it will be quite straightforward to track the order of each of the terms

as they appear. We plan to use Remark in which the H?* norm for (3,7, )

: . 2=y 41 2= _2-5 1
is shown to be equivalent to the H*bagen etk o ghagenth o gPhagentath

norm.
We start with Efr’;nsport, which we recall as
2k ~ s AN A2 ~12

Etransport(s’rvu) - Hw”HmCil'%*»%*»k =+ ||S||H2k'%+%+k (5'1)

First, it is clear from Remark that

2112 a2

||S||H2k'2(277—’yl)+%+k S ||(57T’u)|‘7{2k (5'2)
For the vorticity part of EZ% .., we look at the order of each of the terms and

observe that
Wap = Oa(hiig) — Op(hil)
= h(0alg — Oplla) + UgOah — Uadgh (5.3)
~ 00U+

using our book-keeping scheme and recalling that h = I~ which is O(1) near the
free boundary, as well as 0h. We plan to estimate @ using a similar argument as
the estimate for @ in . Applying a multiindex [ with |/| < 2k — 1 and counting
the number of derivatives and powers of r, we have

oo ~ a4 d'a (5.4)
_ .
Applying the LQ(T%HkH) — O tath norm, we have
2— 2— 2
/ rﬁ|rk+%8ld}|é dr < / rﬁ|rk+%8l+1ﬁ|2 dx —|—/ ra-t \rk+%ald|2 dz (5.5)
Qt Qt Qt

. . 2k —1 2777+l+k .
Summing over [, we obtain the H 26-0 727" norm, and we will get terms that

are only critical at worst, i.e. they will have the form k42 92k G modulo coefficients
depending on derivatives of s and r, and the second intergral produces subcritical
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terms of the form r#T292*=14 at worst. Each of these can easily be estimated via
the H?* norm, so we have

IILDII;% S (R E] v (5.6)

EICESY

and combining with (5.2]) yields

Etr];nsport(g FV’&‘) S ||(§7 7~17 Q)Hiﬂk (57)
For E2k . we first use Remark to simplify
k
B2 o (3,7,0) = > _ (DY, D)%
§=0
. (5.8)
=3 (1D o + DR, s )
7=0

~ — — 2 2
using that norms for H, (LQ(T%) X LZ(T%J’_l)) and (HO’2(W—71) X HO’Q(WJl)Jr%) are
equivalent. Then, we make frequent use of Lemma which allows us to greatly
simplify convective derivatives. Taking 0 < j < k, we have

= H ZT 8leJTHH 2(2’Y n "~ ” H2 21 2( +i

noting that each term appearing in the summation will be critical at the j level.
Then, further applying our embedding lemmas, we obtain

1D} 7 H2 (5.9)

17 H2 S IFIP
)+J 2J+k Js 2( 1)+J+k J
= 2
— IIrIIHHj,Q(zf_w)M (5.10)
SR oh s oo S UG F D)

noting that 0 < j < k and we can apply Corollary as needed when j < k. Thus,
the 7 part of E2¢  is bounded by the desired H2* norm. For the @ part, we can
similarly invoke Lemma [2:.11] again, where the only difference is that we now have
terms involving both @ and 7. However, the extra r'/2 weight is exactly what we
need to handle any of the terms that appear:

J j—1
D2j~ 2 ~ Z 4]~ Z initiz||2 B
|| || % r 8 u+ — r 8 THHO 22 —1)*% (511)

< ||(=§ f’ )32

and we observe that the 7 terms actually have an extra /2 in terms of bounding
by the H?* norm. Combining (5.8)- (5.11]) produces

E2k

wave

(3,7,a) SN, 7 )52 (5.12)

Thus, we combine with (5.7) and the < direction for Theorem is complete.
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For the 2 direction, we make use of many previously established lemmas. First,
by the norm equivalence from Remark [I.13] and Lemmas [4.12] and [£.14] we have

= =~ ~ =12
15,7, @) || = (L PSS +IIUH 2=y T H g0 b ok
k
< (IDHAR o +IDFI?, sy )
Z 7G-D BRAE (5.13)
_>~ 9
+ ||C1‘1r1u||I_I2k:71,k+2(’Y + || || >+ +k
+(CZ + D2)||(5,7,0) 3425
where Cz, Ds < 1. Then, we observe by examining E2% _ in (T.47) that
k .
S (IDFAP o + IDFAR o )
— H 1 0 )
. (5.14)
SO IDYF DF )% = Eghye (3,7, @)
j=0

as any weights involving I" can be removed in view of Remark Then, combining
(5.13)), (5.14)), and applying Lemma M for the term with curl @, we have

~ o~ o~ k ~ ~ ~
16,7 Dl S B, 7 ) + 16 oy oy + 1812,

Syt Etk

+(C2+ D3)

+éall® ,, (5,7, a HH%
H

2*w 1
30y )+ +k

< E?k}

wave

(‘§ T ﬂ’) E?rlgnsport(gv ’F, ﬂ‘) + (Ceg + Deg + 52)”(5’ FV ﬂ)”%—[%
Absorbing the constants (C% + D2 + £2) < 1 into the LHS produces
E(3,7,0) = Eoye(3,7,0) + Bifanport (3,7, @) 2 [1(3, 7, ) | e (5.15)

which completes the proof of the 2 direction. Thus, the proof of Theorem is
complete. |

6. HIGHER ORDER WAVE ENERGY ESTIMATES
Using the book—keeping scheme from Section 2] let us estimate each of the terms
on the RHS of with the following Theorem. Note that the By equation will
get multlphed by
(r'+ r)rv 1 GathQkuﬂ.
We plan to integrate and estimate using the 72* norm which we recall:

rv 1D2kr and the C§; equation will get contracted with

1G5, 7, )| 2o
2k k 2—y 1 2—y 2—y 1
=3 3 e tEregeg)2, 4 p e T2, 4 3D FE e g2,
lal=0 a=0
|a]—a<k

The following book-keeping remark is useful when taking convective derivatives
of the many expressions that appear.
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Remark 6.1. Using that D;(T'(s)) = 0 from (1.35a)), we have

Dt(ri» - _(F—ir)2DtT: (%M>2T’

where we applied . Thus, taking multiple convective derivatives of our weight
F%FT leads to gaining additional powers of r, and thus makes the terms more subcrit-
ical. In view of Remarks [2.4] and 2.8 we will often ignore these terms and use the
~ symbol so that we can highlight the key critical/supercritical terms that cause
difficulty when estimating.

Theorem 6.2 (Higher order energy estimates). Let (s,7,u) be a solution to (|1.35))
that exists on some time interval [0,T]. Assume that s,r,u and their 2k + 1 order
derivatives are bounded in the L™ (Q) norm for each t € [0,T) and r vanishes sim-

ply on the free boundary. Then, the following estimate holds for solutions (8,7, )
to the higher order linearized equations (2.1)):

d o I
aE‘%’;ve(s,T,u” S B”(s’r?u)”iﬂkv (6'1)

where B is a function that depends on up to 2k + 1 derivatives of s,r, and u.

Proof. The proof relies on Section and the basic energy estimate in Proposition

[I.I7 Along the way, we will make use of Lemmas [2:6] 2.9} 2-11] and
We multlply 2.1a) and (2.1b)) by their respective multipliers - o=t DPFF and

(T + r)rw lGa,thQkuﬁ. Then, we compare with (1.50b)) and 11.500) and observe
that we will be following the Proof of Proposition [[.17] with 7 and @ replaced by
D?7 and D?*4. Integrating over ©; and applying the moving domain formula
, it remains to show that all of the terms on the RHS can be estimated using
the H2* norm. More speciﬁcally7 we plan to show that

/ T’Y =1 |ng
oM Y=

/ P3O (T + r)rGas D2 de < Cal| (3,7, @) |20, (6.2b)
Q

D%r' do < C1|(3, 7, @) |3, (6.22)

where By, and CS; are long expressions defined in (2.2). Recall from Remarks
and [2.7] that when calculating the order of a given term where v > 1 is arbitrary,

we simply ignore powers of r coming from the weight ri%, since our estimates are
built around the weighted space LQ(T%) = {6 Also, recall Lemmaﬁ and
Remark where estimates involving Ll(r%) are used extensively.
We will begin by showing . First, observe that the multiplier DZF7 is H2*
critical since by Lemma [2.11] we have
D2kF o (pR %5 4 ph=192k=15 4 4 kR 4

where one can quickly check the order of the terms listed as being H?* critical, and
all remaining terms are subcritical.

For the first term in (6.2a]) after expanding Bsy using ([2.2]), we obtain

DD = DR o) = DY DD 0 (03
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Then, by computing the order of terms in Lemma [2.11} we see that D7 only

2
contains H?*-critical terms when i = 2k. After integrating in L' (rﬁ ), the product
can estimated by making use of Lemma [2.6] since we have the product of two terms
which are both critical:

2=y
roy-1
Q

where C' depends on the L norms of up to 2k + 1 derivatives of is, r,u). Notice

2k
D737 DiFDE (@) dw S C1|(5,7,3) (6.4)
=0

that in the coefficient expression D*~%(9,u"), we can use Lemma to solve for
the time derivative of u in terms of spatial derivatives. Additionally, we can solve
for D?*~"(Qu) in terms of spatial derivatives of u with additional powers of r in a

similar way as Lemma be returning to ((1.35c).

For the second term in ([6.2a), we obtain

2k—1
D5 Y (Djit*a, (DF~'r) - Dird), (Dji)) (6:5)
1=0

where each piece will be handled separately. For the first piece with Di1, we see
by Lemma that D:t only contains critical terms at worst when i = 2k — 1, and
all other terms are subcritical. Thus, the product can be estimated using Lemma
since D?¥7 is also critical:

2—y
71
Qy

For the second piece, with 8,,(Di@*) we see that DZ*~'r contains one power of
by , and up to 2k — ¢ derivatives of r and u. Similar to the first piece, it
suffices to check when i = 2k — 1 in which case D?*714 contains terms that are
H?F critical, and terms that are subcritical with order a = 1/2. Simplifying the
expression when ¢ = 2k — 1 and solving for time derivatives in terms of spatial
derivatives with Lemma we will obtain

2k—1
D7 Y Diad, (DF'r) [ do S Con| .7, @) 3 (6.6)
1=0

Dyrd, (D 1ak)

1 (6.7)
~ rd((terms with order a = 0) + (terms with order a = 5))

Then, by applying Lemma[2:14] we see that applying rd to any free boundary term
will produce a new term with the same order, i.e. here we have o = 0 and o = 1

2
respectively. Thus, the second piece can be estimated using Lemma [2.6

2-y
roy-1
Q

For the third term in (6.2a]), the estimate is quite similar to before as Dia only
contains critical terms when ¢ = 2k — 1. By Lemma we obtain

2k—1
D7 Y Do, (D) |de S Conll 6,7 @) e (638)
=0

[0, DF*r = CYy s 1 00(DF* 1) + Oy 00, (D7 2r)

6.9
+ -+ CYOL(Dyr) + Cydyr (6.9)
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which consists of derivatives of w and r. Then, by Lemma [2.6] the estimate will
look like

2—y
ro-1
Q

since we have the product of terms that are both H?*-critical at worst.
To estimate the Ggi fourth term, we will use the commutator identities from

2k—1
D¥i Y~ Dyt [DPF, 0 )r| dx S Cs| (5,7, @) |13 x (6.10)
=0

Lemma 2.9
2k 2k izl ,
D7y DY iriDhoJa = Di*r 3 D (3 craupia). (6.)
i=1 i=1 J=0

Now, the worst possible terms only occur when 7 = 2k, in which case we will
have D{r = r and D?*7 (r@(DtQk_lﬂ)). This term can be handled in a similar way
as since we obtain the product of terms which are both critical. In fact, when
1 < 2k — 1, we obtain that all terms are subcritical and easily estimated. Thus, we
have

2— 2k . .
[ 5 [pre Y pE DL g do S CllG R ) e (612
2 i=1

Combining the previous inequalities proves .

Let us turn now to the Cg terms occurring in (6.2b). Recall from that
the C$, has the multiplier (I' +7)rGqosD?*@”. In general, we observe using Lemma
that the multiplier r D?*@” has H?* subcritical terms with order 1/2 at worst
since

k k—1
D~y "l ot a 4y ot
1=0 3=0
~ (o = —1/2 supercritical terms) 4+ (o = 0 critical terms)
k k—1
— D~ Zrl+1al+kﬂ + Z ritlgithy
1=0 7=0

~ (a = 1/2 subcritical terms) + (o = 1 subcritical terms).
For the first term in 7 we obtain
(T + r)rGasD*a’ D (6.13)
and we recall the from that
D2k pe

= D?k( — u'dyu” — (@*ut + u*a*)oyur

'+r

I’ 1
STHO,r + 77%““8#7")

_l’_ -

T +1)2 T +7)?

” - (6.14)

~ — Z D;a"ka_i(auuo‘) “Ti Z Di(a%u* + uaﬂ“)ka_i(aur)
=0 =0
v 2%k ' 1 2k 4
T & PP )+ g  DEDE (0.
i=0 1=0
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where we recall that D2* (F}rr) ~ T +T)2 D?Fr using Remark [6.1, and this only

contributes additional powers of r. After observmg D?!h we see that it contains
terms of the form D2*(@, §,7) which are order —2 Supercrltlcal at worst. However,
those terms all get multiplied by rDZ4 Wthh has order % Thus, by Lemma
these terms are also estimated using the H?* norm and we can solve for any
expressions like Dt%_i(ﬂa“(‘ﬂur) in terms of spatial derivatives of u,r, and s.

For the second term in (6.2bf), we obtain

2k—1

(1—\+T)TGQBD2]€ B Z D2k Z(%ﬂﬂ.au)aﬂ (D;'F) . (615)

Now, when i = 2k — 1, kailf contains terms that have order % at worst by

Remarks and - This implies that 9(D?*~'7) will contain terms that are
order —% at worst by Lemma |2 However, the multlpher rD?*ihas order 1 5
which is just enough to allow us to apply Lemma [2.6] Thus, we can estimate this
term using the H?* norm.

For the third and final term in , we can follow the analysis of the second

term and use Lemma to obtain

2k
~ —1 1 a AP
(T + r)rGas D’ ; D (™) [0, DYl

(6.16)

(F—!—r)GaﬂrDQk ﬁZD% l( )(ZC’ a( )

Since the worst terms appear when ¢ = 2k, we see that once again D2 ~17 has
terms with order % at WOI“bt thus, d(D?*~'7) has terms with —2 order. However,

the multiplier has order , and this allows us to apply Lemma [2.6| as usual. This
completes estimate (6.2b)), and all higher order terms on the RHS in (2.1) have
been handled. O

7. MAIN THEOREM

Combining the previous sections, we have reached our final result.

Theorem 7.1 (Estimates in H2*). Let (s,r,u) be a smooth solution to that
exists on some time interval [0, T], and for which the physical vacuum boundary
condition holds. Let (30,70, o) be initial data to system . Then, there
exists a constant C depending only on s,r,u, and T such that, if (3,7,0) € C>(2)
is a solution to on [0,T], then

165, @) sy S ClGos o)l (r.1)

where H?8(Q;) is defined in (1.46)).
Proof. Combining Proposition [3.1] and Theorem we obtain

dt(ll ||2 SR S +E§V’gve(§,f,ﬂ)) S Gl 7, )| Fen (7.2)

where C; is a constant depending on L*°(€2;) norm of up to 2k + 1 derivatives of
s,r, and u. Then, after adding %H@HQ to both sides and recalling

2k—1 k+2(L"L)+
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(C48) and (L49), we have
d
%Egoktal

Integrating both sides and using Theorem on the energy equivalence, we have

(7.3)

< S d, .
(.78 S CollGF ) + 1012 sy

(5,7, ﬂ')”?—[%(Qt) - ||(§07 7o, Uo) H?—[%(QO)

_ tC o p s (7.4)
~ 0 1||(s’r7u)||’}-[2k(ﬂ7.) T+ ||W||H2k71’k+%+%(9t).
Applying Theorem [3.3] for the & term and rearranging, we obtain
||(§ar~7ﬁ)||’2}-[2k(ﬂt)
t
S 1o o) + | Gl 78 B, d
t
~ 12 (s & A2 NN
N HWOHH%’L’“*z(wIﬂ) (Q0) +EIG T Dl +/0 Cll(5: 7 W2 o, dr-

Then, combining the initial data @y with the initial data term ||(3q, 7o, @o) ”312’6(90)’
and soaking the term with € to the LHS, we arrive at

I 1 s s s -
1.7 @) s ) S 7= (11 Gos o o) ) + / Coll (5,7, @) 3o, 47 )-

Finally, the desired result is a straightforward application of Gronwall’s inequality.
|

8. APPENDIX

Here, we record some of the computations for proving Lemma Using ((1.35))
directly, we have

i

Ors = —%ais,
U
U’ -1 -1 )
or = —@&r — Pyuo ropu’ — ’Yuo rou’, (8.1)
ut 1 1 ,
0. a:_iaia_i aOa - (mai .
e w0 (T +7)ud g (T +7r)ud g

Starting from (8.1]), we can further solve for d;u° by plugging in a = 0 into the last
equation. If we set a; = u® — ﬁrﬂoo, then

1 . ¥ — . 1 . .
P 0:7(_ 19,00 00,4/ 0048 — 0ig, )
LU @ u ou + (I‘Jrr)uomr U+ (I‘+7")u07T u o;r F+rﬂ r
L 1 : (=D =1 ,
- _ zai 0 _ zai 87, i
ay wai ar (T + r)uou i a1 (T + r)ul roi

=: C{@uo + 05827‘ + C3Tai’u,i
~ Ou’ + Or 4 rou
implies

8{[]40 = Ciaﬂlo —+ C’;Bﬁ + Cg?"aifl,i + Cgfalul + E%azuo + aéaﬂ' + E;T‘aiui (82)
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We have the computations:
0 =D -1

a; =Uu

(' +r)ud
implies
I et V[ () it Y O
! (T 4 7)ud
_rcawﬂxv_nwmhwy_n«wy_1mw§+aW+wr+mm5
(T +7)2(u0)? ’
and
Cl = “a = Ci= )
i1 i AR SR (N o e (e s L P
Gz = (T + r)ud G = G = (T +r)ud G (T +7)2(u0)2 1,
0y 0=V =) gy
:éZZ:(V*UKWV*1NE+uﬂwflﬁ”%V*U«WV*IW%g

(u)?
Note that after analyzing all of the terms (with k = 1 here), we see that a large
number are subcritical, and we can simplify:

ul

Oy’ ~ 9u° + OF 4 o + Fou
~ (H? super-critical of order —% )
+ (H? critical) 4 (H? sub-critical of order %)
Similarly, we can simplify 0;r and 0;7 as follows:

u’ vy—1 ;v —1
@&-r — 0 roju’ — 0

Ar = — r (C{ou® 4+ CLoir + Cyrou’)

implies

v, oy =1 oy =1
o = fﬁair - Traiu o (0,1°)
w0 — uOu? —1). —1_ . —1) —1_
+ 7(11,0)2 8,»7~ + ((’Zuo)z)uor _ ’yuo ’r‘) aiul + (('(yuo)Z)uor _ rYuO r)&mo

~ OF + rdi + r0u° + roF + r20u + (additional subcritical terms)

and
RV -t 70 [9yr] — “laiuj — Oy >~ —[0yr] — Ou — Or.
T+ r)ud u? (T +r)ud
The expressions for d;s and 9;§ take the easiest form
Ops = —%(‘%s,
. . ) 8.3
55— uza~ uzaO_uOﬂza ( )
tS = w0 i S W i S.
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We also see that (u)? =1+ uwuj, so

- Uj -5
W = L@,
'LLO (8 4)
~ U5 i i U5 .
8iu0 = —é@luj + ujai—].
u Ug

Thus, linearizing our expression for 0;u’, we obtain
0yti! ~ [047] + Ot + OF
~ 0t + OF + (rda + rOF + r°0u + (additional subcritical terms))

Starting from (8.1)), we can further solve for 9;u" by plugging in o = 0 into the
last equation. If we set a; = u® — 4 =L 700 then

T+r)u
1 , y—1 , 1 , ;
o 027(_ 181' 0 OOai i 00 lai _ Otai )
LU @ u oiu- + 7(F+r)u0r7r u + 7(F+r)u07r u ;T F+r7T T
L 1 : (=D =1 ,
- _ 'Lai o_ - zai al i
alu Y ay (T —l—r)uou T a1 (T + r)ul o

=: C10;u’ + CLosr + Cyrosu’
~ Ou’ + Or + rou
implies
810 = Ci,i0 + CL;7 + Cyrdyii’ + Csidhu’ + Ci9u° + Cidyr + Cardsu’
We have the computations
o (y=1(”)*-1)

a=u (T +r)ud
implies
oo D@ - 1)
! (T +r)ud
_y (Z(F +r)(y = Duta® = (y = D((?)? = D[I'5 + Fu’ + (' + r>a°J>
(T +7)2(u)?
and
Ct ::fa—1 = C{:W,
i L g1 & (@R + T +nal]
G2 = (T + 7r)ud G = C= (T + r)ud i~ (T +7)2(u0)2 i
g b= 1)(1(;@0)2 “Ug; , w2y =i - ((2)2 D)’ — & oy

Note that after analyzing all of the terms (with k& = 1 here), we see that a large
number are subcritical, and we can simplify:

8,1’ ~ 91° + OF + rdu + Fou

1
~ (H? super-critical of order -3 )
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1
+ (H? critical) 4+ (H? sub-critical of order 5)

Similarly, we can simplify 0;r and 9,7 in the following way:

u’ —1 . —1 , ; :
Orr = = =50 — Lo’ — Vuo r (C1o° + Cidyr + Cardiu’)
implies
oW, y—=1 o y—1 oy | uldd —ula
8t7" = Eaﬂ’ uo r@iu — ’U,O r (atu ) + (u0)2 82-7"
(v=1) o y—1. i (=1 y—1. 0
+ ( (w0)? ur—= =3 r)@iu + ( (w0)? ur——3 T)atu
~ OF + rdi + r0u° + roF + r201u + (additional subcritical terms)
and
RV —#HO [Or] — u—i&-uj - #wﬁ&-r ~ —[Oyr] — Ou — Or
(T +r)ud u? (T +r)ud
The expressions for 9;s and 9;5 take the easiest form
8,53 = —%ais,
u
, - » 8.5
5.5 — u18~ uzuo_uouza ( )
tS—_E iS“FW (R
We also see that (u")? =1+ uu;, so
@ = =L,
Ty (8.6)
8ia0 = u—éaiaj + ajﬁzu—j .
u ()

Thus, linearizing our expression for 0;u’, we obtain
Oy ~ [04F] + Ot + OF
~ 01 + OF + (r0i + roF + r?0i + (additional subcritical terms))
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