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L? SOLUTIONS FOR CUBIC NLS EQUATION WITH HIGHER
ORDER FRACTIONAL ELLIPTIC/HYPERBOLIC OPERATORS
ON R x T AND R?

ADAN J. CORCHO, LINDOLFO P. MALLQUI

ABSTRACT. In this work, we consider the Cauchy problem for the cubic Schro-
dinger equation posed on cylinder R x T with fractional derivatives (—85)0‘,
a > 0, in the periodic direction. The spatial operator includes elliptic and
hyperbolic regimes. We prove L? global well-posedness results when o > 1
by proving a L*-L? Strichartz inequality for the linear equation, following the
ideas in [I9], where it was considered the elliptical case with o = 1. Further,
these results remain valid on the Euclidean environment R?, so well-posedness
in L? are also achieved in this case. Our proof in the elliptic (hyperbolic) case
does not work in the small directional dispersion case 0 < a <1 (0 < a < 1),
respectively.

1. INTRODUCTION

We consider the initial value problem (IVP) associated with the cubic nonlinear
Schrodinger equation (3-NLS) on cylinder R x T with higher fractional derivatives
in the periodic direction. More precisely, we will study the IVP

i0wu + LEu = elul®u, (2,y) ERxT, t R,
w(0;z,y) = ¢(z,y), (2,y) e RxT,

where ¢ € R*, u = u(t;z,y) is a complex-valued function on R x R x T, with
T = R/27Z, and LE denotes the pseudo-differential operator acting in the space
variables, given by

(1.1)

L£E:=02F(-0})*, witha >0, (1.2)
defined in Fourier variables by
L3F(En) = =€ £ [nf*) f*Y(En), (13)

where fzy is the Fourier transform of f on the cylinder R x T, that is,

N oo 2m )
Fiflem = Foem =5 [ [ fame e deay. (1)
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So, the linear propagator UF of (I.1)) is given by
UZ(t)p = e’ Fap = F1 (e &™) Fg)). (1.5)

The cases € < 0 and € > 0 are known as the focusing and defocusing regimes,
respectively. Also, note that in the case o = 1,

2, 92 _. : : .
4 {835 +0, =1 A (Laplacian operator) in the case (+),
* =

292 _. '
03 — 0, =0 (wave operator) in the case (-).

When o = 1, the elliptic case appears as a model in several physical problems
(see for example the references [14] [16] 2I]). On the other hand, in the hyperbolic
case it describes, for instance, the gravity waves on liquid surface and ion-cyclotron
waves in plasma (see [7, 13} [18]). Both cases (elliptic/hyperbolic) of the IVP
with a > 0, posed on the Euclidean domain R?, are covered in the study carried out
in [8] about the existence of analytic solutions. In the case 0 < o < 1, the elliptic
operators LT (fractional directional Laplacian) in appear in the context of
parabolic equations (see [3, 4] and references therein) as toy models to describe
local diffusion occurring only in the = direction, while non-local diffusion occurs
in the y-direction. Moreover, the defocusing elliptic case of the IVP (|1.1)) with
o = 1/2 (called Half-wave-Schrodinger equation), defined on the cylinder R x T, was
considered in [22] to establish a modified scattering theory between small solutions
to this model and small solutions to the cubic Szegé equation. In the same work, the
author infers the existence of unbounded global solutions of in the anisotropic
space L2H;(R x T) for every s > 1/2. In [I], the authors considered the Half-
wave-Schrodinger equation with a more general nonlinearity (Ju[P~'u), posed on
the Euclidean domain R?, and they showed local well-posedness (1 < p < 5) in
anisotropic space LiH?j(Rz) for s > 1/2. Furthermore, they presented some results
concerning the existence and orbital stability of solitary waves. Recently, in [9],

the elliptic case of IVP , posed on R?, is considered when 0 < o < 1 and with
nonlinearity |u[P=2u, 2 < p < 2%2). More precisely, conditions for the existence
of blow-up solutions are investigated.

For every a > 0, the IVP (1.1)) (elliptic/hyperbolic) formally enjoys the mass

conservation law:
M) = [ [ttt dedy = wlal), (16)

for all £ € R. Therefore, it would be interesting to establish a well-posedness theory
in L2(R x T) similarly to the case a = 1 (Laplacian and wave operators). The main
goal of this paper is to answer this question.

1.1. Case a = 1. (some previous well-posedness results in isotropic Sobolev spaces)
In the case of classical Laplacian/wave operator (a = 1), local and global well-
posedness for time evolution of the flow associated to the IVP , with ini-
tial data ¢ belonging to the classical Sobolev spaces H*(D) on plane domains
D =R?, T? or R x T, has been considered for many authors. For instance, we have
the following results:

e D = R?: Well-posedness for in L2(IR?) is a consequence of the time decay estimates
coming from dispersion and the Strichartz inequalities, which have the same form
for the elliptic or hyperbolic linear Schrédinger equations. For the elliptic operator
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L7 see [6] and for the hyperbolic case £ we refer to [10], where the authors deduced
Strichartz inequalities for operators e**, where

L= ) a;0y0s, aj€R,

1<ij<n

with non-degenerate quadratic form A = (a;;). In particular, L*(R?) is the Sobolev
critical regularity (s = 0) for well-posedeness, which is suggested by the scale
invariance of the model, that is, if u is a solution of with a = 1 and initial
data ¢(x,y), then

ur(t;,z,y) = u(\’t; Az, Ay), A >0
is the respective solution of with initial data A¢(Ax, Ay).
e D = T2 : Global well-posedness in H*(T?), s > 0, has been proven in the elliptic
case U™ (see the works [2, B]). In [20] the hyperbolic case U; was considered,
getting local well-posedness for s > % and ill-posedness when s < 1/2.
e D =R x T: The elliptical case £ was treated in [T9]. Specifically, the authors
obtained global well-posedness for small data in L?(R x T) by proving a L* — L?
Strichartz inequality for the group U™ (t) = e*? with (x,y) € RxT. More precisely,
they showed that

1UF ()@l 2 (rxrxry < Crll@ll 2@y (1.7)
where I C R is an interval containing ¢ = 0 and C} is a positive constant that
depends only on |I| (measure of I). By the symmetry of the laplacian operator,
the results are also valid in the space L?(T x R). Similar Strichartz estimates were
obtained in [II] for the energy critical nonlinear Schrodinger equation in partially
periodic domains, for instance: R™ x T*~™ with m = 2, 3.

In view of the above comments, a natural question is to figure out what happens
for the IVP posed on domains R?, R x T or T x R, with initial data in L2,
for more general o > 0 as already pointed out before the beginning of this section.
The notion of criticality given below tells us that we do not expect well-posedness
in L2 for IVP (L. for 0 < a < 1.

1.2. Notion of criticality in isotropic Sobolev spaces for a > 0. The equa-
tion in (1.1) on the domain R? has the following scaling symmetric property: if u
is a solution to (1.1)), wy is also a solution to ([L.1)), where
w(t; z,y) — un(t; 2, y) = AWt Az, AV %), X >0, (1.8)

which establishes a notion of criticality in Sobolev spaces H®(R?) for the IVP (L.1]).
More precisely,

e the index s is called critical if [|[D%ux(0;-,-)||2®2) ~ [|D*u(0; -, )| 2 ®2),

e the index s is called subcritical if ||D*ux(0;-, )| z2(r2) — 00 as A — o0,

e the index s is called supercritical if || D*ux(0;-,-)||z22) — 0 as A = oc.

Computing || D*ux(0;-,-)||z2(r2) for A > 0 we have
D% ey = A [ (26 + ) a0 (19)

with £ = (£1,&2). So one obtains

N —Vad2s/ag ()) if0<a<l,
[D*ux(0;-, ')H2L2(R2) = A D*u(0; -, ')||2L2(]R2) ifa=1, (1.10)
A —Vat2sg (X) if a>1,
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where

paV) = [ (F0-D + ) Ta0s) P

) = [ {6+ 2EE) a0 P
Hence, since

lim pa(A) = [D5u(0; - )l|Ze@e) and T ga(A) = [1D7u(0: )|z ge),

A—~+o00
we conclude that

1;‘1 > 0 is the critical regularity for 0 < a < 1,

S =140 is the critical regularity for a = 1, (1.11)
12_—aa < 0 is the critical regularity for o > 1.

Hence, it is not expected well-posedness in L? for 0 < o < 1.

Furthermore, concerning well-posedness in Sobolev spaces to (|1.1]) we note that
some ill-posedness results (below L? regularity) for the one-dimensional cubic NLS
on the line can be adapted to establish the same results for (1.1) on the cylinder
R x T. Indeed, if we consider the following Cauchy problem

i+ LEu = elul>u, (t;z,y) ERxRx T,

u(0:2,y) = (), (1.12)

with ¢ depending only on the z-variable and ¢ € H*(R), it follows that @(z,y) :=
p(z) € H5(R x T) with
61l s @x1) = Il Es (R)
and solutions of the IVP:
10w + 02w = elw]*w, = €R, tER,

w(e,0) = p(a), (1.13)

are also solutions of (|1.12)). Assuming the existence of local solutions, the IVP
(1.13)) is ill-posed in the following situations:

(i) s € (—1/2,0) and € < 0. In this case, for any § > 0 the uniform continuous
of the flow-map

O g € H¥(R) > w € C([0,8); H(R)) (1.14)

fails (see [12]).
(ii) s < —1/2 and € # 0. In this case, for any 6 > 0 the flow-map (1.14) is
discontinuous everywhere in H*(R) (norm inflation arguments, see [I5]).

Hence, the statements (i) and (ii) imply similar ill-posedness results for negative
Sobolev regularity (s < 0) to the IVP for all o > 0.

In view of the previous discussion we study in this work well-posedness for IVP
with initial data in L?(R x T) and we get global well-posedness under small-
ness assumption on data. This result remains valid in L?(R?), but unfortunately
cannot be adapted to the case L?(T x R).
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1.3. Main results. Consider the IVP , with a > 1 and initial data ¢ €
L?(R x T). In this work we show that it is possible to get a Strichartz estimate
similar to in the case of the group U7 defined in for a > 1 in the elliptic
case (+) and for @ > 1 in the hyperbolic case (-). More precisely, we will prove the
main result.

Theorem 1.1 (Strichartz estimate on I xR xT). Let « > 1 and I C R; an interval
containing t = 0. Then, there exists a positive constant Cq 1, depending only on «
and the measure of I, such that

||U<,:ut(t)¢||L4(I><R><T) < Co 1l Bll2®xmys (1.15)

for each ¢ € L?*(R x T) with o > 1 for the case (+), and o > 1 for the case
(-). Moreover, there exists a positive constant Cy 1, depending only on o and the
measure of I, such that

¢
I /o UE(t—t)f(t; ')dt/||L4(I><R><'JI‘) < Co, 1l fllLass (1 xrx)s (1.16)

for any f € L*3(I x R x T).

Remark 1.2. We highlight that, in comparison with the case U;" (t) covered in [19],
the study in the case « # 1 causes extra technical difficulty in the manipulation of
symbol 7 + &2 — |n|??, since one cannot make use of the good algebraic structure
of quadratic polynomial in two variables corresponding to the symbol when o = 1.
Indeed, to estimate the measure of the set Gx in the proof of crucial Lemma 2.1
we had to introduce two appropriate auxiliary sets, which is not necessary in the
case of U ().

As in [19], in the context of Cauchy problem for the cubic elliptic NLS, Theorem
combined with Picard iteration scheme applied to the integral equation

t
u(t) = UE(t)p — ie/ Ut —t)|ut)Pu(t)dt (1.17)
0
and the mass conservation law (|1.6|) imply the following result.

Theorem 1.3 (Well-posedness in L?). The Cauchy problem (1.1)) is globally well-
posed for sufficiently small data ¢ in L?>(R x T) with o > 1 for the case (+) and
a > 1 for the case (-).

1.4. Comments. Finally, we point out some facts.

(I) From the notion of criticality given in it is natural to expect well-
posedness results for the IVP for s > 1_7‘1 > (0 when 0 < a < 1. In fact, our
proof of Theorem [I.1] does not work in this setting. See remarks [2.2] and

(IT) The proof of Theorem also fails for the group U; , where the critical
regularity suggested by the scaling is L?. Thus, the hyperbolic case with a = 1
remains an interesting open problem on the cylinder domain. At this point it is
important to remember that in the hyperbolic case with @ = 1 on R x R, the
critical regularity for well-posedness is L2, but on T x T it was flagged in [20] that
the optimal regularity must be s = %

(III) The proof of Theorem can also be performed in R2. Indeed, similar to
the case U, treated in [19], the Bourgain’s method to obtain Strichartz inequalities
on cylinder for UF also provides a proof of the Strichartz estimate with data on R?
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without using the time decay estimates coming from dispersion. Also, for subcritical
nonlinearity |u|P~1u (1 < p < 3) instead the critical case |u|?u (p = 3) globall well-
posedness for any data in L2(R x T) can be achieved in the same way as done in
[19] in the case U;'.

(IV) Our approach cannot automatically adapt to the cylinder T x R since our
strategy is based on the quadratic structure of the operator symbol with respect to
the continuous propagation.

1.5. Notation and an elementary inequality. Throughout the paper we will
use the following notation:

e |J| denotes the Lebesgue measure of a set J C R,

e m(-) denotes the product measure of the one-dimensional Lebesgue and
counting measure,

e 0 < A(v) < B(v) means that there exists a positive constant ¢ such that
A(v) < ¢B(v), for any v varying on a certain set,

e |z| denote the integer part of x.

Furthermore, Xg’j:(]R x R x T) will denote the Bourgain space associated to the
group UZF, equipped with the norm

[

1 = U (=) Vg ey
1.18
=//£§ (€] + )2 (r + gz (€, n)) 2| Fo=¥ (r; €, m) | dr de, (1.18)
TYbnez
where () =1+,
0 (6m) 1= € & ol (1.19)

and ft’w’y(T; &,n) denotes the Fourier transform

o [e%) 27 i
oo (ri€,m) :/ / / f(t;z,y)e  ETHEEE) g g dy
—o0 J —0o0 JO

with (1;€,n) € R x R x T. The next inequality will be useful to establish some
future estimates.

Lemma 1.4. Let A be a positive number such that 0 < A < 1. Then, it holds that
(a+0b)* < a4+, (1.20)
for all a,b > 0.

For the sake of completeness we give a proof for this inequality.

Proof. The cases a = 0 or b = 0 are obvious, so we consider a, b strictly positive.
Since A € (0,1) we have

aj—b< (aj—b)A and a—Z&)—b < (a—?—b))\’

which imply

< (aib)/\Jr(aj—b)/\’ (1.21)

for all a,b > 0. The inequality (1.20) is an immediate consequence of (|1.21)). O
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2. BILINEAR ESTIMATE IN THE HYPERBOLIC CASE

In this section, we present the proof of the key bilinear estimate, which allows
to get the L* Strichartz estimate for U;, with a > 1. To derive this bilinear
estimate we need, as in the elliptic case treated in [I9], to obtain uniform estimates
of the measures for certain special sets (see [19, Lemma 2.1]). In our context the
corresponding sets are unbounded and to estimate their measures is necessary to
deal with series estimation. In particular, the convergence of such series occurs in
the case a > 1 and fails in the case 0 < a < 1.

We start by showing a similar result to that present in [19, Lemma 2.1], which
in our context reads as follows.

Lemma 2.1. Let a > 1, & € R, ng € Z and C > 0. Then for all K > 1, the set
1
G ={(§n) eRxZ:C< |(£—§0)2—§(|n\2a+|n—no|%‘)| <C+K}

satisfies the estimate

sup  m(Gk) Sa K, (2.1)
(E(),Tlo,C)EA

where A :=R x Z x RT.

Proof. By translation invariance it suffices to consider the case £ = 0. First we
write

Gk =G UGy, (2.2)
where
1
Gic = Gk N {(6n) €R X Z:€ > S(Inf + ln—noP)},  (23)
1
Gr=0kN{(En) eRXZ:£ < §(|n|20‘ +|n—no[*) }. (2.4)

Next we estimate the measures of the sets G and G.
Estimate of m(g}). Using (2.3) we write

G = {(€n) ERXZ:C <€ — %(w?a o) <CH Ky (25)
Let [ such that [ > 1 and define
h(l) :==m({({&,n) ERXZ: & — %(|n|2°‘ +|n—no**) < 1}); (2.6)
then
m(G%) = h(C + K) — h(C). (2.7)

Note that for a fixed n € Z we have

1 1
{EeR: &2 = S (Inf* +[n —nof*) <1}| = 2\/2(|n|2a + In—nol?) +1;

therefore,

= 1
b0 =23 /S 4 o) 41
n=0

- (2.8)
4 2; \/;(Wu + fn+ nol2a) + 1.
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FIGURE 1. The dashed region represents the set Q} with a =1.3

and ng = 0.

Then, from(2.7) and (2.8]) it follows that

m(GL) =5 + 57, (2.9)

where

§E =23\ o) £ €+ K =230\l o) 4 €
n=0 n=0

Sy=2)" \/;(|n|2°‘ +ln+nol*) +C+ K -2 \/;(|n|2°‘ +|n +nol2) + C
n=1 n=1

For Si" we have
K

_22 -
\/ (Jn|2> + |0 — no[2®) + C + K + \/2(|n2a +|n—mnol2) +C

)

then
K

5f§2ﬁ2¢ﬁ (2.10)
<2\[(\/7+ Zno‘)wa ’

where in the last estimate it has been used that o > 1 and C+ K > 1. In a similar

way one obtains
S5 Sa K.

Therefore, from (2.9) we have
(2.11)

m(Gx) Sa K
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Estimate of m(Gg). This case is more delicate. We write
1
Gr={(En)eRXZ: —(C+K)< £ — 5(\n|2a +|n— n0|2a) <-C} (212

and observe that
Gk CO kUG, s (2.13)
where
Grx ={En) eERXZ:|n—nol** = (C+ K) <& <[n|** - C},
Gy i = {(€&n) ERXZ:n** = (C+K) <& < |n—mnol** - C}.
Indeed, g;K contains the points of G with |n — ng| < |n| and QQTK those that

satisfy [n — ng| > |n|.
Similar arguments to those used to estimate G} give us

m(giK):‘l( Z W_ Z \/(n—no)2a—C—K),
n:LC%JJrl nan:L(CJrK)iJJrl

which implies

wm@r) =1 Y Ve-c- Y Van-CoK)

n=|C2a |+1 n=[(C+K)2a |+1
=4(51 +55),

(2.14)

where

To estimate S; we observe that

[(C+K) 2 | -
SfS/ . \/ZQO‘—Cdz—I—\/L(C—FK)%J?O‘—C’
C

2a

V22 — Cdz +VK.

J1

To estimate the integral J; we use that 2z — v/22¢ — (' is an increasing function
to obtain

<

/(C+K)21a (2.15)

1
C2a

Ji <VK((C + K)za — Cz).
Then, applying Lemma (remember that a > 1) one obtains
Jl S \/EI{ﬁ S Ka

where in the last estimate it has been used that K > 1 and a > 1. Therefore, from
(2.15) and the estimate for J; we conclude that S; < K.
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Now we estimate S, as follows

= K
57 =
2 Zl Vn2e —C++vn2e—C - K
n=|(C+K)2a |+1

IN

= K
X gm=c
n=L(CHK) =+ (2.16)
K o0 K
2 +/ , TS
\/(L(C+K)ij+1) *“_C (C+K)za V224 = C

IN

T2
<VK + .

Now we proceed to estimate the integral J». Considering the nonlinear change of
variables p?® = 22 — C, and using that o > 1, C > 0 and K > 1, we have

o] p2a—1
JQ =K i 17Ldp

K?2a pa(p2a+c) 2a
e

<K —ay (2.17)

hS s P P

- ! kxk®= <.k

a—1

Then, inserting (2.17)) in (2.16) one obtains Sy <o K.
Therefore, from (2.14) and the estimates obtained for S; and S; we have

m(giK) Sa K.
By the same way we have m(QQ_,K) <o K. So,
m(Gx) <m(G1 k) + m(Gzx) Sa K,
which joint with give us . This completes the proof of Lemma ]

Remark 2.2. For the case 0 < a < 1 the result stated in Lemma [2.1] fails. Indeed,
the series S in (2.10) diverges for all 0 < o < 1.

Proposition 2.3 (Hyperbolic bilinear estimate). Let uq and us be two functions
in L?>(R x R x T) with the following support properties:

supp(;) € Hy,, j =12,

where
Hiy, = {(r:¢&,n) 1 3K; < |7+ & — |n]**| < 2K }. (2.18)

Then we have the inequality

1
luruzllLz@xrxm) S (K182) 2 |lut]l L2 @xrxm)l|U2ll L2 xR xT)- (2.19)
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Proof. Set (19;&2,n9) := (1—71;—&1,n—n1). Using the Cauchy-Schwarz inequality
and Plancherel’s theorem, we have

HU1U2||%3N ://Z’/ / Z 1A7gn(7'1§§1,711)'at’x’y(ﬁ;&,m)
- T8 ez Y18 n ez
—tz, 2 (2.20)
X Uz y(72;§2,n2)d71d§1‘ dr dg

< sup m(ATgn)HulHQLgmy||“2||%%my’

T,5,1

with A, ¢, defined as follows:

(11:€1,m1) € supp(@"™?) and

(723 €,m2) € supp(uz"™Y).

(7'1;617711) € A‘r,§,n — {
Notice that if (71;&1,n1) € Ar¢.n, then
T E J = [(11 — 2K1, ai +2K1] and 71 € Jy 1= [ag — 2K2, as +2K2],
where a1 = |[n1]?® — €2 and az = 7 + (€ — &)? — |n — n1|**. Hence

1 € J1 N Jy, with |J1 N J2| < 4min{K1,K2}. (221)

On the other hand, for all (71;&1,1n1) € A+ ¢ we can use the triangle inequality
to eliminate 71 and obtain

o 1 20 2a T
‘(51—5) —§(|n1| +n —n| )+§+4

1 o N
= 5l7 & — Im* + (€= &)° — In - m[*|

52

(2.22)
<2 (In+8 =Pl 4 r =+ €~ &)~ In—m[*)
< K; + K.
So,
if (11;&1,n1) € Ar g, then (§1,11) € Brgn, (2.23)
where

S
2
This is the reason that led us to consider Gx slightly different from the set that
should naturally replace the used in [19, Lemma 2.1].

Now, from the triangle inequality, we note that

£
2
with C = |J + %’ — (K1 + K3). Hence, if C' > 0 we use Lemmaﬂ (with & = %
and ng = n) to obtain

1 2
Bren = {(517711) € RxZ: |(§1— )2—5(|n1|2a+\n1—n|2a)+g+%’ < K1+K2}-

1
Brem C{(61,m) ERXZ: C < (61— )2—5(\n1|2a+|n1—n|2“)| < CH2(K1+K>) }

m(Bren) S K1+ Ka.
Otherwise, if C' < 0 we have

m(Bren) < m({(€0m) ¢ (6 — 52— 5 (m ™ +m — )| < 20Ky + Ko })
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and consequently

m(Bren) < gi\rjém({(fl,m) re< ’(51—2)2—%(|n1|2a+|n1—n\2a)‘ < 2(K1+K2)}),

so using again Lemma [2.1] it follows that
m(Bren) S K+ Ko (2.24)
Finally, collecting the information in , and one obtains
m(Ar¢,) < |Ji N Jo| - m(Brepn) S min{Ky, Ko} max{K;, K}
and inserting this in (2.20) we obtain
luruallg; S KiKaluilz, Jlualls -

Then, the result is proved. (I

3. BILINEAR ESTIMATE IN THE ELLIPTIC CASE

Now we prove the corresponding bilinear estimate for the elliptic symbol of the
operator.

Lemma 3.1. Let o> 1, & €R, ng € Z and C > 1. Then for all K > 1, the set
~ 1
Gx = {(f,n)6[R<><Z:C§(§f§0)2+§(|n|2a+|nfn0\2a) <C+K}

satisfies the estimate

sup m(Gx) <o K, (3.1)
(€0,m0,C)EA

where A == R x Z x RT.
Proof. As in Lemma [2.1] it suffices to consider the case £y = 0. Notice that for all
K>1, N _ B
Ok C G,k UGa K, (3.2)
where
Gix={(En) ERXZ:C—In|** <€ <C+K —|n—nol*},
Goc = {(6n) ERXZ:C —In—nof* <& < C+ K —[n*}.

Indeed, QNLK contains the points of éK with |n — ng| < |n| and 527]( those that
satisfy [n —ng| > |n|.
Similar analysis as performed in the hyperbolic case shows that

L(C+K) 2 | [C2s |
mGix)=2 Y. VOrK-n-n-2 Y O [n
[n—ro|=0 Inl=0
L(C+K) 2 | |C2x ) (3.3)
=2 Y  VC+EK—[nPr-2 ) /C—n>
In]=0 In=0
= §1 + 527
where
[C2s |

Si=2 3 (VO+K—nP = /O =[uP).

[n|=0
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N [(C+K)za |
S=2 Y JO+EK-—|nP
Inl=10%5 41

To estimate §1 we use that

1
|C2a ] "

Si =2
1 n|Z_0 (\/C + K —[n|22 4+ /C — ‘n|2a>

K 2K

S 2 2a +
o VO -l \/C+ K — |C3 )2

C2a
<4K —— +2VK.
- /0 ‘/C—ZZO‘

13

(3.4)

Making now the change of variables z = C'2« p= with a > 1, from (3.4) we have

~ 4K ! dp
S; < — +2VK
aC%5= pl E,/l—p
4K !

<

o / \/7 +2\F

where it has been used that C' 2~1 and o > 1.
Now we proceed to estimate Sy. First note that

(C+K)2a |
Sy =4 Z VC + K —n2e
n:LC20¢j+1

[(C+K)za |

§4\/E+/ ) VO + K — 220dz

[C2a |+1
(C+K)za
§4\/E+/1 VO + K — 222z
C2a
<K +VE((C+K)® —C3).
On the other hand, Lemma [T.20] gives us that
(C+ K) fcﬁ < Kz
for all C' > 1 and o > 1. Combining (3.6]) and . we have
SQ 5 Ka

then the proof is complete.

(3.5)

(3.6)

Remark 3.2. For the case 0 < a < 1 the result stated in Lemma [3.1] fails. Indeed,

it is not difficult to see that the Sy satisfies (3.5) in the following way

S~ (oo

+ 1)K,

2a

where —+ — +00 as €' — 400 whenever 0 < a < 1.
C 2a
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In the same way as in the hyperbolic case, Lemma [3.1] implies the following
result.

Proposition 3.3 (Elliptic bilinear estimate). Let u; and us be two functions in
L?(R x R x T) with the following support properties:

supp(dj) € Hy,, J =12

where
Hic = {(r:&n) : 5K; < |7+ & +|nf**| <2K;}. (3.8)

Then we have the mequalzty

lurus | L2@xrxr) S (K1K2)'Y? [lur]lp2@xrxr) luzllze @xex)- (3.9)

4. STRICHARTZ INEQUALITY ON R x T

This section is devoted to the proof of Theorem which follows the same lines
as previous proofs of related results in [I9] and we reproduce a sketch of it for the
sake of completeness.

Proof of Theorem (T.15)). The first step is the proof of the following L* Strichartz

estimate in the Bourgain space X Z’i
Step 1. Let o > 1 in the case (+), @ > 1 in the case (-) and b > 1/2. Then

HUHL“(RXRX'H‘) S Hu”Xi’i(RxRx’ﬂ‘) (4.1)
for any u € Xg’i(R x R x T).
Proof of Step 1. Let u a smooth function and consider the dyadic decomposition
u(t;z,y) Zu2k t;x,y),
t,;p’y =+ . . o . o .
with supp(uge ) € H3. defined in (2.18). Using Pr0p081t10n Pr0p081t10n
and that b > 1/2 one obtains

Hu”%‘*(RxRxT) = ||UUHL2(RxRxT)

< Z Z ||u2k1u2’€2HL2(R><R><T) (4 2)

k1=0k2=0
0o 0o /\

S D0 D @2 2 Y e e g £2 (R -
k1=0 ko=0

Since supp(ugr Y € ’H;Ek we have (1T + q+(£,n)) > |7 + qe(&,n)| > 281, Then,
it follows that

Huz th7 ||L2 (RXRXT)
= ([ [t e mpia)”
€ nez

+ , iz 1/2
//Z - 2(%—% 2b> uz’ﬂjt’ (i€ ‘ def)

< 27" fufl xo.0
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for j =1,2. So, inserting (4.3)) in (4.2) and using that b > 1/2, we have

lalFs ummy S D (@)Y (2") 2 ull g < Nullfno (4.4)
k1=0 ka=0 * °
as claimed in (4.1)).
Step 2. Let 6 >0, I =[—4,9] and b > 1/2. Then
||Uai(t)¢HL4(l><R><T) S., (61/2 + 61/2_b)||¢”L2(R><T)a (4'5)

for each ¢ € L*(R x T).
Proof of Step 2. Let ¢ € C§° be a cut-off function such that supp(¢) C (—2,2) and
¥(t) =1 on [—1,1] and define ¥5(t) := ¥ (%). For b > 0, one obtains

sl S 62 110llzz + 87PNl o
Now, applying (4.1) (here we need b > 1/2), we have

1UZ ()0l Larxrxr) S 10s(UE )¢l s @xrxr)
S ||¢5(t)U§(t)¢||XZv§ (RXRXT)
= 1¥sll a2 |0l L2 rx)
<Y+ 51/27b)||¢||L2(R><’]1‘)a

so (4.5)) is proved. O

Finally, the estimate (4.5)) can be extended to an arbitrary interval I in the same
way as in [19]. This completes the proof of Theorem [L.I} (T.15)).

Proof of Theorem[1.1] (1.16)). Consider the linear operator
A:L*RxT) — LY(I xR xT),

defined by A¢ := UF (t)$. Due to the estimate (T.15) we observe that A is bounded.
Let us denote by A* the adjoint operator of A, then

a(5) = [UECOs@ e
I
which is bounded from L*3(I x R x T) to L*(R x T), i.e.,

| /I U (=t f(t'; ')dt/HL?(RxT) < CrllfllLass (rxrxm)

for some constant C}, depending only on the measure of I. Therefore,

Ax = [UEe- )5 ar.
I

is bounded from L*/3(I x R x T) to L*(I x R x T), satisfying

|| /IU(it(t - t/)f(t/7 .)dt/||L4(I><R><T) < CIO;Hf||L4/3(I><R><T)'

Finally, to complete the proof of ([1.16) is used the arguments in [I7, Lemma 3.1].
O
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