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EXACT BOUNDARY CONTROLLABILITY FOR WAVE
EQUATIONS WITH FIXED AND MOVING BOUNDARIES IN
TWO-DIMENSIONAL CONVEX-COMPLEMENTED DOMAINS

RUIKSON S. O. NUNES, MIGUEL R. NUNEZ-CHAVEZ

ABSTRACT. The purpose of this article is to study exact boundary problems
for the standard wave equation in domains that are the exterior of a convex
compact set of R2, where both have a common boundary part. We consider
two cases: first where the boundary domain is fixed, and where a part of
the boundary is moving. In both cases we consider control problems with
controls acting only one part of the boundary. For the fixed boundary case the
control is of Neumann type, and for the moving boundary case the control is a
conormal derivative type. The controllability method used here was developed
by Russell [17].

1. INTRODUCTION

Let A C R? be a bounded domain whose boundary 0A is smooth by parts. Let
v € OA be a part of the boundary. The pair (A,7) is called convez-complemented
when there is a convex compact region A* C R? with

ACR? — A% and ~ C0A*.

Let Q C R? be a convex bounded domain whose boundary 9 is smooth by
parts with no cusps, with 9Q = 'y UT; where Ty C 99, and Ty N Ty = {Py, P1}
where Py, P, € R2. We also requires that €2 be in only one side of its boundary 9
and the pair (©,Tg) be a convex-complemented with respect to the convex compact
domain Q*. Here, we requires that the boundary 9Q* be smooth, connected, and
compact curve as illustrated in the Figure

Now, let us consider the moving boundary domain ©; C R? whose boundary
00y = Ty UTy, for all t € R. We require that To N Ty, = {Py, P}, for all t € R.
The moving part I';, of the boundary 09, is such that I'y, = I'y and it may has
two configurations.

Firstly, we can have

ry, = {:c ER?:z=a(t)y, ye I‘l}, for all t € R.
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FIGURE 1. The pair (©,T) is convex-complemented. Q* is the
convex complement.

In this case, € is illustrated in Figure

FIGURE 2. The pairs (Q,Ty) and (92 Ty) are convex-
complemented. In both cases, {0* is the convex complement.

Another configuration for §2; is
Iy, ={= ER*:z=a(t)y,ye}Un Uy, forallteR,
where 79 and ~; are the straight segments joining the points Py to a(t)Py and P,
to «a(t) Py respectively.
Here a : R — R* U {0} is a piecewise continuous bounded function, where «

such that, for each ¢t € R, the pair (2;,T¢) is a convex-complemented with respect
to 2*. An illustration for the domain € is shown in Figure

FIGURE 3. The pairs (Q,T9) and (92 Ty) are convex-
complemented. In both cases, {2* is the convex complement.

For the well posedness of the initial boundary value problem we require
Q xR C Uzea{(z,t) e R* x R: |z — 7> < t*}. (1.1)

The boundedness of movement function « implies in the existence of a bounded
domain Q C R? such that Q; C ﬁ, for all ¢t € R. The boundary of Q is denoted
by 0$) and it is such that Ty C O Furthermore, the pair ((NZ, Ty) has the convex-
completed property with respect to the domain Q*.
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Now, for T > 0, let us consider the non-cylindrical domain of R2+!,

Qr = Ut x {t}

whose the lateral boundary is ¥¢ U X7, where X7 = Up<i<rI'y, X {t} and Xy =
Ty x [07T]

We denote by (v, ;) the outward unit normal vector defined almost everywhere
on Yo U Xr. Particularly, when we consider the cylindrical boundary 9 x [0,T]
its outward unit vector becomes v = (v, 0).

Remark 1.1. Assumption (|1.1)) ensures that the surface Yo U, for ¢t € R is time-
like which is a important property in order to guarantee that the initial boundary
value problems is well posed on Q7.

This studies two special exact boundary control problems for the standard wave
equation. In the first problem we study a control problem for wave equation on the
cylindrical domain Q x [0,7]. In the second one we consider a control problem for
wave equation on the non-cylindrical domain Q7. In both problems we consider the
null Neumann condition on Xy and the controls acting on ¥; =T'; x [0,T] and Xp
respectively. Here we work the exact boundary controllability method established
by Russell [16, [I7]. One of the key elements of the Russell’s method is the local
energy decay of the system to be studied. Here, we use a local energy decay estimate
for the standard wave equation in an exterior domain presented in [I8].

From the point of view of applications there are many situations involving do-
mains like €2 and ;. For example, a flexible membrane which is attached to a rigid
pillar by means of a part of its boundary. Without any variation in the tempera-
ture of the environment the membrane has no dilation and thus the complementary
non fixed part of its boundary remains static, so such membrane represents the a
domain like 2. On the other hand, if there is a variation in the temperature, the
membrane has a dilation or a contraction, causing the mobility of its non fixed
boundary part, in this case the membrane represents a domain like ;.

To state our results we need some essentials notation. Let @ C R? be an arbitrary
domain. We denote by L?(O) and H'(O) the Lebesgue and Sobolev spaces, with
theirs usual norms || - || 120y and || - [| 10y respectively (see [1]).

Now, let (O,~) be a pair convex-complemented, we denote

HY(O) = {u(z) € H(O) : du(z) =0 if z € y}. (1.2)

The topology of H'(O) is induced from H'(O). Here, the space H}(O) is the
closure C§°in H'(O) provided with the norm of H*(Q). Particularly, as the pair
(©,Tp) is convex-complemented we have

HUQ) = {u(z) € HY(Q) : dyulz) = 0if x € To}, HL(Q) = Ce@) '@

Theorem 1.2. Let § be as defined above. Given (f,g) € HY(Q) x L?(Q), there
exist T > 0 sufficiently large and a control function h(-,t) € L?(0Q x [0,T]) such
that the solution u € Hi (2 x [0,T]) of the problem

uge — Au=0 in Q x[0,T]
u(,0) = f, w(-,0)=g inQ
Oyu(-,t) =0 on Xy,
dpu(-,t) = h(-,t) on X,

(1.3)
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satisfy the final condition
u(,T)=0=u(-,T) in Q. (1.4)
Theorem 1.3. Let Q and Q; be as defined above. Given (f,g) € H'(2) x L?(),

there exist T > 0 sufficiently large and a control function h(-,t) € L?(T'y, x [0,T7])
such that the solution u € Hi, (Qr) of the problem

Uy — Au=0 in Qr
u(0)=f, w(,00)=g in

Ayu(-,t) =0 on Xy, (15)
viug — Vu - v, = h(-,t)  on X,
satisfy the final condition
u(,T)=0=u(-,T) in Qr. (1.6)

Note that in both problems (|1.3)) and (1.5)) the controls acts only one part of
the boundary. In the problem (|1.3)) the control is of Neumann type and acts on 3

while in the control acts on the moving boundary part X7 and the control is
established via conormal derivative of the solution wu.

Russell [I7] developed a technique, based in [16], for studding an exact boundary
control problem for wave equation with control acting only on a part of boundary
of the domain. However, in [I7] it is considered domains only fixed boundaries
and with Dirichlet null condition on one part of the boundary. Here, it is used the
Russell’s technique but we go a step more by studying both exact boundary control
problem with moving and fixed boundaries with Neumann null condition on the
part of the boundary where the controls do not act.

In the literature there are also many works dealing with exact boundary control
problems on non-cylindrical domains, using as HUM method (see [9]) as Russell’s
method, to cite a few see [2, 3, 4, [10] [1T], 3], 14] and their references. When the
boundary mobility is bounded, as considered here, we observe an advantage using
the Russell’s method instead of HUM because the original system do not need to
be transformed into a system with variable coefficients as in [4, IT]. On the other
hand, the applicability of Russell’s method requires some properties of the system.
Some of them are: linearity, time reversibility, local energy decay, and suitable trace
theorems. With respect to local energy decay estimates for the problem considered
here we use a decay estimate present in [I8], which will presented in the next section.
With respect to traces, the theorems we will use are presented in [19].

As seen above, the Russell’s method requires many properties of the system
but it has the advantage of requiring very little on the geometry of the domain.
From this fact, we can consider the limiting function «, defined above, to be only
piecewise smooth.

The rest of this artile is organized as follows. In Section 2 we presents a brief
summary with respect to traces, extension and decay properties. Section 3 is ded-
icated to proof Theorem [I.2] In Section 4, we consider a special extension result.
In Section 5, we prove Theorem

2. PRELIMINARIES RESULTS

In this section we state some preliminaries results which are essential for applying
Russell’s controllability method. We make a brief presentation about the trace,
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extension and local energy decay results which are fundamental ingredients in the
Russell’s method. We considering 2 as the domain as defined in the introductory
function whose boundary is 92 = I'g UT'; where I'y is a smooth curve. Also we
consider the pair (©2,I'g) being a convex-complemented. So, we let Q* be the a
complementary convex domain associated with €.

Let us denote Q% = R? — Q*. Tt is clear that the pair (Q7,,T) is convex
complemented, because we have Q* a convex compact set in R? such that Q7 C
R? — O* and [y € 9Q* = 9% . So, from it is possible to define the space
HL(OL).

For technical reasons to apply Russell’s method under the following assumptions.
(A1) Let B = B(0, R), with R > 0, be a disc where Q U Q* C B. Assume that there
exist a bounded linear operator P : H1 () — H1 (%) such that for u € H!1(Q) the
extension u = Pu satisfy the following:

(1) 9,u =0 in 00Q*;

(2) w=win Q;

(3) w=0in R? - B;

(4) [|Pullr oz < Cllullyr (o), where C is a positive real constant independent
on u.

Under the above assumptions, we proof the following extension result.

Lemma 2.1. Let Q, Q* and QX be as above and consider the domain Qs = {z €
Qe —y| <0, fory € Q}, where 0 is a positive constant. Then there exists a
bounded linear operator Ey : HY () — HY(QZ,), such that for each f € H*(Q) we
have E\ flo = f with supp(E1f) C Qs and |E1fllyrs) < Cllflla ) for some
constant C' > 0.

Proof. Let ¢ € C§°(€2%,) be a function such that ¢ =1 in Q and ¢ in Q% — Q;.

By considering the operator P of Assumption (Al), let us define Eif = @Pf
for f € H1(Q). Note that E; : HY(Q) — HI(QZ,) is linear, E1flqg = f in Q
and supp(E1f) C Qs for all f € H'(2). Note now that E; = M, o P where
M, : HY(Q) — H(Q%) the multiplication operator defined by M, (¢) = ¢¢ is a
bounded linear operator. So, it follows that F is a bounded linear operator.  [J

Another important ingredient in the application of Russell’s controllability method
is the trace regularity of the conormal derivative on time-like surfaces of the so-
lutions of the initial boundary value problem to be studied. Next, we mention a
result on the regularity of the traces of the solution of the wave equation which it
is essential in the proof of Theorems [I.2] and [I.3]

Let us begin with some notation and definitions. Let P(&, D) be a linear second
order hyperbolic partial differential equation with C°° coefficients depending on
¢ in some open bounded domain Z C RY. Being ¥ C Z an oriented smooth
hypersurface which is time-like and non-characteristic with respect to P(¢, D). Let

n = (1, -+ ,nmn) be a normal unit to . If Zaij%;é is the principal part of
10§

P(&, D), then the expression %Z =Y a¥ g—gnj defines the conormal derivative of u
relative to the P(&, D) along ¥. An important fact is to know what the regularity
of the traces of the conormal derivative on surfaces, for this purpose we turn to
[19]. Considering E C RN, with N > 2, [19, Theorem 2] shows that if u € H} _(Z)

is such that P(¢, D)u € L}, (Z) then §% € L ().
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Particularly, if we consider P(£, D) as being the standard wave operator, its
principal part will be g—; — ZN o Now, if 7 is a smooth hypersurface in RY

i=1 92
we consider the surface v x R whose unit normal vector is v = (v, 1;), where
vy = (v1,-+- ,vn). In this case the conormal derivative of u along v x R is % =

viuy — Vu - v,. Particularly, if we apply the trace result mentioned in the previous
paragraph for the wave operator we obtain the following result.

Lemma 2.2. Let u € HL (Q5, x R) be the solution of the initial-boundary value
problem

Utt—AU:O mQZOXR
u('a O) = Uo, ut('a O) = Uy, mn on (21)
du(,t) =0, ondQi xR

with initial data (ug,uy) € HY Q%) x L2(Q,), where supp(ug), supp(u1) C QF, . Let
v be a smooth hypersurface in Q0 , with no self intersection and considers surface
v X R whose the unit normal vector is v = (v, ). Then the conormal derivative
of u along v X R has trace vyuy — Vu - v, € L2 (v x R).

Remark 2.3. If the surface 7 xR in Lemma[2.2)is cylindrical then the component v;
of the normal vector v = (v, 1) is null, that is v, = 0. So, in this case, the conormal
derivative coincides with normal derivative, that is, v;u; — Vu - v, = —Vu - v,.

2.1. Local energy decay. Local energy decay plays a fundamental role in the
proof of the control problems proposed in this article. Particularly, we are interested
in local energy decay estimates for the wave equation in exterior domains. With
respect to this topic there are many paper available in the literature, to cite a few
see [0l [0 [7, 12| 18] 20, 21] and references there in. In this paper, we are interested
in a local decay estimate presented in [I§]. To have such result let us consider the
initial initial-boundary value problem

uy —Au=0 in Q xR
u(+,0) =wug, wt(-,0) =ug, in Q% (2.2)
dyu(-,t) =0, on I xR

Let O C Qf be a bounded domain. The energy of the solution u of the (2.2)
confined in O is

B(t.0.0) = 5 [ [Vul + [l + uf) . ). (23

If there exist a positive constant C' (independent on initial data) and a function
p(t) such that

E(t,0,u) < Cp(t)E(0,0,u), (2.4)

with p(t) — 0, as ¢ — +o00, we say the energy of decays locally. In [7, [12] the
authors obtain local energy decay estimates for a exterior problem like but
with null Dirichlet condition on 9}, . In this article we are interested in a local
energy decay estimate but considering a null Neumann boundary condition 0$2%,.
So, we turn to a result presented in [I8, Lemma 2.1] where with a little adaptation
express the following local energy decay estimate.
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Lemma 2.4. Let (ug,u1) € H(Q%) x L2(Q%,) with supp(ug),supp(ui) C O C
QF_, then there exist a positive real constant K, independent of uy and w1, such
that the solution u of (2.2)) satisfies

[u- )30y + lue (81720
< K(1+6)2{[lu(-, 0) 30y + lue (-, 0) 1720y }
for t > 0 sufficiently large.

(2.5)

The time reversibility of the wave operator has a central role to play in using
Russell’s controllability method. So, it is also necessary to know the local energy
decay estimates for the system in reverse time. The next result shows a
estimate for the local energy in reverse time.

Lemma 2.5. Let T a positive real number and (ug,u1) € HY(Q2,) x L2(QF,) with
supp(ug),supp(u1) C O C Qf, . The solution u of the initial boundary value problem

ug —Au=0 in Q5 xR
u(-,T) =ug, we(-,T)=wu1, inQ5 (2.6)
du(,t) =0, ondQi xR
satisfies the estimate
I+ 0) o) + e O30
< K1+ 1) {{luC-, D3 o) + e D122 (0) )

where K is a positive real constant independent on of the initial data (ug,u1).

(2.7)

Proof. Let v be the solution of the problem
(v — Av)(,7) =0 in Q5 xR
'U(‘,O) = Ug, /UT('} 0) = —U, in QZO (28)
Ov(,7) =0, ondQ: xR
by applying estimate (2.5)) to v we obtain
[v( )30y + o7 (5 T)lI72(0) £ K@ +7)72{{lo(, 0) 500y + o7 (- 01220y}
for 7 > 0 sufficiently great. Making 7 = T — ¢ in latest inequality and observing
that u(-,t) = v(-,T —t) is solution of (2.6 satisfying the estimate (2.7). O
3. PROOF OF THEOREM

Let ©,Q* Q% and s be domains as defined in the previous section. Given
an arbitrary (wo,w1) € H(Q) x L*(Q), according Lemma [2.1] and classical exten-
sion results in L? we can obtain bounded linear extension operator E : H!(2) x
L2(Q) — HY(Q5) x L2(02%,) such that the extension (wg,w) of (wg,w:), that is
(Wy, w1) = E(wo,w1), satisfy supp(wy), supp(w;) C Q5. Let w the solution of the
initial boundary value problem

wy —Aw=0 in QxR
w(-,0) = wo, w(-,0) =wy, in Q5 (3.1)
dyw(-,t) =0, in I xR.
Now, for T' > 0 we define the bounded linear operator
St s H(Qs) x L2(Q5) — HY () x L2 (Q%)
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such that Sr(w(-,0),w¢(-,0)) = (w(-,T),w(-,T)), where w is the solution of (3.1]).
From the decay estimate (2.5), with O = Qj, applied to w we obtain the estimate
1w, T)swe (s T3 e yxz2 (s < KA+ T) 72 [[(@0, @)1 (@) x22025) 0 (3:2)
for T' > 0 sufficiently large and K is a constant independent of the data (wg,w1).
In terms of the operator St, inequality (3.2)) becomes
157 (@o, 1) 1341 (0 ) £2 (002, )
< K(1+T)72|[(@o, W) 31 (c0g) x L2 (025
for T > 0 sufficiently large and K is a constant independent on data (wp, wy).
Now we consider the cut off function ¢ € C§°(Q%,) such that ¢ = 1 in Qs/,, and

¢ = 0 outside of Q5. Then, for each T' > 0, we solve the backward initial boundary
value problem

(3.3)

Ztt—AZZO an;o x R
Z(vT) = ¢’LU(~,T), Zt('aT) = ¢wt('7T)ﬂ in Q?;o (34)
Oyz(-,t) =0, in 005 xR,
where the function w is the solution of problem (13.1)). We define the linear op-
erator St 1 HE(Qs) x L2(Qs) — HY QL) x L2(Q%) by St(2(-,T),2(-,T)) =
(2(+,0), z:(-,0)). Applying again the decay estimate (2.7)), with O = Qs, for function
z, we obtain
1(2(:50), 26 (- O) 131 (025 x 22 (025
SKA+T)2)1(2(,T)s 2605 T30 5y x 12 (05)
for T' > 0 sufficiently large and K is a constant independent on data (2o, 21).
In terms of the operator St the inequality (3.5) becomes

1S7(2(s T), 26 (- T)) 30 (95) x 12 (529)
<SKA+T)2)1(2(,T)s 26 T35y x 12 (25

for T > 0 sufficiently large and K is a constant independent on data (2o, 21).
We define v(-,t) = w(-,t) — z(-,t) and note that v satisfies

Ett*AfﬁZO IHQ:OXR
v(+,0) = w(-,0) — 2(-,0), v:(-,0) = we(-,0) — 2z(-,0) 1in QF (3.7)
8,5(,1) =0, indQ xR

(3.5)

(3.6)

and
o, T) =w(,T) = ¢ow(-,T) = (1 = p)w(-,T) =0 inQ,
0 (- T) =w (-, T) — puw (-, T) = (1 — p)wy(-,T) =0 in Q,

since ¢ = 1 in Q.

Note that the function v solves the initial boundary value problem and has
the desirable final state (v(-,T),7:(-,T)) = (0,0) in . Now an important step it
is to know if we can obtain T' > 0 such that (v(-,0),0:(-,0)) extend the initial data
(f,g) of the problem . That is, we wish establish solution for the equations

UJ(',O)—Z(',O):JC, wt('ao)_zt('70):g in .
This latest two equations can be rewriten as
(wo,wl) - R(Z(,O),Zt(,(])) = (fa g) in Qa (38)
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where R denotes the restriction to 2. So, we want to solve (3.8]) for unknown
(wo,w1) € HY(Q) x L2(Q2). For this purpose we rewrite equation (3.8)) in terms of

the operators St and St. Note that
(2(+,0), z(+,0)) = Sz(2(-, T), ¢2:(-, T))
= Sr(¢w(,T), ¢w(-, T))
= St My(w(-, T),w(-,T))
= St MySr(w(-,0),w(-,0))
= [STM,S7E](wo, w),
where My is the operator multiplication by ¢. Thus, becomes

(’wo, wl) — RETngSTE(’LUQ, ’U)l) = (f, g) in Q. (39)
Denoting RS+ MyStE by Kr, equation (3.9) can be rewritten as
(I_KT) (w()awl) = (f7g) in Q7 (310)

where [ is the identity operator in H'(Q) x L2(€).

Now, for solving equation it is sufficient to show that Krp is a contraction
in HY(Q) x L*(Q). It is in this point where the energy decay takes place, by
considering inequalities and note that

K7 (wo, w) |3 0y r2() < 157 MpSrE(wo, w)) |3 (05 < 22(605)
< K(1+T) 7| My STE(wo, wi) |31 () x 12 (95)
<C(1+ T)_2||STE(U’0»wl)Hg{l(Qé)xm(szé)
<CK(1+ T)74”E(w0awl)”?—[l(ﬂtg)xLZ(Q(;)

—4 2
< CA+T1) " |[(wo, wi) 152 (0)x L2 (0)
¢ 2
< m”(woawl)nw(mxm(ﬂ)a
where C in the above inequalities represents a positive real constant which may
vary from line to line. So, from the above inequalities we obtain

Ve

| K (wo, w1) |41 () x 22(0) < m”('wmw1)||7-11(9)><L2(Q)7 (3.11)

for T' > 0 sufficiently large, being C' a positive constant independent of the initial
data. Now, choosing a T' > 0 such that % < ¢ < 1 and for such T, K is a

contraction. After, for such T, we take the solution (wq,w,) for and take it
to the begin of the proof in order to obtain the function w, z and v = w — z, where v
solves and has the desirable final condition (v(-,T),v(-,T)) = (0,0). Besides,
v(-,0) and ¢(-,0) extends f and g, respectively, from Q to QX . To complete
the proof note that oy — AV € L2 (% x R), so, applying the trace regularity
result of Lemma [2.2] we have that the trace of conormal derivative of ¥ on surface
00 x [0, T] is well defined and it is locally square integrable. That is, vyvy — VU v, €
L2(0Q x [0,T7]). As the surface 9Q x [0, 7] is cylindrical follows that the component
vy of the normal vector (v,,v¢) is null. So, the conormal derivative coincides to
normal derivative 9,0 on dQ x [0,T7]. To finish the proof, we defines u := Vjqx 0,77
the restriction of ¥ to domain Q x [0,7] and h := 9,v on 9 x [0,T] and observing
that the function u and h meet the conditions of Theorem [[.2]
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4. A SPECIAL EXTENSION THEOREM

Let us consider the domains €2, 7, and ) as defined in the previous sections. In
this section, we prove an important result which is of the fundamental importance
in the proof of Theorem Such result is stated in lemma below.

Lemma 4.1. Let T be a positive real number. Each (vo,v1) € H(2) x L*(Q) can
be extended to (Do, v1) € H(U) x L2(Q,) such that the solution v € H (Q% xR)

of the problem
Utt—A’UZO ZHQZOXR

v(,T) =09, w(-,T)=v1 in Q% (4.1)
Ov=0 on o xR,
satisfies the condition B
v(+,0) =0=1(-,0) in Q. (4.2)
Proof. Let ¢ be a positive real number, and Qs ={yeQ :3JxeQ|z—y| <d}be
an open neighborhood of Q. Given an arbitrary (wo,w1) € H(Q) x L?(2), according
Lemma [2.1] and classical extension results in L? we can obtain bounded linear
extension operator E : H'(Q) x L*(Q) — H' (Q%,) x L* (%) such that the extension
(wp, w1 ) of (wo,wy), that is (wg, w1) = E(wo, w1), satisfy supp(wp), supp(w) C Qs.
Let w € Hioc (2%, x R) the solution of the initial boundary value problem
wy —Aw=0 in Q. xR
w(-,T) =Wy, w(-,T)=w; in QF (4.3)
O,w=0 ondQ xR,
Now, for T' > 0 we define the bounded linear operator
St HY Q) x LA(Q5) — HY () x LA (%)
such that Sz (w(-, T),w,(-,T)) = (w(-, 0), w(+,0)), where w is the solution of [3).
From the decay estimate , with O = Qs, applied to w we obtain the estimate
1S (w(, T)ywe (- T3 sy x 22005 )
< K1+ 1) 72w, T)we (s T)lIFor ) x 2202
for T' > 0 sufficiently large and K is a constant independent on data (@O,N{El).
Now we consider the cut off function ¢ € C§°(£2%) such that ¢ =1 in 5,5, and

¢ = 0 out side of Qs. Let z € Hioc (2%, x R) the solution of the initial boundary
value problem

(4.4)

Ztt—AZZO an;o x R
Z(',O) = ¢w(-, 0)7 Zt('v O) = ¢wt('70) in Q;O (45)
0,z=0 on N xR,
We define the linear operator
St HNQE) x L) — HY Q%) x L2 (Q%)
by St(z(+,0), z:(-,0)) = (2(-,T), z:(-,T)). Applying again the decay estimate (2.5)),
with O = Qg, we obtain
”ST(Z(v 0); Zt('7 0))||’2Hl(§5)><[/2(§6

" (4.6)
< K1+ 7T)72||(2(-,0), z(-, 0))]

2
H(Q6) X L2(0Q5)
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for T > 0 sufficiently large and K is a constant independent on data (z(-,0), z(+, 0)).
We define v(-,t) = w(-,t) — 2(, ) and see that U € Hjoe (2%, x R) satisfies

Uy —AT=0 in Qi xR
o(T) =w(-,T) = 2(-,T), in Q%
(5 T) = wi(T) — 2(,T) in QF

0, =0 on 900 xR,

(4.7)

and
(-,0) = w(-,0) = gw(-,0) = (1 — gJw(-,0) =0 in
(-, 0) = wy(-,0) — pwy(,0) = (1 — p)wy(-,0) =0 in €,
since ¢ =1 in Q.

Note that the function v solves the homogeneous wave equation (4.7) and has
the desirable final state (v(-,0),7:(-,0)) = (0,0) in Q. Now, an important step it
is to know if we may obtain T > 0 such that (v(-,T"),v:(-,T)) be a extension of
the initial data (vg,v1) from H(Q) x L3(2) to H(QZ,) x L2(2%,). That is, we wish
establish solution for the equations

w(-,T)—z(-,T) =vo, we(-,T)—2(-,T)=v1 in Q.
The two latest equations can be rewriting as
E(wg,wy) — (2(-,T7), 2:(-,T)) = (vo,v1) in Q. (4.8)
We want to solve ([4.8) for the unknown (wg,w;) € H(Q) x L?(2). For this purpose
we rewrite equation (4.8)) in terms of the operators Sy and S7. Note that
(2(,T), 2e(-,T)) = Sr(z(:,0), (-, 0))
= ST(¢w(7 O)a d)wt('v O))
= STMd)(w(" 0)7 wt('v 0))
= STM¢§T(U)('7 T)a wt('7 T))
= [STMySTE](wo, w1),
where M), is the operator multiplication by ¢. Thus, (4.8) becomes
(’LU(),U)1) — RSTM¢§TE(1U0,’U}1) = (’UQ,’Ul) in Q, (49)

where R denotes the restriction to 2.
As in the latest section, by denoting RSt M,StE by Kr, equation can be
rewritten as
(I — K1) (wo,w1) = (vg,v1) in Q, (4.10)
where I is the identity operator in H(£2) x L?(£2). Equation has (wog,w1) as
its unknown. Note that K is a compact linear operator.
Proceeding analogously to the previous section and by considering inequalities

(4.4) and (4.6) we obtain

— VC
| K7 (wo, w1)|l 1 (@) x £2(0) < m“(w%wl)”?—tl(ﬂ)xﬂ(ﬂﬁ (4.11)

for T' > 0 sufficiently large, where C is a positive independent on initial data. So,
choosing a T" > 0 such that % < ¢ < 1 and for such T, K1 is a contraction.

Thus, we take the solution (wq, w1 ) for (4.10)) and take it to the begin of the proof in
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order to obtain w, z and ¥ = w — z, where 7 solves and has the desirable final
condition (v(-,0),9(-,0)) = (0,0). Besides, (0(-,T), (-, T)) € H(Q%) x L2(Q%)
is extension of (vg,v1) € HY(Q) x L*(Q). By the end taken ¥ := v, we can see that
v satisfy and the condition finalizing the proof of the Lemma O

5. PROOF OF THEOREM

Let Q, Q*, Q* and Q as defined in the initial section. See that the € is a
domain with fixed boundary 992 = I' Uy where the pair (£2,Tg) has the convex-
complemented property with respect the convex domain Q*. Taking (f,g) €
H () x L?(Q), let us consider the extensions (f,g) € H1(Q%,) x L2(Q%,) of (f,9),
where supp(f),supp(g) C Q. Let u € H (2 x R) be the solution of the initial-
boundary value problem

ﬂtt—Aﬂ:O IHQ;OXR
O,u=0 on Y xR,

Now, for a T' > 0 sufficiently large, we take the state (u(-, T), u:(-, T)) € H(Q) x

Lz(ﬁ) and according to Lemma changing Q by Q the state (u(-,T"),u(-,T))
can be extended to H!(Qz,) x L*(Q7,) such that the solution v € Hi (%, x R) of
the initial boundary value problem with extended data (u(-,T), u:(-,T)),

v —Av=0 in Q5 xR
v(T)=a(,T), v(,T)=u(-,T) in Q% (5.2)
O,v =0 on 9N xR,
satisfies, at the instant ¢ = 0, the condition
v(+,0) =0 = vy(-,0) in €. (5.3)
Now, by considering u and v the solutioris of and respectively. Defining
the function @ = u — v see that a(-,0) = f, @:(-,0) =g and
a(-,T)=0=u(,T) in Q.
Furthermore, the function u satisfy the initial-boundary value problem
uy —Au=0 in Q xR
a(0)=f, @(,0)=g inQL (5.4)
O,u=0 on o xR,
and the final condition
a(-,T)=0=1u:(-,T) in QL. (5.5)

Note that @, — Au € L2 (5, x R), so, applying the trace regularity result of
Lemma[2:2) we have that the trace of conormal derivative of % on surface Y7 x R is
well defined and it is locally square integrable. That is, u;v; — Vii - v, € L?(Xp x

[0,T7]). So, we define u := 1q,,, the restriction of @ to domain Q7 = Q7 x [0, 7]
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and h := 4y — V- v, on X x [0,T] and observing that the function u and satisfy
the initial boundary value problem

Uy —Au=0 in Qr
u(+,0) = f, w(,0) =g in Q

dyu=0 onTyx][0,T) (5:6)
viug — Vu - v, = h(-,t) on Xp
with the final condition
u(+,T)=0=w(,T) in Qp, (5.7)

finalizing the proof of the Theorem

Remark 5.1. Theorems and establish only the existence of the control
time 7. But they do not provide a lower bound from which the control time can
be taken. A manner for obtaining lower estimates for the control time, using the
Russell’s controllability method, is to follow the ideas of analytic extension given
in [8, 14, 15]. In those papers it is shown the family of linear compact operators
{K1}7>diam(0) and {I_(T}szmm) extent analytically, to a sector of complex plane
3, to a family of compact linear operators {K¢}ces, and {K¢}ces. In both papers
the analyticity was obtained by handing the explicit formulas of the solution of
the Cauchy problem in complete R™ x R. But here we have a difficulty applying
such technique because we do not have the explicit formulas for the solution to the
initial-boundary value problem for the wave equation in an exterior domain. So,
for this case, such analyticity must would be obtained by another manner.
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