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PERSISTENCE PROPERTIES OF SOLUTIONS FOR
MULTI-COMPONENT NOVIKOV EQUATIONS

XIN LIU, XINGLONG WU

ABSTRACT. In this article, we investigate the asymptotic behavior of the so-
lution for a multi-component Novikov equation in weighted Sobolev spaces.
We introduce a set of weighted functions, and prove that the strong solution
will retain the corresponding decay properties when the initial data Ug(x) and
its derivative U, (z) decay logarithmically, algebraically, and exponentially
at infinity.

1. INTRODUCTION

In this article, we consider the initial value problem (IVP) for a multi-component
Novikov equation

N
Ormy, = E (—2mpv;Optt; — M0V — UV 0p g, — MU0k + Upm;04v;),
i=1
N (1.1)
Oy, = g (—2n,u;0pv; — NEV;0pu; — ViU Opng — M Oy Vg + VN Opy),
i=1

(ur(t; ), vx(t, @) i=0 = (ur,0(x), vk 0(2)),

where my, = uy, — %uy, ng = v — vy, t >0, x € R, k =1,2,..., N. Equation
was proposed by Li et al. [J] to derive its bi-Hamiltonian structure. Mi and
Guo proved the local well-posedness of the system in a range of the Besov spaces
using the Littlewood-Paley theory and transport equations [I5]. Li and Wu et al.
[T1] deduced blow-up criteria for and global existence of two-component case
in H*(R), s > 1/2. Moreover, they verified that the system possesses peakons and
periodic peakons.
For N = 1, equation turns into the Geng-Xue (GX) equation

oym + 3vmd,u + uwwd,m =0, t>0, x €R,
on 4 3und,v + uwvdy,n =0, t>0, z €R,
m=u—0*un=v—0%, t>0,rcR,
u(0,z) = uo(z),v(0,z) = vo(x), =z €R,
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which is a two-component CH-type equation constructed by Geng and Xue. They
also showed that admits multi-peakons and infinitely many conserved quan-
tities [B]. In 2013, Li and Liu obtained a bi-Hamiltonian structure of this equation
[10]. Luo and Yin [14] established local well-posedness of the system in Besov spaces
Bi;l x B}, withl,r € [1,00], s > max{1+1, 2} by the Littlewood-Paley decomposi-
tion. Moreover, they introduced blow-up criteria for the system based on conserva-
tion laws. In 2018, Zhou and Li [25] investigated the persistence properties of strong
solutions for two-component Novikov equation in weighted LZ = LP(R, ¢P(z) dx)
spaces for a large class of moderate weights.
If we take u = v, then becomes the Novikov equation

Oym + u?0ym + 3umdy,u =0, t>0, zeR,
m=(1-0)u, t>0,zcR, (1.3)
u(0,2) = up(z), z€R.

This equation was discovered by Novikov [I7]. Hone and Wang [7] showed that
has a bi-Hamiltonian structure and infinitely many conserved quantities. Also, it
admits peakon solutions and conserves the H'-norm as well as CH equation. The
Cauchy problem of has attracted a great deal of attention in [6] [16] 20, 211, 22].
Specifically, Ni and Zhou [16] showed is locally well-posed in the Besov spaces

Bg’/f(]R). Furthermore, they verified two results on the persistence properties of the
strong solution. Wu and Yin [2I] proved possesses a global strong solution
on the initial value uy € H*(R) for s > 3/2. They also proved the existence
and uniqueness of global weak solutions to with the initial data satisfying
certain sign conditions [20]. Furthermore, they established the local well-posedness
of in Besov space B, .(R), p,r € [1,00], 5 > max{%7 1+ %} and proved the

equation is ill-posed in B;/OZO(R) [22]. The global existence and blow-up for the

weakly dissipative Novikov equation were considered in [24].
When N = 1,v = 1, equation transforms into the Degasperis-Procesi (DP)
equation
my +umg +3u,m=0, t>0, zeR,
M=U— Uy, ¢>0, R, (1.4)
u(0,x) =up(z), =z€R,
where m; = Oym(t,x), my = dym(t,x), u, = dyu(t,z). Equation was pre-
sented by Degasperis et al. [2] through the construction of a Lax pair and considered
as a model for nonlinear shallow water dynamics [3, [I3]. Constantin and Ivanov
[1] proved that has a bi-Hamiltonian structure and an infinite many of con-
servation laws. Moreover, the authors presented the traveling wave solutions and
classified all weak traveling wave solutions for the DP equation in [8| [18].
However, the persistence properties of solutions to have not been studied
yet. Inspired by the recent works [4] 19 23], we study some new decay properties
of solutions to (1.1) with a set of weighted functions, which comes form [23]. The
focus of Theore is to estimate a class of norms like ||[TF(u;, wiz)(s)| e
and || IFy(us, wig)(8)||Lr, essentially to investigate Lemma The decay of the
solution in this article covers and extents the results in [25].
The rest of this article is structured as follows. In Section 2, we recall the
local well-posedness result and introduce several lemmas which are needed for later
proofs. In Section 3, we establish persistence properties of strong solutions to (|1.1]
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provided the initial data Uy and 9,Uy decay logarithmically, algebraically, and
exponentially at infinity.

Notation. As all function spaces considered are over R, for convenience, we sim-
plify our notation by omitting R when there is no ambiguity. we denote by * spatial
convolution on R and use AT stands for transpose of vector A. The notation =
stands for the definition of functions. For 1 < p < oo, we denote the norm of the
Banach space LP(R) by || -||z» and the norm in the classical Sobolev spaces H*P(R)
by || - llz=»,s € R. In addition, for constant K > 0, we denote

f(z) ~O(g(z)) as|z] = oo, ifwli_{go |£g))| < K.

2. PRELIMINARIES

In this section, we first recall the following local well-posedness result from [12],
and present three key weighted functions, which will be used in Section 3.

Lemma 2.1 ([12]). Let p; € (1,00) and s > max{2,2+ p%} Assume that

Uo = (u1,0,--.,UN0,V1,0,---,0N0) | € (H*P)?N,
there ezists a time T > 0 and a unique solution U of (1.1 such that
U= (ui,...,un,v1,...,o5) € (L>®([0,T); H*P*) N Lip([0, T); H*~1P1))2N,

Then the data-to-solution map of the initial value problem (1.1)),

. _ T _ T
(O3 Uo = (U1,07~-~;UN,07U1,0,-~-aUN,O) — U = (ul,...,’LLN,Ul,...,UN) s

is continuous from (HP1)*N into (L>°([0,T]; H*P*)NLip([0, T]; H*~1P1))2N  where

¢ > 0 is a constant depending on s,p;.

Lemma 2.2 ([23]). We define the weighted function

I(e) = {<1n<e2 + |27, 2] € [0, K],
(In(e? + K))*, |z] € (K, 00),
where a € [0,00) and K € RY. Let J(z) = (In(e? +|z|))®, then we have J(x+y) <

J(x)J(y). Furthermore, if there exists Co > 0 such that I(x +y) < CoJ(x)I(y),
then we say that the function I(x) is J(x)-moderate.

Lemma 2.3 ([23]). For 6 € [0,00) and K € R, we define the algebraic weighted
function

[l el e 0.K,
)= {( K)ol € (K,o0).
)<
)

Let P(z) = (14|x|)?, then P(z+y

), P(z)P(y). Additionally, if there exists Cy > 0
such that Q(x +y) < CoP(x)Q(y

, then the function Q(x) is P(x)-moderate.

Lemma 2.4 ([23]). Define the weighted function 1(z) = min {e/®l, K}, where
r € Rand K € RT. Let ¢(x) = el®l. Then we have ¢p(x +y) < ¢p(x)d(y). If
there exists Cy > 0 such that ¥(x + y) < Cod(x)(y), then the function (x) is
o(x)-moderate. Moreover, /?(z) is ¢/?(x)-moderate.
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3. LOGARITHMIC, ALGEBRAICAL, AND EXPONENTIAL DECAY OF SOLUTIONS

In this section, using ideas from [23], we prove that the solution of keep
corresponding decay properties, provided the initial data decays logarithmically,
algebraically, and exponentially at infinity.

For the sake of brevity, we let m; = u; — 02u;, n; = v; — 02v;. Then can
be rephrased as follows

N
O + Zumujvj + F(uj,uiz) =0, t>0, x €R,
j=1
N (3.1)
Opv; + vaujvj + H(vj,v) =0, t>0, z€R,
j=1
ui(0,z) = u;0(x),v;(0,2) = v 0(x), z€R,

where the nonlocal terms are

M=

F(’U,i, ’U,m) = A_an

(Uit vz + UiztijVje)

<.
Il
—

Jr
g

[ V)
M=

(UiztVj + 2UiUjgVf — UilhjzVj oa),

H(’Ui, 'Uim) = Aizam (’UZ"U,J‘I’U]':E + vmujxvj)

<
I
—

(’UmUj’Uj + 2’0inij — viuj,mvjx).

<
Il
—

+
gl

Note that (1 —92)71f = G f for all f € LP, where G(z) = JeI*!, z € R. Then
we can rewrite (3.1)) as

N
Ot + > wigujv; + Gy x (fr + f2) + G (fs+ fa+ f5) = 0,

=1
N (3.2)
Oyv; + vaujvj + Gy * (hl =+ hg) + G * (hg + hg + h5) =0,
j=1
u; (0, ) = u;0(x), v;(0,2) = v 0(x),
where
N N N
fi= Zuiujwvjx, fo= Zumujvjm fz= Zumujvj,

=1 j=1 =1 (3.3)

N N
f4 =2 E UiUjz Vg, f5 = - § Ui Uiz Vs oy
Jj=1

Jj=1
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N N N
hy = E ViljzVjg, ho = E VigUjgVj, hg = E VigUjUy,
i=1 =1 =1
N N
h4 =2 E ViUjVjg, h5 = — E ViUhjxxVjx-
Jj=1 j=1

First, we establish the logarithmic decay of the strong solution to (3.2), but
before proving the result, we need to show a useful lemma.

Lemma 3.1. Let I(z) and J(x) be the weighted functions defined in Lemma 2.2,
and fi, g be given by (3.3) and (3.4). If I(x) is J(x)-moderate, then for p > 1,
f,g9 € L?, we have

(3.4)

IL(f * e < TSl Hgllze,
where f =G, Gy, G(z) = %e"“, and g = fr,hy, k=1,2,...,5.

Proof. f f = Gand g = f; = Zévzl UiUjgVjz, DY I(z +y) < J(x)I(y) and the
Young inequality to yield

(G = fo)llze = |l / I(z)G(z —y) f1(y)dyllLe

< / (e — ) I()G(x — ) ()| dy] oo
— (G % (L)l
< TGN s I full o,

which leads to || I(G* f1)||ze < ||JG|p2||If1]lze- Similarly, one can easily check the
following inequalities

I1(G * fe)llLe < Gl al L flle, k=1,2,....4,
I(Ga * fi)lor < NJGallLr [ frllze, k=1,2,...,5,
(G hi)l[e < (I TGl Lo [HPklle, K =1,2,...,5,
IH(Ge  hi)llr < (| JGollr [T hklle,  k=1,2,....5.
This completes the proof. O
We shall estimate ||IF(ui, wiz)(S)||ze, || LFp(wi,wiz)($)||ze, ||[1H (wi, wiz)($)| Le,

and || THy(ui, tig)(8)||Lr in the following lemma, and will be referenced multiple
times.

Lemma 3.2. For p > 1, the following estimates hold:
ILF (i, wig)(s)|| e + (|1 Fe (i, wia) (5) [ v < c([[uil[|Le + [[uic]]|r), (3.5)
[ 1H (vi, via)(5)l| » + 1 Ha (vi, via ) (8)l|r < c(|villlze + |[via | zr), (3.6)
where ¢ > 0 is a constant depending on a, N,M, fori=1,2,... N.

Proof. We will only give a proof of (3.5)), the other can be proved similarly. For
convenience, let

M = sup {|U(t,)|mer }-
te[0,T)

The Sobolev embedding theorem leads to

lwi@ Lo uie(@)lLoes [uiza(®)llzee, [[0i@)]ze, [|via®)llze, [[viaa(®)]re < M.
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Lemma [3.3] yields that
[ 1F (ui, wiz)(s)|| v
S (Ge* (fr+ f2) le + 11(G * (fs + fa+ f5))ll e
<N (Ge * fi)lloe + H(Ge * f2)llLe + [ 1(G * (fs + fa+ f5))llze
<NJIGe o (M fallee + (1 f2lle) + 1 TGl o (1 f3l e + I fallr + (1T f5]l e )-

For the first term of (3.7)), in view of the definition of f; in (3.3) and Hoélder’s
inequality to arrive at

(3.7)

N
TGl fillzr = Y1 Gallr uiujovel | o

j=1
N
<> Gl llujovjoll o uil [ o

j=1
<2712+ 1/e2)NM?||uiI || 1o
Using the same method, it follows that
ITF (s, wio)(s)lle < 22712+ 1/e)NM([Juil || zo + lluic ]| Lr)
< clluill|ze + [JwiaI| e ).
Since Gup x f=Gx f — f, G(z) = %e"x', z € R, one obtains
Fy(uistiz) = Gog * (f1 + f2) + Go * (fs + fa+ f5)

=Gx(fit+ fo) = (i+ f2) + Gox(fs+ fat [5).

Therefore, one can easily check that

I E (wis wiz)(s)]| Lo

SAG * (v + f2)) e + T(f1 + f)lle + 1T (Ge + (fs + fa+ f5)) [|r
N

< c(uilllze + lluiad o) + D 1T (Uitja050 + iztijve)| Lo
J=1
< c(luidllpe + [luiz || ze),

where the constant ¢ depends on «, N, M, and the second inequality comes from
TGt | TGl < 29712+ 1/€?).
The proof is complete. ([

Theorem 3.3. Assume the initial data Uy = (ug,vg)' € (HSP)*N s > 2 4

p%, p1 € (1,00), and T > 0. Then there exists a unique solution U(t,z) €

[C([0,T]; H*P*(R))]?N to (3-2) with the initial data Uy. For p > 1, if the initial
data satisfies for some C > 0,

10o(2) ()] e + [|U0,a(2)I(2)]r < C,
then the solution satisfies

1O e + Ua(t, ) | < C,
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uniformly in the interval [0,T], where for a € [0,00) and K € RT, the weighted
function I(x) is given by

I(e) = {<1n<e2 e, ] € [0, K],
(In(e? + K))*, |z| € (K, o00).
In particular, if the initial data Uy and Uy 5 decay logarithmically as
Uo(@)| ~ O ((In(e® + |z])™), as |z] = o0,
|Un,e(@)] ~ O ((In(e® + [2]))™),  as |z] = oo,
then the solution of decays logarithmically as
|U(t,z)| ~ O ((111(62 + \m|))7a) , as x| — oo,
|U(t,z)| ~ O ((ln(e2 +|z))7), as |z] = oo,
uniformly in the interval [0,T).
Proof. Multiplying the first equation in by I, we obtain
N

j=1

Then by this equality and |u;I|P~2(u;I) with p > 1, and integrating the result on
R with respect to x-variable, it follows that

N
1 d/ L,
—— | |uI|Pdx = — /uin‘U‘IUin (u;I)dx
par J e = =3 [[vutiur

- / P, wi) s P2 (i) dz,
R

(3.9)

Note that

1d 1d . d
o TP = T, = T g T

In view of w;oI = (uil), — u;il, and 0 < I, < BI, where 8 = 5% > 0, we have
’ / umujvjﬂuiﬂp_z(uil)dﬂ
R

< / s [(usD)o — us L fus P2 (uiT)der
R

S/ujvj(uil)z|uil|p72(uil)dx+/ujvjuilx|uil|p72(uil)dm
R R

1
< ];/ujvj(|uil\p)xdx+ﬂ/ujvjuil|uil|p72(uil)dx
R R

1
<= [ wopalutPde + Bl =TI,
R
< 2+ B)M* w7,
where M is a constant defined as Lemma[3.2] Using Holder’s inequality, one obtains

/ IF(uZ,um)\ull|p_2(uzl)dx S ||IF(’U/Z,Uw)HLpHUZIHZZ;I
R
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Combining (3.8) with the above relations to yield

d
Sl < @+ BNM il | o + |1 (ui, wir) | o (3.10)

Differentiating the first equation in (3.1) with respect to x, and multiplying it by
I, one has that

N
(Uixl)t + Z(ujvjui,m + Uip UV + u,-xujvjx)l + IFQC(UIL', uix) =0. (311)

j=1
Multiplying (3.11)) by |uizI|P~2(u;, ) and integrating the result on R with respect

to x, one obtains
p—1 d

||uiiCI||Lp I

[wia || e

N
= Z/(Umuﬂjm + i 05 i 1P~ (uig 1) dae
j=1"R

N
—Z/ujvjui7ml|uizl|p_2(uml) dm—/IFI(ui,um)|uml|p_2(uizl) dx
) R

=FE1 + Ey + E5.
(3.12)
Applying Holder’s inequality, it follows that
N
By < (llujvjellze + lujzvjlioee) luia |5, < NM? |ui |7,
j=1
From w; g0l = (Uizl)z — Uizl and 0 < I, < BI, where 3 = 555 > 0, we have
N
|Eo| = | — Z/ w0 [(in D) o — Wig L) |win I[P~ 2 (uip 1) da|
j=1"R
1 N
< FZ/ ujvj(|uml|p)$dx+2/ Ui Ly Wi TP~ 2 (wip I ) dv|
p i—1/R i—1 YR
J J
1 N
<03 [ el dPda + 8 oo uss T,
P = JR )
J J
< (2+ BNM?||uip |7,
FE5 is treated similarly to obtain
/ IFT(UM U17)|U1TI|LD72(U1T[) dx S ||[FT(U77 U'I’I') HLP Humv[”igl
R
Consequently, plugging the above inequalities into (3.12]), we obtain
d
gl < (3+ BYNM?||wigI || e + [T Fy(ui, wia)|| Lo- (3.13)
Taking into account (3.10) and (3.13]) we have
d
— (il Lo wedllrr) < (3 NM? (||u;I|| e il Lr
= e + JusaTle) < 3 BINM? (il + fuzeTl10) 610

+ [TF (us, wiz) | oo + [T Fz (i, wiz) || v,
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which along with Gronwall’s inequality leads to
luilll e + ui || o

< eBTONME (|l 1| 1o + |[wio o 1| L) (3.15)

-
+ e(B+ANM f/ (1 F (i wia) () o + 1T (i, i) (3)] |10 ) ds.
0
Analogously, one can easily deduce that
lvilllze + l[via || Lr

2
< eGFONME (10T 2o + |vio 21| Lo (3.16)

t
4 eGNN [T w00 (9 + 1TH 01,0 (9] )
0

Let U = (u,v) ", where u = (uy,us,...,uy)",v = (vi,v2,...,vy) " and we define
IU@lLe = lu@)le + lo(E)] Lo
Combining (3.15) with (3.16)) and applying Lemma one has
|UT|[o + [UaT|| o < eCFONM(UT|| o + | Up o1 |0

t
+e(3+5>NM2f/ (|UI || o + |UeI|| 1 )ds.
0
Assuming Z(t) = |U(¢,)I||re + |Ux(t, )I||Le, we deduce that
t
2(1) < OOV (2(0) 4 ¢ / 2()ds). (3.17)
0

Using Gronwall’s inequality, one gets
Z(t) < CZ(0) < C([|Uo(x)I(x)llr + IU0,z () ()] Lr) , (3.18)

where C' = C(c, 8, M, N,T) is a positive constant.
If for some C > 0, the data Uy and Uy, satisfy

[Uo(2)I ()|l e + U2 (2)(z)|[r < C,
then for all ¢ € [0,T], we can show that the solution satisfies
U ) e + Us(t, )| r < C.
Particularly, if the initial data Uy and Uy, decay logarithmically as
Uo(2)] ~ O ((In(e® + [2]))™) ,  as [z — oo,
|Uo,(z)] ~ O ((ln(e2 +|z))™), as |z| = oco.
Taking the limit as p — oo and K — oo in the above inequality, we have
\U(t,2)| ~ O ((In(e* + |z]))™), as |z| = oo,
|U,(t,z)| ~ O ((ln(e2 +|z[)7), as |z| = oo,
uniformly in the interval [0,7]. This completes the proof. |

Corollary 3.4. In fact, under the assumption of Theorem if Uy, Upx and
Uo,zz satisfy

10o(@)I(2)][r + |0,z (2) I (@)l e + Vo za () [(x)]| L < C,
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hat for some C > 0, then the solution satisfies
1O, ) e + Ua(t, ) e + [Uae (2, ) | 20 < C,
uniformly in the interval [0,T]. In particular, if the initial data Uy satisfies
Uo(@)], [Uo,a(2)], Uoea()| ~ O ((In(e® +[x]))™), as|z| — oo,
then the solution U(t,z) decays logarithmically as
Ut 2)l, |Us(t, @)l [Usa(t,z)| ~ O ((In(e? +[2])) ™), as x| — oo,
uniformly in the interval [0, T).

Proof. Differentiating the first equation in (3.1 twice with respect to z, and mul-
tiplying it by I, applying the obtained result by |u; 4. I|P~2(u; 2. I), integration by
parts, it yields that

/(ui,xm-[)t|ui,sz|p_2(ui,sz) d(l?
R

= - / Isz (’U,Z‘, Ui, ui,za:)|ui,a::r-[|p_2(ui,xm]) dz
R

N
—2 Z/ Ui e (W0 + w050 ) I 2 P72 (5 20 T) de
j=1"R

N
B (3.19)
—QZ/umunvﬂﬂui,mI\p 2(ui,mI) dx
j=1"R

N
- Z/ Wiz (U 2205 + U505 o0 ) [ 0 I[P~ (Wi 0 T) e
j=17R

N
— Z/ uiymzujvjf\uiymf|p_2(u¢7m[) dx.
j=1"R
By using Hoélder’s inequality, one can easily check that

4 d
/(uiwth|ui,ww]|p_2(ui,wwl) dr = ||ui,:r:vIHp !
R

Lp & ||ui,:vaHLP7

/ IFa:w (Uia Uig, ui,azw)|ui,wzl|p_2(ui7ww1) d.’IJ S ||IF:vw (ui7 Uig, ui,:pw)”L” ||ui,wwIHI[);1a
R

2/ Ui gz (Ujo0) + UV o) ] [ oo I[P (Ui 20 D) da
R

< 2([|wjavll e + llujvjell oo ) i e I,

< 4M2||ui,zzl||zzpa
? /R Uizt Vja [ a0 I[P (Ui 1) do < 2 ujpve]| oo |[win || o || ea T
< 2M?uip 1| o i e TI[75
/Ruiac (Uj,22vj + ujvj,m)l|ui,w:cl|p72(Ui,w:cl) dx

< (Iujeavsll Lo + lugvje0ll o)l wia T oo lui oo I

< 2% fuiod|| o i a1
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In view of w; zazl = (Ui gal)z — Ui zely and 0 < I, < BI, where B = 5% > 0, we
have

/ ui,mmujvjl|ui7ml|p*2(uiyml) dx

R

= / ujvj[(ui,zz-[)m - uz,mzfm} |Ui,mﬂj|p72(ui,mg1) dz
R

1
= 7/ujvj(|ui,ml|p)zdm—/ujvjui’mlz|uiﬁml|p_2(ui,ml)dm
P Jr R
1
< - /(ujxvj + UjVjg) Ui o I |Pda —i—ﬁ/ |w;vj||w za I|Pda
P Jr R
2
< (]; + B) M?||uizad |70
< @2+ 8) M2jus |5,
Inserting the above relations into (3.19)) yields

d
&Humlum <ANM?||uipI| 1o + (6 + B) NM?||w; p0 1| 1o
+ ||IFwa:(uz; Ujg ui@w)”LT’-
Combining (3.14) with (3.20)), it follows that

d

r (lwilllze + lwizd |Lo + [Jwi el || z0)

< (6+B8) NM*(Juil ||z + il r + i o | 2r) (3.21)
+ [ LF (ws, wig) || e 4+ T Fp(wi, wig) | e + T Fpp (s Wiz, Wi gar) || Lr-

Using Gronwall’s inequality, we obtain

(3.20)

luilllLe + [[wizIl| Lo + Ui zad || Lo

2
< (6+ANME (lwioI e + |wio, oL |l Lr + ||wio zad]lLr)

5 t
eI (TP 00)(5) 1+ 1T (9)

+ ||IFGC33(U'17 Ui, ui,xaﬁ)(s)HLP)d&
Similarly, one can easily check that
lvilllee + [[viad|[Lr + |viwa || e

2
< CHANML (o Il o + Jvio.e ]| Lo + [[Viowa] || )

t
L (N / (HIH(vi,Uz‘x)(s)”L”
0

o I H (03, 032) () 0 + 1 o (05,010, 1,00)(5) |10 ) .
From Gy x f = G* f — f and G(x) = %e"x‘ for x € R, we have
Fww(uivuix7ui,xw) = Gw * (fl + f2) - (flm + f2z) + wa * (f?) + f4 + f5)

=Gox(fi+f2)+GCx(fs+ fi+[5)
_(f1m+f2z+f3+f4+f5)'
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Now, we just need to estimate ||1Fyq (us, Uiz, Uiz ) (5)|| Lr, by Lemma [3.1] to obtain
”Ime(uiauizaui,zz)(s)”LP
S (Ge (fr+ f2) e + (G * (fs + fa+ f5)) e
+ I (fio + foo + fs + fa+ f5)llzn
< NGl (I fullze + L f2lle) + NGl (1L S5l Lo + (L falle + [[1f5][Lr)
+ [ (fro + foo + f3+ fa+ f5)llzo
< cllwilllze + lJwia || e + l|ti el llzr),
where the constant ¢ depends on «, N, M, the last inequality comes from
TG 1, | TGl < 2% 124 1/€?).
Combining the above estimates, we obtain
UL e + [UaI e + [[Usad ]| v
< OG0T o + Voo T |20+ U 0)
t
+e<6+5>NM2t/ (10Tl o + Ul o + [Tl o )ds.
0
Setting Y'(¢t) = |U(t,-)I||zr + ||[Ux(t, )| zr + ||Uszz(t, -)I| e, we obtain
t
Y(t) < e(6+B)NM2t(Y(O) +c / Y(s)ds). (3.22)
0
Applying Gronwall’s inequality, there exists a constant C(c, a, M, N, T) such that
for all ¢ € [0, T,
Y(t) < CY(0)
< C([[Uo(@)I(2)llLe + (Vo2 (@) I(z)]| e + IU0,ze ]| Lr) -
If Uy, Uy, and Uy 4, satisfy
[Uo(x)I(@)lIzr + Voo (@)1 ()| > + [|Ubaa(x)I(2)||lLr < C
for some C' > 0, then for all ¢ € [0, 7], the solution satisfies
WU, ) |ze + Ua(t, )| e + [Ue (t, )| 20 < C.
Particularly, if the initial data Uy decays logarithmically as
Uo(@)], [Uo,e(@)], [Un,ue(@)| ~ O ((In(e? + [2]))"*), as [z] = oo

Taking K — oo and p — oo in (3.23)), the solution U (t,z) decays logarithmically
as

(3.23)

U(t,2)], [Us(t, )], [Use(t,2)| ~ O ((In(e? +[2))™*),  as 2] = oo,
uniformly in the interval [0, T]. So, the proof is complete. O

Secondly, we will show the algebraic decay of the solution to (3.2)). As before,
we first state the following lemma.

Lemma 3.5. Let Q(z) and P(z) be the weighted functions defined in Lemma[2.5;

and let fi, gr be given by (3.3) and (3.4). If Q(x) is P(x)-moderate, then forp > 1,
f,g € LP, one has

1QUf * 9)llze < [IPfllrlQgll e,
where [ = G,G,, G(z) = %e*m, and g = fr,hg, k=1,2,...,5.
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The proof of the above lemma is similar to the proof of Lemma [3.I] we omit its
proof.

Theorem 3.6. Suppose Uy = (ug,vo)' € (H*P)2N s > 2+ p%, p1 € (1,00).
Then there exist T > 0 and a unique solution U(t,x) € [C([0,T]; H*P*(R))]?N to
(3.2). Furthermore, if Uy and U, satisfy

[U0(2)Q (@) r + |Uo,2(2)Q(x)[|r < C,
for p > 1 and some C > 0, then the solution satisfies
1U )@l e + |Ux(t, )@y < C,
uniformly in the interval [0,T], where for 6 € [0,00) and K € RT, the weighted
function Q(z) is defined by
)
- {125 220,
In particular, if the initial data Uy and Uy 5 decay algebraically as
Uo()] ~ O ((L+|2)~%),  as |z = oo,
|Upe ()| ~ O ((1+ |x|)_9) , as|z] = oo,
then the solution U(t,z) decays algebraically as
U(t,z)| ~O((1+ |x|)70) , as |z] = oo,
|U.(t,z)| ~ O ((1 + |x\)79) , as |z| — oo,
uniformly in the interval [0,T].

The proof of the above theorem is similar to that of Theorem [3.3] In view of
Lemma [2.3|and Lemmas and we obtain the required statement.

As the proof of the following corollary is very similar to Corollary just with
a slight modification, thus we only show the result here.

Corollary 3.7. Under the conditions of Theorem if Up, Uo,z, and U 55 satisfy,
for some C >0,

100(2)Q ()| e + [Uo.2(2)Q(x) ||l Lr + [[Uo,22(2)Q(z) | r < C,
then the solution satisfies
||U(t7 ')QHLP + HUI(tv ')QHLP + HUM?(tv )QHL” <C,

uniformly in the interval [0,T). In particular, if the initial data Uy satisfy

U@, [Voa(@)], [Un,aa(@)] ~ O ((1+Ja)~"), as Ja] > o,
then the solution U(t, ) decays algebraically as

U2, Ualt, 2)l, Unslt,2)] ~ O (1 +12l)~?),  as Jo] - oo,
uniformly in the interval [0,T].

To derive the exponential decay of the strong solution to (3.2)), we first give the
following lemma.
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Lemma 3.8. Let ¢(z) and ¢(x) be the weighted functions defined in Lemma [2.4)

If the function ¥'/?(x) is $*/?(x)-moderate, then for p > 1, f,g € LP, one has
[9Y2(f % 9)llze < Colld"2flls gl e,

where Co > 0, f = G,G, and g = fr,hi, k = 1,2,....,5 are given by (3.3) and

B9).

The proof of the above lemma is analogous to the proof of Lemma [3.1] we omit
it. We now shall prove the exponential decay of the solution to (3.2]).

Theorem 3.9. Suppose that Uy = (ug,vo) " € (H*P)*N 5> 2+ p%, p1 € (1,00).
Then there exist T > 0 and a unique solution U(t,x) € [C([0,T]; H*P(R))]*N to
(3-2). Additionally, if the initial data Uy and Uy, admit p > 1 and some C' > 0
such that

10o(2)¢ ()| v + V0,2 (2) ()| r < C,
then the solution satisfies

1O )dllee + [Ua(t, )l e < C,

uniformly in the interval [0, T), where for K > 0, the weighted function ¢¥(x) =
min{el®l, K}.

The proof of the above theorem is similar to the proof of Theorem in view
of Lemmas and Lemma the desired result follows.

Theorem 3.10. Suppose Uy = (ug,vo)' € (H*P)2N, s > 2 + p%, p1 € (1,00).
There exist T > 0 and a unique solution U(t,z) € [C([0,T]; H*P1(R))]*N to (3.2).
Additionally, for p > 1 and some C > 0, if the initial data Uy and Uy, satisfy

10o(@)¢ ()] + [|U0,a ()¢ (2) [l < C,
then the solution satisfies
1U )¢l + Ut )l < C
uniformly in the interval [0,T]. In particular, if the initial data Uy and Uy 5 satisfy
|Uo(x)| ~ O(eil‘”‘), as |z| = oo,
|Uo,» ()] ~ (’)(e‘lml), as |z| — oo,
then we the solution U(t,xz) decays exponentially as
|U(t,x)| ~ C’)(e“zl), as |z| = oo,
|Uy(t, )| ~ O(eil"”‘), as |z| — oo,
uniformly in the interval [0,T].

Proof. By Lemma the function ¢ is ¢-moderate, and 1'/? is ¢'/2-moderate.
Multiplying the first equation in (3.1)) by /2, by the method of estimate (3.14)),
one gets

d 1/2 1/2
= (a2l + iz} 1)
< 3+ BNM? (w2 1o + luiats 110 ) (3.24)

+ Y2 F (uiy win) | e + 1912 Fo (s, wi) || -
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Next, we need to consider |92 F(u;, uiz)(7)||z» and |10/ Fy(us, wig)(7)|| 2». Note
that

F(ui,uiz) = Go * (f1 + f2) + G (fs + fa+ f5),
Fo(ui,uiz) = G* (fi + f2) = (fi + fo) + Go x (fa + fa+ f5).

In view of |G|, |Gy |, |Gaz| < $e7171, and 1'/2 is ¢!/2-moderate, one can easily check
that

12 F (ui, wia) (5) | o
< (02 (Ga x (Fu+ F2)) law + 112G 5 (fs + fa + f5)) 10 )
< Y2(Ga e f)llr + [19Y2(Ga 5 fo) I + [1912(G x (fs+ fa+ f5)) o
< 192Gallus (192 fallo + 102 fall 20 )
+ (162Gl <||¢1/2f3||m + {192 fall Lo + ||¢1/2f5||Lp)

< ¢l as + usws 10

/2 P (s, i) ) o
<92 (G * (fi+ F) e + 11020+ fo)llus + 102 (Ga x (fs + fa+ £5)) s
N
< 192G (st 2ller + it 20 ) + D 02 (wittjavo + wittgvse)lis
j=1
16126 s (st 2l o + i) 20 )
< (e + luiats?ll1s )

where in the last inequality we have used the estimates ||¢'/2G|| 11, [|¢*/ 2G|l < 2,
and the constant ¢ depends on M, N.
Inserting the above estimates into ([3.24)), it follows that

d

= (i 2o + sz 220 ) < ¢ (I 2llae + w20 ) . (3:25)
By Gronwall’s inequality, we derive that

st 2 e + i 2 < e (lwiow!/rs + fuioet?l2s) . (3.26)

Note that ¥ is ¢-moderate, it yields that
[ F (i, uig)(s)|| e
<Y (Gax (fr + f2) [l + [[Y(G = (fs + fa+ f5)) |l L
< NW(Ga * f)llLee + [19(Ga * fo)llLoe + (G * (fs + fa =+ f5))l L~
S NeGalloe (o fillr + 10 f2llLr) + 110G Lo ([ fsllr + o fallr + 4 f5]2r)

N
< 37 (w2 e lluses 2l o + luia /2 o llusvgets 2
j=1

o N2 2 s 2
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N
ey (||ui¢1/2||L2||ujwvj¢1/2||L2 + fluip™?|| 2 \\Ujmvj,wz¢1/2|\L2)

< ce, (3.27)

[ Fe (wi, iz ) (s)]| Lo

<N (G (fi+ f2)) e + 19(f1 + f2)llL=
+ | (Ge * (fs + fa+ f5)) Il

<N(G * fi)llpe + 19(G * f2)ll L + [0(f1 + fo)llLe
+ 10(Ga * (fs + fa+ f5)) Lo

< NoGll L ([¢ filler + I fallr) + [0Ge e ([ f3]] 1
+ [ faller + 10 fs]le0) + ellludlloe + [Juiztd|lLe)

< c(Juit|| e + ||wiwt| Lr) + ce,

where we have applied ([3.26) with p = 2 in the fourth inequality. By replacing 1'/?
with ¢ in (3.24]), it follows that

d
g (lwatllee + lluiedllLe) < (3 + BINM? (|luitllLr + luiwtt|lr)

(3.28)

(3.29)
+ [ F (i, wia) | e + [ Fo(us, wiz) || e -

Taking (3.27)), (3.28)) into (3.29)), and letting p — oo, we obtain

d

3 el + uitllze) < e(luillze + luizllz) + ce’. (3.30)
Similarly, it implies that

d ¢

7 Ulvitllze +llviedllze=) < e(lvid |z + [lvietll =) + ce L (3.31)

By combining (3.30) with (3.31]), it follows that

0l + 10lz) < Ul + Nt o) + e

By Gronwall’s inequality, one obtains

1U @)Yl + Uz (2)¢p] e < C. (3.32)
Particularly, if the initial data Uy and Up , decay exponentially as

|Up ()| ~ O(e“”’l), as |z| — oo,

|Uo, ()] ~ (’)(e_lz‘), as |z| — oc.
Taking the limit as K — oo in inequality to derive the result of theorem. [
Corollary 3.11. Suppose Uy = (ug,vo)" € (H*P )2V s > 2 4 p%, p1 € (1,00).

Then there exist T > 0 and a unique solution U(t,z) € [C([0,T]; H*P*(R))]?N to
(3.2). Forp>1, if Uy, Uy and Up n satisfying

10o(x)d(2) | zr + U0,z (2)¢ ()| 2o + U020 (2)¢(2)][ L < C,

for some C > 0, then the solution satisfies

IU ) ¢lle + 10Ut )$lle + 1Uea(t, )Yl e < C,
uniformly in the interval [0,T], where the weighted function 1(x) = min {e'“", K},
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In addition, for p € (1,00), if the initial data Uy satisfy
\Uo(2)|, 1Uo,z(x)|, 1Uo,za(z)| ~ (’)(e“xl), as |z| = oo,
then the solution U(t,x) decays exponentially as
U(t, )], |Us(t, )], [Use(t,z)| ~ O ), as x| — o,
uniformly in the interval [0,T].
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