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LONG-TIME BEHAVIOR OF SOLUTIONS TO THE 2D
MAGNETIC BENARD PROBLEM IN POROUS MEDIA ON
UNBOUNDED DOMAINS

DANG THANH SON

ABSTRACT. In this article, we study the long time behavior of solutions to the
2D magnetic Bénard problem in porous media, considering on an arbitrary
(bounded or unbounded) domain satisfying Poincaré inequality. We first prove
the existence of a weak solution and a global attractor for the problem. For
r = 1,2,3, we derive estimates for Hausdorff as well as fractal dimensions
of the global attractors. We then show an upper semicontinuity of global
attractors and final study the exponential stability of a stationary solution to
the problem.

1. INTRODUCTION

The study of fluid flow through porous media frequently employs Darcy’s Law to
model the momentum balance, which establishes a linear relationship between the
flow rate and the pressure drop within the medium. This relationship is described
as —%Vp = u, where k is the permeability, pu is the dynamic viscosity, and p is
the pressure. However, in scenarios involving high velocities or non-Newtonian flu-
ids, deviations from this linearity occur, necessitating more comprehensive models
such as the Darcy-Forchheimer law. This law introduces a nonlinear correction to
account for increased pressure drops at higher velocities and leads to the so-called
Brinkman-Forchheimer-extended-Darcy equations (a generalisation actually) read

Ou — vAu+ (u- V)u+ alu|®u + Blu|* v+ Vp = f,
V-u=0.

This system has been extensively studied, with investigations on its long-time be-
havior, the existence of global attractors, and various qualitative properties under
different boundary conditions and parameter settings (see, e.g., [B 27, [33] [34]).

In the context of magnetohydrodynamic (MHD) flows with thermal effects, we
extend this framework to study the following problem on an arbitrary (bounded or
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unbounded) domain Q C R? with boundary 92:
ou — R7YAu A+ (u-V)u — S(B-V)B + au + Blul"tu

s
+v(p+ §|B\2> fes + f, in Q¢ 0,

OB+ R,'VE(curl B) + (u-V)B — (B-V)u=¥, inQt>0,
0 — kAO+ (u-V)0 =us +h, inQ,¢>0,
V-u=V-B=0, inQt>0,
u=0, B-n=0, curlB=0, =0 ondQ,t>0,
u(z,0) =wup(z), B(z,0)= By(x), 6(z,0)=0(x) in Q.

In this system, the unknowns are the fluid particle velocity u = (u1,u2), the
magnetic field B = (By, Bs), the temperature 6 (or the density in the modeling of
geophysical fluids), and the fluid pressure p = p(x,t). The pressure is the standard
pressure and can be obtained by applying the divergence-free condition for veloc-
ity, taking the divergence, and then inverting the Laplacian operator. The term
|B|?/2 represents the magnetic pressure, ea = (0,1) denoting the unit vector in
the direction of gravity. The unit outward normal on 952 is represented by n, and
the parameters R, and R,, denote the Reynolds and magnetic Reynolds numbers,
respectively. The parameter S = M?/(R.R,,) incorporates the Hartman number
M, while k > 0 signifies the heat conductivity coefficient. Additionally, f, ¥ and h
represent external time-dependent forces, respectively, while the forcing term feq
describes the buoyancy force’s action on fluid motion. And

(1.1)

(’9u2 8u1 .
curlu = — — —, for every vector function wu,
6:01 6‘x2
0 0
Vig = (—¢, ——(b), for every scalar function ¢,
61‘2 (9331

Vt(curlu) = V(V - u) — Au.

In mathematics, the system can be considered a modification (by an absorp-
tion term au + B|u|""1u) of the classical Bénard problem combine with Maxwell’s
equations of electromagnetism. Herein, the positive constants o and § hold sig-
nificance as the Darcy and Forchheimer coefficients, respectively, representing the
permeability of porous medium and its porosity-related proportionality. The pa-
rameter 7, constituting the absorption exponent, is in [1, 00). It models the convec-
tion of an incompressible flow, which occurs in a horizontal layer of conductive fluid
heated from below, with the presence of a magnetic field. Moreover, the model
is recognized to be more accurate when the flow velocity is too large for the Darcy’s
law to be valid alone, and in addition, the porosity is not too small. The nonlin-
earity of the form |u|"~'u can be found in tidal dynamics as well as non-Newtonian
fluid flows (see [4] and the references therein). In instances where thermal effects
on the fluid can be negligible (i.e. § = 0) and « = 8 = 0, then reduces to
the Magnetohydrodynamics (MHD) equations, which govern the dynamics of the
velocity and the magnetic field in electrically conducting fluids such as plasmas
(as expounded in [I7]) and reflect the basic physics conservation laws. In the past
years, the existence and long-time behavior of solutions to the MHD have attracted
the attention of many mathematicians. There are many results on the existence
of solutions and existence of attractors for MHD, see e.g. [3 13 18, 37, [42] and
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references therein. Furthermore, the regularity of solutions has been studied ex-
tensively in recent years (see e.g. [12] 21 [25] 26, 28]). We also refer the interested
reader to [39] for recent results on time optimal control problem associated with the
two-dimensional MHD equations with memory. In case § =0, a =0 and 4 < r < 5,
B > 0, the authors in [3I] have recently proved the existence of global attractor for
3D MHD with damping.

On the other hand, in case where the fluid remains unaffected by the magnetic
field (i.e. B =0) and o = 8 = 0, system transforms into the Bénard problem.
Numerous studies have been dedicated to exploring the global well-posedness and
the existence of attractors for the Bénard problem, as evidenced by works such as
[2, 111 20, 24, 32, [41] and related references.

Turning attention to the magnetic Bénard problem without velocity damping
(i.e. @« = B = 0), significant attention has been focused on the 2D case. Bian et
al. established the global well-posedness of weak or strong solutions for the initial
boundary value problems under various boundary conditions and providing a com-
prehensive analysis of stability and instability within a fully nonlinear, dynamical
setting from a mathematical point of view as stated in the references [7), 8, @, [43].
Furthermore, a comprehensive analysis of the long-time behavior of solutions to
an optimal control problem for the magnetic Bénard problem in a two-dimensional
bounded domain, with a focus on distributed control adjustments, is presented in
[38].

The study of long-time behavior of nonlinear dynamical system is an interesting
branch of applied mathematics and it is essential in understanding many natural
phenomena. For an extensive study on infinite dimensional dynamical systems in
mathematical physics, we refer to [I4, [40]. And as is well known, a useful way for
studying the long-time behavior of solutions is to use the theory of attractors. The
classical global attractor for autonomous dynamical systems is an invariant compact
set which attracts all bounded sets and contains some important information about
the long-time behavior of the solutions.

The aim of this article is to continue the study of the long-time behavior of weak
solution to problem in some domains not necessarily bounded. More precisely,
the domain  can be an arbitrary bounded or unbounded open set in R? without
any regularity assumption on its boundary 02 and with the assumption that the
Poincaré inequality holds on it, i.e., there exists A\; > 0 such that

/ () 2de < — / Vo (@)Pdz for all ¢ € HL(Q). (1.2)
Q A Ja

We also require that the domain ) satisfy the cone condition so that Lemma[2.2]in
Section 2 is valid on Q2 (see [I, Chapter 5] for details). We will discuss the existence
and long-time behavior of solutions in terms of the existence of a global attractor
and the stability of stationary solutions. Here, the existence and uniqueness of
solutions are studied by Galerkin approximation method. To prove the existence
of a global attractor, the usual approach is to obtain a bounded absorbing set in
a more regular space and then use the compactness of the Sobolev embeddings.
However, because the domain considered may be unbounded, the Sobolev embed-
ding is no longer compact, and therefore the usual method in bounded domains no
longer works. To overcome this difficulty, we exploit the energy equation method
introduced by Ball in [6]. Next, following the general lines of the approach in [36],
we show that the solution map S(t) : H — H is Fréchet differentiable with respect



4 D. T. SON EJDE-2025/30

to the initial data for the absorption exponent r = 1,2,3 and hence we obtain
estimates for the Hausdorff and Fractal dimensions of such attractors under an
additional condition on the domain. Then, we establish an upper semicontinuity
of global attractors for the problem . We take an expanding sequence of sim-
ply connected, bounded and smooth subdomains {Q,,}.,, C Q. If A, and A are
the global attractors of corresponding to ©,, and Q, respectively, then we
show that for large enough m, the global attractor A4, enters into any neighbor-
hood U(A) of A. Finally, the existence of a stationary solution is established by a
corollary of the Brouwer fixed point theorem.

This article is organized as follows. In Section 2, for the convenience of the read-
ers, we recall and prove some auxiliary results on the 2D magnetic Bénard problem
in porous media. In the next Section, we discuss the existence and uniqueness of
a weak solution. In Section 4, for (f, ¥, h) € V', we show that problem pos-
sesses a global attractor by using the energy equation method. For the absorption
exponent r = 1,2 3, the estimates for Hausdorff as well as Fractal dimensions of
the global attractor for the problem is obtained in Section 5. In Section 6,
we prove an upper semicontinuity of global attractors for the problem (L.1)). The
existence and exponential stability of a stationary solution is shown in the last
Section.

2. PRELIMINARIES
We first recall several function spaces necessary to write system . We denote
LP(Q) = L(Q)%, H'(Q) = H'(Q)?, H)(Q) = H) ()
The spaces used in the theory of the magnetic Bénard problem are a combination

of spaces used for the Bénard problem and spaces used in the theory of Maxwell
equations. They are

Vi ={ueCrQ)?: V- u=0},

Vi = closure of V; in the H}(Q) norm = {u € H}(Q),V - u = 0},

H, = closure of V; in the L*(Q) norm = {u € L*(Q),V -u = 0 and u - n|pq = 0},
Vo={B€C®(Q)?:V-B=0and B-n|sq = 0},

Vo = closure of V, in the H'(Q) norm = {B € H(Q),V - B =0 and B - n|spq = 0},
H, = closure of V, in the L*(Q) norm = Hj,

Vs =Hy(Q), Hs=L*Q),

V=VixVoxV;, H=H; x Hsy X Hs,

LP = closure of V; in the LP(Q) norm = {u € LP(Q),V -« = 0 and u - n|spg = 0}.

For i = 1,2, we define

2
(u,v); := / Zujvjdz, Yu,v € H;,
Q<
J=1

(9777)3 = / 977dxa V9a77 € H37
Q

and the associated norms |- [? = (-,-);, j = 1,3.
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The inner product and norm in V; are

2
((u, @) = Z/ Vu; - Vig.de, Yu,i € Vi,
=179

Julli = ((w,w)}?, VueW,

which is a norm in H}(£2), thanks to Poincaré inequality. The inner product and
norm in V5 are

((B,B))y = / curl B - curl Bdz, VB,B € Vs,
Q
IBll: = ((B.B))?, VB e
Since the domain €2 is simply-connected, the above bilinear form is actually a scalar

product on Vs, it defines a norm which is equivalent to that induced by H! () on
Vs (see [18]). The inner product and norm in V3 are

((6,0))3 = / V0 -Vo.dx, Y60,0¢c Vs,
Q

16lls = ((6,6))3/*, V6 € V5.

Using the same notation again for simplicity, we define the inner product and norm
in V by

((2,2) = (u, @)1 + S.((B, B))2 + v((60,0))s, Vz=(u,B,0),%=(u,B,0) €V,
Izl = ((z,2)Y2, VzeW.

The inner products and norms in Hy, Hy and Hs are the usual ones inherited from
L2(Q2) and L?(12), respectively. We define the inner product and norm in H by

(2,2) = (u,@) + S.(B,B) +.(0,0), Vz=(u,B,0),%Z=(i,B,0) € H,
2| = (2,2)Y/%, VzeH.

We define v > 0 so that
4R,
Ng
This constant v is chosen so that an operator to be defined later (related to the
linear part of the system of equations) is coercive under the norm defined. Moreover,
since S and +y are positive, the inner products and norms defined above for H and
V' are equivalent to the usual ones defined on these product spaces.

It follows from and the equivalence of norms in H' and V5 that there exists
co > 0 such that

v 2

(2.1)

Mlul? < Jlullf, el B < |IBII5,  Ml0F < [10]13 (2.2)

for all u € V1, B € V5 and 6 € V5. Furthermore, by applying the Riesz representa-
tion theorem, we can identify the dual space H’ with H and obtain the following
relation: V' C H = H' C V', where the injections are continuous and each space is
dense in the following ones. We also use (-, -) to denote the induced duality between
the spaces V and its dual V/ = V/ x V4 x V4 as well as L? and its dual L?', where
1,1

s+ =1
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Let us define the bilinear forms a; : V; xV; - R, fori=1,2,3anda: VxV — R
by

al(u,ﬂ):((u,ﬂ))lz/QZVui~Vﬂidz,

az(B,B) = ((B,B))2 = / curl B - curl B dz,
Q

0a(0,) = ((6.0)a = [ VO-Vidz,
Q
a(z,2) = R-tay (u, i) + R, Sas(B, B) + rryas(6, ).
The bilinear form « is coercive since
min (R;', RN k) ||2]1 < alz, 2) <max (R, R, K2 (2.3)
We define 6 : V x V — R by
o(z,2) = — / (Beq - i + yugf)da.
Q
By using the Holder and Poincaré inequalities, we deduce that
|o(z,2)| < collzlllZ]]- (2.4)

To obtain the coercivity of bilinear form o, we assume that for all v € V; and
b € Vs,

|(u2, 0)| < ellull1]6]]s, (2.5)
where € is a positive constant such that
R:7'kN1/2 M\ RI!
e < (T“) < S Y (from @:1) (2.6)
Y

Lemma 2.1. For all z € V, we have the estimate

)

a(z,2) + 0(2,2) > S |12

where § ;== min(R; 1, RL k).
Proof. Using Young’s inequality in (2.5)), we have

2

ve VK
YI(ua, )] < yellullallOlls < ——ullt + - 1113

From (2.6, we obtain

RZY|ul|? 4+ k|63

From the definition of y in (2.1]), by using (2.2]) and the Holder inequality, we obtain

(2.7)

1
|(Be2, w)] < 1Pllul < S—lull1ll6]s

< 271 (Re) ™2 full (3) 2 18]
_ R ull + w013
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From ([2.7) and the inequality above, we deduce that

Rl + 510115
5 .
Using the definition of a and the inequality above, we obtain

|0(2,2)] = |(0e2, w)| +7|(uz,0)] <

-1
- _ K
a(z,2) +0(z,2) 2 alz,2) = |o(2,2)| 2 = lullf + Ry, S| B|? + §7H9II§
1
> imin(Re_l,R;f,ff)HzHQ.
The proof is complete. O

We next define the trilinear forms
2 2
ij = 00
b(u,v,w) = ijzl/nmal‘iwj dz, b(u,0,n)= ;/Quiamindx,
whenever the integrals make sense, and B: V x V x V — R by
B(21, 22, 23) = b(uy, ug, us) + vb(uy, 02,03) — Sb(B1, B2, us3)
+ Sb(uy, By, B3) — Sb(B1,us, B3), Yz = (u;, B;, 0;) € V.
It is easy to check that if u,v,w € V;,2 =1,2 and 6,n € V3, then
b(u,v,w) = —b(u,w,v) and b(u,0,n) = —b(u,n,0). (2.8)
Hence
b(u,v,9) =0 and b(u,6,6) = 0. (2.9)
From the relation of B(z1, 22, 22) and from (2.8)), (2.9), we obtain
B(z1,22,22) =0, Vz1,22 €V,
(2.10)
3(21,22,2’3) = —3(21723,2’2), v21722723 eV.

The following results is well-known.

Lemma 2.2 ([I, Theorem 5.8]). Let Q C R? satisfying the cone condition. Then
there exists the constant K depending on the dimensions of the cone C providing
the cone condition for Q such that for all ¢ € HY(Q),

1/2 1/2
16l s () < Kll550 16l -

By using similar arguments as in [3, Lemma 2.3] for MHD equations, we have
the following result.

Lemma 2.3. For any open set Q C R? satisfying the cone condition and z,2 € V,
we have

B(z, 2, 2)| < cpl2]l|z]ll|Z]]-

Next, for 7 > 0 and for all u,v € L™+, we define C,(u,v) = |u|" " v and C,(u) =
Cr(u,u). We have the following crucial properties of the nonlinearity C.,..

Lemma 2.4. For every r > 1 and for all functions u,v € L™+

(Cr(u) = Cpr(v),u —v) > 0. (2.11)
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Proof. We have

(Cr(u) = Cp(v),u—v)

" tv, u — )

= (Ju""tu— v

= (Jul"" Ju = o) 4 (o7 Ju = o)+ (olu[ T = ulo e —0) (2.12)
r=1 =1

= [lJu] = (u =) 2. + o] = (u— )3,

+ v ful 7 oY) = (ol = (ol ul .
Moreover, we also have

(-, [ul" 4 o™ = (Jul, oY) = (ol Jul" )
1
2

1 r—1 1 r—1
2 =5 lllul (U*U)H%2*§|||v| = (u—0)3.,

_ _ 1 ro1 1 r—1
(lul=" = o™ Juf? = [of?) — 2l (u—v)|%, - Slllol™= (u—0)3.

since (Jul"~! — [v]"~ !, [ul?> = Jv[?) > 0 for all u,v € L"~'. Applying the inequality

above to we deduce
1 r—1 1 r—1
(Cr(w) = Cr(v),u—v) 2 Sllful = (u— v)|I3. + ol ™= (u — V)13
By using Hélder’s inequality, from u,v € L' we obtain
|u|%1(u —v) and |v|%(u — v) are bounded in L?
and it yields . |

Furthermore, for all v € L™+, C,(u) is Gateaux differentiable with Gateaux
derivative

v, for r =1,
C (o = ulv + 1 (u - v), if u#0, for r =2, (2.13)
" 0, if u=0, for r =2,

lu|""tv + (r — 1) (u|u|’"73(u . v)) , forr >3,
for v € L™, For u,v € L™, it can be easily seen that
(Citayosv) = [ u@)lola) Pz +(=1) [ Ju(o)lule)-vie)de 2 0 (214
Q Q

for r > 1. Note that for » = 2 also the same result holds, since in that case, the
second integral

/ () - v() Pde > 0.

eQ:u(z)#0 |U(CE)|
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Moreover, for r > 3, C.(u) is twice Gateaux differentiable with second order
Gateaux derivative

C"(u)(v @ w)
(r = Dlu["[(u- w)v + (u-v)w + (w - v)u]
+(r =) =3) = (u-v)(u-w), foru#0,3<r<5
(2.15)
= (T—l)(r—3)#(u-v)(u~w), foru#0,3<r<5,
(r—D)|u|"?[(u - w)v+ (u-v)w + (w - v)u]
+(r—=1)(r = 3)|ul""(u-v)(u-w)u, for r > 5,

for all u,v,w € L™t
We now define g : V— R by

g(Z) = <f7 u>V1’,V1 + S<\II7 B>V2',V2 + ,y<ha 9>V3’,V3 = <(I)7 Z)V’,V7
where ® = (f, U, h). By using Schwarz’s inequality, we have
lg(z)| < 1@flv- =]l

with || @2, = ||f||21/ + S||\I/||22, + fy||h||23,. Finally, to prove the existence of a
stationary solution, we need the following lemma.

Lemma 2.5 ([10]). Let X be a finite dimensional Hilbert space with scalar product
[,:] and norm [-] and let P be a continuous mapping from X into itself such that

[P(§),§] >0 for[¢] =k >0.
Then there exists £ € X, [€] < k, such that P(§) = 0.

3. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION
Taking the inner product of the first equation of with @ € V7, we obtain
(Opu, @) + R ((u, @)1 + b(u, u, @) — Sb(B, B, @) + a(u, @) + B{Cr(u), W) — (feq, i)
= {f,Wv; v

We take the inner product of the second equation of (L.I) with SB (B € V3) to
obtain

S(0:B, B) + SR,,' (B, B))2 + Sb(u, B, B) — Sb(B, u, B) = S(¥, B)y v,
And taking the inner product of the third equation of with v8 € V3, we obtain
7(8t07 5) + 7”((9’ é))?) + VB(uv g, é) - 7(“27 é) = 7<h’ é>V3',V3'

This suggests the following weak formulation of problem (|L.1J).

Problem For zy = (ug, By, 0p) € H given, find weak solution z = (u, B, ) such
that

2 € L2(0,T;V) N L=(0,T; H), we L' (0,T;L™Y), 8,z€ L+ (0,T;V"),
VT > 0,
(0e2(1), 2) + a(2(1), 2) + o (2(t), 2) + B(2(t), 2(1), 2)
+ a(u, @) + B(Cr(u),a) = (®,3), Vi=(@,B,0)ecV,ae te(0,T),
2(0) =29 in H.
(3.1)
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We have the result of the existence of a weak solution to Problem (3.1)).

Theorem 3.1. For zy = (ug,Bo,0p) € H, T > 0 and (f,¥,h) € L?(0,T;V"),
there exists a unique weak solution z = (u, B, 0) to the system (1.1)) in the sense of

BI).

Proof. The existence of a weak solution to Problem (3.1)) in (0,7") is based on
Galerkin approximations, a priori estimates, and the compactness method. As it
is standard, we only provide some basic a priori estimates that we shall frequently
use later.

From the first equation in (3.I)), by using Lemma 2.1 and (2-10) to obtain

1d 0 , )
5 311 2OF + S Iz + alu@®)* + Blu®l7r], < Loz + + =@ (3.2)
Integrating over [0,¢] C [0, 7] the inequality above, we obtain

/|| H2d5+2a/ u(s 2ds+25/ l|lu(s)

Slz(0)|2+g/0 |®2.ds, vt e [0,T].

This implies the estimates of z in the space L>(0,7;H) N L*(0,T;V) and u €
L0, T; L™+h).

Next we estimate the boundedness of 9;z. From , and Lemma it
can be easily seen that d;z is bounded in L2(0,7T;V"). Moreover,

r+1
L’+1d$

(3.3)

71
ull o = = [lull 7,

yields that
r4+1

|u|/""'u  remains bounded in L~ (0,T;L7).

Note that
o V] — N Vi,
o L2(0,T) — L= (0,T) for every r > 0,
thus dyu is bounded in L (0, T;VY). Therefore d;z is bounded in L+ - (0 T,V').
To prove the uniqueness, assume that z; = (uy, By, 601) and zo = (uz, Ba, 92) are
two solutions of our problem, and set y = (w, ¢, n) = (u1 — uz, By — Ba,0; — 62).
Then y = (w, ¢, n) satisfies
Oyw — RV Aw 4 (ug - V)ug — (ug - V)ug + S[(Bz-V)By — (By - V)B]
+aw + B (Cr(u1) — Cr(uz)) = nez,
Op+ R,V (curl @) + (uy - V)By — (uz - V) By + (By - V)ug — (B - V)uy =0,
O — kAN + (ug - V)01 — (ug - V)b = wy,
V-w=V.-¢=0,
w(z,0) = uig(x) —ugo(x), @(x,0) = Bio(x) — Bag(x),
n(x,0) = 610(z) — O20(x).

(3.4)
We multiply the first, second and third equations of (3.4) by w, S¢ and ~n, respec-
tively, then integrate over 2 and add the resulting equations, using the definition
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of B and Lemma 2.1] to obtain
1d 1)

§£|y(t)\2+§||y(t)||2+a|w(t)|2+5<cr(u1)—Cr(u2)7w> < B(22, 22,4) —B(21, 21, 9).
By Lemma we obtain

) cl
[B(22, 22, y) = B(21, 21,9)| = | = By, 21,9)| < calylll=alllyll < Sllyll® + S5 vl
From this with (2.11)) we deduce that

DR < L2 o O < y(0)e p("’g / s <s>||2ds)
i < — <S X _— .
dt 26 ! 25 J, "

The last estimate implies the uniqueness (if 2190 = 29¢) and the continuous depen-
dence of solutions on the initial data. (]
Remark 3.2. (i) It can be easily seen that z € L>°(0,T; H) implies z € L*>(0,T;V").
Thus, z and 9,z € L'+ (0,7; V') and then using [19, Theorem 2, Section 5.9.2], we
have u € C([0,T];V’). The reflexivity of the space H and [I5, Proposition 1.7.1]
gives u € C,,([0,T7; H).

(ii) Note that 9,z € L?(0,T;V"), for r = 2 and d;z € L*/3(0,T; V"), for r = 3.
Thus applying [19, Theorem 3, Section 5.9.2], we have z € C([0,T]; H), for r = 2.
For r = 3, one can show that z € C(]0,T]; H) satisfying the energy equality
(see [22] Theorem 4.1]).

4. EXISTENCE OF A GLOBAL ATTRACTOR

In this section, we discuss the existence of a global attractor for Problem (3.1))
in two dimensional bounded domains. We assume that ® € V' is independent of
t in (3.1). Thanks to Theorem [3.1] we can define a continuous semigroup {S(t) =
(Sl(t)7 SQ(t)7 SB(t))}tZO in H by

S(L‘)(U(), Bo, 00) = (Sl (t)’LLO, Sg(t)Bo, Sg(t)@o) = (u(t)7 B(t), H(t)), t 2 0
where z(0) = (u(0), B(0),0(0)) = (ug, Bo,00) = 2o € H. It is easy to see that the
map S(t) : H — H, for t > 0, is Lipschitz continuous on bounded subsets of H.

Moreover, by setting z,(t) = S(¢)(uo,,, Bo,,, 6o, ) and z(t) = S(t)(ug, Bo, 6p), the

following lemma shows weak continuity of the semigroup {S(¢)};>0, which is needed

to prove the asymptotic compactness of the semigroup by using the energy equation
method introduced by Ball [6].

Lemma 4.1. Let zg, = (ug, , By, ,6o,) be a sequence in H converging weakly to an
element zog € H. Then

2n(t) = 2(t)  weakly in H, ¥t >0, (4.1)
2, (t) = 2(t)  weakly in L*(0,T;V), VT >0, (4.2)
Un(t) = u(t) weakly in L"1(0,T; L"), VT > 0. (4.3)

The proof of the above lemma closely follows the argument presented in [306,
Lemma 2.1], with only slight adjustments. Therefore, we omit the proof here for
conciseness.

We now prove that the semigroup S(t) has a compact global attractor A. For
the general theory of global attractors, we refer the reader [29, [35] 40] for details.
The main result in this section is as follows.
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Theorem 4.2. Under the conditions of Theorem[3.1], there exists a global attractor
A in H for the semigroup {S(t)}+>0 associated with Problem (3.1).

To prove this theorem, we need to show that the semigroup {S(¢)}+>0 possesses
an absorbing set B bounded in H and is asymptotically compact in H, that is,

(1) given a bounded set B C H, there exists an entering time ¢p > 0 such that
S(#)B C B for all t > tp,
(2) for {zp}n is bounded and t,, — oo, then {S(¢,)zn}» is precompact in H.
We first prove the existence of a bounded absorbing set for semigroup {S(¢)}+>0
generated by Problem in H. For the sake of brevity, in the following lemma
we only give some formal calculations, the rigorous proof is done by using Galerkin
approximations.

Lemma 4.3. The semigroup {S(t)}1>0 generated by Problem (3.1) has a bounded
absorbing set in H, that is, there exists a positive constant p and a time to(|zol, \)
such that for the solution z(t) = S(t)zo,

lz(t)] < p  forallt > to(|20], 0, N),

where ¢ is in Lemma and A = min(\q, ¢p).

Proof. From (3.2)), by using (2.2)), we have
d oA
()2 + 22
2O+
and an application of Gronwall’s inequality yields
2
EDY

2
2 < <127,
_aa
2(t)]* < lao?e™ 2" + 19}
Therefore, if we choose p? = 55 ||®[|%/, then

2
2()] < ﬁH‘I’IIw

for all ¢ > to(|20],d, A), and so the proof is complete. O

We next show the asymptotic compactness of the semigroup {S(¢)}+>0 generated
by Problem (3.1). Let us define a symmetric bilinear form [-,-] : V x V' — R by

[2,2] = a(z,2) + 0(z, 2) — %(z7 Z), Vz,zeV. (4.4)
From ([2.3) and , we have

[z,2] + %|z|2 =a(z,2) + 0(z,2) < (max (R. ', R,,)' k) + ¢0) |27

Thus,

[2]* = [2,2] < (max (R. ', R, k) + ¢o) 2] (4.5)
By using the definition of |z| and (2.2)) to obtain

IA P

D 1ap = 2 (1uf? + 5187 +110P)

)
7 alul® + Sco| BI” + A [6]%)

5 B
Ul + SIBIIS +~16113) = 721

IN

AN
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Using this and Lemma [2.1] we obtain

§ P )
25 222 222 s 2,2, .
({22 a2~ 2 = O (1.6
Putting together (4.5) and (4.6) we obtain
)
ZHZHQ < [2)? < (max (R; R, k) +c0) |27, Vz eV (4.7
Thus, [-,] defines an inner product in V' with norm [-] = [-, -]'/? equivalent to || - ||.

Lemma 4.4. The semigroup {S(t)}+>0 generated by Problem (3.1)) is asymptotically
compact in H.

Proof. Let B be a bounded subset of H, and consider {z,}, C B and {t,}n, tn >
0, t, — 00. Set
B={zeH: | <p), (4.8)

where p is the positive constant in Lemma and then we find that there exists
a time tg > 0 such that

St)BcC B, foralt>tp.
Hence for t,, large enough (¢, > tg), we have
S(tn)zn € B. (4.9)

Thus, the sequence {S(¢y, )zn,, }n, is weakly precompact in H, and since B is closed
and convex, we have

{S(tn,)2n, tn, = w weakly in H, (4.10)

for some subsequence {S(tn, )2n, tne Of {S(tn)zn}n and w € B. Similarly, for each
T > 0, one can show that S(t, — T)z, € B, for all t,, > T +¢p. Terefore, we obtain
that S(t,, —T)zy, is precompact in H, and by using a diagonal argument and passing
to a further subsequence (if necessary), we can assume that

{S(tn, — T)zn, }n, — wr weakly in H,

for all T € N with wy = (up,Br,0r) € B. Using the weak continuity of S(t)
established in Lemma and (4.10), for all £ € H, we have

(w,€) = fim (S(tn,)zn.§)

— lim (S(T)S(tnk —T)znkaf)

k— o0
= (S(T) Jim S(t, = T)znes€) = (S(Tywr,€).
—00
Therefore w = S(T)wr for all T € N. Moreover, by using the weakly lower-
semicontinuity property, from (4.10) we obtain

|w] < liminf |S(t,, ) 2n, |-
k—o0

Our next aim is to show that
limsup [S(tn,, ) 2n, | < |w]. (4.11)
k—o0
Then we have
lim |S(t"k)2nk| = ‘w|’
—00
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and this, together with the weak convergence, will imply the strong convergence in
H of S(ty,, )2n, to w.

Now, setting Z = z in (3.1]), using (2.10) and (4.4]) to obtain

S IEOP + 210 = @,2) — (alud)l? + Bl + 7).

then, using the variation of constant formula, we obtain

T
D = e # Tl +2 e B0 1@, 5(0)
0 (4.12)

— (alu()? + Bllu(s)|I5E, + [2(s)]?) |ds

Lr+1

which can be written as

T
R TS A OR
0

- <a|S1 (s)uo|® + BIS1(s)uol Tiﬁl + [S(S)ZQ]Q) }ds,
for all zo € H and t > 0. Thus, for T € N and ¢, > T, we have by letting
20 = S(t, — T)zy, in ([&13), we obtain
|S(tn)zn|2
= [S(T)S(tn — T)za|*

(4.13)

T
= e 2T|S(t, — T)zn)?® + 2/ e B T=9)(D,S(5)S(t, — T)zp )ds
0

/ e~ 1) [a]S1(5)S1 (b — Thual? + 5111 (5)S1 (b — Thua571,] ds
/ = BT [S(5)S(tn — T)2n]2ds.

(4.14)
We now estimate the terms in (4.14]). In the same way that we have obtained in
(4.9), for each T > 0,

S(ty — T)zn € B, Vo >T +tp.
From (4.8)), we find that
lim sup e_%T|S(tn — Tzl < e T T2 (4.15)

k—o0
Next, by using the weak continuity result in (4.2) and the convergence {S(t,, —
T)zn, tke — wr weakly in H, we have
S()S(tn, — T)zn,, — S(-)wr  weakly in L(0,T; V). (4.16)
Now, we consider

—oNT

T T
1—
[ e B afds = [T )R ds = )R (<) < o0
0 0

and hence the mapping s — e BT ¢ [2 (0,T;V"). Thus, we find that

T T
lim 6_%(T_5)<<I>,S(S)S(tnk —T)zp,, )ds =/ 6_%(T_S)<(I),S(S)IUT>dS.
k—oo Jo 0

(4.17)
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From (4.7), the norm [] is equivalent to || - ||. Also
_a o (r—
0<e 2T <e 209 <1, Vse|0,T)

and therefore (fOT e~ B (T-9) [-]2d8)1/2 defines a norm on L?(0,7; V) equivalent to

the norm ( fOT Il - ||2ds)1/ 2, Using (4.16]) and the weakly lower-semicontinuity prop-
erty of the norm, we obtain

T T
/ e~ (T=9) [S(s)wr]?ds < lim inf/ e (T=9) [S(8)S(tn, — T)zn,]*ds.
0

k—oo  Jo

Therefore,

T
lim sup [— 2/ e_%A(T_S)[S(S)S(tn,c —T)z,,]2ds

k—oco 0

T
= 2liminf [ e T T I[S(s)S(tp, — T)zn, |2ds (4.18)

k—oo /o
T S

< —2/ e~ T (T=9)[S(s)wr]?ds.
0

We also have that

T PN T 2 1/2 T S\ T 1 7"}»1
(/ em 2T ds) and (/ em 2T ‘Et+1d8)
0 0

define norms on L2(0,T; H) and L"+1(0,T; L™t1), which are equivalent to the norms
e
(fOT| : |2ds)1/2 and (fOT || - |7t} ds) ™, respectively. Using (-3 and the weakly

Lr+1
lower-semicontinuity property of the norm, we obtain

T
timsup [ =2 [ e H 0 alS1(5)S1 by~ T
0

k—o00

+ 8151 ()81 (bn,, — Ty, I3, ]ds|

Lr+1

T
= —21iminf/ e (T=9) [a]S1(8)S1(tny — T, |? (4.19)

k—oo  Jo

+ Bl81()S1 (b, — T, 551, ds

Lr+1

Lr+1

T
< _2/ e~ 2T [a]8) (s)ur|? + Sy (s)ur |5+, ] ds.
0

Collecting (4.15) and (4.17)-(4.19)) in (4.14) and then taking limsup in (4.14)), we
obtain

lim sup [S(tn,, ) 2n, |
k—o0

T

T
—2/ e BT (alSy (s)ur|? + BlISi (s)urllfEL, + [S(s)wr]?) ds.
0
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On the other hand, we obtain in (4.13]) applied to w = S(T)wr that
|w]? = S(T)wr|?

) T
=e = | +2 / e F (@, S(s)wr)ds

) (4.21)

T
=2 [ B (alSiurl + SISy (sJurl;L + Bwrl) ds
0

From (4.20) and (4.21)) we find that

limsup [S(tn, ) 2n, |* < e_%Tp2+\w|2—e_57AT < |w|2+e_%Tp2, VT € N. (4.22)

k—o0

Let us take 7" — oo in (4.22) to obtain

lim sup [S(tn, )z, |* < |w]®
k—o0

and yields (4.11). This establishes that {S(¢,)zy}n is precompact in H and hence
that {S(t)}:>0 is asymptotically compact in H. O

5. DIMENSION OF THE ATTRACTOR

In this section, we estimate the bounds for the Hausdorff as well as fractal
dimensions of the global attractor A obtained in previous section. Due to this
technical difficulty, we consider the cases » = 1,3 only in this section.

Let z(t) be the unique weak solution of the Problem (3.1I]), we consider the
linearized system

(Oes(t), 5) + a(s(t), 5) + o(s(t), 5) + B(s(t), 2(t), §) + B(=(t), s(), 5)
+alv,0) + BCL W, By, =0, V5= (0,9,0) €V, ae. te(0,T), (51)
s(0) =s¢ in H,

where CJ.(-) is defined in (2.13). As in the case of nonlinear Problem (B.1]), one can
show that there exists a unique solution s = (v,%,¢) € L?(0,T;V) N L>(0,T; H)
with v € L™1(0, T; L") and 8ys € L+ (0, T; V).

We define a map A(t;z0) : H — H by setting A(t;29)so = s(t). In the next
Lemma, we show that the map A(%; zp) is bounded and the semigroup {S(¢)}>¢ is
uniformly differentiable on global attractor A, i.e.,

lim sup IS(t)Z0 — S(t)z0 — A(t; 20)(Z0 — 20)|

£=00<|zy—z0|<e, Zo,20€A |Zo — 2o

=0.  (5.2)

Theorem 5.1. Let Zg, 20 € H. Then forr = 1,3, there exists a constant M (|Z|, |20])
such that

|S(t)50 — S(t)ZO — A(t; Zo)(io — Zo)l < M‘ZO — Zo‘, (53)
where the linear operator A(t;zg) for t > 0 is the solution operator of the prob-
lem , Or in other words, for every t > 0, the map S(t) : H — H s
Fréchet differentiable with respect to the initial data, and its Fréchet derivative
D, (S(t)z0)s0 = A(t; z0)s0. Moreover, is satisfied.

Proof. We denote zZ(t) = S(t)Zo, 2(t) = S(t)zo and let s(t) be the solution of (5.1
with sg = Zp — z9. From ({3.3)), we easily find that

K 2 2
| 1Pds < 3 (1 + Sel@lR-)., vee 0.7 (54)
. 5 5
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Writing w(t) = z(t) — z(¢), t > 0 and using the same arguments as in proving the
uniqueness of solution in Theorem we deduce

d 0 _
T W@F + S lw@* < 207 Gl (@)1 2(s)II”

and
) < )P e (2073 [ (o) Pas)
Thus, using , we obtain
\w(t)|2 < |w(0)|2exp (457202 (Jz0* + 26~ 't||@|13) ), Yt € [0,T]. (5.5)
Now, from and ., we have

3 [l

< w(O)? +26 % /|w )22 (s)|2ds

< |w(0)]2 +261 / | 2(s)]|?|w(0)|* exp {457%2 (‘Zo|2—|—25718||¢)||%//):|d8
< w(O)2 1+ 45726 (|20l + 26 ¢ @I13) exp [46-2¢ (|20l + 2~ 1)@ ]3) |

< |w(0)[? exp [85—%5 (1202 + 2074 @|2) ]

(5.6)
Let 1(t) = (un(t), By(t), 0,(t)) be defined by

n(t) = 2(t) — 2(t) — s(t) = w(t) —s(t), ¢=0.
Evidently, for all 77 = (ug, Bj, 05) € V, n(t) satisfies
(@ (t), ) + a(n(t), 1) + o (n(t), 1) + a(uy(t), ug) + B(Cr(w) = Cr(u) = Cr(w)v, up)

= —B(z(1), 2(t), 1) + B(2(2), 2(£), 1) + B(s(2), 2(£), 1) + B(=2(t), s(£),7),
a.e. t € (0,7),

n(0) =0 in H.
It is easy to see that
- B(f(t), E(t)v 77) + B(Z(t), Z(t)a 77) + B(S(t)a
= —B(2(t),n(t),7) — B(n(t), 2(t), 7) — Bw(t), w(t), )
and consequently, by Lemma for all ¢t > 0,
3 dt |77( )+ glln(t)ll2 +aluy () < B(1), 0(t), 2() — B(w(t),w(t), n(t))
- ﬁ<C7(’(]) - CT(“) - C;(u)vv u77>.
By using the Lemma 2.3 and the Young inequality, we have
B(n(t),n(t), 2(t)) — Blw(t), w(t), n(t))
< e(In@llIn@Iz@)1 + lw@)[lw @) Hn@)])

< %Iln(t)ll2 + 307 ey (In() Pl + lw )P lw®)I)-

(5.7)
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To eatimate the term —/3(C,(u) —C,(u) —C,.(u)v, u,), we consider the cases r = 1,3
separately. For r = 1, it can be easily seen that

—B(Cr(@) = Cr(u) = Cr(w)v,uy) = —Bluy (t)[7.
It should be noted that

<|Z—1|(u1 ‘v) — |Z—z|(u2 “v),w)

= (gl = wz) ol w) + (= ) 2 ), )
" u1<1|u1| - |2u2|> + (1 — ug)|ui )
:<m[(u1—uQ)-v] w>—|—< |U1HU2‘ (uz~v),w>

< 2(fjur — ual[v], [w])

for all uy # 0, ug # 0 and v, w € L3 (one can also obtain same estimates for u; = 0
or ug = 0). For r = 2, by using Taylor’s formula (see [16], Theorem 7.9.1]), Holder’s,
Ladyzhenskaya’s, Young’s inequalities, (2.14]) and (5.8]), we have

— B(Cr (1) — Crr(u) — Cr(u)v, uy)

:—B</ C (et + (1 — eyu)(@ — u)de — Cl (), uy)

= 5 ) + 5 [ 10L0)  Chtei+ (1 = ) 3~ s
mawmmw»+ﬂéuumkﬁ+aewuwamede

+,6’/

<38 / <1—e><|a—u|2,|un|>de
38

< = ul gl

et + (1 —e)u
lea + (1 — €)u|

m\gw

(@ —uw)] — [(ew+ (1 —e)u) - (T —u)] 7u,7>d6

2 9 2 2 2
< afug? + TPl

For r = 3, once again by using ([2.14), Taylor’s formula (see [16, Theorem 7.9.1]),
Hélder’s, Ladyzhenskaya’s, Young’s, Poincaré’s inequalities and (2.15]), we have

- /8<Cr(a) —Cp(u) — C;(u)v’ un)

11
= —B(Cl(u)(a —u) + = /0 Cl(eu+ (1 — e)u)de(u — u) ® (a — u) — Cp.(w)v, uy)

2

— _B(C () ) +3,@/ (et + (1 — )u) - (i — )] (@ — 1), uy) de

=53 [ e+ (1 Ol ~ wl e

1/2 1/2

<32 HB([all za + Nl ) ]|l

5 2 38/3
3||U|| N

Iy

578l g+ 7 /2
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g B - _
< ol + Sl + Nl nf? + 6726923 2w w2,

Collecting the estimates above and applying to (5.7]), we obtain

Lol + 5 In)?
601} + (1)), for 7 = 1.

6512222 + (65713 + %) o Plwl?, for r=2, O
(65" =) + BUIAOL, + [u(DlE)]n(r)
+ (667 1c +2671/28%/235/2) w(t) P ||lw(t)]?, for r = 3.
For r = 3, we deduce from (3.3 that
t
_ 1 _
| OO+ o)1) ds < S0 +287 @), vez0. (.10)

By integrating (5.9) from 0 to ¢, and using that n(0) = 0, we obtain

t
n(D)? < (6671c2 + 267 1/2%/23%/2) / w(s)2llw(s)|2ds
0

t
+/0 (60~ cpllz(s) 12 + BUlla(s) 1 74 + lluls)[7.)] In(s)Pds
for all ¢ > 0, and consequently, by the Gronwall inequality and (5.4))-(5.6[), (5.10)),

t
() < (65’1C§+25’1/Qﬂ3/235/2)/ jw(s)?[lw(s)]*ds
0

t
cexp ([ (657 AP + A5 + o)) ds)
< (12672 + 4571 B)3/23%/%) lw(0)[*
x exp [ (1267 2¢c; + 1207 "¢ + 1) (|zo0> + 20~ 't||®[]3) |-
Thus, by the definition of 7, it is immediate that

2(t) — 2(t) — s(®)]

|Z0 — 20|

= x(t)[20 — 20|

where

X(t) = (1257265 + 4(5*1ﬁ)3/235/2)1/2

1
xexp | (6972 + 6071} + 3) (|0 + 207t @) .

and hence the differentiability of the semigroup S(¢) with respect to the initial data
as well as (5.2)) and (5.3 follows. The cases of r = 1,2 can be proved in a similar
way. ([l

In the next Theorem, we show that the global attractor obtained in Theorem
has finite Hausdorff and fractal dimensions. To estimate the dimension of the
global attractor A, we need the assumption

R?\ Q contains a semicone (5.11)

to ensure that we can use the generalized Lieb-Thirring inequality in the general
case (see [23]).



20 D. T. SON EJDE-2025/30

Theorem 5.2. Assume the conditions of Theorem and conditions (5.11]) hold.
For r = 1,3, then the global attractor A in Theorem |{.4 has finite Hausdorff and

fractal dimensions, which can be estimated as

dimra(A) < 1+ % (5.12)
dimp, (A) < 2(1 + %), (5.13)

where
M= % (MBI + R, + kA,
K :=6uRL/? max (Re; %Rm; 267 ) [4(RY? + RY)? + ARY? + v732]||@|[3..
Proof. First, we can rewrite as
(0;s(t),3) = (F'(2)s, 3)
= —[a(s(6),3) + o(s(¢),3) + B(s(t), 2(0),

e
=
&
—~
W
—~
~+
~—
V)
—~
~~
~—
V33

o (5.14)
+ v, B) + BC.(w)v, ﬁ)}, V3= (3,9,0) €V, ae. te (0,T),
s(0) =s9 in H.
Then we define the numbers g, for m € N by
1 t
¢m = limsup sup sup f/ Tr(F'(S(s)20) © Qum(s))ds (5.15)
t—oo zo€Ag€H, |6|<1,i=1,...m t Jo

where Q. (s) = Qm(s;20,&1,...,&n) is the orthogonal projector of H onto the
space spanned by

{A(ta 20)517 s 7A(t7 Z())gm}
and the trace (denoted by Tr) of F'(S(s)zg) 0 Qm(s) in (5.15) is defined at least a.e.
in ¢. From [40] section V.3.4] (see Proposition V.2.1 and Theorem V.3.3), we infer
that if ¢, < 0, for some m € N, then the global attractor A has finite Hausdorff
and fractal dimensions estimated respectively as

dimpay, (A) < m, (5.16)
. (gi)+
dlmF‘ra(A) < m(l + 12‘%}57; m) . (517)

To estimate the numbers ¢, let 29 € A and &;,...,&, € H. Set z(t) = S(t)zo
and n; = A(t,20)&, t > 0. Let {wl(t),é'l(t),qu(t)} ,t > 0 be a basis for

span{n:(t), ..., nm(t)} such that {w;(t)}i=1, .. m is orthonormal in Hy, {C‘l(t)}lzlm
is orthonormal in Hy and {¢;(¢)}i=1,... m is orthonormal in Hs. Set

V3 V35T V3
An easy computation shows that {¢;};=1,...m is orthonormal in H. Since n;(t) € V
for a.e. t > 0, we can assume that ;(t) € V for a.e. t > 0 (by the Gram—Schmidt

i = (w;, Cy, ¢;) = (
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orthogonalization process). Then, from Lemma (2.10), (2.14) and (5.14), we
have

To(F(S(5)20) © Qun(5)
= S G v
- - i [ae00) + (00 00) + Blor,2.00) + ) + B(CL )] O
< i [= 5 (ool + o CH13 + ml6018 ) + B, 2,00
Now let
0= (r (B2 V2wi(@)]? + SRLM2|Ci(@) 2 4+ 6 2 gs(@)])
=

then by calculating similarly as in [3] Theorem 5.1], we find that

m
1> [b(wi, u,wi) = SH(Ci,u, G| < (RYZ + RY2)ull1[lpll 2,
=1

m (5.19)
1> S [b(wi, B,Ci) = b(Ci, B,w;)]| < S (ReRpm)"*(|Bll2]lp]| -
i=1

Applying Cauchy’s and Young’s inequalities, we obtain
YNwi(z) - VO(2)||gi(z)| < v10()[|wi(x)]|d:(z)|
1/2pl/4 1
i e 2 1/2 2
< Do V0@ (Salui @ + v Plgi(o)l).

Integrating this expression in z, summing up in ¢ from 1 up to m, and using the
definition of p, we deduce that

1> b(wi, 0, ¢5)|
i=1

1/4 (5.20)
1/2R m 1
g e ) L )
< Topl/t /Q Vo ()] ; (@W&(IH + 9K / i ()] )dx
1/2R1/4

= Tl/ZHHH:’»HPHL?-
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Hence, from (5.19) and (5.20]), we obtain
|ZB(%ZM)|

wz,u wl Sb(Cl,B,wZ)Jer(wl,B,Cl)—Sb(Cl,u,C’z)

Ms

(5.21)

_B<wz,a o)l

1/2 1/2 1/2 1/4 ’YI/ZR;M
< lpllee [(RY2 4+ B lully + SY2(Befn) V| Bllz + 25— 116]a):

From the definition of p, w;, C; and q@i, we observe that
1 — o~ -
pla) = 2 D (B2 (@) + B 21Cia) P + 1721 8i(a) ).
i=1

Then the generalized Lieb-Thirring inequali:cy (see [23]) can be applied to the or-
thonormal finite families {@; };, {C;}: and {¢;}; (by condition (5.11). This guaran-
tees the existence of a constant p independent of the number of functions m (but
depending on the shape of ) such that

Il
1 m
<3 (7! I3 bt + T Z|c P22 + 5 Z 6(@)?2)
e i - - (5.22)
<52 (o818 + NGl + l:13)
C S
<ud (Re sl + - Gl + vl ).
Inserting (5 into (5.21]) and using Young’s inequality, we obtain
’ ZB(QD’M 2, SD'L)‘
i=1
1/2 1/2 1/2 1/4 71/2Ré/4 1 2
< | (B2 + Rl + 8" (ReR) 1Bl + T T 10l + -l
7R1/2
< 3u[(RY2 + Rl + S(RRo) /21 BIE + 75 1013]
1 1 S
12 (R—enwin% + IG5 + mlal).
Applying this inequality to (5.18)), we obtain
Tr(F (S(s)20) 0 Qum(s))
1/2
YR
< 3u[(BY? + By ull} + S(RR) 2B+ 1= 1615 (5.23)

m

- fZ (g sl + Gl + o).
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Since {gpi}i m 18 orthonormal in H we see that |w;|? = S|C;|? = v|¢s|? = 1/3.
Then, by (2.2)), we deduce from ) that

Tr(F'(S(s)20) o Qm(s))
Fle/Q

< 3| (RY? + RY)Pul} + S(RRn) 2 BIE + Lo 10)3]

12 (Tl + 221G + o)
i=1 ¢

1/2
YR
= 3| (R + R ull} + S(RR) /2 1BI3 + 75 1613
A
12 (E e K1)

For all m € N, we have
1 t
< 3ptimsup sup 3 [ [(RY? 4+ B2 u(s) [} + S(ReRw) 2B
t—00 zoeAt 0
(5.24)
TR 2 ge_ (AL, o
L 0s) 3] ds - 12(3 + Rm ® ).

From (1.1), we multiply the first, second and third equations by u, SB and ~8,
respectively. Then integrating over ), using (2.9), (2.5) and (2.6]), we obtain the
energy estimates

i \2+R Hjull? — Sb(B, B,u) + alul? + Bllul 7+,

2dt
-+ Telol + S ful + 211
_SR_ 2+ 220003 + 2R 112,
L S\BE 4 ByIS|BI - S B) < a5 g QRmsuwn%z/,
o |e|2+m||9u3s62—”Hu||%+@||9||§+ ||9||3+ e
< 2 ol + e fullt + 2 .

Adding the inequalities above and using , we deduce that

d R;1 1S Ky
Z 12O + udIt + == IIBOIs + @13

4R, S
< 2Re||f||%/1’ + T”\P”Vé + ?Hthg

2 2
< 2max <Re; ?Rm§ m> 125

It follows that

2
lim sup sup f/ |u(s)]|3ds < 8R. max (Re,? m,f)H‘I>||V,

t—o0 zoe_A
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1t
limsup sup g/ S||B(s)||3ds < 8R,, max (Re;
0

t—o0 zp€A

2. 2
~Roni - ) @11,
2 o 212

I 2 2
lim sup sup f/ Y/0(s)||3ds < 8+~ ! max (Re; —Rp; 7)H<P||%/,

t—oo zp€A t 0 7 R
Therefore,

. 1/t
limsup sup f/ [(Ré/2+R},{2)2Hu(s)||%+S(R6Rm)”2HB(s)H§
0

t—oo0 zp€A

1/2
VR 5.25
+ iy 106s) 1] ds o
2 2
< 2R max (Res = B~ ) [4(BY? + BY)? + 4R + w72 [0}

Applying (5.25) to (5.24]), we obtain
gm < —mK+ M, VYmeN
where K and M are as in the statement of the theorem. If m’ € N is defined by

m —1< % <m
then ¢,y < 0 and thus from (5.16]), we find that

dimgau(A) <m’ <1+ %
and obtain (5.12). Furthermore, if m” € N is defined by
m’ —1 < T <m"
then using [40, Lemma VI.2.2], we have

(Qi)+

gm < 0 and
|Qm”|

From (5.17)), we obtain

<1, foralli=1,...,m".

dimypra(A) < 2m” < 2(1 v %)

and have (5.13)), which completes the proof. O

6. UPPER SEMICONTINUITY OF GLOBAL ATTRACTOR

In this section, we verify the upper semicontinuity of global attractors for (L.1).
Let {2, }2°_; be an expanding sequence of simply connected bounded and smooth
subdomains of 2 (for example, one can take ! = Rx (—L, L)) such that UX_,Q,, =
Q. Throughout this section, we differentiate the H spaces defined in  and .,
as Hq and Hgq,,, respectively, and similar modifications are made for other spaces
also. Then, we consider

(Or2m (1), 2) + a(zm(t), 2) + 0 (2m(t), 2) + B(2m(t), 2m(t), 2)
+ a(tm, @) + B(Cr (), @) = (P, Z), Vi=(4,B,0) e Vy,, ae te(0,T),

zm(0) = 20, in Hgq,,
(6.1)
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where

(I) Q7n, 9 Qm?
b, (x) = (2), @€ and  zgn(r) = 20(x), =€
0, x € Q\ Qs ’ 0, z € Q\ Q.

We also assume that ® € Hgq. Let z, € L*(0,T;Hq,) N L*(0,T;Vq,,) be
the unique solution of the system with 0,2z, € L*(0,T;V{ ) and hence in
C(]0,T); Ha,,). Then, by the same arguments in Section |4} the system pos-
sesses an attractor A,, € Hq . To check whether the global attractor A and A,,
of Problem corresponding to £ and £2,,, respectively, have the upper semi-
continuity when m — oo, we follow the results for the 2D Navier-Stokes equations
in [44].
We now prove the following important lemma.

Lemma 6.1. If 2o € A, m=1,2,... then there exists zo € A such that up to
a subsequence,

20,m — 20 strongly in H. (6.2)
Proof. First, we show that for given zy,, € Ay, m =1,2,..., there exists zyp € A
such that up to a subsequence,
Sm(-)20,m — S(*)20 weakly in L*(—~T,T; Va), (6.3)
Si(t)z0,m — S(t)zo weakly in Hq for each t € R. (6.4)
Indeed, by using , we have that
IS, (t)z0,m| < p, for given zy ,, € A, and ¢t € R. (6.5)

By the same estimate as , we deduce that for each T > 0, the sequence
{Sm(t)20.m tmen is uniformly bounded in L>(—T,T, Hq) N L?(—T,T; V) and the
sequence {9;S,,(t)20,m }men is bounded in L?*(—T,T;V}). From these uniform
bounds, we can extract a subsequence, which is denoted again by {20,m }men such

that
S (t)20,m — 2z weak-star in L*°(-T,T; Hg),

S (t)20,m — #z weakly in L*(=T,T; Vq),
1S (t)20.m — Orz weakly in L*(—T,T; V3),
Sm(t)uo.m — u weakly in L™ (=T, T; L5).
From the first convergence in 7 we see that
Si(t)z0.m — 2z weakly in L?(—T,T; Hg).

(6.6)

By the same arguments as in [36, Lemma 2.1], one can show that z(-) is a weak
solution to Problem (3.1)) defined on R and z € C(R; Hg). Hence, we have z(t) =
S(t)z(0) and obtain . Let us now fix ¢t* € [-T,T]. From (6.5)), we have that
the sequence {S,,(t*)z0,m }men is bounded in Hg. Therefore there exists Z € Hgq,
a subsequence {S,(t*)20,m tmen (still denoted by {S;,(t*)20,m }men) such that

S (t*)z0.m — £ weakly in Hgq.

Thus z(t) is a solution of Problem (3.1) with z(¢*) = 2. Since t* € [-T,T] is
arbitrary, we obtain

S (t)z0,m — S(t)z(0) weakly in Hq, for each ¢t € R. (6.7)
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Next, we show that zy € A. By using the weakly lower-semicontinuity of norm,
(6.5) and (6.7), we obtain
IS(t)z(0)| = liminf [S,,(¢)zo.m| < p, forallt € R,
m—00
which implies that the solution S(¢)z(0) defined on R and bounded. Hence,
S(t)z(0) e A forallteR

and in particular z(0) = 2o € A. Finally, by repeating the arguments in Lemma
we prove (6.2)) as follows. From (6.4), we see that there exists zg € A such that
up to a subsequence,

20,m — 20 weakly in Hg,
and the weakly lower-semicontinuity property of the Hg norm gives

liminf |zg | > |20]. (6.8)
m—r oo
From (4.12)), we also have that
[ (®)? = e 2D 2 (1)
t
b2 [ e HOO[(,2(0) - (@lu) + Flu(o)

and the fact that 29, = S, (T)Sp(—T)z20,m for each T € R, thus

Lr+1

L ) ds,

|ZO,M|2

= |Sm(T)Sm(_T)ZO,m‘2

T
= e~ 5 TS, (Ty)Sm(~T)z0,m|> + 2 / e T =D, S,,(5)Sm (=T 20.m)ds
To

T
—2 / e T (T2 [a|51m(5)51m(7T)u07m|2 + BIS1m () S1m (=T tt0,m |
To

r+1 ] ds

Lr+1

T
_2/ 6_%\(T—s)[Sm(s)gm(_T)ZO,des'

To
Since zgm € Ap, the solution S,,(t)z0,m of the system (6.1 is bounded on R
and Sy, (t)zo.m € Ap for all t € R. Hence, for each T > 0, we deduce that
Sm(=T)z0,m € Ap. Thus, from (6.4), there exists zp € A such that, up to a
subsequence,
S ()Sm (=T)20,m — #zr weakly in Hg, for all t € R.

By a calculation similar to (4.12)), we obtain

limsup |20.m|? < |20/2 + (p? — |S(T*)ZT|2)€—%(T—T*) < |ZO|2+er—%(T—T*) (6.9)

m—0o0
for all T > T*. Since Hg is a Hilbert space, passing T to oo in and using
to obtain (6.2)). The proof is complete. O

We now state and prove the main result in this section as follows.

Theorem 6.2. Assume that ® € H. Let A and A, be the global attractors corre-
sponding to the systems (3.1)) and (6.1), respectively. Then

lim  dist gz, (A, A) = 0, (6.10)
m—roo



EJDE-2025/30 GLOBAL ATTRACTOR FOR 2D MAGNETIC BENARD PROBLEM 27

where disty, (Am, A) = sup,c 4, disty,(2,A) is the Hausdorff semidistance of
space Hg.

Proof. We use contradiction to prove this Theorem. Let us assume that (6.10]) does
not hold. Then there exists a fixed g > 0 and a sequence z,, € A,, such that

distp, (zm, A) > €0 >0, m=1,2,.... (6.11)

While by Lemma we find that there exists a subsequence {zm, }r C {zZm}m
such that

lim distg,, (2m,,A) =0,

k—oc0

which is a contradiction to (6.11)) and completes the proof. (]

7. EXISTENCE AND EXPONENTIAL STABILITY OF A STATIONARY SOLUTION

In this section, we study the existence, uniqueness and exponential stability of
stationary solutions of problem (1.1)) with the external force ® € L?(Q) x L2(Q) x
L?(Q). We first consider the following steady state system associated with the

equation .
S
—R'Au+ (u-V)u—S(B-V)B+au+ Blu|" " u+ V(p + §|B|2)
=0es+ f(z), inQ,
R\t (curl B) + (u-V)B — (B-V)u = ¥(z), inQ, (7.1)
—kAO+ (u-V)0 =uy + h(x), inQ,
V-u=V-B=0, in{Q,
u=0, B-n=0, curlB=0, 6=0 on9dN.

Taking the inner product of the first equation of ([7.1) with @ € V;, we obtain
Rgl((uv 11))1 +b(u7 u, a) _Sb(B7 B7 ’a)—FO[(U, a)+ﬁ<c'f(u)7 fL> - (0627 ’INL) = <fv a)Vl’,Vy

We take the inner product of the second equation of (7.1) with SB (B € V3) to
obtain

SR, ((B,B))2 + Sb(u, B, B) — Sb(B,u, B) = S(¥, B)y; v,.
And taking the inner product of the third equation of ([7.1)) with 79~ € V3, we obtain
7’%((97 é))3 + ’YB(U7 07 é) - ’}/(Ug, é) = V<h7 é>V3’,V3 .
Then we give the following weak formulation of problem ([7.1)).

Definition 7.1. A triple (u*, B*,0*) := z* € V with u* € L™ is called a weak
solution of the system (7.1)) if

a(z*,2) +o(z",2) + B(2", 2", 2) + a(u”,0) + B(Cr(u"),u) = (D, 2),
for all 2 = (4, B,0) € V.
Theorem 7.2. Suppose that % < ﬁ (where &, ¢, and X\ are in Lemmas
and respectively). Then, there exists a unique weak stationary solution of
system (1.1)).
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Proof. Let {w; = (uw,, Bw,,0w;)}; be a Hilbert basis of V' such that V,,, = span{w,}
is dense in Vi N L™ x V5 x Vi. For each integer m > 1, we find the approximate
stationary solution in the form

=2 &mi(thw
where
a(zm (), 2) + 0 (2 (), 2) + Blam (1), 2m (1), 2) + a(m (£), )
+ B(Cr(um (), 7) = (2, 2)

for all Z € V,,,. We apply Lemma to prove the existence of z,, as follows. Let
R,, : Vi, = V,,, be defined by

(Rmz,2)) = a(z,2) + 0(2,2) + B(z, 2, 2) + a(u, @) + B{Cr(u), u) — (P, 2)
for all 2,2z € V,,,. For all z € V,,,, by using ([2.2)), Lemma and (2.10]), we have
(Rmz,2)) = a(z,2) + 0(z, 2) + alu|® + Bllu|| 5L, — (@, 2)

LT+1

(7.2)

0 "
> Sz + alul® + Bllul 7l

2 = aslelle

1
2
= 512017 = 55 =012l
Thus, if we take k = 267 'A\71/2|®|, then ((R,,z,2)) > 0 for all z € V,, satisfying
lz|| = k. Thus, there exists a solution z,, € V,, with R, (z,) = 0. From (7.2)), we
replace Z with z,, to obtain

[ 2m]| < 267TA7Y/2| @), (7.3)

hence we can extract a subsequence of z,, (still denoted by z,,) such that z,, — z*
weakly in V. Moreover, applying the Aubin-Lions lemma (see [30]), we can conclude
that

r—1 71*

[u]" " u — |u weakly in L.

Therefore, we have that z* is a weak stationary solution to problem (1.1)). Now let

2} and z3 be two stationary solutions to problem (|1.1)) and set y* = 27 — 23, then
by using the same arguments as in proving the uniqueness of solution in Theorem

and ([7.3]), we deduce that
6 * * * * * * * Cb * * — *
Sly™I* < B(25, 25, 5") =Bt 21,07) < g7z l= My 1% < 2060 e[y
Thus, we obtain
4Cb «
(6 1) lyI1? <0
and obtain the uniqueness of stationary solutions. O

Theorem 7.3. Assume that the assumptions of Theorem[7.Zhold. Then the unique
stationary solution z* of problem (1.1)) is exponentially stable.

Proof. Notice that we can write the solution z(t) to problem (I.1)) in the form
z(t) = z* 4+ y(t), by repeating some arguments as in proving the uniqueness of
solution in Theorem [3.1] and (7.3, we deduce that
1d
2dt

QCb

= ly(@)1* + glly(t)ll2 < aly@lllly@ < S iellly@l?,
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Then

4Cb

d
*Cop 2 - a 2 2
@) ly@)2 <0 or @ +dly(B) <0

SoP + (5

where 9 := A71(§ — 42[®|) > 0 and this yields

ly()? = [2(t) — 2| < [2(0) — =*[e™".

The proof is complete. O
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