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Nonlinear elliptic systems with exponential
nonlinearities *

Said El Manouni & Abdelfattah Touzani

Abstract
In this paper we investigate the existence of solutions for
—div(a(|Vul™)|VulN "?u) = f(z,u,v) in Q
—div(a(|Vo|™) Vo]V %0) = g(x,u,v) inQ
u(z) =v(z) =0 on IN.

Where Q is a bounded domain in RY, N > 2, f and g are nonlineari-
ties having an exponential growth on 2 and a is a continuous function
satisfying some conditions which ensure the existence of solutions.

1 Introduction

Let Q@ ¢ RY, N > 2 be a bounded domain with smooth boundary 6.

In this paper we shall be concerned with existence of solutions for the problem
—div(a(|Vu|™)|Vu|¥ "2u) = f(z,u,v) in Q
—div(a(|Vv|™)| Vo[V 2v) = g(z,u,v) in Q (1.1)

u(z) =v(z) =0 on ON.

Where the nonlinearities f, g : Q! x R? — R are continuous functions having an
exponential growth on Q: i.e.,

(H1) For allé >0

|/ (@, u, )] + |g(@, u, )]
e (ul N0 )/ =D

=0 Uniformly in .

|(w,v)|—o00

Let us mention that there are many results in the scalar case for problem in-
volving exponential growth in bounded domains; see for example [4], [6]. The
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140 Nonlinear elliptic systems with exponential nonlinearities

objective of this paper is to extend these results to a more general class of el-
liptic systems using variational method. Here we will make use the approach
stated by Rabinowitz [8].

Note that for nonlinearities having polynomial growth, several results of such
problem have been established. We can cite, among others, the articles: [9] and
[10]. In order to prove the compactness condition of the functional associated
to a problem (1.1) we assume the following hypothesis

H2) w2 > LF and v2E > LF, where F = F(z,u,v) and such that 2£ =
ou 2 v 2 ou
f(x,um),%—f = g(x,u,v) with F(z,u,v) > 0 for v > 0 and v > 0,
F(z,u,v) =0 for u <0orv <0 with g > N and U = (u,v) € R?.

We shall find weak-solution of (1.1) in the space W = WOLN(Q) X Wol’N(Q)
endowed with the norm

o = / VU i = / (Vul™ + VoY) de

where U = (u,v) € W. Motivated by the following result due to Trudinger and
Moser (cf. [7].[11]), we remark that the space W is embeded in the class of
Orlicz-Lebesgue space

Ly ={U:Q — R? measurable : / o(U) < o},
Q

N N

where ¢(s,t) = exp (s N-T thl). Moreover,

sup /exp ('y(|u\% —|—|v|%)dw§0 if vy <wn_i,
Q

[l (us0) [l <1

where C'is a real number and wy _1 is the dimensional surface of the unit sphere.

On this paper, we make the following assumptions on the function a.
(al) a:R* — R is continuous
(a2) There exist positive constants p €]1, N, b1, ba, ¢1, ¢ such that
e +biuNTP < uN_pa(uN) < e+ bouN TP Wy e RT;

(a3) The function k: R — R, k(u) = a(|ul")|u|N~2u is strictly increasing and
k(u) — 0 asu— 0%,

Remark Note that operator considered here has been studied by Hirano [5]
and by Ubilla [11] with nonlinearities having polynomial growth.

We shall denote by \; the smallest eigenvalue [9] for the problem
—Ayu = Aul* tufp/” inQcRY
—Ayv=Au/* Ty inQcRY
u(z) =v(x) =0 on Y
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o fa+l B+1 N
Alzlnf{7/|Vu|Ndx+7/|Vv| dz -
N Ja N Jo
(o) € W, [ a1 ol do = 1}
Q
where « + 8 =N — 2 and o, 5 > —1.

Definition We say that a pair (u,v) € W is a weak solution of (1.1) if for all
(p) €W,

/a(|Vu|N)|Vu|N_2VuV<pdx= / flz,u,v)pde
o 0
/a(|VU|N)|VU\N_2VvV1pdx = / g(x,u,v))dx
Q Q
Now state our main results.

Theorem 1.1 Suppose that f and g are continuous functions satisfying (H1),
(H2) and that a satisfies (al), (a2) and (a3), with Nby < uby. Furthermore,
assume that

pF(z,U)

— < b16,(N))A 1.3
o P Ju| T o] (1 + 016, (N)) M (1.3)

uniformly on x € Q, where 0,(N) =1 if N =p and 6,(N) =0 if N #p. Then
problem (1.1) has a nontrivial weak solution in W.
Remarks

1) Here we note that in case that (a2) holds for p = N, the condition (a2)
can be rewritten as follows:
(a2') There exist ¢1, co such that

c1 §a(uN)§CQ forall uweRT.

If a(t) = 1, (a2’) holds with ¢; = ¢5 = 1 and therefore, we obtain the result
given in [3].

2) fa(u) =1 +u"%", conditions (a2) and (a3) hold, then the problem (1.1)
can be formulated as follows

—Anu— Apu = f(z,u,v)

—Anv — Apv = gz, u,v);

where A, = div(|Vu|[P~2Vu) is p-Laplacian operator.
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2 Preliminaries

The maximal growth of f(z,u,v) and g(x, u,v) will allow us to treat variation-
ally system (1.1) in the product Sobolev space W. This exponential growth is
relatively motivated by Trudinger-Moser inequality ([4], [11]).

Note that if the functions f and g are continuous and have an exponential
growth, then there exist positive constants C and  such that

£ u,0)] + lg(w, u,0)] < Cexp (3(jul ¥ + o] ¥59)), V(w,u,0) € 2 x R2.

(2.1)
Consequently the functional ¥ : W — R defined as

U (u,v) :/F(a:,um) dx
Q
is well defined, belongs to C1(W,R), and has

' (u,0) (. ) = / £, 0)p + g, u, ) de.

To prove this statements, we deduce from (2.1) that there exists C; > 0 such
that

|F(2,u,0)] < Crexp(y(Jul ™ + o] ¥1)), V(z,u,v) € Q x B2,
Thus, since
_N _N 1
exp (7(|u| ¥ + o] ¥1)) € LH(9Q),  V(u,v) € W,

we have the result.
It follows from the assumptions on the function a that for all ¢t € R,

1 by C1
AN > 2N 4+ e
N(II)_N||+p|\
1 b2 (6]
AN < 2N+ Z P
N(II)_N\|+p||,

where A(t) = f(f a(s)ds. Furthermore the function g(t) = A(|t|"V) is strictly
convex. Consequently, the functional ® : W — R defined as

B(u,v) = %/QA(WulN)—s—A(Wv\N)da:

is well defined, weakly lower semicontinuous, Frechet differentiable and belongs
to CY(W,R).

Therefore, if the function a satisfies conditions (al), (a2) and (a3) and the
nonlinearities f and g are continuous and satisfy (2.1), we conclude that the
functional J : W — R, given by

J(u,v):%/S)A(\Vu\N)+A(|VU|N)dx—/QF(x,u,v)dx



Said El Manouni & Abdelfattah Touzani 143

is well defined and belongs to C'(W,R). Also for all (u,v) € W,
Tu,0)(o ) = [ al(Ful)Val¥2uTp + ol |0 ) Vol Vv do
Q

- / flz,u,v)o + gz, u,v) de.
Q

Consequently, we are interested in using Critical Point theory to obtain weak
solutions of (1.1).

Lemma 2.1 Assume that f and g are continuous and have an exponential
growth. Let (un,v,) be a sequence in W such that (un,v,) converge weakly
on (u,v) € X, then

/ fz,upn, vp)(uy — u) de — 0,
Q
/ 9(x, U, vy,) (v, —v)dax — 0,
Q
as n — oo.

Proof. Let (u,,v,) be a sequence converging weakly to some (u,v) in W.
Thus, there exist a subsequence, denoted again by (uy,,v,) such that

u, — u in LP(Q),

v, — v in LI(Q),

as n — oo and for all p,g > 1. On the other hand, we have

/ (2, un, v)[Pdz < C / exp(py(|un| ¥ + [0, | 7)) d
Q Q
N (1 / N1
< Qexp(smlunlN*))S( Qexp(s PY|Un|¥=T)) ¥
N
N |u |ﬁ 1/s
Y o e )
Q Wy (@) ||Un||W01=N(Q)

([ x5 g ()
X exp(s'py||lvn , 7) .
Q wo (@) an||Wol*N(Q)

Since (uyn,vy,) is a bounded sequence, we may choose 7 sufficiently small such
that

N N
5p'y||un||W01,N(Q)N—1 <ay and s’p'y||vn||W01,N(Q) T < an.

Then
/ @yt va)Pd < Cy
Q
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for n large and some constant C; > 0. By the same argument, we have also

/ |g(x,un,vn)|q dr < Cy
Q

for n large and some constant Cy > 0. Using Holder inequality, we obtain

1/p’
/f(x,un,vn)(unfu)dx < /|fxun,vn ] ? [|un7u‘1)]1/1’
Q
< u|p]1/p
and
1/‘1, 1/
/g(m,un,vn)(vn—v)dat < /\gwun,vn } [Jon — 0|94
Q
< o — 0|19

Thus the proof is completed since u, — w in LP(Q) and v, — v in L9(2). O

Lemma 2.2 Assume that f and g are continuous satisfying (H1). Then the
functional J satisfies Palais-Smale condition (PS) provided that every sequence
(Un, vy) in W is bounded.

Proof. Note that

J/(una’un)(@aw) :(I)/(unvvn)“@w) - /Q f(a?,un,vn)go + 9($7Umvn)¢d$

SE”H(@?¢)HW7

(2.2)

for all (¢, ) € W, where €, — 0 as n — oo. Since ||(un, vy )||w is bounded, we
can take a subsequence, denoted again by (u,,v,) such that

up, — u in LP(Q),

v, — u in LI(Q),

as n approaches oo and Vp,q > 1. Then considering in one hand ¢ = u,, —u
and ¢ = 0 in (2.2) and with the help of Lemma 2.1 , we obtain

(I)/(u'ru Un)(un —u, O) - 07

as n approaches co. Since u, — u weakly, as n — 0o and @' € (S ), the result
is proved. We have the same result for v,, by considering ¢ = v, —v and ¢ =0
n (2.2). Finally, we conclude that (un,v,) — (u,v) as n — oo. O

Lemma 2.3 Assume that the function a satisfies (al), (a2) and (a3) with
Nby < b1, and that the nonlinearities f and g are continuous and satisfy

(H1). Then the functional J satisfies the Palais-Smale condition (PS).
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Proof. Using (al), (a2) and (a3) with Nbs < uby, we obtain positive constants
¢, d such that

%A(t) —at)t>ct—d VteR* (2.3)

Now, let (un,v,) be a sequence in W satisfying condition (PS). Thus

1 1
—/A(|Vun|N)+—/A(\an|N)d:c—/F(m,un,vn)daﬁﬁc (2.4)
N Q N Q Q

as n goes to oo.

| [ a1Vl ¥) Tl + a9 0

“ (2.5)

,(/ f(@, upn, vp)un + g(z, Un, v)vy) de| < epl(Un, vn)|lw,
Q

where £, — 0 as n — oo. Multiplying (2.4) by u, subtracting (2.5) from the
expression obtained and using (2.3), we have

’/ |Vun\N+|an|N_/(MF(:E,un,Un)—(f(ffaUm”n)“”Jrg(m’u”’@”)v")dm
Q Q
< c—|—5n||(un,vn)“W'

From this inequality and using hypothesis (H1), we deduce that (u,,v,) is
bounded sequence in W. Now, with the help of Lemma 2.2, we conclude the
proof. O

3 Proofs of the existence results

Lemma 3.1 Assume that the hypotheses of Theorem 1.1 hold. Then, there exist
n,p > 0 such that J(u,v) > n if [|[(u,v)||x = p. Moreover, J(t(u,v)) — —oco as
t — +oo for all (u,v) € W.

Proof. By (1.3) and (2.1), we can choose m1 < ¢1 + b16,(N) such that for
r>N,

N
N—-1

1 Py
F(z,u,v) < = |u]®THo|PF 4 Clu|me ! el
p
for all (z,u,v) € Q x W. For Hu||W01,N and ||U||W01,N small, from Hoélder’s and
Trudinger-Moser’s inequalities, we obtain

a
p

Uit
ull? 2 = = [ull? v = Crllul

b
J(u,v) > NIHUHJ‘,\(/OIN"’ Wi D Wi

r
1,N
Wy

b c
AR + ol = ol = Crllly v
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Since 1 < ¢1 + b16,(N) and p < N < r, we can choose p > 0 such that
J(u,v) > n if ||(u,v)||w = p for some n > 0. On the other hand, we can prove
easily that

J(t(u,v)) » —c0 as t— 400

So, by the Mountain-Pass Lemma [2], problem (1.1) has nontrivial solution
(u,v) € W which is a critical point of J. This completes the proof of Theorem
1.1.

At the end, we give an example which illustrates conditions given on the non-
linearities f and g.

Example Let

o(lulNv vV N1

where x € C*(R?,[0,1]),x = 1 on some ball B(0,r) C R? with » > 0, and
x =0 on R:\B(0,r + 1).

Thus, it follows immediately that (H;), (Hz) and (1.3) are satisfied. Then prob-
lem (1.1) has a nontrivial weak solution provided that A < A;.
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