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OPTIMAL CONTROL IN MULTI-GROUP COUPLED
WITHIN-HOST AND BETWEEN-HOST MODELS

ERIC NUMFOR, SOUVIK BHATTACHARYA,
MAIA MARTCHEVA, SUZANNE LENHART

ABSTRACT. We formulate and then analyze a multi-group coupled within-host
model of ODEs and between-host model of ODE and first-order PDEs, using
the Human Immunodeficiency Virus (HIV) for illustration. The basic repro-
duction number of the multi-group coupled epidemiological model is derived,
steady states solutions are calculated and stability analysis of equilbria is in-
vestigated. An optimal control problem for our model with drug treatment
on the multi-group within-host system is formulated and analyzed. Ekeland’s
principle is used in proving existence and uniqueness of an optimal control pair.
Numerical simulations based on the semi-implicit finite difference schemes and
the forward-backward sweep iterative method are obtained.

1. INTRODUCTION

The two key features in infectious diseases are the transmission between hosts
and the immunological process at the individual host level. Understanding how
the two features influence each other can be assisted through modeling. Linking
components of the immune system with the compartments of the epidemic model
leads to a two-scale model. Much of the work on such “linked” models deal with
the two levels separately, making “decoupling” assumptions [IJ.

Despite advancements in the study of epidemiological, within-host and immuno-
logical models, the outbreak of some diseases cannot still be predicted. This
dilemma may be attributed to the fact that most modeling approaches are either
restricted to epidemiological or immunological formulations [23]. Current research
focuses on the comprehensive modeling approach, called immuno-epidemiological
modeling, which investigates the influence of population immunity on epidemio-
logical patterns, translates individual characteristics such as immune status and
pathogen load to population level and traces their epidemiological significance
[12, 241 B0]. Several immuno-epidemiological models have been used to study the
relationship between transmission and virulence [l [14] 15 19, 20, 2I]. Some of
these models deal with the two processes separately by making decoupling assump-
tions. Gilchrist and Sasaki [20] used the nested approach to model host-parasite
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coevolution in which the within-host model is independent of the between-host but
the parameters of the between-host model are expressed in terms of dependent
variables of the within-host model. Also, Feng et al. [14] investigated a coupled
within-host and between-host model of Toxoplasma gondii linked via the environ-
ment. Numfor et al. [34] set a framework for optimal control of coupled within-host
and between-host models.

Our goals are to use a multi-group within-host model coupled with a epidemiol-
ogy model to capture the impact on the epidemic of giving treatment to individuals,
and investigate mathematically such a coupled ODE/PDE system (well-posedness
and optimal control). Our general approach in immuno-epidemiological modeling
involves a nesting approach [21], [34] whereby the within-host model is nested within
the epidemiological model by linking the dynamics of the within-host model to the
additional host mortality, recovery and transmission rates of the infection. The
within-host and between-host models are also linked via a structural variable.

This work will have the first results on formulating this multi-group two-scale
model in a careful mathematical framework and the first results on optimal control
of such a multi-group model. We emphasize the novelty of mathematical results, as
well as the importance of the epidemiological and immunological results. To curtail
the proliferation of free virus at the within-host level, we introduce two functions,
representing transmission and virion production suppressing drugs. Our goal is to
use optimal control techniques in the coupled model to minimize free virus at the
within-host level and infectious individuals at the population level, while minimizing
the cost of implementing the controls (this may include toxicity effects). Optimal
control of first-order partial differential equations is done differently than optimal
control of parabolic PDEs due to the lack of regularity of solutions to the first-order
PDEs. The steps in justifying the optimal control results are quite different and
we use Ekeland’s principle [I3] to get the existence of an optimal control.

The remainder of the work in this paper is organized as follows. In section [2]
we present our multi-group within-host and between-host models. The multi-group
within-host model is independent of the between-host model, but the between-host
model is linked to the within-host via coefficients and a structural variable. In sec-
tion[3] we establish the boundedness of state solutions to the within-host model, and
existence and uniqueness of solutions to the between-host model is established. An
explicit expression for the basic reproduction number of the epidemiological model
is derived, steady state solutions are calculated and stability analysis of equilibrium
points is studied. In section [d an optimal control problem with drug treatment
on the within-host model is formulated. Lipschitz properties of state and adjoint
solutions in terms of the control functions are shown. The differentiability of the
solution map and existence of adjoints solutions are established. The lower semi-
continuity of the objective functional with respect to L' convergence is established.
The last part of section [4] is devoted to the existence of a unique optimal control
pair, which is obtained with the use of Ekeland’s principle. Numerical simulations
based on the semi-implicit finite difference schemes and a forward-backward sweep
iterative method [2 28] will be studied in section [5, and our concluding remarks
presented in section
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2. MULTI-GROUP WITHIN-HOST AND BETWEEN-HOST MODELS

In our multi-group within-host and between-host model, we assume that all indi-
viduals in the population exhibit different immunological dynamics upon infection.
Since individuals with stronger immune systems respond better to treatment in the
case of antiretroviral therapy for the human immunodeficiency virus (HIV), and the
optimum viral load required for shedding depends on the strength of the cytotoxic
T lymphocyte (CTL) response of the particular host, we focus only on two classes
of individuals with different immunological characteristics and viral load. Thus,
the within-host dynamics of pathogen for each individual of group j is

Ws o By (P (1) — (), 2,(0) = (21)
Wi )y () — (), 5(0) =) 22)
de

7 = i (T) = (8 + 55)v;(7) = Bivi(r)zi(7),  v;(0) = v}, (2.3)

where j = 1,2 defines the two classes of individuals with different immunological
characteristics and viral load. In the model, z; defines the number of healthy cells
in the jth immunological class which is being produced at a constant rate r and
die at rate p. The growth and death rates of healthy cells are assumed to be the
same for all individuals in all immunological classes. These healthy cells come in
contact with free virus v; at rate 8; and become infected cells y;, with Bj being the
binding rate of the virus to healthy cells. The infected cells in the jth group die at
rate d; and each produce «y; virions at bursting. The clearance and shedding rates
of the virus are J; and s;, respectively.

The epidemiological model is divided into two classes; individuals in each epi-
demiological class exhibits different immunological characteristics. We denote the
number of susceptible individuals at time ¢ by S(¢), and the density of infected indi-
vidual structured by chronological time ¢ and age-since-infection 7 by %;(7,t), where
7 = 1,2. Individuals in each group exhibit the same immunological characteristics,
but individuals in different groups exhibit different immunological characteristics
and viral load. Our multi-group epidemiological (or between-host) model is:

2 A
% =A— ;;/0 ¢;$jvi(T)ij (1, t)dr —moS in (0,T) (2.4)
o 9 . A % (0T 2
Th = —m(u(D)ia(rt) in (0,4) x (0,T) (25)
A A
i1(0,t) = ;01;/0 c1s101(7)ir (7, t)dr +Plfj/o c28202(T)iz(T,t)dT  (2.6)
Oia  Oig ) .
o + 5 = —m(vy(7))ia(7,t) in (0,A) x (0,T) (2.7)
A A
i2(0,t) = p2]€[/0 c1s101(T)ir (7, t)dr —i—pz;/o cas2v2(T)iz(T,t)dT  (2.8)
i1(7,0) = i9(1), ia(1,0) = i5(7). (2.9)

In the epidemiological model, m(v;(7)) is the death rate of infected hosts (a function
of viral load) in the jth class, A is the recruitment rate of susceptible individuals,
mgy = m(0) is the death rate of susceptible individuals and p; is the probability that
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an individual who is infected has immunological behavior similar to individuals in
the jth class, with p; +ps = 1. The transmission rate is assumed to be proportional
to the viral load of infected individuals in the jth group, calculated by integrating
with respect to 7, fOA(clslvl(T)il(T, t)+cas2v9(T)i2(7,t))dT, where ¢; is the contact
rate between susceptible and infected individuals. Thus, the new infections of the
population in group j at time ¢, denoted by i;(0,t), depends on the age distribution
of the population at time ¢, as determined by the integral of i;(7,t) over all ages,
weighted with the specific transmission rate (;(7) = ¢js;v;(7). The number of
susceptible and infectious individuals in the population at time ¢ = 0 are given by
S(0) = So > 0 and i;(r,0) = i9(7), respectively. Thus, i;(7,0) is the initial age
distribution of infectious individuals in group j, with z'?— being a known nonnegative
function of age-since-infection, 7. The total population of infectious individuals of
each group from birth to maximal age-since-infection, A, is defined as

A A
Il(t):/o i1(7,t)dr and I2(t):/0 io(T,t)dT,

and the total population size of individuals in the population at time t is N(t) =
S(t) + I (t) + I2(t). For the sake of introduction to our method, we assume the
simplest form for the mortality function [II], m(v;), as

m(v; (1)) = mo + pjv;(7),

so that in the absence of the virus, individuals die naturally at rate mg. The term
w;v;(T) gives the additional host mortality in group j due to the virus.

3. EXISTENCE OF SOLUTION, EQUILIBRIA AND STABILITY ANALYSIS OF THE
EPIDEMIOLOGICAL MODEL

3.1. Existence of solution. We use a result from [34] which applies the fixed
point argument to obtain an existence and uniqueness of solution to our coupled
model. To do this, we use the method of integrating factors on the differential
equation (2.4), and integrating the differential equations and along the
characteristic line 7 — ¢ = constant and considering cases where 7 > ¢t and 7 < ¢ to
obtain a representation formula for the solution to the epidemiological model.

In using the fixed point argument for the existence of solution, we define our
state solution space as

X = {(S.i1,12) € L=(0,7) x (L*(0, T3 L}(0, A)))2IS(t) = £ > 0, ix (7,1) = 0,

A
ia(7,t) > 0, sup S(t) < oo, sup/ i1 (7, t)dr < 00,
t t 0

A
and sup/ io(T,t)dT < 00 a.e. t},
0

t

where £ = min{.5p, ﬁ} and & is a positive number that satisfies the inequality
& > C(c151 + €252) > 0. The constant C' is a bound for v;. Now, we define a map

,C : X — X, E(S,il,ig) = (Ll(S,’il,iQ),LQ(S,’il,ig),Lg(S,il,ig)),
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where

Ly (S,4)(t)
A

- Soe(mo+o‘z)t + —(1— e—(m0+&)t)
mo + Q& (31)

. ) A
n / e—(mo‘*‘"‘)(t_s)S(s) (& _ ;805 (T)i5(T, S)dT) ds
0
LZ(S7 Z)(T t)

T m(v A .
_ {P1 f[((tt T))e Jg m(vi(s) Z?Zl Jo cisjvi(s)ij(s,t —T)ds, T <t (3.2)

Z(l)(T _ t) fo m vl(‘rftJrs))cls7 >t

Ls(S,i)(r,t)
{pQ f,((if) e~ Jo m(va(s))ds ijl fOA ¢;sivi(s)ij(s,t —T)ds, T <t (3.3)

i9(T —t)e = Jg m(va(r— t+s))ds T >t

[ V)

where L1(S,7)(t) is a representation formula for the solution to the differential
equation

2 A
% + CVS( ) A + &S(t) - f;((i)) ;A Cij’Uj(’]’)ij(’7’7 t)d'r — mOS(t)

This differential equation is equivalent to (2.4]).
The following assumptions will be useful in establishing a Lipschitz property for
the within-host and between-host state solutions in terms of control functions:

(1) So, mo, A, ¢j and s; are positive constants,

(2) m(s) is non-negative and Lipschitz continuous,
(3) (7 ) is non-negative for all 7 € (0, A),
(4)

4 fo i (1)dr < M and 0 < Sy < M.

Remark 3.1. Starting with positive initial data, state solutions of the multi-group
model stay positive for all 7 > 0, and are bounded in finite time [34].

Theorem 3.2. For T < oo, there exists a unique nonnegative solution (S,i1,i2) to

the epidemiological system (2.4)—(2.9).

Proof. We show that the map £ maps X into itself, and that £ admits a unique
fixed point by defining an iterative sequence [25] [32]. For details, see Numfor et al.
[34). a

3.2. Basic reproduction number and equilibria. We derive the basic repro-
duction number for our multi-group coupled epidemiological model, and investi-
gate the existence of equilibria. In deriving the basic reproduction number, Rg, we
compute the disease-free equilibrium, linearize the system around the disease-free
equilibrium and determine conditions for its stability. Now, we consider solutions
near the disease-free equilibrium (S*,i3(7),i5(7)) = (mAO, 0,0) by setting

x(t) = S(t) - S*, yl(Tat) = il(T’t)v yQ(Tvt) = i2(Tat)'
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Substituting the perturbed solutions into equations (2.4)—(2.9)), we obtain the fol-
lowing linearized system:

dx 24
dat _;/0 ¢;5;50;(T)y; (7, t)dT — mox(t) (3-4)
O L I mor()a () (35)
A A
y1(0,t) =p1(/0 c1s1v1(T)y1 (T, t)d¢+/0 c25202(T)Y2 (T, t)dT> (3.6)
O L 0% nfon(r () (37)

A A
00,0 = [ s i+ [ emnnrod).  63)

We seek solutions to the first-order partial differential equations (3.5)) and (3.7)) of

the form

At

y1(7,t) = j1(7)e and  yo(7,t) = gjg(T)e’\t,

where A is either a real or complex number. Substituting these solutions into
equations (3.5)—(3.8)), we have the following eigenfunction problem

WD) (3t mln ()i () (39)
A A

%/1(0) = pl(/o c181v1(7)g1 (7)dr —|—/O 0232v2(7)y2(7)d7) (3.10)

W) (3t m(wa(r)ia() (3.11)
A A

72(0) = p2( /0 c18101 (7)1 (7)dr + /0 CZSQUQ(T)yQ(T)dT). (3.12)

The solutions to equations (3.9)) and (3.11]) are
i (7_) = (O)ef)\ref Iy m(v1(s))ds, o (7_) = o (0)67)\767 Iy m(vz(s))ds,
so that the initial conditions (3.10) and (3.12)) become

2 A
y1(0) = p1 Z c;s7;(0) / vi(T)e e Jo m(v;(s))ds g
j=1 0

2 A
@2(0) = P2 Z stjgj (0) / v; (7—)6*)\7'6* Jg m(v; (S))deT.
i=1 0

The eigenfunction problem (3.9)—(3.12) has a non-trivial solution if, and only if,
(p1J1 — 1)(p2J2 — 1) — pip2iJ1 = 0,

where Jy = ¢sy fOA ve()e e~ Jo me()ds g This gives

-

2 A
1=p1J1 +p2Jo = Z/ pjcjsjvj(T)e_’\Te_ Jg m(vi(s)ds g (3.13)
j=1"0
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The right-hand side of equation (3.13) is a function of A, which we denote by
G(\), where

2 LA
G => / pjc;sivi(T)e e Jo mwi()ds g (3.14)
j=1"0

so that G(\) = 1 is a characteristic equation that will be used to study stability of
the disease-free equilibrium. We define the basic reproduction number, R, of the
epidemiological (or linked) model as Ry = G(0) [9] 29, BT 86, [37] so that

2 A
Ro = Z/ pjcjsjui(r)e fo s Ndsgr, (3.15)
j=1"9

where (1) = e~ Jo m(i(s)ds is the probability of survival in the infected class of
group j from omnset of infection to age-since-infection, 7, and p; is the probability
that an individual who is infected has immunological behavior similar to individuals
in the jth class.

Theorem 3.3. The epidemiological model has a unique endemic equilibrium,
(S*,45(7),35(7)), if Ro > 1.

Proof. We set the time derivatives of the epidemiological model to zero. This gives:

2 A
0=A- ]SVJZI/O ;8505 (T)i;(T)dT — moS (3.16)
D) o )i (7) (317)
2 LA
i5(0) :pj% Z/ cskUk(T)in(T)dT. (3.18)
k=170

To derive the endemic equilibrium, we solve the differential equation (3.17) to have

’L;k (7’) = Z; (0)67 I m(”j(s))ds. (319)

Next, substituting the expression for i} () in (3.16) yields

2 A
S* - — [T m(v;(s))ds *
0=A-— jg_l./o cjsjv;(7)i;(0)e Jo i (D ds gr o 5% (3.20)

From (3.18)), (3.19) and (3.20}), we obtain i} (0) as

i(0) = pj (A — moS™).

Since the total population at equilibrium is N* = S* + fOA ii(r)dr + fOA is()dr,
we obtain N* = A + (1 — mp&)S*, where

A A
f:pl/ e~ Jo m(vl(s))deT+p2/ o= Jo m(va(s))ds g

0 0
Now, from (3.16)), we have
S* i5(0) _ 1

N* o pj(A—mOS*)RO o Ro’
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so that

A A(Ro — 1e—J7 m@i(s))ds

__ A and i}(1) = PiA(Ro — 1)e Jo ™™
RO—1+mof R0_1+m0§

Hence, the endemic equilibrium is (S*,4}(7),5(7)), where

(57,41(7),i5(7))

S*

- ( Ag PIA(Rg — Ve Ji mDds ppA(Rg — 1)e Ji m<”2<s>>ds)
C\Ro—1+meg’ Ro — 1+ mo& ’ Ro — 1+ moé ’
which exists if Rg > 1. O

3.3. Stability analysis. To study the local stability of equilibria, we linearize the
model around each of the equilibrium points, and consider an exponential solution
to the linearized system.

Theorem 3.4. The disease-free equilibrium is locally asymptotically stable if Ry <
1 and unstable if Rg > 1.

Proof. If A € R, then from equation (3.14)), G’(\) < 0, since v; is non-negative and
bounded. Thus, G is a decreasing function of A. Therefore, there exists a unique
positive solution to the characteristic equation G(A) = 1 when Ry = G(0) > 1,
since G(A) — 0 as A — oo. Hence, the disease-free equilibrium is unstable when
Ro > 1.

When Rg = G(0) < 1, there exists a unique negative solution to the character-
istic equation G(A) = 1, since G(\) — +00 as A — —oo. Next, we assume that A is
complex and let A = n; + ine be an arbitrary complex solution (if it exists) to the
characteristic equation G(\) = 1. Then

1= [G(n + ing)|
2 A
< Z/ pjcis v (T)e MTe™ Jo miDds g — G(R(N)).
=170

If R(A\) > 0, then 1 < G(R(\)) < G(0) = Ry < 1, which is absurd. Thus, all
roots of G(A) = 1 have negative real parts when Ry < 1. Hence the disease-free
equilibrium is locally asymptotically stable when Ry < 1. (]

Theorem 3.5. The disease-free equilibrium is globally stable if Rg < 1.
The proof of the above theorem follows as in Numfor et al. [34, Theorem 2.5].
Theorem 3.6. The endemic equilibrium
(8%,1(7),i5(7))
(N mAR e J§ ma)ds po A (Rg — 1) i ’"(”2(8))d8)
\Rp—1+m¢’ Ro — 1+ mpé ' Ro — 1+ mpé

is locally asymptotically stable if Rg > 1 and the mazimal age of infection, A, is
sufficiently large.

Proof. We consider solutions near the endemic equilibrium by setting

ZL’(t) = S(t) - S*a yl(Tv t) = Z‘1(73 t) - iT(T)a y2(7—7 t) = iQ(Ta t) - 7;;(7—)3
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so that the total population is N(t) = N* 4 n(t), where

A A A A
n(t) = x(t)—i—/o yl(T,t)dT+/O ya(r,t)dr, N* = S*—i—/o i’{(T)dT—i—/O i5(T)drT.

Substituting the perturbed solutions into (2.4)—(2.9), we have the linearized system
d ty 4 S* n(t) [
d—j = —gj\(]*) /0 c1s101(7)i] (T)dT + N 7;\(]*) /0 c1s1v1(7)i3 (1)dT

- i\([*) /0 C282Ua(T)is (T)dT + N 7;\(/_*) /0 28202 (T)i5(T)dT (3.21)
S* A S* A
_ F/ c18101 (7)Y (7, t)dT — F/ Co82Ua(T)y2 (T, t)dT — mox

0 0

O L O a1 (322)

1z

A * A
- / c1s1v1(7)iy (T)dr — pST n / c1s1v1(7)iy (7)dT
N* Jo 0

yl (O’ t) = N* N*

A

oo 28902 (T)yo (T, t)dr  (3.23)

A
S*
+ / 018101(7)y1(77t)d7+p1
N* o

N*
p1a(t) /A . piS*n(t) 4 .
" Ca5202(T)i5(T)dT — ——— = Cosovo(T)is(T)dT
N ), 220l N N, c2s2nlT)h

% * % = —m(va(7))ya(7:1) (3.24)

A * A
yg(O,t):]j\z;f /0 clslvl(T)ﬁ(T)dT—pjvi ]C /0 c18101 (1) (7)dr

*

S A g A
pjz\;* / c1s1v1(T)y1 (7, t)dr + pf\,* Ca82v2(T)yo(T, 1)dT
0 0
x(t) [ . S*n(t) 4 e
+ pzNE ) /0 CoSova(T)is(T)dT — psz* ]\(f*) /0 CoSoUa(T)15(T)dT.

(3.25)

+

Next, we seek solutions to (3.21)—(3.25) of the form

a(t) =z, yi(r,t) = gu(r)e,  ya(r,t) = pa(r)e.

This gives

T S* n

A A

N*/o c1s101 (7)) (T)dT + N*ﬁ/o c1s1v1(7)iy (7)dr

A = A

T » S* n e
-\ /o CoS2Ua(T)i5(T)dT + N W/o cosoua(T)is(T)dT (3.26)
S A g A
- / c15101 (7)1 (7)dT — I / 25902 (7)Y (T)dT — Mo

0 0

BT (5t m(wn (7)) () (3.27)

AT = —




96 E. NUMFOR, S. BHATTACHARYA, M. MARTCHEVA, S. LENHART EJDE-2015/CONF/23

_ A * = A
51(0) = 5 /0 clslvl(T)i;(T)dT—pjlﬁ = /0 crsyvn (7)if (r)dr

— A _ A
x - S* n »
+ 1]7\1[* /0 259V (T)i5(T)dT — pjl\f* T /0 casoua(T)ig(T)dr  (3.28)

*

S A S A
+ pjl\[* / c151v1 (7)1 (T)dT + p;V* / 25902 (T) G2 (T)dT
0 0

W) _ (0t m(wa) () (3.29)

_ A — A
S*
372(0) = ZJ)\QIT A C151V1 (T)ZT(T)dT — pJQV* ]:;* A C151V1 (T)ZT(T)dT

T A * = A
x . S* n .
11)\2]* /0 28202 (T)i5(T)dT — pj\f* N /0 2890 (T)i5(T)dT  (3.30)

S A S+ A
psz* / c1s101 () (T)dT + P2 / €892 (T) Yo (T)dT,
0 0

+

+

N*
where
A A
n= 56+/ gjl(T)dT—i—/ ga(T)dT.
0 0
Solving the differential equations (3.27) and (3.29)), we obtain

n(r) =1 (O)efkfre* Jo m(i(s))ds 0 Ua(7) = ?]2(0)67)‘767 Jo m(v2(s))ds

From equations ([3.26]), (3.28) and (3.30), we have

17](0) = *pj(/\ + mo):f, 7 =12 (331)

Using the definitions of @, §1(7), §2(7), §;(0), and setting a; = fOA cj8v; ()i} (T)dT,
equation ([3.26)) becomes

()\ + mo)"f
S* (05] 2

_ T, (o4 35,0 Aeme—fgmwj(s))dsdT)
TN TNV £ VIV )

J=1

_ * A
B TO S Qg [ _ = =21 — o m(v;(s))ds
e + NN (a: + Zy](O)/O e e Jo dT)

j=1
5 & A . 3.32
- WZQJ‘(O)/ cjsyv;(r)e Ve Jo mei(Dds gy (332)
j=1 0
(al—l—ag)fc S* S 2 A o
= T(N* —-1)+ (A +mo)z ;pj/() cjsivi(T)e N mi(r)dr
(a1 + ag) S* 2
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because §;(0) in defined in equation (3.31)). Dividing both sides of equation (3.32)

by (A + mg)Z, and substituting f,* = 7%7 we obtain the characteristic equation

2

ar+oar 1 =Ry ar
1= Ny (/\+m0—jz_:1p ) ij/ ¢;s;vi(T)e” " mi(T)dr, (3.33)

where

A
P]()\) = A e_)\Tﬂ—j (T>dT and 7Tj (T) =e fOT m(vj(s))ds.

Now, using the mortality function, m(v;(7)) = mo + p;v;(7), and integration by
parts, the term

Zp]/ ¢;$;v;( T)eiATTrj(T)dT
Z ij_]S_] / [1j0; (T)e—()\—i-mo)'re— Jo wivj (s)dsdT (334)
Jj=1 0

DiC;iS; _
= Z (1 — e Ma(A) — (A4 mo)T5(A)).
Thus, if A = 0 in equation (3.34]) and R > 1, then
2
CiS; ary
1< Ry = ij A 1 j(A))—mozpij J ij(O)
= 127 ; 122}

Whence,

2
iCiS; c181 C28

1<ijjj§ {11 C252
° i 191 12%)

6181 €282 M 3
due to the convex combmatlon of and 2. Now, using equation (3.34), equa-

tion (3.33)) becomes

a1 + ao

2 A
1 @1 + Q2 1 / Y
RO N*(/\+m0) + RO 5_: 0 p]C]SJ’U](T)e WJ(T) T

1+

a1+ as p]C]SJ —2A
_ (A
N*Ro A + mg c181 Zl —€ 7rJ( ))

a1 + Qg pacaSe [y a1+ Qg

[2(A) - Ta(\

N*Ro p2 s 2(A) N*Rg pala(N)

a1+ Qg 1 N
+ N*Ro c151 /\ero Z/ ijJSJUj Wj(T)dT

1 a1 + a9 o
= ’R70<1+ Ne(h+mg) cis1 Z/ Pjcjs;v;(T i (T)dr
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1 a1 + Qo ( j%5% p]cjsj e~ M
1 _ ()

+R0 N*()\+m0 0181; ﬂ-]( ))
a1 + ag ( C2S2 1 )

- 1-— Ty (N). 3.35
N*Rq s 151 b2 2( ) ( )

This gives
1+ mobttes

a1 tag J231
1 + N* ()\+m0) c181

1 /A .
=5 Z pjcisjv(t)e Tmi(T)dr
RO j:1 0

1 ajtag

i Ro N*(A+mo) M Zp]c]SJ M1 ZPJCJSJ —A\A (A))
1+ %6131 €181 j=1 €151 j=1 Hi
sz\%+7€02 1_ C2S82 [ )pgfg(/\) _. E(/\)
I G pesrrytorn H2 €151
(3.36)
Now, if €21 = %2 we obtain 1 — <% 21 =0 and 1 - 2% 23:1 % = 0. Thus,
if ®(A) > 0, then the left-hand side of equation ([3.36) gives
1+ Nfél-‘r(m
(A+mo)
T Nal+a2 | > 1 (3.37)

* ()\+m0) c181

and the corresponding right-hand side gives

ajtaz
N*(A+mo) e~ (RN +mo)A

NN
1 tas 51
RO 1 + N*()\+m0) c181

Thus, |[£(A)| < 1 if A is sufficiently large. Thus, the case R(A) > 0 gives a con-
tradiction. Next, if (\) = 0 (a = 0), we multiply both sides of the characteristic

equation ([3.35)) by mg + ¢b. This gives

a1 + o

N + mg + b
1 /a1 +as M1 —ibr
= 7 ( N© ers; + mg + Zb Z/ p;jc;s;vi(T b mi(T)dr
1 2 (3.38)
oy + ag 41 Pjcis; —ibA
v (1 - 1— e P (A )
Ro N* st My ( i)

(mo +’Lb)(0¢1 + 042) ( C2S2 1
- 1- ) Ty(N).
N*Rq H2 €181 p2l2(3)
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Equating the imaginary parts of equation (3.38]), we obtain

b(Ro - i /OA p;cis;v;(T) COS(bT)ﬂ'j(T)dT)

2 A
o]+ o .
= —( N s + m0> Z/O p;¢is;0i(7)sin(br)m; (T)dr

as (3.39)

a1 + as M1 pjcjs]
n(bA)
N* 6181 Z

bog + a2) C282 1
— 1-— Iy (A
N+ ( 12 clsl)m 2( )

Now, using the expression for the basic reproduction number (3.15)), we have

2 A
Ro — ;/0 p;c;is;vi(T) cos(br)m;(T)dr
2 A
= jz_:l/o p;jc;s;vi(T)(1 — cos(br))m;(T)dr
= 22/ pjc;s;jv;(T)sin’ (b2 i (T)dr

2 bt
.2
> QijcjsjE;ﬂ'j(ozg)/ sin (?)dT

Jj=1 1
= KQ’]T(O&Q) >0,

where ¢ is the lower bound on v;(7) for 7 € [0, A] and (a1,a2) C [0, A]. Now,
choose B* such that

B*RQ’]T(CVQ)
2 A
a1+ o gy
> ( N oo +mo) ;/0 pjcjsvi(T)m(T)dT
2
N a —|—*0¢2 1 D;C;Sj 7 (A) + b(ay -&;Ozz) (1 _ CaS2 [ )ngg(/\)-
N cist gy N H2 €181

Then, for b > B*, equation (3.39)) is untenable. For b < B*, the left-hand side of
equation ([3.36]) gives

ks 4+ ib V(2 4 m)? + B
artas p1 ib > 2
Tm+m0+l \/(a1+a2 M1 +m) + B*

N* c¢181

>1,

and the right-hand side of equation (3.36]), with €= 2% and R(A) = 0 gives

2
. pimi(A
N*Ro |52 L+ mo + b
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<ot emmd
— * aitas
N*Ro N* - orsy + mo

V(2522 mo)? + B2

\/(041];}-*0!2L+m0)2+B*27

€181

<

if A is sufficiently large. The case R(\) = 0 is also a contradiction. Thus, the
real parts of A\ are non-positive, and hence, the endemic equilibrium is locally

asymptotically stable if Rg > 1, A is sufficiently large and % = % O

Remark 3.7. If % # Cfé?, one can use a numerical procedure to compute the
basic reproduction number R, using parameter values for HIV. If Ry > 1, then
the characteristic equation is solved numerically for A (see Castillo-Chavez
et al. [10]). Using different values of the ¢;, s; and p; the nature of roots of the
equation with largest real part may give an insight into the local stability of

the endemic equilibrium for these parameter regimes.

4. OPTIMAL CONTROL FORMULATION AND ANALYSIS

Optimal control of first-order PDEs coming from age-structured models requires
more analysis for justification than optimal control of parabolic PDE or differ-
ential equations. There has been only a small amount of work on specific ap-
plications of optimal control to age-structured equations. Brokate [8] developed
maximum principles for an optimal harvesting problem and a problem of optimal
birth control. Barbu and Iannelli [6 [7] considered and optimal control problem
for a Gurtin-MacCamy [22] B8] type system, describing the evolution of an age-
structured population. Anita [3, 4] investigated an optimal control problem for a
nonlinear age-dependent population dynamics. Murphy and Smith [33] studied the
optimal harvesting of an age-structured population, where the McKendrick model
of population dynamics was used. These authors considered age-structured popu-
lation models for a single population. Fister and Lenhart [I8], on the other hand,
considered optimal harvesting control for a competitive age-structured model, com-
prising two first-order partial differential equations. Also, Fister and Lenhart [17]
investigated an optimal harvesting control in a predator-prey model in which the
prey population is represented by a first-order partial differential equation with
age-structure and the predator is represented by an ordinary differential equation
in time. Numfor et al [34] considered optimal control in coupled within-host and
between-host models. The within-host model is a system of ODEs and the between-
host model is a coupled system of ordinary and first-order PDEs. A key tool for
the existence and uniqueness of optimal solution is Ekeland’s variational principle
[13].

In our multi-group coupled within-host and between-host model and in order
to curtail the proliferation of free virus at the within-host level, we introduce two
control functions u; and wug, which delineate transmission and virion production
suppressing drugs, respectively. This leads to the following multi-group within-
host model

de
2 = B —w(n)v(7)z4(7) — pa(7) (4.1)
dy; _

B — 31— w (D)o (D) (1) = dygy (1), G = 1,2 (42)



EJDE-2016/CONF/23 OPTIMAL CONTROL IN MULTI-GROUP COUPLED MODELS 101

% = 75(1 = ua(7))dy; (7) — (85 + s5)v; (1) = B;(1 — ua (7))v;(7)z;(7),  (4.3)

We develop Lipschitz properties for the solutions to the state system in terms of
controls. These properties will be used in proving the existence of sensitivities, and
the existence and uniqueness of optimal control pair.

Theorem 4.1 (Lipschitz Property). The mapping

(u1,u2) — (21, %2,Y1, Y2, V1,02, S, 01, 92) = (T1, T2, Y1, Y2, V1, V2, S, i1, 42) (w1, uz)

is Lipschitz in the following ways: (i)

2 T 2
Z/(M‘j = Zj| + y; — g5l + vj — @jl)dTJr/ IS — 5|dt+2/ |ij — ijldrdt
=ie 0 =i/e
<Car / (Jur — Ua| + ug — tg|)dr
Q
(i)
B 2
1S = Sz (o) + Z <||»”Uj = Tl (o) + 1y5 — Yjlle (o)
j=1
1l = 5l + s ~ Tyllie(@))
< Car(lur — @l o (a) + lluz — G2 L= (),
where @ = (0, A) and Q@ = Q2 x (0,T).
The proof of the above theorem is the proof in Numfor et al. [34, Theorem 3.2].

4.1. The optimality system. In this subsection, we derive a sensitivity system,
an adjoint system and a control characterization. To derive a characterization of
an optimal control, we define an objective functional, J, for our problem, where
our objective is to minimize free virus, population of infectious individuals and the
cost of implementing the control. Thus, we use the objective functional

T A
T, ) = /0 /O (Avis (7, )01 (7) + i (7, ) (Agtir (7) + Agtua (7)) )drdt
T A
+ /O /0 (Agin(r, t)va(r) + ia(r, 1) (Agus (7) + Agua(r)))drdt  (4.4)

A
+/0 (Brui(7)* + Bous(7)*)drT,

where A1, As, A3, A4, By and Bs are positive constants that balance the relative im-
portance for the terms in J. The term fOT fOA(Alil(T, t)v1 (1) 4+ Agia (T, t)ve(T))drdt
in the objective functional gives the total of infected individuals in the popula-
tion over the time period 1" and age-since-infection A to be minimized. The terms
i1(7,t)ur (1) and ia(7, t)us(7) represent the number of infected individuals treated
with the transmission suppressing drug respectively, and As is the cost per individ-
ual treated with this drug. Thus,

T LA A
/ / (Agiy (1, t)uy (7) + Agio(T, t)uy (7))drdt + / Blu%(T)dT
o Jo 0
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gives the cost of implementing the control with the transmission suppressing drug
for all infected individuals of age-since-infection, A. Here, we assume a nonlinear
cost for treatment and chose the quadratic cost for illustration. By analogy, we
define other terms in the objective functional.

The optimal control formulation for our problem is: Find (u},u3) € U such that

Jwi,u3) = min J(ui,us),
(ui,u3) i (w1, u2)

where the set of all admissible controls is
U = {(u1,uz) € L>(0,A) x L>=(0, A)|u; : (0,A) — [0, 4], ug : (0, A) — [0, us]}.

The upper bounds on the controls give the efficacy of the transmission and virion
production suppressing drugs while the lower bounds, u; = 0 and uy = 0, represent
the case where there is no inhibition of transmission and virion production.

We take the Géateaux derivatives of J with respect to controls (uq,us) € U.
Since the objective functional is defined in term of the states, we start by finding
the derivatives of the control-to-state map. These derivatives are called sensitivities.

Theorem 4.2 (Sensitivities). The map
(ur,u2) — (z1,22,Y1, Y2, v1,v2, S, i1, i2) = (@1, T2, Y1, Y2, V1, V2, S, 41, 92) (U1, uz)
is differentiable in the following sense:

O(uy +€li,us +ely) — Pug,u
(1 o2 - 2) (w1, u2) — (Y1, 92, 1, 2, 1, P2, 0, w1, wa)
in (L%°(2))8 x L>=(0,T) x (L*°(0,T; L*(2)))?, as € — 0 with (uy + €ly,uz + €la),
(ur,uz) €U and ly,ls € L>=(Q), where & = (z1, z2, Y1, Y2, V1, V2, S, i1, 12). Further-
more, for j = 1,2, the sensitivity functions satisfy

% = —(8;(1 —u1)vj + p)b; — Bi(1 —w)zjp; + Bjliv,z; (4.5)
% = Bi(1 =)o — djp; + B (1 — w)z;¢; — Bilvjz; (4.6)
% = =051 = u)vyth + 75 (1 = ua)d;jp; — (85 + 55+ B;(1 — ua)a;) ¢ (4.7)
+ Bilivjz; — vid;lay;
do S -
o = —mob(t) - (1 - N%))) o) Y s [ istr.pntryar
_ %%Cksk/ﬂ[ﬂk(T)wk(T; t) +ix (7, 1) Pk (7)ldT
S(t) & ) .
+ N )2 /Q(wl(hat) +w2(h7t))dhgck8k/glk(7ﬁ tyor(r)dr in (0,T)
(4.8)
% % = _m(vj (T))wj(Ta t) - Uj¢j (T)Z-j (T’t) in € x (O’T) (4'9)

with initial and boundary conditions

qzbj (0) =0, P (0) =0, ¢](O) =0, 0(0) =0, Wy (7—7 O) =0, (410)
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forT e Q=(0,4), and
i (- )
w;(0,t) = 1- CkS z t)v d
0.0 = 55~ ¥ ZM i (7, o () dr

2

Fi S(tt)) chsk/ﬂ T)wk (7, 1) + ik (7, 1) P (7)]dT (4.11)

2
50 / (@r(h,t) + wa(h 0)dRY cxsi / i (7, Yok (7

N(1)? Jo P Q

Proof. Since the map (uy,us) — (x1,x2,Y1,Y2,v1,02,5,41,42) is Lipschitz in L,
we have the existence of Gateaux derivatives 11, V2, ©1, Y2, ¢1, @2, 8, w1, ws by Barbu
[7], Fister et al [I7, 18] and Numfor et al [34]. Passing to the limit in the repre-
sentation of the difference quotients in state functions, the sensitivity functions

’(/}17 ¢27 ¥1, P2, ¢17 ¢2a 97 w1, w2 Satisfy SyStem "" . O

From the sensitivity equations in Theorem [£.2] we introduce three sensitivity
operators, L1, Lo and L3, satisfying the the sensitivity equations:

P Biliviay
o Balivaxa
1| _ —bBilivizy _ wi| |0
£ SDQ — A 762l102$2 5 EQH — O, £3 |:w2:| — |:O:| . (412)
®1 Prlivizy — mdilay
b2 Balivaza — Yodalayo

Using the sensitivity system, we derive the adjoint system. Thus, if A\j,Ag, &1, &2,
M, n2, p, 1 and gz are adjoint functions, then we find adjoint operators L}, for
j =1,2,3 satisfying

A1 0
A 0
S
2
m Al fTil(T, t)dt (413)
72 Aq [ ia(r, t)dt

qo Ayvg + Agug + Asuo

The right-hand side of the adjoint operators (4.13)) are obtained by differentiating
the integrand of the objective functional (4.4)) with respect to each state variable.
The transversality conditions associated with the adjoint variables are:

Lip=0, L3 [(h} _ |:A1U1 + Asuy + Asug

Aj(A) =0, &(A)=0, n;(A)=0, p(T)=0 (4.14)
g;(r,T) =0, forre(0,4) (4.15)
gj(A,t) =0, forte (0,T)andj=1,2. (4.16)

From the sensitivity system in Theorem [£.2] and using a relationship between the
sensitivity and adjoint operators in terms of their inner product in L2, we use
integration by parts to throw the derivatives in the differential operators in the
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sensitivity functions 1;, ¢;, ¢;, 0, and w; onto the adjoint functions A;, &;, n;, p
and ¢; to form the adjoint operators.

Using the relationship between the sensitivity and adjoint operators, we have the
following system of adjoint equations corresponding to controls (u1,us), and states
(w1, T2, Y1, Y2, V1,02, 5, 01,102) = (21, T2, Y1, Y2, V1, V2, S, 41, 12) (U1, u2):

_C%l = —(B1(1 — wr)vr + A + Bi(1 — u)viéy — Bl — ur)vim (4.17)
_6%;2 = —(Ba(1 = ur)va + ) Ao + Ba(1 — ur)vaa — Ba(1 — un)varpo (4.18)
_% = —di§1 + di71 (1 —u2)m (4.19)
_% = —d2&2 + da72(1 — u2)n2 (4.20)
LRI Ty R G RR r HC R Py o
T . T
— 0181/0 Wp(t)dt — m’(vl)/o i1 (7, t)qu (7, t)dt
T . T
+ 6151/ (P11(0, 1) +p2qz(07t))wdt+ Al/ i1 (1, t)dt
’ N 0 (4.21)
—% = —Ba(1 — u1)w2do + Bo(1 — wr)zals — (52 + 52+ B (1 — ur)w2)me
T . T
- 0282/0 Wp(t)dt - m’(vg)/o io(T,t)q2(T, t)dt
T : T
+ 6232/0 (P11(0, 1) +p2Q2(07t))Wdt + A4/0 i (T, t)dt
2
—%z—mop—— 1—* Z / T)i (T, t)dr
o~ (4.22)
0,t S
n P1¢i( )J‘i\‘[pwz N chJ/ (s 1)y (7)dr
_ 9 On
ot or
= —m(v1)q1 — c151(p(t) — p1ga(0,1) —pzqz(O,t))%
(4.23)

S < 4
+00) = Pan(0) = paa0.0) 355 D 555 [ 5 oy

+ Al’Ul + Agul + A3U2

0qa  Ogo

Svy

= —m(v2)q2 — c252(p(t) — p1q1(0,t) — P2q2(0,1)) =+ N
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S & .
+ (p(t) — p11(0,t) — ngQ(O,t))W chsj ij (T, t)v;(T)dr
j=1

A
J
0
+ Agvg + Aguy + Azug,
with final time conditions given in equations (4.14 - -

The weak solution to our problem is characterized in Theorem 4.3} This solution
is used in characterizing the solution to the adjoint system which satlsﬁes a Lipschitz

property analogous to Theorem This property will be used in proving existence
and uniqueness of an optimal control pair.

(4.24)

Theorem 4.3. The weak solution of the adjoint system satisfies
2 A
0= Z/ (Ao + € + nydy )dr
[ Ao + st yira
— / / (Alvl(T) +A2’LL1(T) +A3u2(7))n1(7, t)det
0o Jo

_ /O /O (Agva(7) + Aot () + Asun(r))ns(r, £)drdt,

where for j = 1,2, the functions «;, &;, &; in L>°(0,A) are obtained from test
functions z;, f; and g;, and v and n; satisfy equations (4.22)~(4.24]) such that

dz;
T; + (B5(1 = ur)vj + p)z; + B (1 —ur)z;9; = oy
df; L
2 P —w)vizg +d; fy = B(1 —w)eg; = —dy,
dgi . 3 3 .
dT] + 05(1 —w)vjzy — (1 —u2)d; fj + (65 + 85 + (1 — u1)xj)z; = &,

%+mor(t)+ Nl(t)( tt chsk/ ik (7, t)vk(T)dT

a—t' + a—T' +m(v; (7))n; (7, 8) + m' (v (7)) 2(7)i; (7, 8) = 0 in Q% (0,T),

with boundary and initial conditions

1y (0,t) = ]\f(ft) (1 tt > chsk/ i (7, E)op (7)dr

N(chsk/g T)ng(7,t) + a5 (7, 1) 25 (7)) dT

k=1
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f / (7, ) or(7) /Q (1 (hy t) + na(h, £))dhdr,

and
zj(0)=0, f;(00=0, g;(0)=0, r(0)=0, n;(r,0)=0 forTeQ.

The proof of the above theorem follows from the sensitivity equations and adjoint
system, with Q5 = ﬁjhvjl‘j, dj = ﬂjllvjxj and dj = ﬁjlﬂ}jl‘j — ’de‘lgyj.

Theorem 4.4. For (uy,us) € U, the adjoint system (4.17] - ) has a weak solu-
tion (A1, A2, &1, &2, M1, 12, D, 1, g2) in (L°°(0, A))° XLOO(O T)x (L>(0,T,L'(0,A)))?
such that

Z (1N = Mjllzoe () + 1€ = Eill o) + 15 = W5l e (@))) + 1P = BllLe<(0.1)
j=1

2
+ gy — Glli=(q)
j=1

< Car(lur — @1l oo () + [Juz — 2| L ()-

The proof of the above theorem follows the steps of Theorem part (ii).

We characterize the optimal control pair (uj,u}) by differentiating the control-
to-objective functional map. Since the solutions of first-order partial differential
equations are less regular than the solutions of parabolic PDEs, the method used in
characterizing optimal control of first-order PDEs is different from that of parabolic
PDEs. We use the Ekeland’s principle [3] [I3] to characterize optimal control of
first-order PDEs. To do this, we embed the objective functional J in the space
LY(Q) x LY(Q) by defining

J(’U,l,UQ) if (ul,ug) eu

400 if (uy,u2) ¢ U; (4.25)

T (u1,uz) = {
see [0 [I7), [I8]. To characterize the optimal control pair, we differentiate the ob-
jective functional, J, with respect to the controls. However, since the objective
functional is a function of the state functions, we must differentiate the state func-
tions with respect to the controls.

Theorem 4.5 (Characterization). If (uj,u}) € U is an optimal control pair mini-

mzzmg ‘ ’ and (iCT, .’E;, yfv y;v ’UL U;, S*v ZT» Z;) and ()‘17 )\27 517 527 i, M2,Ps 41, Q2)
are the corresponding state and adjoint solutions, respectively, then

aj(t) +a3(rt) — A i(r (T
() 1y (B0 2@31 DO gy
X T, . o
uy(7) = H2(a3(T) — Ay (;IBE; DT t))dt) a.e. in L*(Q), (4.27)
where
ai(r) = Brof ()25 (1) (E1(7) = M (7)) = Brvs (1) (r)m (7)
a3(r) = P23 (T)a5(7)(Ea(7) = Aa(7)) = vy (7)a3(T)na(7) (4.28)
a3(7) = mdim (7)y1 (1) + Y2dana(7)y3(7),



EJDE-2016/CONF/23 OPTIMAL CONTROL IN MULTI-GROUP COUPLED MODELS 107

and for j =1,2,
0, =<0
Hi(x)=qz, 0<z<uay,

Ujy, T > Uj.

)

Proof. Since (uf,u3) is an optimal control pair and we seek to minimize our func-
tional, we have

J(ui +ely, u5 +ela) — J(uf, u3)

0 < lim
e—0+t £
T rA e g% € _ % Ao (ifus — i*u*
- lim/ / (Ao () i (A U )Y gy
e—0* 0 0 e 9 €
T (A € % € * €, E ST

. 5 —1 /U5 — Ao (i5u§ — i3ul)

1 (A e(la "l Ak (22 2 QU — 23U )d dt
L A O R K "
. /T /A(Ag(z‘ius—iiuz) +A3<i§u§—z‘§u3>) drdt

e—0t 0 0 g g

A 2 *\ 2 2 *\2
B £ _ B 3 —
b [ (B0 | Bl ~ (),

e—0+ 0 £ 3

T A
= [ [ 1wt + Aviion + (Aaut + Aguz )
o Jo
T A
+ / / [(A4’U§UJ2 + A4’L§¢2 + (AQ'U,){ + Aguz)wz]det
o Jo
T A A
o Jo 0
A A~ A~
= / I <51UT$T()\1 —&1) + Brviaim + Bavzas (A2 — §2) + Favswine
0
T
+ 2Bt +A2/ (it +i§)dt)d7-
0

A T
+ / lo <2Bgu§ — '71d1y1‘771 — ’ygd2y§772 + As / (iT(T, t) + Z; (7’7 t))dt) dr.
0 0

Considering cases on the sets {7 € Q[uj(7) = 0}, {7 € Q|uj(7) = @;} and {7 €
Q|0 < wi(r) < 4y}, for j = 1,2, and using standard arguments, we obtain the
desired characterization given in equations (4.26]) and (4.27). O

4.2. Existence of optimal control pair. Existence results are obtained via Eke-
land’s principle. In order to use Ekeland’s principle, we prove that our objective
functional is lower semi-continuous with respect to L' convergence. On the other
hand, uniqueness of optimal control pair is established by using the Lipschitz prop-
erties of the state and adjoint solutions given in Theorems and [£.4] respectively,
as well as the minimizing sequence obtained from the Ekeland’s principle.

Theorem 4.6 (Lower semi-continuity). The functional J : L'(Q) x LY(Q) —
(—00, +00] is lower semi-continuous.

Given a lower semi-continuous functional, 7, we have the following Ekeland’s
principle which guarantees the existence of minimizers of an approximate functional,
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J.: For e > 0, there exist (u$,u$) € L*(0, A) x L'(0, A) such that

J(ui,u3) < ( inf)eu J(ur,uz) + ¢
UL, u2

j(uivug) = (u muh;leuj(?(ulvuﬂ)v
1,U2

where
Te(ur,uz) = T (ur,u2) + Ve([uf —urllpro,a) + [lug — u2llL1(0,4))-

Theorem 4.7. If (u§,u§) is an optimal control pair minimizing the approximate
functional, J., then

(u§(r), u§(r)
(€50 E50) ~ AI(0) — VES(E) i) = ASK(r) = VEmi(r)y

2B1 ’ 2B2
where
€5 (1) = Buv5 (1)a5 (1) (& (7) — A5 (7)) — Buvi (7)a (7)ns (1)
e5(1) = Bv5(7)25(7) (&5 (7) — A5 (7)) — Bovs (7)x5(T)n5(7)
e5(7) = yadam (7)Y () + yadays ()05 (7) (4.29)

T
Ke(r) = /0 (5 (7, 8) + i5 (. 1)) dt,

and the functions ki,ke € L%°(0,A), with |k1(7)] = 1 and |ka2(7)| = 1, for all
€ (0,A4).

4.3. Uniqueness of optimal control pair. The uniqueness of an optimal control
pair for the multi-group coupled within-host and between-host model is established
using the Lipschitz properties for the state and adjoint functions in terms of the
control functions in Theorems [£.1] and [£.4] and Ekelands variational principle.

Theorem 4.8. If S s (5 + B%) is sufficiently small, then there exists a unique

optimal control pair (ul,ug) € U minimizing the objective functional J.
Proof. Let H(x,y) = (H1(x), H2(y)) and define L : & — U, such that
a1 +as — A K(1) nidimys — ASK(T))

2B, ’ 2B,
where aj, j = 1,2 are defined in equation (4.28)). Let (z1,22,y1, y2,v1, V2,5, 11, i2)

and (A1, A2, &1,&2,m1,Mm2,D,q1,4q2) be state and adjoint solutions corresponding to
the control pair (u1,ug). Then

L(uy,ug) = 7‘((

)

| L(u1,uz) — L(ty, U2)|| Loe (0,4)x L5 (0,4)
= [[H1(ur) — Ha(tr)||Loe(0,4) + [[H2(u2) — Ha(t2)| Lo 0,4)
e1 + eo —AQK(T) _ e1+ e _AQR(T)

< 2B, 5B, |z (0,4)
63—A3K(7’) ég—Agk(T)
l 5B, - 2B, | 2> (0,4)
1 1
< QB ==-ller — el (o, o tog ||62*62HLoc(o At 55 ||63*€3||Loo(o A)
+%(%+*)HK K|l £ (0,4
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where for j =1, 2,

0;2;(&5 = N\y)) = By (vyzmy — 0;2m;)
+ ;€ (v — 05) +0;75(&5 — &)
7) +aidi (v — ;) + 0250 = Ag))
L) + x5 (vj — 0;) + 0;25(n; — 17;))

ej — €& = Bj(vjz;(§ — Aj) —
= B; (& (x; — T;)
— BN (x5 — T
— B;(n;v;(z; —
and
es — e =71dim(y1 — §1) + dagi(m — M) + v2danz(y2 — §2) + y2d2y2(n2 — 2).-
Then

| L(u1,uo) — L(t1, U2)| 1o (0,4) x Lo (0, 4)

Cy
< o5 (I = #1llzm o) + w2 = ]l im o) + o =12~ 0.
_ Cy z :
+ [lv2 — UQHLOO(O,A)) + TBI<||§1 = &illLe(0,4) + 162 — &2llL=(0,4)

I = Ao, + A2 = Rallzeo,0))

C C B - C )
+ (ﬁ + ﬁ)(llm = Millze=(0,4) + |2 = M2llL>=(0,4)) + TBillyl — 71l (0,4
1,A Az

o s — ol + 5 (22 + B (s — ey + 2 — 2ll ().
2B, B, B,

Using the Lipschitz properties of the state and adjoint systems in Theorems
and [£:4] respectively, we have
Car

[ L(u1, uz) — L(t1, G2)|| < 5

(? + ?) (lur = @l o< 0,4y + lluz — G2l o< (0,4))-
(4.30)

If CA L (Bl1 + B%) < 1, then the map L admits a unique fixed point (u}, u%), by the
Banach Contraction Theorem. Next, we show that this fixed point is an optimal
control pair, by using the minimizers, (u§,u§), from Ekeland’s Principle. To do this,
we use the states (21, 25, y7,y5, V¥, V5, 5%, 41, 45) and (A], A3, &, €5, mi, m5, p°. df, 45)
corresponding to the minimizer (u§,u§). Thus
e§ +e5 — AsK® — \Jer§ e§ — AsK*® — \@/ﬁ)H

2B, ’ 2Bs (L=(0,4))?
_ HH(ei +e5 — AyK® ef — A3K5>

2B T 2B
(ei +e§ — AsK® — \fer§ e§ — AsK® — \@/{f)n
2B, ’ 2B, (L=(0,A))?

\[’fz \ﬁ 1 1
|| (0,4) +|| ||L =(0.4) = 5 (B1 +B2)~

Next, we show that (ul,uQ) — (uf,u}) in L>(0,A) x L>*°(0, A). Now,

s, ) — 7

(4.31)

- H
\[“1
[l Lo

[[(u1, u3) = (u, u3)ll (Lo (0,4))2
= [lu1 = willLe<(0,4) + [luz = u3llLoe(0.4)
a*{—i—a;—AgK*) (ei—i—eg—AgK‘E—ﬁHT)H
2B, 2B, L>(0,4)

= -7
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ay — AsK* e§ — AsK® — \/eK§
T) - 2( 2B, )HLw(o,A)
e§ + €5 — AsK°® — \/ek§ eg—AgKE—\Em’f)H
2B, ’ 2B, (L (0,4))?
< [|L(u1, ug) — L(uf, u3)ll (0,4

+ ||H2(

= HL(ULUS) - H(

€5 +e5 — AsK® — \Jer5 e§ — AsK® — \/ekj
+ || L(u], us fH( L2 , ) -
I1Z (5, u5) 25, 25, Iz 0.
Car, 1 1 Ve, 1 1
< s YL | * € -
<= (731 +*Bz)(||u1 uillzee(o,4) + lluz = u3llee0,4)) + =5 (B1 + Bg)’

from equations (4.30) and (4.31). Also, a} and € are defined in equations (4.28)
and (4.29)), respectively. Thus,

lui — ufllLo(o,4) + [[u5 — U5l Lo (0,4)

Car, 1 1 e :
< L G e 5 — U3/ Lo 29 \B, " B,/
= "9 (Bl + B2)(||“1 uillpe=(0,4) +lluz = u3llL=(0,4)) + 2 (Bl - 32)
Whence,
* € x € é(ﬁ% - B%)
||u1 — u1||Loo(07A) + |lus — u2||L°°(07A) = Car (1 1y’
—Gar( 1y 1)
2 (B1 B
Ca,r

for (B% + B%) sufficiently small. Equivalently,

2

[[(ul,u3) — (ui, u3)l| Lo (0,4)x Lo (0,4) < —0 ase—0F.

Thus,
(uf,u3) — (ul,u3) in L>(0, A) x L>(0, A).

Lastly, we establish that (uf, u3) is indeed a minimizer of the functional, 7. Now,
using Ekeland’s Principle, we have J(uj,u3) < inf(y, u,yeu J(u1,u2) + €. Since
(uf,u5) — (uf,u}) as e — 07, it follows that J(u},ud) < inf(y, u,)eu J(u1,us2).

O

5. NUMERICAL SIMULATIONS

We present a numerical scheme for the within-host model 7 and the
between-host model f based on semi-implicit finite difference schemes for
ordinary and first-order partial differential equations [2]. Let A7 = h > 0 be
the discretization step for the interval [0, A], with h = A/M, where M is the
total number of subintervals in age (age-since-infection), and At = k > 0 be the
discretization step for the interval [0, 7], with k = %, where NN is the total number
of subintervals in time. We discretize the intervals [0, A] and [0,T] at the points
7, =jAT (j=0,1,...,M) and t,, = nAt (n=0,1,...,N), respectively. Next, we
define the state, adjoint and control functions in terms of nodal points x{, xé, y{,
n

J oJ .0 an
y27 vlv UQa S awj

w] and ul. Since wy is an approximation to the solution of the equation

— ~n ~ Joohd o d o d AT 4T pgn
( where w = i1), @} (where © = ia), V1, ¥y, ¢1, 3, ¢1, ¢3, 0",
n n
AT, A

VR
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that models infectious individuals of group one at time level ¢,, and grid point 7;,
we approximate the directional derivatives Bwé;’t) and awa(:’t) by

—1
8W(ijtn) ~ w;l _w? 8M(Tj7tn) ~ Wi — w?—

o At or AT
Age of individuals changes at the same speed as chronological time, and therefore
we assume that At = A7, so that

n—1 —1
1

Ow(ry,ty) | Ow(ry,t,) Wi —wiZ)

ot or T At
We fully implement our numerical scheme for the multi-group coupled within-host
and between-host model by using parameter values of the within-host and epi-
demiological model of HIV given in Table [I] For this set of parameter values, the
basic reproduction number of the epidemiological model in the absence of control is
Ro = 3.9, and in the presence of drug treatment is Ro = 2.1. Here, Ry denotes the
basic reproduction of the epidemiological model in the presence of drug treatment
on the within-host system.

TABLE 1. Within-host and between-host parameter values

Parameter Value Units Source

T 10 cells mm~3day ! [16] 271 35]
mo 0.012 mm?® year~! [34)

A 2750 humans [34]

[ 0.02 day~! 35, 39]

P1 0.7 - vary

D2 0.3 - vary

B1 2.4 x107% mm?virion !'day~!  [27] [35 [39]
B 2.4 x1075 mm3cell~'day ! [27, 135, 39]
d 0.5 day~! 27, 535]

iz 1200 virions cell ™ [16]

5 2.5 day~! 16, [35]

51 0.014 day—! [34]

1 4x107%  mm3virion ltyear—! [34]

7 2x 1077 virion~lyear—! [34]

Bo 2.0 x107° mm>virion 'day~!  [16] [35 [39]
B 2.0 x107° mm3cell " *day ! [16, 35, [39]
ds 0.5 day—! [161, 135]

12 1200 virions cell ™! [16]

5 3 day~! [16, 35]

S2 14 day—! [34]

Co 4x107%  mm3virion tyear—! [34]

2 2x 1077 virionlyear~! [34]

Starting with 600 healthy cells for both groups of healthy cells at the within-host
level, no infectious cells (y1(0) = y2(0) = 0), but with different viral loads, Figure
[1] delineates trajectories for the within-host dynamics within a time horizon of 100
days. With a “higher” viral load of v1(0) = 0.005 for free virus of group one and a
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Healthy Cells of Grp | Infected Cells of Grp | x10° Freevirus of Grp |
600 ~; 300 8
u wi/o control —— w/o control —— w/o control
5001 250 : w/ control 6 w/ control
K 1 2 1
3 400 3 200 ]
8 | 8 1 2 !
Z300; | REJNIN 240l
8 1 8 it £ !
2 200 B o1 E00f |, B
| - . ! 2 \
100 | _ 501 |1\, . '\, B
' > ) N
0 0 Co — 0 i <
0 50 100 0 50 100 0 50 100
Time (in days) Time (in days) Time (in days)
Healthy Cells of Grp Il Infected Cells of Grp Il x 10° Freevirus of Grp Il
600 200 25
~ \ wi/o control w/o control w/o control
500 ~ | *=+="w/ control — = w/ control 2 — = w/ control
w” ! » 150
S 400 \ T 2
[53 53 =l
o . _-l © X 15
2 300 - 3 100 - \
= \ 3 g 1 S 4 "
£ 200 ' 7 = i = .
S = 50 .
100 - \ 05 A\
AN AN
0 0 = 0 =
0 50 100 0 50 100 0 50 100
Time (in days) Time (in days) Time (in days)
0.4 0.5
ul u2
03 0.4
s 5 03
502 g
o O 0.2
0.1 04
0 0
0 50 100 0 50 100
Time (in days) Time (in days)

FIGURE 1. Within-host Dynamics when z;(0) = 600, z2(0) = 600,
yl(O) = yQ(O) = 0, ’01(0) = 0005, ’02(0) = 0001, Al = 1, A2 = ].,
A;3:1,144:17 B1:1732:17’111:0.43.11(1@2:0.5.

“lower” viral load of v2(0) = 0.001 for the free virus of group two, trajectories for
healthy cells of group one indicate a rapid decrease within the first twenty days for
group one, and a decrease within the first thirty days for healthy cells of group two.
For the free virus population of both groups, acute phases are observed in different
groups, but within different time horizons. Free virus of group one observes an
acute phase between 10-20 days since start-of-infection as opposed to 20—40 days
since start-of-infection for free virus of group two. Also, relapse phases are observed
in both groups of the free virus. For free virus of group one, the relapse phase occurs
within 50 days since start-of-infection and within 90 days since start-of-infection
for free virus of group two. In the presence of fusion and protease inhibitors, the
acute and relapse phases of the virus of group one occurs much later. However,
the acute phase for free virus of group two occurs much later, but with no relapse
phase within 100 days since start-of-infection.

At the population level, and starting with initial age distributions of i1(7,0) =
200sin(3Z) and iz(7,0) = 200sin(5Z) for infectious individuals of both groups,
and an initial population of S(0) = 1 x 10° for susceptible individuals, oscillatory
behaviors are observed in both populations as shown in Figure 2] Due to higher
viral load for free virus of group one, more infectious cases are also observed at
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the population level for infectious individuals of group one in the absence of drug
treatment on the within-host system. In the presence of drug treatment, there is an
oscillatory increase and decrease in the number of infectious cases, but with more
infectious cases observed in the presence of control as compared to the the number
obtained in the absence of control in both groups. This may be attributed to the

fact that, infectious individuals tend to live longer in the presence of drugs than in
the absence of drugs.

o
=3
S

200 -~

S !

100 -

Infect. Group |
w S
o o
S <3
J
Infect. Group |1

Time Age

700

300,

250

Infect. Group | w/ control

Infect. Group Il w/ control

100

Time 0 0 Age Time 00 Age

)
i2(7,0) = 200sin(FZ), S(0) =1 x 106, A; =1, Ay = 1, A3 =1,
A4 = 1, Bl = 1, B2 = 1, ’l~j,1 = 0.4 and 1]2 =0.5.

In Figure [3] trajectories depict susceptible individuals in the absence and pres-
ence of drug treatment on the within-host system. In the absence of control, suscep-
tible individuals experience a decrease in population over the entire time horizon.
In the presence of drug treatment, susceptible individuals still experience a decrease
in population, but with more susceptible cases observed in the population.

Figure [ represents trajectories for the within-host dynamics when the effective-
ness of the fusion and protease inhibitors is very high. With this level of effec-
tiveness, the number of healthy cells of group one experiences an increase between
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‘wio control
— — - wi control

Susceptible individuals

20 30 40 50 60 70 80
Time

FIGURE 3. Susceptible Individuals when i;(7,0) = 200sin(%r),

%
i2(7,0) = 200sin(3Z) and S(0) = 1 x 10°.

Healthy Cells of Grp | Infected Cells of Grp | x 10° Free virus of Grp |
600 N 300 8
- wlo control /o control /o control
500 ! — = w/ control 250 — = w/ control — = w/ control
2 400 | 3 200 ¢
2 = )
8 ' -7 8 " ]
2 300 | e 3 150 ) =4
= e B { @
S 1 - 5] I s 0"
£ 200 P £ 100 |
| . = . 2 \
100 \ 50
e N\ AN
y N
0 0 0
0 50 100 0 50 100 0 50 100
Time (in days) Time (in days) Time (in days)
Healthy Cells of Grp I Infected Cells of Grp Il x 10" Free virus of Grp Il
600 200 25
\~ o~ w/o control w/o control
N\
500 « ——— == w/ control 2 == w/ control
” » 150
S 400 ° )
2 300 w/ control 2 100 i
E 3 L
£ 200 £
50 05
100
A .
0 0 £ 0 >
0 50 100 0 50 100 0 50 100
Time (in days) Time (in days) Time (in days)
0.8 0.8
w2
0.6 0.6
s i
5 0.4 5 0.4
o [¢]
0.2 1 0.2
0 0
0 50 100 0 50 100
Time (in days) Time (in days)

FIGURE 4. Within-host Dynamics when z1(0) = 600, 22(0) = 600,
y1(0) = y2(0) = 0, v1(0) = 0.005, v2(0) = 0.001, @ = 0.9 and
iy = 0.9.

25-100 days since start-of-infection, and healthy cells of group two experiences a
subtle decrease followed by an increase in the number of healthy cells within the
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rest of the time horizon. For the population of free virus of both groups, the relapse
phase observed in the absence of control is not observed in the presence of control.
The control suggests an intermediate level of treatment within the first 30 days
since start-of-infection, followed by a high level of treatment between 50-95 days
since start-of-infection. At the population level, and considering the total popula-
tion of infectious individual of both groups, numerical simulations suggest that the
disease could be controlled as indicated in Figure [5

700 .
400

600 .

350

5000, - S 300\,“

Infect. Ind. w/o control

Infect. Ind. w/ control

Time 0 ¢ Time o o Age

Ficure 5. Total population of infectious individuals when
i1(7,0) = 200sin(%5¢), i2(7,0) = 200sin(5Z) and S(0) = 1 x 106.

Conclusion. In this study, we have formulated in a careful mathematical way,
a multi-group within-host model coupled with an epidemiolgical model. Explicit
dependence of the epidemiological model on within-host dynamics are expressed in
transmission and mortality rates at the population level. Existence of solution is
established via a fixed point argument. The basic reproduction number of the multi-
group epidemiological model is derived and an explicit dependence on the within-
host viral load is captured. Global stability analysis of disease-free equilibrium and
local asymptotic stability analysis of endemic equilibrium are obtained.

We formulated an optimal control problem for the coupled model subject to
fusion and protease inhibitors. Sensitivity and adjoint systems are derived, and
existence, characterization and uniqueness results obtained. Using a semi-implicit
finite difference scheme on the state and adjoint systems, and a forward-backward
sweep iterative method, the optimality system is solved numerically. Numerical
simulations suggest that the combination of fusion and protease inhibitors reduces
viral load at the within-host level and the disease-induced mortality at the pop-
ulation level, but results in an increase in the number of infectious individuals at
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the population level since infectious individuals live longer in the presence of drugs.
The disease could still be controlled if the effectiveness of treatment is at a very high
level. At this level of control, the basic reproduction number of the epidemiological
model in the presence of drug treatment reduces to Ry = 0.19.
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