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1 Introduction

1.1 Background and motivation

In [DF97a], a continuous super-Brownian reactant process X¢ with a super-Brownian catalyst o was
introduced. This pair (g, X?) of processes serves as a model of a chemical (or biological) reaction of two
substances, called ‘catalyst’ and ‘reactant’. There the catalyst is modelled by an ordinary continuous
super-Brownian motion p in R?, whereas the reactant is a continuous super-Brownian motion X ¢ whose
branching rate, for ‘particles’ sitting at time ¢ in the space element dz, is given by g;(dz) (random
medium). This model has further been analyzed in [DF97b, EF98, FK99, DF01, FK00, FKX02]. Actually,
the reactant process X?¢ makes non-trivial sense only in dimensions d < 3 since a “generic Brownian
reactant particle” hits the super-Brownian catalyst only in these dimensions (otherwise X ¢ degenerates
to the heat flow, [EP94, BP94]).

In a sense, (9, X?) is a model with only a ‘one-way interaction’: the catalyst o evolves autonomously,
but it catalyzes the reactant X 2. There is a natural desire to extend this model to the case in which each
of the two substances catalyzes the other one, so that one has a ‘true interaction’. This, however, leads
to substantial difficulties since the usual log-Laplace approach to superprocesses breaks down for such an
interactive model. In particular, the analytic tool of diffusion-reaction equations is no longer available.

Dawson and Perkins [DP98, Theorem 1.7] succeeded in constructing such a continuum mutually catalytic
model in the one-dimensional case, whereas in higher dimensions they obtained only a discrete version
in which R? is replaced by the lattice Z¢, and Brownian motion is replaced by a random walk. More
precisely, in the R-case they showed that, for given (sufficiently nice) initial functions Xy = (Xé,Xg),
the following system of stochastic partial differential equations is uniquely solvable in a non-degenerate

way:
0'2 - ..
O xite) = TAX{(@) 4\ X! (@) X2 () Wi @), )

(t,z) € Ry xR, i =1,2. Here A is the one-dimensional Laplacian, o,~ are (strictly) positive constants
(migration and collision rate, respectively), and W, W2 are independent standard time-space white
noises on Ry x R. The intuitive meaning of X}(x) is the density of mass of the i*? substance at time ¢
at site @, which is dispersed in R according to a heat flow (Laplacian), but additionally branches with
rate vX{(z), j #4 (and vice versa).

For the existence of a solution X = (X X 2) to (1) they appealed to standard techniques as known, for
instance, from [SS80], whereas uniqueness was made possible by Mytnik [Myt98] through a self-duality
argument. For the existence part, their restriction to dimension one was substantial, and they pointed
out that non-trivial existence of such a model (as measure-valued processes) in higher dimensional R?
remained open.

Major progress was made in Dawson et al. [DEFT02] where it was shown that also in R? such a mutually
catalytic branching process X makes sense as a pair X = (X LX 2) of non-degenerate continuous finite-
measure-valued Markov processes, provided that the collision rate ~ is not too large compared with the
migration rate o. In order to make this more precise, we write (i, f) or (f, u) to denote the integral of
a function f with respect to a measure p. Intuitively, X = (X LX 2) could be expected to satisfy the
following system of stochastic partial differential equations

(X;,0") = <M,<pi>+/0 ds <X§, 7As0i> (2)
s W) P A XI@ X, 20,
[0,t]xR?

[compare with equation (1)]. Here the u® are sufficiently regular finite (initial) measures, the ¢ are
suitable test functions, A is the two—dimensional Laplacian, the W (d(s,z)) ,W?(d(s,z)) are indepen-



dent standard time-space white noises on Ry x R?, and X!(z) is the “generalized density” at = of the
measure X'(dz).

More precisely, consider the following martingale problem (MP)Z’W (for still more precise formulations,

see Definition 3 below). For fixed constants o,y > 0, let X = (X X 2) be a pair of continuous measure-
valued processes such that

M) = (X' = (e} - s (x2, T, 3)

t >0, i = 1,2, are orthogonal continuous square integrable (zero mean) martingales starting from 0 at
time ¢ = 0 and with continuous square function

(M), = / Lx (d(s,2)) (¢)2(). (4)

[0,t]xR2

Here Lx is the collision local time of X' and X2, loosely described by
Lx(d(s,2)) = ds X!(dz) | X2(dy) 6 (y) )
RZ

(a precise description is given in Definition 1 below).

The main result of [DEF102] is that, provided the collision rate v is not too large compared with the
migration rate o, for initial states p = (!, u?) in the set Mg, of all pairs of finite measures on R?
satisfying the energy condition

/R () / ) logt o < oo, (6)

o =]

there is a (non-trivial) solution X to the martingale problem (MP)ZW with the property that X; € M; .
for all ¢ > 0 with probability 1.

1.2 Sketch of main results, and approach

The main purpose of this paper is to extend this existence result to certain infinite measures (see Theorem
4 below), where questions of long-term behavior can be properly studied. In contrast to the case of
superprocesses, there does not seem to be a natural way to couple two versions of the process with
different initial conditions and consequently we construct the process with infinite initial measures as a
weak limit of a sequence of approximating processes. To this end, as in [DEF102], we start from the Z2-
model X of [DP98], scale it to X on £Z?, and seek a limit as ¢ | 0. Asin [DEFT02], to prove tightness
of the rescaled processes, we derive some uniform 4*" moment estimates in the case of a sufficiently small
collision rate. But in contrast to [DEFT02], we work with moment equations for ¢X instead of exploiting
a moment dual process to *X. We stress the fact that the construction of the infinite-measure-valued
process is by no means a straightforward generalization of the finite-measure-valued case of [DEFT02].

The proof of uniqueness of solutions to the martingale problem (MP)Z’7 is provided in the forthcoming
paper [DFM™02, Theorem 1.8] under an integrability condition (IntC) involving fourth moments. This
integrability condition has been verified for a class of finite initial measures, and a simpler integrability
condition (SIntC) (see Definition (45) below) that implies (IntC) has been verified for absolutely con-
tinuous measures with bounded densities. However it has not yet been verified for the class of infinite
measures with sub-exponential growth at infinity which are treated in the present paper. Nevertheless
we will be able to use the self-duality technique and convergence of the rescaled lattice models in the
finite measures case to show that the lattice approximations for the case of infinite initial measures also
converge weakly to a canonical solution of (MP)Z’7 (Theorem 6 below) and study this process.



We complement the existence result by showing that the process X which we construct has the following
properties. (In the case of absolutely continuous measures, we often use the same symbol to denote both
the measure and its density function.)

(i) For any fixed ¢t > 0 and for each i = 1,2, the state X; is absolutely continuous,
X}(dz) = X/(z)dz as.,

and for almost all z € R?, the law of the vector X;(x) of random densities at = can
explicitly be described in terms of the exit distribution of planar Brownian motion from the
first quadrant. In particular the types are separated:

X} (z)X?(x) = 0 for Lebesgue almost all = € R?, a.s.,

and for both types the density blows up as one approaches the interface. See Theorem 11
below.

(ii) Starting X with multiples of Lebesgue measure ¢, that is X, = ¢/ = (c!/,c?(), X,
converges in law as t T oo to a limit X, which can also explicitly be described:

Xoo £ X1(0)¢ = (X](0), X7(0)0)

with X;(0) the vector of random densities at time 1 at the origin 0 of R? described in (i). In
this case the law of X;(0) is the exit distribution from the first quadrant of planar Brownian
motion starting at c. In particular, locally only one type survives in the limit (non-coexistence
of types), and it is uniform as a result of the smearing out by the heat flow. See Theorem 13
below for the extension to more general initial states.

Clearly, the statements in (ii) are the continuum analogue of results in [DP98], and the interplay be-
tween X, and X;(0) is based on a self-similarity property of X, starting with Lebesgue measures (see
Proposition 16 (b) below).

We mention that the proofs of the aforementioned approximation theorem, of the separation of types,
and of the long-term behavior require properties of the finite-measure-valued case which are based on
uniqueness arguments provided in the forthcoming paper [DFM*02].

The problem of existence or non-existence of a mutually catalytic branching model in dimensions d > 3,
as well as in R? for large v remains unresolved.

2 Mutually catalytic branching X in R? (results)

The purpose of this section is to rigorously introduce the infinite-measure-valued mutually catalytic
branching process X = (Xl, X2) in R2, and to state some of its properties.

2.1 Preliminaries: notation and some spaces

We use ¢ to denote a positive (finite) constant which may vary from place to place. A ¢ with some
additional mark (as ¢ or ¢!) will, however, denote a specific constant. A constant of the form C(#) OT
¢4 means, this constant’s first occurrence is related to formula line (#) or (for instance) to Lemma #,
respectively.

Write |-| for the Euclidean norm in R%, d > 1. For x = (z',...,2") in (R%)", n > 1, we set

x| = |zt 4 2. (7)



For \ € R, introduce the reference function ¢y = ¢§ :
o (x) = e el z € R (8)
At some places we will need also a smoothed version q~5>\ of ¢, . For this purpose, introduce the mollifier

p(x) = c9) L{jz)<1} exp[ -1/(1 - mQ)] , r € R, (9)

with c(g) the normalizing constant such that fR dz p(z) = 1. For X € R, set

Hw) = [orwpw-a).  ceR (10)
and introduce the smoothed reference function

or(x) = Pi(x1) - DL (2a), x=(xy,...,24) € RL (11)
Note that to each A € R and n > 0 there are (positive) constants Q}\)n and E}\’n such that

ar -
Aair@) < |8 @] < Aok wer (12)

(cf. [Mit85, (2.1)]). Hence, for A > 0 and n > 0,

" - _

Crnbyan@) < |5a @) £ B (@), (13)
= (z1,...,74) € R? 1<i<d, for some constants Cxn and €y, . In particular, there exist constants
c, and ¢, such that

cr b gz ‘Adu ‘ < ey oa(x), z €R% (14)
For f:R? =R, put
[flx = sup [f(@)[/éa(x),  AER (15)

z€eR

For A € R, let By = By(R?) denote the set of all measurable (real-valued) functions f such that |f|x
is finite. Introduce the spaces

Btem = Btem ﬂ B_ Ao Bexp - Bexp Rd U B)\ (16)

A>0 A>0

of tempered and exponentially decreasing functions, respectively. (Roughly speaking, the functions in
Biem are allowed to have a subexponential growth, whereas the ones in By, have to decay at least
exponentially.) Of course, Beyp, C B = B(R?), the set of all measurable functions on R

Let Cy refer to the subsets of continuous functions f in By with the additional property that f(x)/¢x(x)
has a finite limit as |z| T oo. Define Ciom = Crem(R?) and Cexp = Coxp(R?) analogously to (16), based on

Cx. Write €™ = c{™(R?) and ) = c{Z)(RY) if we additionally require that all partial derivatives
up to the order m > 1 belong to Cy and Cexp, , respectively.

For each A > 0, the linear space Cy equipped with the norm |-|, is a separable Banach space. The
space Ciem 18 topologized by the metric

dtem fv 22 " |f g| 1/n A 1) fvgectema (17)

n=1

making it a Polish space.



Ceom = Ceom(R?) denotes the set of all f in Cey, with compact support, and we write C°, = C, (RY)
if, in addition, they are infinitely differentiable.

If E is a topological space, by ‘measure on E’ we mean a measure defined on the o—field of all Borel
subsets of E. If p is a measure on a countable subset Ey of a metric space F, then pu is also considered
as a discrete measure on E. If 1 is absolutely continuous with respect to some (fixed) measure v, then we
often denote the density function (with respect to v) by the same symbol p, that is p(dz) = p(x) v(dz),
(and vice versa).

Let Miem = Miem(R?) denote the set of all measures p defined on RY such that (u,¢y) < oo, for
all A > 0. On the other hand, let My, = Mexp(R?) be the space of all measures p on R? satisfying
{1, p—») < o0, for some A > 0 (exponentially decreasing measures). Note that M.y, C My = M¢(R?),
the set of all finite measures on R? equipped with the topology of weak convergence.

We topologize the set Mo of tempered measures by the metric
dem (11, v) = do(u,v) + 27" (Ip = vliym A1), 11,7 € Miem - (18)
n=1

Here dg is a complete metric on the space of Radon measures on R¢ inducing the vague topology, and
| — |y is an abbreviation for |(u, or) — (v, (b;)’. Note that (Myem ,dtem) is a Polish space, and that
n — pin My if and only if

{Kn, 0) m_o)o (1) forall ¢ € Coxp. (19)

For each m > 1, write C:=C (R, M) for the set of all continuous paths ¢+ p; in M2, where

(MP ., d) is defined as the m—fold Cartesian product of (Myem,dtem). When equipped with the
metric
(o)
de(p., 1) = 22*"(0215 CH (TR TA A 1), 1€ C, (20)
n=1 Stan

C is a Polish space. Let P denote the set of all probability measures on C. Endowed with the Prohorov
metric dp, IP is a Polish space ([EK86, Theorem 3.1.7]).

Let p denote the heat kernel in R? related to %ZA :

2
pi(z) = (2mo’t)~4/? exp[— %}, t>0, z€R% (21)
and {S;:t >0} the corresponding heat flow semigroup. Write £ = (£,11,) for the related Brownian
motion in RY, with II, denoting the law of ¢ if & = x € R%.

Recall that ¢ refers to the (normalized) Lebesgue measure on R%. We use ||u|| to denote the total mass
of a measure u, whereas |u| is the total variation measure of a signed measure pu.

The upper or lower index 4 on a set of real-valued functions will refer to the collection of all non-negative
members of this set, similar to our notation Ry = [0, 00). The Kronecker symbol is denoted by dg, ¢ -

Random objects are always thought of as defined over a large enough stochastic basis (9, F,F.,P)
satisfying the usual hypotheses. If Y = {Y¥; : ¢ > 0} is a random process starting at Yy = y, then as
a rule the law of Y is denoted by sz . If there is no ambiguity which process is meant, we also often
simply write P, instead of P;/ . In particular, we usually use P, in situations in which ¥ comes from
the unique solution of a martingale problem. Also the corresponding P-letter (instead of E) is used in
expectation expressions. We use F} to denote the completion of the o—field Neso o1Ys: s <t+e},
t>0.

As a rule, bold face letters refer to pairs as X = (Xl, X2) , cf = (clﬁ, 025) , etc.

Next we introduce a version of a definition from [DEF*02] which is used throughout this work.



Definition 1 (Collision local time) Let X = (X', X?) be an M2, —valued continuous process. The

collision local time of X (if it exists) is a continuous non-decreasing M em—valued stochastic process
t— Lx(t) = Lx(t, ) such that

<L;(’5(t),<p> N <Lx(t),(p> as 0 | 0 in probability, (22)

for all t >0 and ¢ € Ceom(R?), where
LY°(t,dx) = 5 / dr/ ds X!sp,(z) X2sp,(z) dz, t>0, 6>0.
0 0

The collision local time Lx will also be considered as a (locally finite) measure Lx (d(s7 m)) on Ry xR%.
&

We now consider the scaled lattice eZ9, for fixed 0 < ¢ < 1. In much the same way as in the R
case, we use the reference functions ¢y, A € R, now restricted to £Z%, to introduce [fly, °Bx =
By (eZ9), “Boxp = EBexp(EZd)7 and “Biem = “Biem(€Z?). Let A denote the discrete Laplacian:

Af(x) = e > [fly) = f@)], weezd, (23)

{yeez?: ly—z|=e}
(acting on functions f on eZ%). Note that A¢y belongs to By, for each positive A. The spaces
(*Mem » *diem) and C(Ry, M ) are also defined analogously to the R%-—case.
Write

PR o (24)
x€eZd

for the Haar measure on ¢Z? (approximating the Lebesgue measure £ in Mo (RY) as € | 0). Let °p

denote the transition density (with respect to /) of the simple symmetric random walk (%,°II,) on

eZ? which jumps to a randomly chosen neighbor with rate do?/s2, that is has generator %2 ¢A, with

the related semigroup denoted by {&S; : t > 0}. In other words, °p;(z) := e~ ¢ eIly(%¢; = x) and so

“pe(x) = e ¥ p.ay(e7 ), t>0, zeeZ’. (25)

In the case d = 2 we will need some random walk kernel estimates that for convenience we now state as
a lemma. For a proof, see, for instance, [DEF 02, Lemma §].

Lemma 2 (Random walk kernel estimates)

(a) (Local central limit theorem) For all t > 0, with the heat kernel p from (21),

lim sup |*p;(z) — pi(z)| = 0.
€l0 zeez2

(b) (Uniform bound) There exists an absolute constant ¢y such that

sup JQtEpt(:r) = Crw, 0<e<l1l, o>0.
t>0, xceZ?

In fact ¢y € (.15,.55) (See Remark 9 in [DEFT02, Lemma 8].)

Often we will need the constant
e 1= co(0) = Cry /0P (26)

instead of cpy.



2.2 Existence of X on R?

First we want to introduce in detail the martingale problem (MP)Z’7 mentioned already in Subsection 1.1
(extended versions of the martingale problem will be formulated in Lemma 42 and Corollary 43 below).
Let d =2.

Definition 3 (Martingale Problem (MP)77) Fix constants o,y > 0, and p = (u',p?) €
M2 (R?). A continuous F.—adapted and M2, (R?)-valued process X = (X', X?) [on a stochastic

tem tem

basis (Q,F,F.,P)] is said to satisfy the martingale problem (MP)Z’"Y7 if for all o', p? € C’é,z(%,(Rz),

t 2
i, o i i i i i 7 i ;
M) = (Xie) — o) = [ ds (X1, TAG), 120, i=12, (27)
0
are orthogonal continuous (zero mean) square integrable FX-martingales such that M{(¢*) = 0 and
(M), = 7 (Lx(®), (")), t=0, i=12 (28)
(with Lx the collision local time of X). &

The existence of the infinite-measure-valued mutually catalytic branching process X = (X LX 2) in R?
is established in the following theorem.

Theorem 4 (Mutually catalytic branching in R?) Fix constants o,v >0, and assume that

¥ 1

A 29
o? 64 V6 T Cr (29)

Let p= (put, u?) be a pair of absolutely continuous measures on R? with density functions in Biem(R?)
(abbreviated to p € BZ,,).

tem

a xistence ere exists a solution = , to the martingale problem R
Exi Th 2 lution X Xt X2 h ingal bl MPZW

(b) (Some moment formulae) For the process constructed in Theorem 6 below, X = (X1, X?),
solving the martingale problem (MP)Z’W, the following moment formulae hold. The mean measures
are given by

)

Pich(dx) = plxp(r)dz € Miem, i=1,2 t>0
and X has covariance measures
. . t1Ato
CovX(X;, X;2)(dz) = dz d;, 4, ’y/ ds/gd:v ptxps () p? * ps (1)
0 R
X ptl—s(zl - .13) ptz—s(z2 - $) € M‘gemv

ti,ta > 0, i1,i0 € {1,2}, z = (21,22%) € (R%)2. Moreover, for the expected collision local times we
have

¢
PfLX(t) (dz) = dz /0 ds pt¥ps(x) p?#ps(z) € Miem, t>0.

Recall that

Cov (X (X)) = [ Cov (X XiD)(Aa)er(a)pa),
X

o192 € CFL,(R).



Remark 5 (Non-deterministic limit) The covariance formula in (b) shows that (for non-zero initial
measures) the constructed process X is non-deterministic. Moreover, the variance densities explode
along the diagonal, as can easily be checked in specific cases. For instance, if y© = cl = (clé, 026) with
c',c? > 0, the variance densities

¢
Varz(e Xf (z) = c'c? Py/ ds pas (2t — 27), 1=1,2, (30)
0

are infinite along the diagonal {z! =22}. &

The existence claim in Theorem 4 (a) will be verified via a convergence theorem for £Z2-approximations.

Fix again 0 < ¢ < 1. Let u = (u',fp?) € M2, and let (°X, P-,) denote the mutually catalytic
branching process on €Z? based on the symmetric nearest neighbor random walk. This process was
introduced in [DP98, Theorems 2.2 (a), (b)(iv) and 2.4 (a)] in the special case ¢ = 1, where it was
constructed as the unique solution of the stochastic equation

9 1y o2 1\ 1y vl 1y 2 i

ot Xi(z) = ) AX{ (z) + /v X (z) X (2) Wi (), (31)
(t,z) € Ry x Z2, i =1,2, where {W'(z): x € Z%, i =1,2} is a family of independent standard Brow-
nian motions in R. Of course, (31) is the Z2-counterpart of the stochastic equation (1). We consider the
process X with the e-dependent initial state Xo(x) := u(ex), 2 € Z2, and define X by rescaling

Xi(z) == X! o, (e o), (t,r) € Ry x eZ?, i=1,2. (32)

We can interpret {X/(z): x € €Z?} as a density function with respect to < [defined in (24)] of the
measure

XHB) = / “(dz) X (2), B C eZ2. (33)
B
On the other hand, one can also define this process X directly as the unique (in law) M2, —valued
continuous solution of the following system of equations:
. . . . t . 0'2 .
(Ki.e') = (', @) +/ ds (0, 5 D) (34)
0

+ [ s [awie) e @) VA R ),

t>0, ¢=1,2. Here {W’(x) cxeeZ? i=1, 2} is again a family of independent standard Brownian
motions in R, the ¢ are test functions in *Bey, and the discrete Laplacian °A was defined in (23). Note
that °X = (X', X?) satisfies the following martingale problem (MP)77<
. . . . . . t . 02 .
WMi(e) = (%h0) — (o)~ [as (%0 G ag), 120
0
s #Bexp eu’ € *Miem, i = 1,2, are continuous square integrable
(zero-mean) F. X-martingales with continuous square function (35)

<<€Mi(g0i),EMj(gaj)>>t = 617j’y<€LaX(t),gﬂigﬁj>, where

t
CLx(t), o) == / ds / AT K2 Pl 20, ¢ € By
0 eZ?

The continuous “Myem—valued random process °L-x is the collision local time of X, in analogy to
Definition 1.
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The scaled process X = (X!,%X?) can be started with any pair X, = u of initial densities (with
respect to ¢) such that
for each A > 0 there is a constant ¢, such that (36)
w(x) < cyelll, r€eZ? i=1,2.
2 n(R%)—valued processes (recall our convention
concerning measures on countable subsets). Now the existence Theorem 4 (a) will follow from the following
convergence theorem.

It is also convenient for us to think of X as continuous M?

Theorem 6 (Lattice approximation) Let 7,0, and p satisfy the conditions of Theorem 4. For each
e € (0,1], choose a pair X = “u = (u',u?) of measures on €Z? with densities (with respect to ()
satisfying the domination condition (36) with the constants cy independent of ¢ and such that “u — u
in M2, (R?). Then the limit in law

tem
liﬁ)l X =: X ezxists in C(RJ,»,M%em(RQ)), (37)
£

satisfies the martingale problem (MP)Z’W, and the law of X does not depend on the choice of the ap-
proximating family {*u: 0 <e <1} of p.

For instance, the hypotheses on fu will be satisfied if

W(z) = ey (x+[0,6)%), wzeeZ? i=12 (38)

2
tem

From now on, by the mutually catalytic branching process X on R? with initial density Xo = € B
we mean the unique (in law) limiting process X from the previous theorem.

Remark 7 (Uniqueness in (MP);”Y via self-duality) Uniqueness of solutions to the martingale
problem (MP)7” under an additional integrability condition will be shown in [DFM*02]. This will
be done via self-duality (see also Proposition 15 below) with the finite-measure-valued mutually catalytic
branching process in R? of [DEFt(02]. However the integrability condition required for uniqueness will
be established in [DFM*02, Theorem 1.11] for the solutions constructed in Theorem 6 only under the
additional condition that the initial densities are uniformly bounded. &

Remark 8 (Phase transition for higher moments) In order to establish tightness of processes in
Theorem 6, we will need to establish uniform bounds on the fourth moments of the increments of these
processes (see Lemma 34 below). For /0 large enough, it is not hard to see that these fourth moments
(in fact even third moments) will explode as e approaches zero. The bound (29) is sufficient to ensure
finiteness of these fourth moments for the limiting model; a somewhat more generous bound appeared
in [DEFT02]. We believe Theorems 4 and 6 should be valid for all positive values of v and o as the
existence of 2 + & moments should suffice for our tightness arguments, and for any given v and o these
should be finite for sufficiently small €. For this reason we have not tried very hard to find the critical
value of 7/c? for finiteness of fourth moments (but see the next remark). <&

Remark 9 (Bounded initial densities) (i) If the initial densities are bounded, then Theorems 4 and

6 remain valid if )

2
o2 < .
v V6ery

The proofs go through with minor changes, using Corollary 27 in place of Lemma 26.
(ii) An alternative construction of the process in Theorem 4(a) is also possible if the initial densities
are bounded. This is briefly described in Remark 12(ii) of [DEFT02]. Here the process exists and the

limiting 4th moments are finite if v/0? < \/g ~ 0.8. These improved moment bounds are obtained using

(39)

a modified version of the dual process introduced in [DEF102]. Basically one then may replace ¢y, with
its “limiting” value, namely 5 and this substitution in (39) gives the bound stated above. <&
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2.3 Properties of the states

To prepare for the next results, we need the following definition.

Definition 10 (Brownian exit time 7 from (0,00)?) For a € R2, let 7 = 7(a) denote the first
time, Brownian motion ¢ in R? starting from a hits the boundary of Ri‘ &

Here we state some properties of X. Recall that we identify absolutely continuous measures with their
density functions.

Theorem 11 (State properties) Let p = (u',pu?) denote a pair of absolutely continuous measures on
R? with density functions in B, (R?). Then the following statements hold. Fix any t > 0.

tem

(a) (Absolutely continuous states) If X is any solution of the martingale problem (MP):’W, then,
for i = 1,2, with probability one, X}, is absolutely continuous:

X/(dz) = Xi(z)dz.

Now let X be the mutually catalytic branching process from Theorem 6.

(b) (Law of the densities) For (-almost all x € R?, the law of Xi(z) coincides with the law of the
exit state &;(a) of planar Brownian motion starting from the point a := (,ul*pt (), p?*ps (a:)) In
particular, 4

Varff X (z) = oo, i=1,2,

provided that @ #0, j=1,2.
(c) (Segregation of types) For (—almost all x € R?,

X/} (x) X2(z) = 0, a.s.

(d) (Blow-up at the interface) Define a canonical and jointly measurable density field X = (il,iﬂ
of X on xRy xR? by

4 lim X!xpo-n (z) if the limit exists,
X'\@) = 4 1
0 otherwise,
s>0, z €R% i=1,2. Note that by (a) for all t >0,
X, (x) = Xy(z) for f—almost all x, a.s.
If U is an open subset of R. x R%, write

| X = esssup X' (x), i=1,2,
(s,2)eU

where the essential supremum is taken with respect to Lebesgue measure. Then

Lx(U) >0 implies | X'|v = || X?lv = o0, a.s.

12



Consequently, at each fized time point ¢ > 0, our constructed mutually catalytic branching process
X has absolutely continuous states with density functions which are segregated: at almost all space
points there is only one type present (despite the spread by the heat flow), although the randomness of
the process stems from the local branching interaction between types. On the other hand, if a density
field X is defined simultaneously for all times as in (d) (although the theorem leaves open whether
non-absolutely continuous states might exist at some random times), then this field X (related to the
absolutely continuous parts of the measure states) blows up as one approaches the interface of the two
types described by the support of the collision local time Lx . This local unboundedness is reflected in
simulations by “hot spots” at the interface of types.

At first sight, the separation of types looks paradoxical. But since the densities blow up as one approaches
the interface of the two types, despite disjointness there might be a contribution to the collision local
time which is defined only via a spatial smoothing procedure. In particular, the usual intuitive way of
writing the collision local time as Lx (d(s,z)) = ds X} (z)X2(z)dx gives the wrong picture in this case
of locally unbounded densities.

Remark 12 (State space for X) Our construction of X (Theorem 6) was restricted to absolutely
continuous initial states with tempered densities. The latter requirement is unnatural for this process
because this regularity is not preserved by the dynamics of the process, which typically produces locally
unbounded densities [recall Theorem 11 (d)].

It would be desirable to find a state space described by some energy condition in the spirit of (6). Our
use of tempered initial densities is also an obstacle to establishing the Markov property for X. Both
problems are solved in the finite-measure case, see [DEF 102, Theorem 11(b)] and [DFM*02, Theorem
1.9(c)]. O

2.4 Long-term behavior

Recall Definition 10 of the Brownian exit state &;(,). The long-term behavior of X is quite similar to
that in the recurrent Z¢ case (see [DP98]).

Theorem 13 (Impossible longterm coexistence of types) Assume additionally that the initial
state Xo = p of our mutually catalytic branching process has bounded densities satisfying, for some
c=(c',?) eRy,
phrpe (z) — ¢, reR? i=1,2 (40)
tToo

Then the following convergence in law holds:

Xy tT:oZ f‘r(c)g' (41)

Consequently, if the initial densities are bounded and have an overall density in the sense of (40) [as
trivially fulfilled in the case X} = c'/], a long-term limit exists with full expectation (persistence), and
the limit population is described in law by the state {;() of planar Brownian motion, starting from c,
at the time 7(c) of its exit from (0,00)2. In particular, only one type survives locally in the limiting
population (impossible coexistence of types) and it is uniform in space.

Of course, this does not necessarily mean that one type almost surely dies out as ¢ T oco. In fact, the
method of [CK00] should show that as ¢ 1 co, the predominant type in any compact set changes infinitely
often, as they proved is the case for the lattice model. However, this would require the Markov property
for our X, and so we will not consider this question here.

Remark 14 (Random initial states) In Theorem 13 one may allow random initial states which satisfy

sup PX (X} (2)?) < o0

13



and _ _
tlim PX((X{*pi(x) —c)?) =0 forall z,i=1,2.

Note first that the law of X is a measurable function of the initial state by the self-duality in Proposition
15(b) below and so the process with random initial densities may be defined in the obvious manner. The
derivation of (41) now proceeds with only minor changes in the proof below (see [CKP00] for the proof
in the lattice case). <&

2.5 Self-duality, scaling, and self-similarity

Recall that we identify a non-negative ¢ € Cexp with the corresponding measure ¢(z)dz, also denoted
by .
One of the crucial tools for investigating the mutually catalytic branching process is self-duality:

Proposition 15 (Self-duality) Consider the mutually catalytic branching processes X = (X', X?) and
X = (X', X?) with initial densities Xo = p € BZ,,,(R?) and Xo = ¢ € C2,(R?), respectively. Then the

following two statements hold for each fixed t > 0 :

(a) (States in M2_) With probability one, X, € M2_(R?).

exp exp
(b) (Self-duality relation) The processes X and X satisfy the self-duality relation
PXexp|— (X} + X2,01 + %) + i (X} - X2, 0! = ¢%)]
= Pg(exp{—@ﬂ—|—,u2,)}t1+)}t2>+i<ul—/f,)?tl—)zﬂ], t >0,
(with i =+/—1).

Self-duality, for instance, makes it possible to derive the convergence Theorem 13, in the case of uniform
initial states in a simple way from the total mass convergence of the finite-measure-valued mutually
catalytic branching process of [DEFT02] (see Subsection 5.3 below).

Our class of mutually catalytic branching processes X on R? is invariant under mass-time-space scaling,
and spatial shift:

Proposition 16 Let §,¢ > 0 and z € R? be fized. Let X and X©) denote the mutually catalytic

branching processes with initial measures Xo = u and X((f) =pulo) = 529u(z +e!

m - Lhen, for t >0 fized, the following statements hold.

. ), respectively, with
densities in B2

(a) (Scaling formula) The following pairs of random measures in My coincide in law:
0’ X2y (z+e7 " ) £ x,
(b) (Self-similarity) In the case of uniform initial states = cl (c € R1),
X (el ) £ X,

If X has bounded densities, the uniqueness of the solutions to (MP)%” established in [DFM*02, Theorem
1.11(b)] shows that the equivalence in (a) (and hence (b)) holds in the sense of processes in .

14



Remark 17 (Invariance of densities) Together with spatial shift invariance, the self-similarity ex-
plains in particular why, in the case of uniform initial states, the law of the density at a point described
in Theorem 11 (b) is constant in space and time. &

Remark 18 (Growth of blocks of different types) Recall that the types are segregated [Theorem
11 (¢)], and in the long run compact sets are occupied by only one type (Theorem 13). So it is natural to
ask about the growth of blocks of different types. To this end, for &, > 0, consider the scaled process
X&8 defined by ‘

XpoP = 28X, (6P, t>0, i=1,2, (42)

and start again with Xg=c¢/, c € Ri . Note that this scaling preserves the expectations: P3§ Xf’ﬁ = c/.
If 3 =1, we are in the self-similarity case of Proposition 16 (b), that is X! = X. Consequently,
essentially disjoint random blocks of linear size of order ~! form at time ¢~2¢t. On the other hand, for
any [ > 0,

X7 = 2ONXPII ) £ 2R, (43)

by self-similarity. If now 3 > 1, then by the L?-ergodic theorem, using the covariance formula of
Theorem 4 (b), from (43) it can easily be shown that in L2(PX),

xEh —;of in M., t>0. (44)
€

That is, for 3 > 1, at length scales of e~” one has instead a homogeneous mixing of types, so ¢! is

the maximal order of pure type blocks. Finally, if 8 < 1, then from (43) by Theorem 11 (a),(b), we can
derive the convergence in law

i i L .
<Xt’876’(p> 5) XZ(O) 90(0) = 57‘(0) @(0)7 1= 1a2a t> 0) pe CCOm<R2)' (45)

Consequently, in the 3 < 1 case, at blocks of order £~# one sees essentially only one type.

This discussion also explains why in our construction of X starting from the lattice model X, we used
the critical scaling, # = 1. Indeed, if instead we scaled with

2=V, (677 ) (dx), (46)

where (3 # 1, then we would have obtained a degenerate limit when ¢ — 0, namely, for 7 > 1 a
homogeneous mixing of types, whereas for § < 1 a pure type block behavior.

Moreover, from the point of view of the lattice model, our approximation Theorem 6 (under the critical
scaling) together with the discussion above also leads to a description of the growth of blocks in the lattice
model. In particular, at time 2t essentially disjoint blocks of linear size e~ do form for solutions of
(31) and by the above these are the largest pure blocks that form. (Recall, as in the £ = 1 case of [DP98]
and as in Theorem 13, in X, locally only one type survives as ¢ 1 co.) These considerations served as a
motivation for us to start from the lattice model in constructing the two-dimensional continuum model
X.

Further elaboration on these ideas would involve the possibility of diffusive clustering phenomena, as,
for instance, in the two-dimensional voter model [CG86] or for interacting diffusions on the hierarchical
group in the recurrent but not strongly recurrent case [FG94, FG96]. In fact, the possibility of diffusive
clustering phenomena of X on £Z2 is a topic of current study. O

2.6 Relation to the super-Brownian catalyst reactant pair

At the beginning of the paper we motivated the investigation of the mutually catalytic branching process
X by the model of a super-Brownian reactant X¢ with a super-Brownian catalyst o ([DF97a]). We
now want to mention a few similarities in the models (p, X2) and X in dimension two.
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Both models can be described by a martingale problem, where the collision local time enters as an
intrinsic part (see [DF01, Corollary 4]). Also for X ¢, one has to restrict the possible initial states for
o (see [FK99, Proposition 5]). At each fixed time ¢, the measures o; and X7 are separated, more
precisely, the absolutely continuous reactant X7 lives outside the closed support of the catalyst o,
([FK99, Theorem 1 (a)]), which however is singular. Moreover, under the annealed measure (the case in
which the random law of X¢ is replaced by its expectation obtained by integrating with respect to the
law of p), the variance of the random densities Xf(z) is infinite ([FK99, 4'" Remark after Theorem 1
]), as in our mutually catalytic model.

In the case of uniform initial states, both models are self-similar ([DF97b, Proposition 13 (b)]), and in the
long-term behavior of X¢ one has persistent convergence in law to a non-degenerate random multiple of
Lebesgue measure ([FK99, Corollary 2 (b)]), whereas g locally dies.

For a recent survey on catalytic super-Brownian motions, we refer to [DF02].

2.7 Outline

The remainder of the paper is organized as follows. In the next section, we start from the eZ2-model X
of mutually catalytic branching and provide some fourth moment calculations that will lead to the uniform
estimate of the second moment of the collision measure for sufficiently small parameters, see Corollary
30 below which is our key estimate for the existence proof. Via a tightness argument (Proposition 37),
this then leads, in Section 4, to the proof of the approximation Theorem 6, hence to the construction of
a solution X satisfying the martingale problem (MP)Z’A’. In the last section, the claimed properties of
X are verified. Finally, in the appendix, some auxiliary facts about random walks that we shall need
are gathered together, a lengthy proof of a basic estimate related to our fourth moment calculations is
provided, and a simple Feynman integral estimate is derived.

3 Mutually catalytic branching on lattice spaces

In this section we first recall the Green function representation of the eZ2?-version of the mutually catalytic
branching process °X. Then, in the case ¢ = 1 we will derive a 4™ moment formula, and in Subsection
3.5 a 4" moment estimate. We will use this estimate in Proposition 29 to bound the second moment of
the collision measure. After rescaling with e, this finally gives a uniform estimate for second moments
of collision measures (Corollary 30), the main result in the section.

3.1 Green function representation of °X

An obvious adaptation of Theorem 2.2 (b) (ii) in [DP98] for the present simple random walk case (bearing
in mind our Lemmas A1l and A2) gives that X also satisfies the following Green function representation
of the martingale problem (MP)7"° :
For ¢’ € *Bexp and 1€ Miem,
(X7, 0" — (p', SSpp") = / M (d(s,z)) S’ (), (47)
[0,t]xeZ?

t>0, i=1,2, where *M?!, M? are (zero mean) F X martingale measures with predictable
square function

<</[O,‘]><EZZ EMi(d(s,x)) fi(s,x), /[07']“22 M (d(s,x)) fj(s,x)>>t
=0 [ () £ s0), (49)

16



i,j € {1,2} (see Chapter 2 of [Wal86] for information about martingale measures). Here
I, f2 belongs to the set of predictable functions 7 defined on € x Ry x £Z? such that

P, “Lex (d(s, @) (s, ) < oo, t>0. (49)
[0,t] xeZ?

Hence, the ezpectation of the Markov process <X = (X1, X?) is given by
PLXi(dr) = i #py () (). (50)

In particular, _ _ _ _
Pee X[ (z)=c and P, |X{| = |4 (51)

On the other hand, by the Markov property, (50), and orthogonality (as in (48) the cross term cancels),
the ‘mixed’ second moment measure equals

P, Xy, (da') XG, (da?) = *(da") %(da?) p' * “py, (21) p® % py, (27) (52)
(bilinearity). Thus, we get the following formula for the ezpected collision local time:
P Lox(d(s,) = ds “Ude) u* #°ps (2) 1% = “ps (). (53)

Moreover, again by the Markov property, (50), (47), (48), and (53), the second moment measure of X*
is given by

Py Xy, (d2') X, (d2?) = “(dz") (d=?) p' * “pe, (1) 1'% "py, (2%) (54)
t1Ato
+ A @A) [ ds [ o) il (@) 1 (2)
0 eZ?
Ept1—8(zl - ‘T) Eth—S(ZQ - x)7
t1,t2 > 0. Combined with (50) and (52), we get the following covariance densities with respect to ¢ x < :
tl/\tz
Covy (Ethll EXZ,j) = 0iy,in Y / / £(dx) (55)
22
Nl*EPS( ),u * “Ps () "ty —s Z — )Pty S(ZQ_x)
i1,i9 € {1,2}, z = (21, 2%) € (¢Z?)2. In particular,
) ) t1A\to
Coverr (X[, X(2) (2) = Gy [ ds pupsry (el = 2) (56)
0

and A
) ) 1 2
Covy (IXEIL XN = b [ e [ yiaa?) [ ds Tpantal = ),

where by (53) the triple integral coincides with the expected collision local time P, °Lex (t1 Nta, 522).

3.2 Finite higher moments on Z>

As announced, we need some higher moment bounds, uniformly in €. But first we proceed with & = 1,
and in Subsection 3.8 we will go back to general € by scaling.
Using differential notation, we can rewrite (31) as

A(x) = T AN (@)t + \Jy X (2) WP () AW (), (57)

17



(t,z) €Ry x 22, i=1,2.
Fix for now p € M2, . For n > 1, i= (i1,...,in) € {1,2}", x = (2',...,2") € (Z*)", and ¢ >0,
we introduce the following higher moment density notation:

'mi(x) :== P, H X (7). (58)

j=1

Note that these moment density expressions are invariant with respect to simultaneous reordering of i
and x. For instance,
P X{ (2) 'XP(2%) = P/XP(2?) X} (a). (59)

First we check that the fourth moments are finite:

Lemma 19 (Finite fourth moments) Let p€ M2 (Z%) and X\ > 0. Then

tem

sup P, Z Z (lXti(x))Zle*’\'ml < 00, T>0. (60)
0sIST =12 zez2

Proof It6’s formula gives for ¢ > 0,

> 2 (i) el = 37 3 (wi(a) e

=12 zez? i=1,2 ze7?
t
+20° 30 ) /ds (Xi(2))” "AX (x) e !
i=1,2 zez2V0
' o (61)
4 ) /dwé(x) VX1 (2) X2(z) (X ()" e el
i=1,2 gez2 V0
t
+ 672 Z /ds X Hz) X2 (x) (1)(;(%))2 oAzl
i=1,2 zcz2 Y0

Note that the convergence of each of the series and continuity in ¢ follows from the fact that the X°
are "Mom—valued processes (use the convergence of the predictable square function to handle the local
martingale term). The continuity allows us to introduce a sequence of stopping times T,, T co as n T oo,
in such a way that each term in (61) is bounded if ¢ is replaced by ¢t AT,,. Then, by Hélder’s inequality,

PM Z <(1‘Xti/\Tn)4>¢)\>

=12
. tAT, ‘ (62)
< 3 e+ el B[ 3 (X040
=12 0 i=1.2

for some constant c, . But the latter expectation expression can further be bounded from above by
t .
/O ds B 3 (X ), 6n). (63)
i=1,2

A simple application of the Gronwall and Fatou Lemmas now gives the claim. O

Remark 20 (Refinement) By a refinement of the previous proof, the supremum could be moved under
the expectation sign. Clearly, also the fourth moment could be replaced by a moment of any higher order,
but fourth moments are enough for our purpose. &
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3.3 Moment equations

From (57), by Itd’s formula,

4 4 4
dH X (27) = % Z A X7 (27)dt + d(martingale)
i k=1 j=1
D S Xi (@)X (V) X (27) XF (o) dt,
1<j<k<4

where 'A,x indicates that A is applied to the variable z* € Z2, and the local martingale term is a
martingale by Lemma 19. Moreover, the index A stands for the number min({1,...,4}\{j,k}) whereas
V refers to max({1,...,4}\ {4, k}). Taking expectations and using Lemma 19 to see that 'mi(z) < oo
for i € {1,2}*, we immediately get the following result:

Lemma 21 (4'" moment equations) Let u € M2 (Z?) and X\ > 0. Then the 4®® moment density
functions are finite and satisfy the following closed linear system of equations:

D i) — 124
ot T 2 L Aat
B (64)

p (V12) 0y
TV D S (i) T (a",aY, 2l ),
1<j<k<4

i=(i1,...,40) € {1,2}4, x=(2',...,2%) € (Z%)%, and t > 0.

Let i° arise from i by interchanging the types 1 and 2. Pass in (64) from i to i°. Note that concerning
the new Kronecker symbol expression, i = i} holds if and only if i; = 4 is true. Thus we can add
up the new system with the original one, and we get a system in terms of functions which are invariant
according to the transition i i°. This justifies the following convention.

Convention 22 (Type symmetrization) For our later purpose of establishing upper moment esti-
mates, by an abuse of notation we assume that the moment density functions 'mi, i € {1,2}4, are
invariant with respect to the type interchange i + i°. In short, we will now be writing 'm! for
Imi 4+ Imi° without changing our notation. Also, for simplification of notation, in calculations we often
drop the upper index 1 in front of m, p, and S, and we delete some commas in writing m''?? instead

of m*1:22 for instance. O

1122( 1 .2

Our next goal is to derive a formula for m xd, 23, 28, 23), with so >0 and xq = (2,23, 23) € (Z2)3.

For this purpose, set

S0
lfSO(XO) = 1SSOTn(l)122 (950795079507%) + ’7/ ds Z (65>
0 x1€(22)3

|:1p50—51(x(2) - l“i) lpso—Sl (l‘g - l‘i) + lpSo—Sl(xg - xil))) 1p50_51($(2) - ’l‘i):|

1 2\ 1

pSo—Sl(x(lJ _xl) pSD—Sl(xé —1‘1) Sslm1112( Lt o} 3)

T1,T7,T1,21)s

where 'S denotes the semigroup of four independent random walks each with generator "72 'A. Moreover,
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for s > -+ > 89, >0, and x¢ € (Z?)3, 1 < ¢ < 2n, write IL,(S2n;X0, . - ., X2,) for the n—fold product

n

1 2 3 1 3 1
H { ps?j—z—sz’jfl(x2j—2_1"2j—1) p82j72—82j71(x2j—2_x2j—1)
j=1

1 3 3 1 2 1
+ p52j—2*52j—1 (x2j72 _m2j71) p52j—2*52j—1 (:EijQ _x2j1):|

1 2 1 1 3 1 3 3
p52j—2*52j—1($2j72_x2j71) p52j—2*52j—1(x2j72_x2j71) p52j—1*52j (ijfl_ij)
1 1 13\1 2 13\1 3 2

( p52j—1*52j (.’1723»71—.%'2]4) pszj—1*52j (ijfl_ij) pSZj—l*SQj (x2j71_x2j)

1 1 131 2 231 3 1
+ p52j—1_52j('r2j—1_'/1:2j) p52j—1_52j(x2j—1_x2j) p52j—1_52j('r2j—1_x2j)

1 1 231 2 131 3 1
+ p52j—1*52j(x2j71_m2j) p52j—1*52j(x2j71_m2j) p52j152j(x2j1_$2j)>}'

3.4 A 4'" moment density formula on 7>

Here now is the desired formula which we derive from (64) by iteration and using our Convention 22:

Lemma 23 (A fourth moment density formula) Under Convention 22, for sy > 0 and xo =
(g, 2, 25) in (2%)°,

S0 S2n—1
111221 .2 1 2n
mg, (xo,zo,xo,:co) Y. (x0) + g 5 / dsq / dsa,
n=1 0 0

Z 1f52n(x2n) H’I’L(SQH;XO)"'7X27L)'

x¢€(Z2)3 for 1<4<2n

Proof Take i1 =iy = 1 and i3 = 44 = 2 in (64) and using simultaneous (in both 4, and x;) reordering
as well as our Convention 22, we obtain for ¢ > 0 and xq € (Z%)%,

0 o &
atmilﬂ( =5 Z A, K mit?2(xg) + Y 0142 m%(xg) + Y O3t mi2(x),
k=1
where X := (23, ..., 7). By integration,
m%122( 0) _ 1S m1122 (XO) (66)

+7/ a5 S oo ) (B IR + Gy (1)

x1 €(Z2)4 i=1

Specializing the xp—vector as well as using simultaneous reordering and renaming of the summation
variables, we get, for xo = (2,23, 23, 23) € (Z%)* and sy > 0,

S0

m1122(x(1),$(2)7$%),$3) = 18, my' % (xd, 23, x5, 23) + 7/ ds; Z (67)
0 x1€(22)3

Pagss (08 = 2) Dog—s, (38 = 1) + Dageoa (0 = 23) Doy, (28 — 21

3

Pso—s1 (xtl) - I%) Pso—s1 (‘T(l) - Il) m1112( Lt 2l 3)

Ly, Ty, Ly, Ly
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On the other hand, from (64) combined with our Convention 22, we have for x; € (Z2)4,

2
g
atmtluz 1) = 7 Z lek millz(xl) +753c13c2 m%122($1,’l}‘f,$%,1‘%) (68)

+w sl 22(0) 4 7 8,8 ml 22 (xy).

A similar derivation to that of equation (67) above yields, for x; € (Z2)3,

it (el ad ot o) = 18, mb2 (ohad ot ad) (%9
S1

fo [Mas S (aled - e Pl by et a3
0 x2€(Z2)3

+ Psi—s2 (q,‘% - J’é) Psi—ss (Jﬁ - x%) Psi—s2 (Z‘% - l‘%)

+ Psi—s2 ((E% - :L'g) Psy—s2 (xf - ﬂf%) Psi—s2 ((Ei’ - (E%))

3

p31_32(f£§ _m2) m1122( 1 2 1 3)

Lo, Lo, Lo, Lo

Substituting (69) into (67) gives the following “closed” equation for the moment density

1122 1,2 .1 .3
mgy ¥ (2, 25, T, Tp)

my # (g, x5, 25, 75) = o (X0 +’Y/ dSl/ dsz (70)

X1,X2€ 22)3
(oo (8 = 23) Dagss (@ = 21) + Do (0 = 23) Doy -1 (2 — a})]
Pso—s1 (33(1) - x%) Pso—s1 (z(l) - 1:“;’) Psi—ss (33? - 553)
(Perss (0} = 23) Doy aa (= 23 iy (o — a3)
+ Dsysa (€1 = 23) Doy -5 (27 — 23) Psy -5, (27 — 23)
+ Poy—sa (T] = 23) Doy -5 (27 — 22) Py - (27 — x%))m“”(x%, w3, 73, 73),
where Yf,, (xg) was defined in (65).
Denote by Ss the right-hand side of the claimed identity in Lemma 23 (series expansion). Recall the
notation II,,(S25; X0, - . .,X2,) introduced immediately before the lemma, and set
T (S2n; X0, - - -, Xon) = Z IT,, (S2n; X0, - - -y X2p). (71)

x¢€(Z2)3 for 1<¢<2n-—1

Tteration of the closed equation (70) implies that

S0 S2n—1
1122 2 1
mi22 (xh, 22,28, 28) = Seo + hm 72 / dsq - / dson
0 0

Z T, (SQn; X05 - - aXQn) m£;32 (X2n); (72)

Xan €(Z22)3

where the series S, and the latter limit must converge by the monotonicity of the partial sums and
the finiteness of the left-hand side (by Lemma 19). To finish the proof, we have to show that the limit
expression in (72) will disappear.

If A > 0, then Lemma 19 implies that

mizlfz(xQn) < cer3) eXp[)\HxQnH] (73)
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(recall the definition (7) of the norm || -|| and that sz, < sq) for some constant c(73)y = ¢(73)(}, 50). In
Lemma 24 (see Remark 25) we will show that

> Tul(seniXo, ... Xan) exp[M|xanl]] < cray exp[2X [x0l[] 6 (74)
X2n €(Z2)3

for some constant c(74) = ¢(74)(50, A, o) [note that the left hand side of (74) is L,,(1)]. Use (73) and (74)
to see that the limit in (72) is bounded by

2n

. n S
7111%10 cr3ycray (69°) (2(;1)! exp[2A[xo] = 0. (75)
Thus, the limit expression in (72) vanishes, and the proof is finished. O

3.5 A 4" moment density estimate on 72

2

tom 15 deterministic

Now we temporarily fix a A > 0, and assume that the initial state Xy = u € M
with density function (also denoted by X, = i) satisfying

1

pi(z) < exelel reZ? i=1,2, (76)

for some constant cy . (In other words, u® € B_y.) For fs (xq), defined in (65), with 0 < so < T and
xo = (24,23, 23) € (Z?)3, by Lemma A2 in the appendix we obtain

S0
oo (x0) < ) Choexp[2A|zg| + Alzd| + Alzd|] + 'y/ dsy Z
0 x1€(22)3
Pso—s1 (x(Q) - x?) Pso—s1 ((E% - SE%) + Pso—s1 (SL’% - :Ezl))) Pso—s1 (x% - (E})]

Pag—s1 (29 = 27) Pag—su (25 — 27) €3 €az exp[A (|z1] + [2]])] exp[2A]27]],

with cas = ca2(T, A\, 0) > 1 (defined in that lemma). For the integral term on the right hand side, we
again use Lemma A2 (to eliminate the summation variables 21 and ?,) to obtain the upper estimate

S0
46
'ycAcAQ/ ds; E
0

z3ez?

[psoma — o) exp[A (|| + [«3))]

+ Pag—si (25 — 27) exp[A (|2 + Imﬁl)]} Pag—s (79 — 27) exp[2A[}]].

Then, by Lemma A6, altogether we obtain

fao(x0) < €3 chg exp[2)]ag| + Alzg| + )]

S0 3
+ i As cacexp [2A|zg| + Alzd| + Alzd|] / ds; Z De2032 (5 sy (L0 — )
0 k=2
with cag = CAG(T, 2)\,0) > 1.

To apply this estimate to !f,, (X2,) occurring in the 4™ moment density formula of Lemma 23, it is
convenient to introduce two quantities L,(a) and MF¥(a,b). To describe them, we set a := (al, a?, a3)
with numbers a’ € [0,2] satisfying a' + a® + a® = 4, and write A for the set of all these a. Moreover,

with a slight abuse of notation (7), we set

lax|| := a'|z'| + a®|2®| + a®|2®| if x=(2',2% 2%) € (2%)°. (77)
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Here now is the definition of L,(a), n>1:

L,(a) = Lyn(a,\, s2,:%0)

= Z exp[)\||axzn||] I, (S2n; X0, - - -, Xan),
x0€(Z2)3 for 1<4<2n

(78)

with L, (S2n; X0, - - -, X2,) as introduced in the end of Subsection 3.3. On the other hand, MF(a,b) =
MPF(a, b, \,s2,11;%0), with k = 2,3 and b > 1, is defined as L,(a) but with the additional factor
P2b (52, — 521 +1)(xén — 2% ) under the summation symbol. With these definitions, the moment density
function of Lemma 23 becomes

W2 a2 ) < ol ciz{expwax(]n] (79)

S0 3
4 7Ry cagexp A flaxo]] / d51 S Doy (agony (5 — 28)
0 k=2

00 , S0 S2n—1
+ ZV n/o ds; /0 dsap Ln(av>‘752”;xo)
n=1

e S0 Son 3
2 2n+1 k
+ CaoCas E ynt / dsy / dson+1 E M, (a,b, A, s2n41;X0)
n=1 0 0 k=2

where a:=(2,1,1), b= 620>‘27 caz = caa(T, A, o) and cag = cas(T, 2\, 0).

Now we need estimates for L, (a) and Mk (a,b). Recall the definition (7) of the norm || - |.

Lemma 24 (Basic estimates) For A >0, n>1, T > sy > -+ > s,11 > 0, X9 € (Z2)%, a € A,
b>1, and k=2,3,

2 2n—1
Ln (a) < %CA& eZAHXOH Z 1p2bi,k (s0—s51) (x(l) _l'g), (80)
[1(sj—2 —s;) 1<i<6m/2
j=2 k=2,3
c2n _
Mrlf(a’ b) < #62”&0“ Z 1p2bi,,;(so—sl)(1%)_ml(§), (81)
I -

where the b;, > 1 might depend on a, A\,s2,—1, and the b > 1 even on a,b,k,\,S2,41. Moreover,
ca2 = caz(T,2\,0) > 1 and

cos = coa(T,\,0) = Gaq0 2 exp [6 UQT(eE;O)‘2 - 1)}, (82)
with the absolute constant Coy := 64 5.
The proof of this lemma will be postponed to the appendix (Subsection A.2).
Remark 25 (Simplified bound) The proof of (80) will also show that
Ly(a) < ch,6m el (83)

To see this, instead of using Lemma 2 (b) to bound ps(z), use the trivial bound of 1 throughout the proof

and the factors of ﬁ effectively disappear. This bound was already exploited in (74) but will not
52;_2—52;

be of further use because it does not scale properly. &
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Inserting these bounds into (79) gives the following result.

Lemma 26 (4" moment density estimate) Suppose the initial state "Xy = 'y has density functions
satisfying (76) for some A > 0. Then, for 0 < so <T and x € (Z?)3,

m, T\, x,Tr ,T

3
50
4 .4 22 2 1 2! k
< ¢y Cpo€ <l {1 + 'YCAQCAG/ S1 E Pab (s—s1) (@ — ")
0
k=2

) s o 2m_1 S0 Son—1
n n—
+ caq E Y5y / ds; / dsoy,
0 0
n—=

k
271— 1p2bi,k (50—51)(1‘1_'1: )

1 1122( 1,2 ,.1 3)

°° 50 S2n
2 2n+1 2n
+ cA2cA627 024/ ds; --- dsant1
0 0

1 _
DD 1pzbz,k<sosl><x1—xk>}

where b = 620)‘2, whereas by, > 1 and bwg > 1 might depend on A,Sop—1 and b, \,Sop41, respectively.
Moreover, cas = caa(T,2M,0) > 1, cag = cas(T,2X,0) > 1, and cag = co4(T, ), 0).
3.6 A 4" moment estimate on Z? under bounded initial densities

For the forthcoming paper [DFM™02] we will need the following more handy version of the previous
estimate concerning the special case A = 0.

Corollary 27 (Bounded initial densities) Let 0 < p < 1. Assume

v sin[m (1 —p)]
2 < 7\/6 pa (84)

and that the initial state X = ‘i has bounded density functions, HlXéHOO <a, say, i =1,2. Then for
so >0, and x = (21, 22,23, 2%) € (2%)%,

0
'mll*?(x) < o <1 + cor sg/o dsy 877 ['pas, (2! — 2%) + 'pas, (2° — x4)}>

and

S0 .
'mil? (2t 2?, 2%, 2%) < ot <1 + ca7 58/ dsy 577 Z 1o, (27 :ck))
0

1<j<k<3

for some constant cor = ca7(p,y,0).

Proof Step 1°. First we restrict our attention to x = (z*,22%,2%) in (Z?)3. According to Remark A7,
in the A =0 case, caa = 1 = cag, hence, by (A40), we can chose caq = 3 = ¢y 0~ 2. Moreover, under
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A =0, the b in (79) equals one, therefore all the b’s in Lemma 24 and its proof are one. Putting these
simplifications in the inequality in Lemma 26 yields (with a instead of c¢))

S0
mi322(117x2,$1,m3) < at {1 + fy/ ds; gso_sl(x)
0

00 ) ) ) EN) S2n—1 1 6"
+ Z Yy " CQn_ / d51 e / d52n 2n o Yso—s1 (X)
n=1 0 0 H

j=2 (sj—2—s5) 2

T e 1
+ 27 i C2n/ dsy / dsant1 =an77 6" gso—s1 (%) 4
n=1 0 0 H

s (8j—2—55)

where for x = (21,22, 23) € (Z2)3 we put

3
gs(x) == Z pas(zt — xk), s> 0. (85)
k=2

Applying the Feynman integral estimate of Lemma A8 with n replaced by 2n and 2n + 1, respectively,
we obtain

So
m;;zz(xl’ﬁ’ggl’xfi) < a* {1 4 ,y/ ds1 gsg—s, (X) (86)
0
1006n2n2n130 2 S0 b
Sy “1 [ g, 2n2 ~
' p; 2 /o oA s ) I = (%)

1 2n+1 2 *0 2n—1 50 P
+—26"7" c"/ dsy 5% ( ) Jso—s.(X) 2.
. n=1 ? 0 A8 S0 S1 % Sl( )

Changing variable in the integration (to interchange sy — s; and si1), and recalling that with (84) we
assumed that v/6vcocag < 1, we may sum the series (adding the initial term in the second case) to
obtain the estimate

S0
mi;22(x17x2,x1,x3) < a4{1+7/ ds1 gs, (x) (87)
0
b Byt entl fmgoraa | 091 (0/91)7 0, ()
Bt Cas 1-62323g Jo Jau '

Hence,
S0
myt P (zt, 2?2t 2%) < a4{1+0(88)/ dsy (So/sl)pgsl(x)} (88)
0
for some constant cggy = c(ss)(p, 7, ).

Step 2°. Next we want to substitute this estimate into (69) to derive the second of the claimed inequalities.

For this purpose, for x = (2,22, 2%) and y = (y',%?,4%) in (Z?)® and r > 0, set

L(xy) = [po(e' =y po(@® = y") b (0 — 3?)
+ (2! =) pr(e? = y?) pr(2® — y) (89)

+ prl@t = ) pr(a® = ) pr(a® — )] pr(a® = 9),
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to obtain from (69) and (88),

myt?(zta?2?,2%) < at oy / dsi Y Ly, (x,y)
ye(z2)3 (90)

s1
a* {1 + 0(88)/ dsg (51/82)P gs, (y)}
0
First we calculate two sums over y. Trivially,

Yo Lxy) = Y pal@ —2b) = h(x), (91)

ye(z2)3 1<j<k<3
whereas
Z I’!‘<X) y) P2s, (yl - y2) (92)
yE(Z2)3
= Y [P =) pr@® = ) prien (@ — )
ylez2

+ pr(xl - yl) Pr+2ss (xQ - yl) pr(x3 - yl)
+ Pry2sy (@' —y") pr(2? — ') pp(a® — yl)}
< co(r+ 252)_1 hy(x),

and a similar calculation gives

h(x)

I( s — < . 93
Z (%,¥) P2sy (' y)_2r+252 (93)
ye(z2 3
Recalling the definition (85) of gs,(y), put these three bounds into (90) to conclude
so
mil2(at 2?23, 2%) < o' +a 'y/ dsy hgy—s, (%)
) (94)
X
d d ST
+a 0(94)/ 51/ so (s1/82)P 50— 511 25,
1-p
for some constant c(g4) = c(94)(p,7, ). The substitution r := (902%91) gives
s 1 250
ds L < / dr ——— 95
/ 2 sh(sg—s14+2s2) — 2(1—p) sofsl 147757 (95)

= C(95) 50 (50 — 51) 7

with a constant c(g5) = c(95)(p). Consequently,

1112( 1,2 .3 3)

mg o\, x,r,T

IN

S0 So
at + a4’y/ dsy he, (x) + a® cos) sg/ ds1 co5) (50 — 51) 7P hsy—s, (X)
0 0

S0
at <1 + ¢ (96) 58/ dsy 57" hs, (X)) (96)
0

IN

with a constant cgggy = c(96)(p,7,0). This gives the second estimate claimed in the corollary [recall the
definition (91) of hs, (x)].
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Step 3°. It remains to prove the first estimate claimed in Corollary 27. According to (66), for x =

S0
i) = Sumd () 4y [ sy 3
0

y€e(z2)3
Psg—s1 (xl - y3) Pso—s1 (:L'2 - y3) Pso—s1 (xB - y2) Pso—s1 (‘IA - yl)
(97)
+ Pso—s1 ('Tl - yl) Pso—s1 ($2 - y2) Pso—s1 (1‘3 - y3> Pso—s1 ({,C4 - y3)]
mi2(yh v, u3, uP).
Substituting (96) and using the definition (91) of hs,(y) gives
S0
00 < b [ ¥
O ye@y
[pso—sl (@' = 1) Psg—s1 (% = U*) Psg—s, (2% = Y%) Dsg—sy (z* —y/")
+ Dsg—sy (&1 = Y1) Dsg—sy (47 = 4%) Doy sy (2 = 4%) Doy, (¢ — yg)} (98)
s1
a4 (1 + C(96) 8117/ d52 32_p
0
[P2ss (U — ¥%) + P2s (' — ¥°) + Pasy (¥ — y3)]>-
By Chapman-Kolmogorov we have
> pelat =y pe(a® = y°) pr(a® — ) poat — o) (99)
ye(z2)3
(P25, (" = ¥%) + Pas, (' — ¥%) + pas, (v° — 4°)]
= Z pr(xl - y?,) pr(xz - y3)
y3ez2
[p2r+252 (;U3 - $4) + Pr42s, (x4 - y3) + Dr+2s, (xg - y3)] .
According to Lemma 2 (b),
1
roe (23 —2h) < ey ———— 100
P2r+2s, (T 3?)_022T+2827 (100)

whereas for the second and third term in the final bracket of (99) one gets twice this estimate. Thus,
again by Chapman-Kolmogorov, (99) can be bounded by

1

5c0 ———
22T+282

por(z' — 2?). (101)
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Use this estimate, a symmetrical counterpart, and the fact that (99) without the square bracket expres-
sions equals pa, (2! — 2?), to conclude from (98) that

S0
M0 <ty [ sy (Dot (! =)+ pagg-a (@ =)

S1 1
4 P
a*(1+c 5co s / ds )
< OO ) T B (2(s0 — 51) + 282)

S0
§ a4 + 7/ d81 [p2(so—sl)(x1 - :CQ) + p2(so—s1)(x3 - x4)]
0

a (1 + ¢(96) 5 2 81 C(o5) (2(50 — 51))71)),
where in the last step we used (95). Consequently,
S0
m;;w(x) < a* (1 + ¢(102) sg/ dsy 517 [pgsl(arl — 2%) + pas, (2% — x4)]), (102)
0

finishing the proof. O

3.7 An estimate for the 2" moment of the collision measure on 7>
For the desired tightness properties, we will restrict our consideration to a finite time interval [0,77]. So
let us fix now a T > 0.

Later we will need estimates for certain moments in the case of tempered initial density functions and
we will provide them for ~/a? not too large. More precisely, we will impose the following hypothesis.

Hypothesis 28 (Small collision rate) Assume that

2

o
0 < < — = Yy, 103
VS Toman (103)
with the absolute constant ¢o4 = 64 ¢ from Lemma 24. &

Later we will consider initial density functions X¢ = i belonging to Biem C !B_y, A > 0. Actually,
under Hypothesis 28, we will restrict ourselves to those A € [0,1] satisfying

7y exp [6 aQT(egw‘2 - 1)} < Y- (104)
We will use Lemma 26 to derive the following statement. Recall that we fixed T > 0.

Proposition 29 (2" moment of collision measure) Assume that both v > 0 and X € [0,1] are
small as in Hypothesis 28 and condition (104), respectively. Suppose that Xo = Y has density functions
satisfying (76) (for the present A). Then, for 0 <t <T and non-negative test functions o,

2 2

Py, { Z 1)(151 (z) 1)(,52(3;‘) @(x)} < ng |( Z o(x) e4>\|x|> + coot Z <,02(JJ) o8]
reZ? r€Z? r€Z?

where 39 = Sg(T, A\, 0) 1= 2¢5 Ao (T, 20, 0) cag(T, 4\, 0) and

(14277 020)

p— = 2
0 < c29 = c9(T\ A\, 0,7) = v+24y 6241—6772’72034

< (105)
with ¢4 = c24(T, A\, o) from (82).
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Proof The left hand moment expression in the claim (with ¢ = s¢) equals

D el p@)ymi? (@t 2% 2t a?). (106)
zl x2 €72
By Lemma 26 with 22 = 23, we bound the latter sum by
S0
B > p(a') p(a?) e Xl {1 + ’Y/ ds1 Pap (sg—s) (@ — 27)
x=(',2%) € (22)? 0
e So S2n—1
+ ZWPTLC%Z 1/ d81 / d52n
n=1 0 0
1

T O P o—sn (@ —a?)
H(Sj,Q —Sj) <i<6™/2
=2 k=23

e S0 Son
+ Z'Y%JrngZ/ dsy / ds2n+1
n=1 0 0
1 Z 1p (xl 7‘%2)
Int1 2b; 5 (s0—s1)

(note that we passed from x €(Z2)% to x €(Z%)?). We write the right hand side as ¢34 (S1 + -+ + S4)
in the obvious correspondence. Trivially,

_ (gfm ewfl)z (107)

(recall (7) which now reads as ||x| = |z!| + |2?|) giving the first term in the claim. By Chapman-
Kolmogorov and a change of variable,

S2 = / dsi Z Z )64)\HXH Pbs; (‘rl - y) Pbs; (12 - y)

yeZ2 xl x2 €72
2
= / dsi Y (Zs@ ) e py, (w—y)> :
yeZ2 “zeZ?
By Jensen and L'-invariance, we may bound the latter expression by
/ dsy Z Z () e pyg (x—y) = ~vs0 Z ©?(x) 2Nl (108)
yeZ2 €272 rezZ2

which gives rise to the second term in the required upper bound. Treating Ss this way, but without
performing the integral in s1, we get

o] S0 S2n—1 1
< St [T [ dsan 6" 3 () 7.
—_ 0 0 I

2 (sj—2—s5) 2

By the Feynman integral Lemma A8 with 2n instead of n and with p = 1/2, this in turn is

< 224,0 8MT| Z,YQTLCQH 16n 2n— 2/ ds; o 81 (109)
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But fotds Vt/s = 2t, and

6’}/2624
2n 2n—1pan 2n 2
6 e 110
Z’Y C24 1 671’2’)/2654 ( )

since 67242 c2, < 1 by Hypothesis 28 and assumption (104) on v and ), respectively. So

24807 C24 o8A
Sy < ©*( e, (111)
1—-6m242c2, ;2

Finally,

> ) S2n 1
S, < Z ,y2n+1032/ dsy / dsony1 ST 2.6™ Z 302(.2) eBAzl
n=1 0 szz (s

Sj—2 — SJ) rcZ2

Lemma A8 applied to Ka,41(s0,51) and p =1/2 gives that this is

< 4 2 8)\|x\ ,72n+1 2n 6n 2n— 1/ dsy
PRI
4850 m° ¢34 2 8Alz|
S 1 6m2922 ¢ (@) el (112)
2 zez2

Combining the estimates (111) and (112) for S3 and S4, respectively, gives rise to the second term of
c29, and we are done. O

3.8 Uniform bound for second moment of collision measure on £Z?

Recall that the mutually catalytic branching processes X = (EX Loex 2) in €72, 0 <e <1, introduced
before Theorem 6, can be defined through 'X via their densities with respect to ¢ [defined in (24)]:

Ni(z) = X!, (e7t2), t>0, weeZ? i=12. (113)

That is, the M2, —
the M2,
tu. Let

valued process X satisfies the martingale problem (MP)Z" ¢ in (35) if and only if
—valued X satisfies (MP)7; 77! where (113) also determines the relationship between % and

n

my(x) =Py | [] X0 (2))
j=1
be the corresponding moment densities.
Recall that we fixed T > 0. Instead of imposing (104) we will consider now X € [0,1] satisfying
v exp[4800° T A*e®] < v, (114)

(with v, from Hypothesis 28). The following statement is crucial for our development.

Corollary 30 (Scaled 2°¢ moment of collision measure) Assume that v > 0 and X € [0,1] are
small as in Hypothesis 28 and assumption (114), respectively. Suppose that the (deterministic) initial
densities Xy = u satisfy

WU (x <ce/\|5”|, reeZ?, i=1,2 e€(0,1],
{M() A (0,1] (115)

for some constant ¢y (independent of ¢).
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Then there is a constant czg = c30(T, A, 0,7) independent of e, such that for 0 <t < T and non-
negative test functions ¢ on eZ2,

P, [/EZQEE(dy) X (y) XE(y) @(y)} < ¢30 /dzsg(dy) 0% (y) '] (116)

Proof By definition, the left hand side of (116) can be written as
2
Plu{ P SN CHD AT szsa(sx)] : (117)
z€Z2

where i(z) = u'(ex) < cye®l, by (115). Now we want to apply Proposition 29 with T, A, and ¢
replaced by e 2T, e\ and e2p(c-), respectively. This is actually possible, since

e® —1 < cee, 0<e<l, ¢>0, (118)

hence, by (114) and since A < 1,
~ exp [6 o2 E_QT(eSO A 1)} < vy exp [480 o2 T/\2680] < Yo - (119)

Thus, Proposition 29 gives the following upper bound for (117):

2
9 [( Z e? p(ex) e4€’\z) + coge 2T Z et p?(ex) eSE’\“] , (120)

TE€Z? z€Z2

with 99 = 9 (5_2T, EA, U) and cog = o9 (5_2T, EN O, *y) . Concerning their e-dependence, these con-
stants depend only on terms of the form

¢! exp [02 5_2T(60352A2 - 1)} (121)

with constants c!,c?,¢? independent of . Using again the trivial estimate (118), the latter expression

can be bounded from above by
¢! exp [02 T 3 \? eCS’\2} (122)

which is independent of . Moreover, the second term in (120) is of the form of the integral on the right
hand side of (116) [except the enlargement of the constant 8 to 10]. Finally, using Cauchy-Schwarz, the
squared sum in (120) can be bounded from above by

Z T @2(639) RINES Z e*2€>\|w\, (123)

z€Z? T€Z?

where the second sum equals ¢ (¢\) 2. Combining the arguments above gives (116), completing the proof.
O

The following bounds on the scaled fourth moment densities will be used in [DFM*02] and follow directly
from Corollary 27.

Corollary 31 (Scaled moment density bounds) Let 0 < p < 1. Assume

y sin[ (1 —p)]
2 T oown (124)
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and that the initial state Xo = Su has bounded density functions, HEX(%HOO <a, say, i =1,2. Then for
£>0, 80 >0, and x = (z1, 2%, 23, 2%) € (eZ?)4,

S0
‘mll*?(x) < o (1 + cor sg/ dsy 577 [pas, (@' — 2%) + “pas, (2° — x4)]>
0

and
So
e, 1112( 1 2 3 3 4 P —p e ik
mg, " (x7, 2%, 2%, 2%) < a <1+02780/ dsy ] E pgsl(m]—m))
0 1<j<k<3

for the constant car = ca7(p,7y,0).

4 Construction of X

In this section, the approximation Theorem 6, hence Theorem 4 (a) will be proved which states the
existence of a mutually catalytic branching process X on R2, satisfying the martingale problem (MP)Z"Y.

4.1 Tightness on path space

The purpose of this subsection is to derive some uniform moment estimates, which imply the tightness
on path space (Proposition 37 below).

It is convenient to introduce the following hypothesis.

Hypothesis 32 (Uniformly tempered initial densities) Assume that the initial densities X, =
u satisfy the uniform domination condition (115) for all A > 0. %

Recall that measures on €Z? will also be considered as (discrete) measures on RZ.

Lemma 33 (Uniform first absolute moments) Under Hypothesis 32, for each T > 0 and ¢ €
Cexp(R?),

sup P-, sup ‘(EXZ,QOH < 00, 1=1,2. (125)
0<e<1 0<t<T

Proof Fix T > 0 and i = 1,2. We may assume that ¢ € C 5,(R?), A > 0. Since [p| <[] 5,3,
[recall notation (15)], and using the first inequality in (13) in the case n = 0, it suffices to verify the
claim (125) with ¢ replaced by ¢, . By the martingale problem (MP)Z’%E in (35),

P sup (°X},¢\) < cPe, sup |Mi(o)| + c (51, é5)
0<t<T 0<t<T

T 2 (126)
+ d S, € i’_aAN ,
o s (5w, G |2

where in the last term we have used the expectation formula (50). Write ¢(S1 4+ S + S3) for the right
hand side (in the obvious correspondence). For S; we use (115) with A replaced by a A’ € (0, ), and
the upper estimate of (13) in the case n =0 to get a finite bound, independent of e.

Next, using the mean value theorem (twice), and then the second part of (13) in the case n = 2, there
is a constant ¢, independent of € such that

|€A¢~7/\(JU)| < eye el x € ez’ (127)
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On the other hand, due to (115) with A replaced by A € (0, \),
o< en o, (128)

whereas by Corollary A3
Ssp-n < cazd-n (129)

with cag = ca3(T, N, o). Together these give
Sefut < ch_y, 0< N <A (130)

with a constant ¢ depending on )\’. Combining these estimates, Ss also behaves nicely.

Finally, to S; we apply Burkholder’s inequality to get the upper bound

cPey /v CLex(T),$3) < c\/Pa”<ELEX(T), #3) (131)

where we have also used Jensen’s inequality. By the expectation formula (53) and the second part of (13)
in the case n = 0, for the expectation under the root we get the upper bound

T
C'y/ ds /p?(dx) St % Tpg () P % Sp (x) e 2Al (132)
0 €

Applying (130) twice, we are done. O

For the rest of this subsection we assume that the collision rate v > 0 is small as in Hypothesis 28, and
that the initial densities Xy = °u are uniformly tempered as in Hypothesis 32.

Lemma 34 (Uniform 4" moments of increments) Fiz a ¢ > 0 belonging to Cg(z)(RZ). Then there
is a constant csq = c34(T,7y,0,¢) such that

S P, (X}, — X, g0>4 < et =t 0<t<t'<T, i=1,2.
<e<

Proof Fix T,~,0,t as in the lemma, and take ¢ € C/(\2)(R2), A > 0. By the Green function representation
of the martingale problem (MP)Z” in Subsection 3.1,

(X — X1, 0) < e (', “Spp — “Sip) (133)
4
+ c / EMi(d(s,m)) [ESt/,sgo(x) —ESt,Sgp(x)]
[0,t] xeZ?
_ 4
+c / M (d(s, x))Sy—sp()
[t,¢] xeZ2

Write the right hand side as ¢(S; +S2 +S3) (in the obvious correspondence). We will use the fact that

t’ 2
€Sy — S0 = / ds %553 Ag. (134)
t

By the mean value theorem, and since by assumption Ag belongs to Cx(R?), we conclude that
IFAp| (z) < ce Mol 2 ez (135)

Then by (130), the term S; has the required property.

33



By Burkholder’s inequality, (48), and the definition of °L-x,

2

PySs < cPey (v /t " ds /  “tde) XL @) X o) (ESt/s<p(x))2> (136)

IA

IN

t’ 2
ol —tf [ as P( [t %) %) S <x>>,
t eZ2

where we have also used the Cauchy-Schwarz and Jensen’s inequalities. By Corollary 30 with ¢ replaced
by S¢_sp?, and X by a X satisfying additionally A’ € (0,2)/5), the latter second moment expression
can be bounded from above by

€30 /zzeg(dy) (ESt/_ssoz)Q (y) 0N, (137)

But by Corollary A3 (a),
Sy_wp? < o (138)

with a constant ¢ depending on T and \. Hence, by our assumption on \’, the integral in formula line
(137) is bounded by a constant, uniformly in e, s,t’. Altogether, S3 behaves as we want it to.

Similarly, So can be handled by using (134), finishing the proof. O

. ) - - )
Since each ¢ € C\(R?), X\ > 0, satisfies |¢| < |@[x dx < |p]a ¢5,vs, and ¢, 5 belongs to C;/)\/Q( 2),
the previous lemma immediately implies the following result.

Corollary 35 (Uniform fourth moments) Let ¢ € Coxp(R?). Then

sup P, (°X}, g0>4 < 0, i=1,2. (139)
0<e<1, 0<t<T

We also need the following lemma.

Lemma 36 (2" moment of collision local time increments) Fiz a ¢ > 0 in Cexp(R?). Then
there is a constant c3g = c36(T,7,0,¢) such that

2
sup Pe, <€Lax(t) - ELsx(t'),go> <oeglt — 12, 0<t<t<T (140)
0<e<1

Proof The proof requires us to estimate

P (] "as JIRCEESEET® w(x))z, (141)

and this can be done in the same way as in the proof of Lemma 34 [recall (136)]. O

Here is the essential result of this subsection.

Proposition 37 (Tightness) Under Hypotheses 28 and 32, the family of random processes
{(°X,L-x): € € (0,1]} is tight (in law) in C(Ry, M., (R?)).
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Proof Fix a T > 0. We want to exploit [EK86, Theorem 3.9.1]. For this purpose, we use the relatively
compact subsets

K =K ((Cn)nzl) = {V € Mterﬂ : <Va q‘[)l/n> <cp, N2> 1} (142)

of Miem, where (c,)n>1 is a sequence of positive numbers. For 0 < ¢ < 1, using Lemma 33, we can
find a sequence (¢, )n>1 such that for ¢ =1,2,

Pm( sup ’(5)(,?,(;31/"> zcn) < g/2m. (143)
0<t<T
Then '

P, (fxg € K ((en)nz1) for all t ¢ [o,T]) > 1-c (144)

By the Lemmas 34 and 36 we obtain that, for every non-negative ¢ € Céi%,, the families
{{X"p): 0<e<1}, i=12 and {(°Lex,p): 0<e<1} (145)

of random processes, restricted to [0,T7], are tight (in law) in C([0,7],R). Then by [EK86, Theorem
3.9.1] the claim follows. (In fact, since our processes are all continuous, tightness in the Skorohod space
then yields the tightness in our C—space.) (]

4.2 Limiting martingale problem (proof of Theorem 4)

As the main task, here we want to verify the following proposition which implies Theorem 4 (a).

Proposition 38 (Limiting martingale problem) Fiz «,0,u as in Theorem 4, hence as in Theorem
6, and, for 0 < e <1, choose Xg = u € B2, (¢Z?) as in Theorem 6, that is, satisfying Hypothesis 32

tem

and converging in M2, (R?) to p as € | 0. Then for each limit point (X, A) of {(°X, °L-x): ¢ € (0,1]}

tem

in C(Ry, M.,,(R?)) we have A = Lx, and X satisfies the martingale problem (MP)7”.

tem

The proof will be divided into a series of lemmas. For this purpose, in this subsection we fix v, o, and
fu— p as € [ 0, as well as (X, A) as in the proposition. Note that then the Hypotheses 28 and 32 hold.
Take a sequence ("X, “~L) with 0 <&, | 0 as n | oo such that

("X, "L) — (X,A) in C(Ry, M. (R?)) (146)

ntoo tem

in law. By Skorohod’s theorem, we may (and shall) assume that this convergence is almost sure on the
stochastic basis (Q, F,F.,P).

Since each X is a time-homogeneous Markov process, from the expected collision local time formula
(53) we immediately get the following statement: for fixed e,, 0 < s <t, and ¢ € Cexp(R?),

P {<E"L€nX(t) = “rLenx(s), 90> ‘fs}
t (147)
N /dr/ =l(dx) X g * S prs (2) XD * T pys (2) ()
s enZ?

P—-a.s. (conditional expected approximated collision local time).
Lemma 39 (Uniform integrability) For any fized t >0 and ¢ € Cexp(R?), the random variables

(XL o), ("X2,0)°, (Lex(t),9), n>1, (148)

are uniformly integrable with respect to P.
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Proof Fix ¢t and ¢ as in the lemma. By Corollaries 35 and 30 the fourth moment of <‘E"X§7 Lp> and
the second moment of the collision measure, respectively, are bounded, uniformly in n. The conclusion
of the lemma is then immediate. d

From the previous lemma it easily follows that the limit point (X,A) satisfies the martingale problem
(MP)Z’A’ of Definition 3, but with Lx replaced by A. In order to complete the proof of Proposition 38,
the only point which remains to be checked is that A is in fact the collision local time Lx . This we
will achieve by some L!-arguments based on the additional smoothing imposed in Definition 1 on the
collision local time. The first technical result in this direction is the following lemma.

Lemma 40 (Convergence of expected collision local times) For every
0<s<t and e Cl (R?),

¢
/dr[/ enf(da) XL x e np,_g (2) " X2 % Snp,_s () ()]
> et (149)

t
o / dr [ £(dz) Xspr_s (2) X24pr_s () ()
n| oo s R2

in L'(P).

Proof Consider s,t, ¢ asin the lemma. By the expectation formula (50), the expectation of the integrand
in square brackets in (149) equals

[ ot =t @) <5 (2) o) (150)
enZ?

Since the “~u satisfy (115) for all A > 0, and ¢ is fixed, by Corollary A3 (a),
Syl wfrp. < excas don, n>1, i=12 r<t. (151)

On the other hand, ¢ < ¢y ¢ and choosing A’ > 2, the integral in (150) is bounded from above by
¢ (*l, px/—ar) < ¢, uniformly in r and €, . Similarly, the expectation of the corresponding integrand on
the right hand side of (149) is uniformly bounded. Thus, by bounded convergence, it is enough to show
that for fixed 7 > s >0 and ¢,

P / rl(dx) S X g TP () XD * T p— () ()
enZ?
= [ o) X2 by (2) XErpra ) (o) O (152)
R2 nloo

Next we bring in the additional terms
:F/ enf(dx) Xk pr_s (2) X2 % pr_g () (). (153)
enl?

This time we want to apply dominated convergence. Besides domination estimates, the key is the following
variance estimate: by the covariance formula (55), for i = 1,2,

Var " X! # [p,_s (2) — pr_s (2)] (154)
= / du / i) ot = py (y) e Dy (y)
0 enZ?

[/g B =U(dz) [ prs (2 = @) = Pros (2 — )] T Ps_u (2 — y)} 2-

36



For fixed A > 0, by (151), and using Jensen’s inequality, we may bound this expression from above by

<cfauf tanonn) (155)
€022
J R R e e e S CE)
Interchanging the order of integration, and exploiting Corollary A3 (a), we get the bound
<e¢ / . nf(dz) [prs (2 — @) — prs (2 — 2)]” dar(2). (156)

But ¢_ox(2) < ¢_or(x) d_2r(z — x), and, since r — s > 0 is fixed, by Lemma 2 (a), given § > 0 we may
choose N = N(4) such that for all n > N,

" pr_s (z —2) = pr_s (z — )| < 6. (157)
Therefore, we may bound the expression (156) by
< 8 $na(2) / “nf(dz) = py_s (2) doon(2) (158)
enZ?
+ c§¢,2)\(x)/ nf(dz) pr—s (2) p—ax(2), n > N.
enZ?

By Corollary A3, the integrals are bounded in &, . Therefore, the variance expressions in (154) tend to
0 as n T oo. It is easy to derive bounds in the x variable which allow us to apply Dominated Convergence
by using the fact that ¢ < ¢y ¢y and choosing X > 2.

Summarizing, it is enough to show that for our fixed » > s >0 and ¢,

4 / “4(dw) X x g () X2 py_y (2) ()
enZ?
U(dz) X +pr—s () X3#p,—s (2) () Tos 0. (159)
R2 n|oo

But this follows from the assumed a.s. convergence “»X — X in C(R+ ,Mtem(RQ)) by domination
arguments using the uniform finiteness of fourth moments of Corollary 35. O

By the assumed a.s. convergence in (146), Lemma 39, the identity (147) and Lemma 40, we have, for
each ¢ € Ceoxp(R?), the following convergence in L'(P) :

P {(A(t) — A(s), ) ‘ ]—"s} = im P {< 0L e () — L enxc( ‘]—" }
= 7111%10 Stdr/ . snf(dr) XL xEnp,_g (x) X2 % Snp,_g (2) o(2) (160)
= /tdr Rzé(dx) Xapr—s (2) X25pr—s (z) p(2).

Recalling Definition 1 of collision local time, we now prove the following result.

Lemma 41 (Identifying the collision local time) For all ¢ € Cexp(R?) and t > 0, we have the
following convergence in L'(P) :

(LX), 0) — (Ix(t),p) as 610, (161)
and A= Lx.
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Proof For ¢ € Cexp(R?), by (160) we have

(L), 0) = /0 'ds %P{(A(s+§)—A(s),gp> ‘]—"} P-as. (162)

Theorem 37 of [Mey66, p.126] and the continuity of ¢ — A(t) in Myem yield that the latter integral term
converges to (A(t),¢) in L'(P) as & | 0, for each ¢t > 0 and ¢ € Cexp(R?). Since A is a continuous
non-decreasing Mo, —valued process, the identity (162) and Definition 1 tell us that the collision local
time Lx exists, coincides with A, and we have the convergence claimed in the lemma. This finishes the
proof. O

Note that we have now proved Proposition 38 and hence Theorem 4 (a).

Proof of Theorem 4 (b). The claimed moment formula for the collision local time easily follows from the
corresponding formula (53) for the approximating processes X, the limiting martingale Proposition
38, and Lemmas 40 (deterministic case s = 0) and 39. Argue similarly for the remaining two moment
formulae. 0

4.3 Extended martingale problem and Green function representation

In this subsection we present two immediate consequences of the martingale problem (MP)Z’v of Defini-
tion 3.

For T, )\ > 0, denote by C(Tl”)\z) the set of all real-valued functions v defined on [0,T] x R? such that
t— Y, ), t— %w(t, ), and t — A(t, ) are continuous Cy—valued functions. Set i o

T,exp
(1.2)
U/\>0 CT,)\ :

Lemma 42 (Extension of the martingale problem (MP)ZV) Let X be any solution of the mar-
tingale problem (MP)7"" of Definition 3. Then, for L2 in Y

T,exp ?

(Xt 0) = i) + [ s (0 G Avi(e) + 0 ()

(163)
+/ Mi(d(s,2)) ¢'(s,2), 0<t<T, i=12,
[0,6]xR?
where M'(d(s,z)) are the (zero-mean) martingale measures such that
([ e see. [ o) o)
[0, -]xR2 [0,-]xR? t
(164)
= 0 7/ Lx(d(s,x)) fi(s,x) f(s,x), 0<t<T, i,57=1,2.
[0,t] xR2
Here f', f? belong to the set of predictable functions f defined on Q x Ry x R? such that
Pj(/ Lx (d(s,z)) f*(s,z) < oo, t>0. (165)
[0,t] xR?
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Proof We will only outline the proof which is standard. We may fix a A > 0 and note that S is a
strongly continuous semigroup acting on the separable Banach space C,, and that each S; maps C/(\Q)
into itself. We then use Proposition 1.3.3 of [EK86] to bootstrap up to the domain of the generator of
time-space Brownian motion on CO([O T) x R2) (the space of continuous functions [0, 7] x R? vanishing

at infinity), and this domain contains C(T jax)p Approximate ¢ € C(Tleip by an appropriate sequence of

step functions in the time variable, and then proceed as in the proof of Proposition I1.5.7 of [Per00]. O

Corollary 43 (Green function representation of (MP)ZV) Let X be as in Lemma 42 above.
Then, for ¢ in C? i=1,2, and t >0,

exp

<Xf,<pi> = <,ui,St<pi> +/ M’(d(s,x)) S0 (x) (166)

[0, xR2

with the martingale measures M* satisfying (164). Further, if in addition u € C2,_ , then equation (166)

holds for ¢ € C?

exp

tem *

Proof The first part is standard. Now additionally assume p € C2
and consider non-negative ¢ € C2 Take non-negative ¢,, € C>
that

2> hence p € C} for some A > 0,
with ¢, T o € C2,, as n T oo. Note

tem ° XP tem

(X, ¢h) = (' Sien) +/ M (d(s,2)) Si—sph (@), (167)
[0,t] xR2
by (166). By monotone convergence,

(Xi,0n) 1(XT,¢")  and (i, Sepp) 1 (0, Sep’)  as 1 oo, (168)

On the other hand,
) ) . 2
PX[ [ as0) (Simaeh@) - S (@)]
[0,¢] xR2

¢
i i 2
= /O ds /R2 dz (Si—s (¢h, — ¢") (z))” Ssp' (z) Ssp® (). (169)
But the integrand in (169) is bounded by

e (Si—sd-0)? () (Ssdn)? () < oy (@) (170)

for any A\ > 0. Take X > )\, and dominated convergence implies that (169) tends to 0 as n | oo.
Therefore (166) is satisfied also for u € C2_ and ¢ € C2 O

exp tem *

4.4 Convergence of dual processes

The main purpose of this subsection is to define a process X which later will be shown to be dual to X.

For convenience, we introduce now the following notation. For
(v,v) = ((V17y2),(171,52)) e M2 (R?) x Bi(Rz) or Bi(RQ) x M?(R?)

set
E(v,v) = exp[— W+ o+ )+ i (v =0 o - u2>}, (171)
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where the right hand side of (171) is defined to be 0 if <V1 +v2, ot 4 D2> = oo, and where here i = v/—1.
We may apply this definition of &(v,7) also if R? is replaced by £Z2, 0 < ¢ < 1, everywhere. In
particular, we may apply it in the situation of the following lemma.

Theorem 2.4 (b) in [DP98], rescaling as in (32) and (33), and using our identification convention for
density functions and corresponding measures gives the following self-duality relation for the discrete
space processes as introduced at the beginning of Subsection 3.1. [DP98] deals with a smaller space of
initial measures than Bey, (called M., there) but the proof carries over without significant change.

Lemma 44 (Self-duality: lattice case) Fiz 0 < ¢ < 1. Let X = (X',X?) and X = (X!,X?)
denote independent mutually catalytic branching processes in eZ? with initial states Xy = °u =
(p', ) € ME,, and Xy = %o = (', %*) € B, , respectively. Then with probability one,

5)~(t € Sngp for all t >0, and the following duality relation holds:
P, €( X, %) = P-,€(u,°X,),  t>0. (172)
Fix again ~, o, and
U o s well as ("X, “*Lenx) o (X, Lx) almost surely (173)
€ n|oo

as in Proposition 38, respectively in its proof. The °u continue to satisfy the uniform domination
Hypothesis 32. Fix also

1 2 2 (R2
0<¢=(p,9") € Cep(RY). (174)

For each 0 < e <1, let
o = (%',%?%) € °B,(¢Z*) denote the restriction of ¢ to £Z, (175)

and consider the mutually catalytic branching process
°X in eZ? starting from “Xo = . (176)

Then for each n > 1, we may apply the duality relation (172) of Lemma 44 to (¢vX,**X) [with &, from
(173)]. Later we want to pass to the limit as n T co in the duality relation (172). For this we need, in
particular, the convergence of e X to some limit process. To make this more precise, we introduce the
following definition.

Definition 45 (Strong integrability condition (SIntC)) For § > 0, set
1
Hy(v) = / dx/ dy 14 ] St (@) S5 (@) S50 () S ), (177)
R2 R2 [z =yl
where v = (v!,1?) is a pair of measures in M¢(R?). A continuous MZ-valued process Y is said to
satisfy the strong integrability condition (SIntC), if
T

ImP [ ds Hs(Y,) < oo, (178)
510 0

for all T > 0. &

Proposition 46 (Exponentially decreasing initial densities) Fiz ¢ >0 in C2_(R?).

exp

(a) (Uniqueness) There exists a unique solution X of the martingale problem (MP)77 of Definition
3 which satisfies the strong integrability condition (SIntC) of Definition 45.
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(b) (Convergence) For {55( 0<e<1} asin (175)—(176) and X of (a), the convergence in law

lim X = X holds in C(Ry, M3(R?)).
g

(c) (Exponentially decreasing states) For fized t > 0,
X, € M2 (R?), almost surely.

Proof Fix ¢ as in (174). In order to apply a result stated in [DEF*02], we first recall the notation
M g from there. Mg g is the set of all pairs v = (v',1?) in M? satisfying the following strong energy
condition: for any p € (0,1), there is a constant c(179) = c(179)(¥,p) such that

max / Vi(dac)/ v (dy) pr(z —y) < caroyr?, 0<r<l (179)
R? R?

1<i,j<2

(a) Clearly, ¢ € Msg and so by [DEF'02, Theorem 11 (a,b)] there is a unique solution X of the
martingale problem (MP)Z’7 there, satisfying (SIntC). Certainly, this X solves also our martingale
problem (MP);’7 of Definition 3 since the ¢ in C2_ (R?) own the needed boundedness properties.

exp
Let ‘X be another solution to our martingale problem (MP)77 and ¢ = (4',4?) be a pair of non-
negative test functions as in the martingale problem (MP)Z}"Y of [DEFT02] (that is, twice continuously

differentiable with bounded derivatives). Choose non-negative 1, € C2 (R?) such that 1, T v as

exp
n T co. By monotone convergence,

(XE 0y 2 (XY, =12, t>0. (180)
nToo
Hence, by simple moment calculations, ’ X satisfies the martingale problem (MP)Z’7 of [DEFT02]. But
by the uniqueness there, ‘X = X, and the proof of (a) is complete.

(b) Statement (b) is a variant of [DEFT02, Theorem 11 (c)]. In fact, by [DEFT02, Remark 12 (i)] we
need only check that the Lemmas 35 and 45 (a) there are satisfied by our sequence of initial measures “p,
and this is trivial to verify. This gives the convergence statement in (b).

(¢) We may assume that ¢ belongs to Cf\ for some A > 0. From the expectation formula in Theorem
4 (b) [or from the Green function representation of (MP)Z’V in Corollary 43],

Po(X],¢_n) = (¢, Sepn) < 00,  j=12, 0<N <A (181)

Claim (c) follows, finishing the proof. |

4.5 A regularization procedure for dual processes
We also need the following two regularization lemmas.

Lemma 47 (Regularization for Ei) Fizr r >0, t >0, 0<¢ e C2, (R?, and initial densities

ex
fu, 0 < e < 1, satisfying the uniform domination Hypothesis 32. For eaI::h e € (0,1], consider the
independent mutually catalytic branching processes X and X on €Z% with initial states X, = N0
and €Xo = %p, the restriction of ¢ to €Z?, respectively. Then there is a constant cs; such that for all
bounded measurable complex-valued functions f on C(R+,M2 (Rz)), and all 6 € (0,1),

tem

sup
0<e<1

Py [(X) Pp [€(X,,°X0) — @(%foit_aH < i 6|l (182)
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Proof For the moment, fix . From the Green function representation of the martingale problem
(MP)7"" [see (47)(49)], conditioning on F, X, and Ttd’s formula (applied to the process °X), the
expectation expression on the left hand side of estimate (182) equals

4yPe, f(°X) P-, / L. (d(s,z)) e(fst,;x,,ffcs) €Sy X () S X2 ().
[t—6,t] xeZ2

Hence, the absolute value expression in (182) can be bounded from above by

£l P Py | L (A(5,2)) s} (2) S0 X2 (@)

[t—06,t] xeZ2

t
= 4’ny||DOPaﬂPa¢/ ds/ (dx) ESS_TEX,} (z) ESt_ngf (x) ESt_SEXﬁ (z) ESt_SEXTQ (x)
t—0 eZ2

t
= 49 £l / as / ) 5,5 @) 8.7 ) St 0 (0) S (),
t— eZ2

where we first used the expectation formula (53) for the collision local time, and then the mixed second
moment formula (52). Now take 0 < A < A and exploit the fact that, by assumption, u/ < cy¢ _» and
o < ¢ ¢ for some constants ¢y and c5, j = 1,2. Then the claim follows from Corollary A3 (a). O

Here is a continuum analog of the previous lemma:
Lemma 48 (Regularization for X) Fiz r >0, t >0, 0 < ¢ € C2,(R?), and p € BE, (R?). Let X

be a solution of the martingale problem (MP):"Y occurring in Proposition 38 and X, independent of X,
be the unique solution of (MP):,’7 as in Proposition 46. Then there is a constant c4g such that for all
bounded measurable complez-valued functions f on C(Ry, M2, (R?)), and all § € (0,1),
lim
n10

PX f(X) PX [@(snxr,it) - e(xmsﬁ(“)H < cag 8 ||f]loo- (183)
Note that according to our general convention, in case of X we must write PX since we do not have
uniqueness in the martingale problem at this point.

Remark 49 (Case r = 0) Note that in the case r = 0, one can immediately pass to the limit as 1 | 0
on the left hand side of (183), that is, the additional smoothing with S,, can be dropped. O

Proof of Lemma 48. We need only slightly modify the proof of Lemma 47. From the Green function

representation of the martingale problem (MP);” of Corollary 43, conditioning on .7-'5 s, and Ito’s
formula, the expectation on the left hand side of (183) equals

47Pff(X)P§/[ . Lg (d(s,2)) €(Syie—sXp, Xy ) Spt—s X () Sype—s X2 (2)
t—3,t] x R2

+ PXF(X) PX€(Sys5X,, Xios) — PX F(X) PXE(X,, 55X;-s).

Hence, using the moment formulae in Theorem 4, the absolute value expression in formula line (183) can
be bounded from above by

t
4’7||f||00/t 5d5 /deaj Ss‘Pl (33) 53902(-%') Sn+t—s+rﬂl(x) Sn+t—s+rﬂ2(-r) (184)

X
+ [ fllo B

PX[€(Sy10%, Xiog) = (55X, , X)) ‘ (185)

Now from Corollary A3 (b), the term in (184) gives the desired bound in (183), uniformly in » € (0, 1].
Letting 7 | 0, the expression in (185) will disappear by bounded convergence, finishing the proof. (I
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4.6 Convergence of one-dimensional distributions

As a first step to the approximation Theorem 6 we show convergence of one-dimensional (in time) margi-
nals. For this we need a technical lemma.

Lemma 50 (Continuous convergence) For 0 < ¢ < 1, let v € M2, (¢Z?). Suppose v — v in

M2, (R?). Moreover, let p € B2 (R?), and “p the restriction of ¢ to €Z%, 0 < e < 1. Consider the

tem exp

related processes X = X (as €] 0) as in Proposition 46. Then, for fized j,k = 1,2 and s,t > 0,
2S5 XE) = (17, S, XF). 186
<V ) t> =10 <V ) t> (186)

Proof We may assume that even X - X as. as ¢ 1 0. For R > 1, choose a continuous function

fr : R® — Ry such that 1pp) < fr < lprt1), where B(R) is the centered open ball in R? with
radius R. Then

(7, %5, °KE) = (v, 8,.X8)| <

(07, 28, 5XF) — (27, fr°S. 5Xﬁ>‘ (187)

_|_

(7, fr®8s XEY = (0, frSsXE)| + (07, frS.XE) = (7, 8.KE)|

Since ¢ belongs to C3 for some A\ > 0, by (50) the expectation of the first term on the right hand side
of (187) equals

<8Vj1 (1 - fR) ESert EﬁPk> < <8Vj; (1 - fR) Cx ESs+t¢)\> < C<8Vj» (1 - fR) ¢A>a

where for the second estimate we used Corollary A3. Now take any ¢ > 0. Then the latter expression
can be made smaller than ¢, uniformly in ¢ by choosing R sufficiently large. Similarly, enlarging R if
necessary, the expectation of the last term on the right hand side of (187) is smaller than d.

Concerning the remaining middle term on the right hand side of (187), first of all we have, as ¢ | 0,
the (a.s.) convergence of finite measures X* — XF and the continuous convergence °p(%y) — ps(y)
whenever % — y [by Lemma 2 (a)]. This certainly implies S, <X} (%) — S, X}(z) whenever % — z.
But we have also the following convergence of finite measures: <7 (dx) fr(x) — v7(dz) fr(z). Therefore,

the remaining term tends to 0 a.s. as € | 0. Altogether, we have proved convergence in probability instead
of (186), and the claim follows. O

Restricting our attention to a fixed time ¢ > 0, we know so far only that the random measures °X; are
tight in law as € | 0. Now we will basically show their convergence in law.

Lemma 51 (Convergence of one-dimensional distributions) Assume u € B3

2 W(eZ%) are as in
Hypothesis 32 and converge to p in M2, (R?). Then, for each non-negative ¢ € C2,(R?) and the related

exp

unique process X from Proposition 46,

PL€(X,.0) — Poe(uX,)| o0 120 (188)

Proof We may assume that ¢ > 0. Let % denote the restriction of ¢ to £Z2, 0 < ¢ < 1. By the
self-duality relation (172), the absolute value expression in (188) equals

[P (o, X)) = Po€( X)) (189)
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Take 0 < § < t, then (189) can be bounded from above by
| P @ (1,7 R0) = Pp€ (0, %85 o) | + [P €, %85 Kos) ~ Po€ (1 55K s) |
+ P $5%ims) = Poe(u X)),
By the Lemmas 47 and 48 with » =0 and f =1, and Remark 49, the first and last terms are bounded

from above by ¢47§ and c48d, uniformly in €. Since § can be made arbitrarily small, it remains to show
that

[P (1, 557X 5) — P (s, S5%15), 0 (190)
€
for fixed . But this follows from the continuous convergence Lemma 50 applied to v = “pu. ]

4.7 Convergence of finite-dimensional distributions

The purpose of this subsection is to complete the proof of the approximation Theorem 6. This will be
achieved by the following lemma.

Lemma 52 (Convergence of finite-dimensional distributions) Let X denote any limit point of
{X: X =%, 0<e <1} occurring in Proposition 38 above (where Sy — p). Moreover, let
{h e BL(eZ%): 0<e <1} be any family (possibly different from {u: 0 <e < 1}) also satisfying
the domination condition (36) and converging in M2, (R?) to the same p as € | 0. Finally, for each
e € (0,1], let X be the solution to the martingale problem (MP)ZQ’E (introduced in Subsection 3.1).
Then, for each finite sequence 0 < t1 < --- <t,,, the following convergence in law holds:
(Eth,...7EXt ) 8:w> (th,...7Xt ) (191)

m m

Note that (191) yields the desired uniqueness of limit points as well as the independence of the choice of
the approaching °u, thus completing the proof of the lattice approximation Theorem 6.

Proof of Lemma 52. We will proceed by induction. First assume that m = 1. We will apply Lemma
51 with {9 : 0 <& <1} replaced by {*: 0 <& < 1}. Since there the pair 0 < ¢ € CZ,(R?) of test
functions is arbitrary, this lemma implies that € th has a limit in law as ¢ | 0, which is independent of
the choice of the family {51 : 0 < e < 1} and so must coincide in law with X,, . This implies (191) in

the present m =1 case.

Suppose now that (191) holds for some m > 1, and we want to check it for m+1. For this we may assume

that f,, < tm41, and that for this m we have almost sure convergence in (191). Take 0 < p; € C2,(R?),
1 <7 <m+4 1. We only need to show that
m—+1
Py [] €CXy, ;) (192)
j=1

has a limit as ¢ | 0, which is independent of the choice of {5i: 0 < ¢ < 1}. Trivially, the expectation
expression (192) equals

P TT€( X, 0) P {€(Kips s omn) | £ X} (193)
j=1

By time-homogeneity, with probability one the latter conditional expectation can be written as

Psxtm QE(EXth_tm s (Pm+1) = Pi§,L+1€(€Xtm y E)Nitmﬂ_tm), (194)
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where %p,,,1 is the restriction of ¢,,11 to €Z2, 0 < ¢ < 1, and in the last step we exploited the
self-duality relation (172). Now we want to proceed in a way similar to the proof of the convergence
statement (188). It suffices to show that

m—+1

P [T €CXe, o)) — hmPX H@ X, 05) PX€(5,X0,  Xepart) (195)
Jj=1

converges to 0 as € | 0. In fact, using (192) - (194), and taking 0 < § < ty,41 — t;n, the absolute value
of the expressions in (195) can be bounded from above by

‘P;?}H@(Extj ,QDJ) P. X {@(Extm 5 Eithrl*tm) - @(Extm ,555 Eitm+17tm75):| ’

fPm+1
j=1

‘ 3( H Xt; 9 90] 5( 1 Qz(gxtm 5 555 Eitm,+1—tm,—5)

Jj=1

- P/f( H@(Xt] 3<)0]) PX 6( tm s S5Xtm+1—tm—5)

Pm41
J=1

m

PXHe Xy, . ¢5)

PX [@(Xtm ) S(s)ztm+17tm76) - Q(Sﬁxtm vitmﬂ*tm)} ‘

+ hm

Om+1

By the induction hypothesis and Skorohod’s representation we may assume that the convergence state-
ment (191) holds in M7, almost surely. Lemma 47 with X replaced by X, r =ty and t =ty 41—t
shows that the first absolute value in the above display is bounded by c47 d, uniformly in e. Similarly,
by Lemma 48, the lim-term is bounded by 45 6. Finally, by the continuous convergence of Lemma 50
applied to ‘v = 5Xtm, our induction hypothesis and bounded convergence, the middle term converges
to 0 as € | 0. Thus, (195) converges to 0, finishing the proof.

O

5 Properties of X

Here we will verify the claimed properties of our mutually catalytic branching process X in R2.

5.1 Self-duality, scaling and self-similarity

Completion of the proof of the self-duality Proposition 15. By (188), the left hand side in the duality
relation (172) converges to the right hand side of the self-duality claim in Proposition 15 (b) (recall (176)).
But trivially, by (191), it converges also to Plf((’i(Xt , ), that is, part (b) is proved. But from Proposition
46 (c) we also get claim (a), completing the proof. O

Proof of the scaling Proposition 16. We only have to prove (a), since (b) is a special case of (a) in which
0 =1 and z = 0. Fix 0,¢,t,2,X,X©) asin the proposition. Set X} () .= ge2X —2t<Z +e7 (1)) e ML,

By the self-duality of Proposition 15, applied to X (®) instead of X, for the process X with initial density
Xy = ¢ € C2,, we have

PXSe(X{),9) = PX (), X)) = PXe(u, 20X~ ez +e(1))). (196)
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But by scaling of the finite-measure-valued mutually catalytic branching process X (see [DEFT02, The-
orem 11 (d)]), the chain (196) of equations can be continued with

= Py (cenpe(y Bl Xemn) = Pf@(xf”“ 952@(*5”6('))) (197)

= PXe(X{7, ),

where we have once again used the self-duality of Proposition 15. Since ¢ is arbitrary, the claim follows.[]

5.2 Absolute continuity, law of densities, segregation, and blow-up

Now we are ready to show that our X has absolutely continuous states and to determine the law of
densities at a point.

Proof of Theorem 11 (a) (absolute continuity). This is a direct application of a more general absolute
continuity result in [DEF102]. We now check the hypotheses required to apply this result. Let p, X, as
in Theorem 11 (a) and ¢ € C,,(R?). Use the fact that the function ¢ := {S7_sp: 0 <t < T} belongs

to each C(T{f), A > 0, (introduced at the beginning of Subsection 4.3). Thus, we can apply the extended
martingale problem of Lemma 42 to 1 to see that the hypotheses of the general absolute continuity
Theorem 57 of [DEF102] are satisfied with d =2, @ = S, and A = Lx . The result then follows from
the fact that Brownian motion has absolutely continuous laws for positive times. O

Proof of Theorem 11 (b) and (c) (law of densities and segregation). Actually this requires only some
minor modifications to the proofs in the finite measure case of [DEFT02]. In fact, in some respects the
proof is even easier since the key ingredient is the self-duality of Proposition 15, whereas in the general
finite measure case only a limiting duality was available.

Take X with Xo = p € B2, (R?) as in the theorem, and X with X, = ¢ in C2_(R?) as in the

tem exp

self-duality Proposition 15. Set
U:=X'"4+X% V.= X' -Xx2 (198)
Moreover, for a',a? > 0, put a := a' + a® and b := a' — a?. Recall that for t > 0 fixed, X; is a

pair of absolutely continuous measures, by Theorem 11 (a). Writing ps, := ps(- — ), by standard
differentiation theory, for fixed ¢t > 0 and Lebesgue-almost all = € R?,

Plf( exp[ —aUi(z) + szt(xﬂ = %iﬁ’)l Pi( exp[ —a(U;,psz) +1ib(Vy, p57w>].
By the self-duality of Proposition 15, we conclude that for Lebesgue-almost all = € R?,
X . . X0 6, . 58,
P exp[— alUi(z) +ibV,(z)] = 161?& P; exp[— (Uo,U") + (i, Vy x>} (199)

with ¢ :=a'ps., i = 1,2, X0 = ()?175’9”,)}2’6’”) and
(76,2: — Xl,é,x_‘_)?l&,x, ‘76,.@ — )21,6,36_)22,6,36. (200)

Fix x such that (199) holds, and take ¢ € (0,1]. By the formula

(XL f) = <)~(§f“,f((- —x)/\/5)>7 s>0, i=1,2, feCH, (R, (201)
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we introduce a process X = ()}1,;(2). According to the scaling Proposition 16, X is our mutually

catalytic branching process in R? starting from Xg’I = av, where a = (a!,a?) and v is the normal law

on R? with density function p;. Now the definition (201) of X turns (199) into
Pj( exp| — aUy(x) + ibVi(z)] (202)
= lim Pjﬁexp[ —(Uyss,Up (V5 + ) +i<‘~/t/5,V0(-\/g+x)>},

where U and V are defined in an analogous way to (200). Applying the Green function representation
in Corollary 43 with X, ¢ replaced by X, t/d, respectively, and with

¢ = u(-Vé+z) = S (x), (203)
but the indices interchanged, we get
(X]5.0") = a; (v, S5 0") + / M7 (d(r,y)) Siys—r¢" (y) as. (204)
[0,¢/8]xR2

For r < t/d, by scaling of the heat kernel, we have

Sgscre' ) = [ 0200 [ () - (57| (205)

Clearly, the integrand converges to 0 as ¢ | 0. Also,

z—x—y/d z—x—yV/o Z— z— x| |y|Vo
pl(ﬁf’/r&) = PI(TH) = pl(W) eXp[#}
= pl(%) GXP{%} = g:c,y,t(z),

since 0 < 6 < 1. But for fixed z,y,¢, the dominating function g, is integrable with respect to
u'(z) dz. Thus it follows from dominated convergence that

Siys—r’ (y) — 0 as § | 0. (206)
But, again by scaling,
Sessrf'(y) = Siarg' (- /VO) (WV5),  yeR (207)
and, for fixed A > 0,
pt< exdox. (208)
This gives
0" < erat vz (209)

Thus, by Lemma A2, there is a constant c(210) = ¢(210)(t, A, 0, ) such that for r < ¢/9,

|St/6—r<pi(y)| < C210) P_ry5+ (210)

which is v—integrable. Then from (206), the first term on the right hand side of equation (204) approaches
0 as 6 | 0, by dominated convergence.

Writing
N= [ M) Sysedt ) <t (211)
[0,s]xR2
then from (164)
i N2
(N D = /R L (49) Yoy () [Ses—rd” )] (212)
+
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For K > 0, write I for this integral, if the integrand is additionally restricted to |y| < K/+/3, and J*
in the opposite case. The integrand of I approaches 0 as 6 | 0 by (206), and is bounded by ce**X by
(210). But L is finite PX-a.s. This shows that

15%1 1€ = 0, PX as. for each K > 0. (213)

Now use (210) and then the expectation formula for the collision local time [Theorem 4 (b)] to see that

- t/6
PXJE < cajay / dr / dy ¢_py 5(1) P40 (1) (214)
lyl > K/v/3

By scaling, the right hand side equals

/d(LDK®¢4A>mH <c/d(LDK® bsely) (215)

where we have used the trivial estimate

1
. (y) < , <t 21
O2x(¥)Porr(y) < €5 r (216)
Therefore, (214) and (215) give
- t 1
PXJE < c/ dr/ dy = p.(y) — 0. (217)
y| > K r KToo

The statements (213) and (217) easily show that <<N5>>t/5 — 0 in ng;probability as 6 | 0. By a
standard martingale inequality, the second term on the right hand side of (204) (that is N, t‘s/ 5) also
converges to 0 in Pg,(;probability as 6 ] 0.

Summarizing, we have proved
(X750 So 0 PX_probability, (218)

and so (202) now gives
Pff exp| — aUy(z) + ibVi(z)]
= 161H)1 P;(j exp{ — <ﬁt/5 s 1>StU0(l') + ’L<‘7t/5 s 1>St%($)] . (219)

According to the convergence Theorem 21 in [DEF102], the total masses <)~(% ,1), j =1,2, of the pair

)~(T of finite measures has a limit in law as T T oo which can be described by the exit state &, of planar
Brownian motion started at a (recall Definition 10). Therefore, the limit in (219) can be computed and
equals

Maexp| = SiUo(2)(h +€2) + iSiVa (@) (¢} - €2)] (220)
= H(Stul(x),St/ﬁ(x)) exp[—a(&h + &) +ib(&r — 7))

(recall that II refers to the law of Brownian motion). In fact, the last equality is an easy exercise in
harmonic analysis which may be found in the proof of [DP98, Theorem 1.5]. An easy application of
the Stone-Weierstrass Theorem, as in the proof of [DP98, Lemma 2.3(b)], shows that the latter joint
Laplace-Fourier transform for a € Ri uniquely determines the law of X;(x) to be that claimed in
Theorem 11 (b).
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Both, the variance formula and the segregation follow from simple properties of planar Brownian motion,
completing the proof of Theorem 11 (b) and (c).

Proof of Theorem 11(d) (blow-up at the interface). The detailed proof of the blow-up property, is
omitted, since it is similar to the one of Corollary 19 in [DEFT02], which gives the result in the context
of finite measures. In fact, one must simply replace X¢(R?) with <X§ , (b,\> for A > 0 in some places
(notably in the inequality prior to the estimate (207) in [DEFT02]) to accommodate our M ey, —setting.
O

5.3 Long-term behavior (proof of Theorem 13)

First we additionally assume that p = cf = (¢!, c?(), with ¢ = (¢!,¢?) € R%. Take a non-negative

o €C? and consider the mutually catalytic branching process X but starting from ¢. By the self-

com ’

duality Proposition 15 [recall the notation € from (171)],
PX¢(X;,p) = PX¢(ct,X,), >0 (221)
But again according to Theorem 20 of [DEFT02], the right hand side of (221) converges to

(g 1y, (1)) 5P| = (¢! + ) +€D) +i (e — (&} — €2)] (222)
= Heexp| — (6 +62) (L' +%) +i (6 =€) (o' —?)]

as t 1 oo, where the last identity is again a simple exercise in harmonic analysis (see [DP98, proof of
Theorem 1.5]). This gives the required convergence for a determining class of functionals in M2 (see
[DP98, Lemma 6.7]). Moreover, the required tightness follows from

PE(Xe + X7 00) = (¢ +)(6:8i3) = (" +6%) (L,on) < o0 (223)
[by the expectation formula in Theorem 4 (b)]. More precisely, [DP98, Lemma 6.7] (trivially extended to

R?) gives the required result in the case u = c/.

Using the method of [CKP00], we remove now the additional assumption p = cf. In fact, let the initial
densities X = p be bounded and satisfy (40). Consider X with Xo = ¢ € ngp from the self-duality
Proposition 15. Then this proposition gives, for ¢ > 0,

P €(Xi,0) — PXE(Xe,9)| < PX|e(et,Xi) - €(u,X,)|. (224)
To show this approaches 0 as t T oo, it suffices to show that
(W -, XF) . 0 in probability, jk=1,2. (225)

It suffices to show this for j = k = 1. Put v := u! — ¢! € Ciem . Then by the martingale problem in the
Green function representation of Corollary 43,

(L) = (Bsw)+ [ W(d(s,2) Sieai(o). (226)
[0,t]xR?
Now
/ Lg (d(s,2)) (Se—st0(2))® — 0 as. (227)
[0,¢] xR2 tToo

by dominated convergence, the assumption (40), and since Lg(Ry x R?) is finite a.s. Moreover,
limy oo <X&, Sﬂ/)> = 0 by the same reasoning. Consequently, <th,1/}> — 0 in probability and we have
reduced the general case to the special case already proved. O
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Appendix: auxiliary facts and remaining proofs

A.1 Some random walk estimates

Recall that 'S denotes the semigroup of the simple symmetric random walk in Z¢ with jump rate Cal ,

2
and that ¢_y(z) = el
Lemma A1l (Preservation of tempered functions) For A\ >0,

|'Ap_y| < card-a, (A1)

where ca1 = ca1(A) == % (e>‘ — 1) .

Proof Take the definition (23) of A (case £ = 1) and use eVl < eM@lerly—2l, O

Lemma A2 (Preservation of tempered functions) For ¢t >0 and X € R,
Sipa < cazda (A2)

with caz = cas(t, A, 0) := 2% exp [da2t (e>‘2 - 1)}

Proof First we assume that d = 1. Let {(, : n > 0} denote the discrete time simple symmetric random
walk in Z starting from 0. Then, for A € R,

= (o2)"

> ikl = ot 30 T peic (A3)
keZ n=0
But
eMal < erayemra a€R, (A4)
and by symmetry we get
Perlonl < 2perin = 2 (Pera)”, (A5)
where we additionally used that (,, has i.i.d. increments. But
1
Pt = S (et +e) < oV (A6)
(To see the latter inequality, multiply by e*, differentiate, multiply by e~2*, and differentiate again.)
Inserting (A6) into (A5) and (A3) gives
> (02teM)"
Z Ipi(k) M < 2e_”2tz u = Qexp{azt (e)‘z —-1)]. (A7)
keZ n=0 n!

Turning back to d > 1 dimensions, we note first that the d—dimensional continuous time simple symmetric
random walk can be considered as d independent one-dimensional random walks each with generator

% 'A. Hence, using the elementary inequality

K < k] < K4+ K k= (K. k) e 29, (A8)
from (A7) we get
Z 'pi(k) MEl < 2dexp[d02t (eAz —1)} =: ca2. (A9)
kezd
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Thus, for z € 2%,

Do bl —y)e = Y7 Tpy(y) N < enp e, (A10)
yezZd yezZd
since |z|+ |y| > |z + y| > |z| — |y|, giving the required estimate. O

Combining Lemma A2 with the scaling formula (25) and the trivial estimate (118) we get (a) of the
following result. Part (b) is standard (see, for example, Lemma 6.2(ii) of [Shi94]). Recall the definition

(8) of .

Corollary A3 (Uniform preservation of tempered functions)
(a) For 0<e<1 and t>0, as well as X\ € R,

“Sipr < caz da
with caz = caz(t, A, o) := 2% exp [da2t/\2 e>‘2] independent of ¢.

(b) For each T >0 and A € R there is a ¢as = ¢as3(T, A, 0) such that

sup Sip_n < Caz .
t<T

Next we need the following estimate.

Lemma A4 (Binomial estimate) For N >0 and A >0,

N /N )
Z( )pm(l—p)N_me’\m_Npl < 28N 0<p<l (A11)
m

m=0

Proof Let £y be distributed according to the binomial distribution B(N,p), and set ny := N —
&, which has the law B(N,1—p). Then the left hand side of the claim (A11) equals P exp [A|{x — Np|].
Using the elementary inequality (A4), we see that the left hand side of (A11) is

< e—)prfPe)\EN + e—)\N(l—p)’PeAnN. (A12)
But N
PN — (Pt (A13)
and
’Pe)‘gl = pe/\ + (1 7p)7 (A14)
hence )
e PP = per17P) (1 —pleP < M 0<p<l1. (A15)
(To see the latter inequality, multiply by e*?, differentiate with respect to A, multiply by e™*, and
differentiate again.) Putting together (A15) and (A13) gives
e MNPPMN < AN (A16)

Replacing p by (1 — p), the second term in (A12) has the same bound. This completes the proof. [

51



Lemma A5 (Hypergeometric estimate) For 0 < m,¢ < N, let & be distributed according to the
hypergeometric distribution HG(m, N —m,¥), that is

4

where p:= % (taken to be 1 in the case N =m =0). Then, for all X\ >0,

Pexp[Mé —p]] < 2N (A18)
Proof Set ny, = £ — & . Note that 7, has the law HG(N —m,m,{). As in the previous proof,
Pexp A& — fpl]] < e MP Pt o M=P) P (A19)
By “symmetry”, it suffices to show that
e M Pt < A A>0. (A20)

This trivially holds for ¢ =0. Assume that (A20) is true for some 0 < ¢ < N — 1. Then

Perées = Pt [ged + (1 - g)| = Pt e~ 4 (1 - g)e™1) &, (A21)
where ¢ := %:% . By (A15), this is
< P et M, (A22)
Hence B B
e ANEAHDP pAe < N P AP — A (=MD D& (A23)

with 0 < A=A N&ff < A. By the induction hypothesis, for this we get the bound
e’\2 eizz < e,\2(5-1-1)7 (A24)

and we are done. O

Lemma A6 (A collision estimate) For A€ R, 0< s,t <T and z,y in Z¢,

t
|)\M]’

D ps(@—2) 'pily — 2) N < eag Do (o (@ — ) EXP[ o

z€Z4
where

cas = cag(T, N, o) = 4% exp{QdchT(e‘r’)‘2 —1)] (A25)

Remark A7 (Case A =0) In the A = 0 case, the constants in Lemmas A2 and A6 can be improved
to cas = 1 = cag, that is the inequalities are not sharp. This is trivial for Lemma A6 and for cas is
immediate from the proof of Lemma A2. &

Proof of Lemma A6. The left hand side of the claimed inequality can be bounded from above by

[tx + sy| ) 1 te + sy
Xp|:)\ P ;d ps(z — z) "pe(y — 2) exp |/\\‘z P ’ . (A26)
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Switching from = — z to z, for the series this gives

Z 1ps(z)1pt(x—y—z)exp[|)\|’z— MH (A27)

o= s+t

Assume for the moment that d = 1. Setting p := s/(s+¢) and a:= x — y, the latter formula line can
be written as

R © o25)™ (g2t)"
e % (s+t) mzn:zo ( Tr‘:') ( nf) (A28)
ZP(Cm:z, C,'l:a—z)exp[w’z— },

z€”Z

where ¢ and (' are independent discrete time simple symmetric random walks in Z, starting from 0.
The latter series coincides with the following restricted expectation:

P {exp [N |Gn = pal] 5 Guin =a}. (A29)

Substituting m +n =: N, we rewrite (A28) as

e i (UZ(SN;'??))N Pty =a) (A30)
N=0
ZN: (Z)pm(l -p)N P {eXp[|)\| |Cm —pa” ‘ (v = a}.
m=0

Setting (, = (Cn +n)/2, which has the binomial law B(n, 1), m >0, the latter conditional expectation
can be written as

~ ~ N
P{exp“)\‘cmmpau ‘gN:‘”; } (A31)
Now, Zm conditioned on EN = ‘”;N =: ¢ is hypergeometric HG(m, N —m,{), denoted by & . Thus,
(A31) coincides with
20— N ml
Pexp{|)\| |2§gfmfpa|} < exp[|/\‘ (m — Np) ” Pexp[2|)\|‘§g }
By Lemma A5, this is
20 — N
< exp [|)\|‘ : (m — Np) H 2NN < gl MImoNpl QN (A32)
Thus, for (A31) we obtain the upper bound
2 oM Im=Npl (4NN (A33)

Hence, for (A30) we get the upper estimate

perri $5 L iy -

N
> (Z>Pm(1 — p)N—m 2 Im=Npl (A34)

m=0
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Apply Lemma A4 to bound this by

[e’e) 2 N
—o?(s+1) (®(s+1)" shen _
< 4e Ngzo — N © P (N =a)

IN

4 exp [20’2T(65>‘2 - 1)] 1peg,xz(ert)(a). (A35)

Turning back to d dimensions, we need only note that the series (A27) can be bounded from above by
a d—fold product of corresponding one-dimensional expressions. This finishes the proof. O

A.2 Proof of Lemma 24 (basic estimates)

Our strategy is as follows. We will first bound L, (a) in terms of some MY ; [see (A37) below]. After
this we will exploit some of the used techniques to derive an iteration inequality for the M} [see (A41)
below]. Then the claim will follow.

In the definition (78) of L,(a), consider the summands for ¢ =2n —1 and ¢ = 2n, as well as the factor
for j = n within the product abbreviated by II,(s2n;Xo, .. .,X2,) [introduced in the end of Subsection
3.3]:

> exp[ A [|laxan ]
X2n—1,X2n € (22)3

2 3 3 1
|:p52n72782n71 (x2n72 _$2n71)p82n72*52n71 (x2n72 _manl)

3 3 2 1
+ DPson—o—s2n1 (T2 T2, 1)Pssn_2—s2n_1 (22— T2,_1)

Psap_2—s2n-1 (mén—Z _xgn—l)p32n—2_s2n—1 (x%n—Z _xgn—l)pqu—sM (Ign—l _xgn)
(p (25 s =R 0Dsan s s (Tt~ T5)Posn s —son (@1 —72)

+ DPson_1—son (x%nfl _x%n)PSQn_rszn (xgnq _ffgn)PSM_rS% (xgnfl _xén)

T ¢ W S <x3n1—x;n>p32“52n<x3n1—x;n>)

: 3 «“ ” 1 2
n n— . = ’ —
[which is the “abundance” of L,(a) over L,_i(a)]. By Chapman-Kolmogorov, summing over x3, ;
and z3, ; gives

S exp[Aaxaall
x3, €72, x2,€(22)3
Psap_2—san—1 (‘T%n—2 71‘§n—1)p82n—2—52n—1 (wén—Q 7x;)n—1)p52n—l —S2n (xgn—l 7%371)

<p82n282n (x§n72 _‘,E%n)pSanQ*SZn (x%n72 _m%n)p52n71752n (fgn,1 _xgn)
+ Psan_2—s2n (‘rgn72 _xén)p52n72752n (x%n72 _xgn)psznflfsml (xgnfl _‘Tén)

3 2 1 1 3 1
+ Psan_2—s2n (xQn—2 _x27l)p52n72_52n (x2n—2 _x2n)p52n—1_52n ('T2n—1 _xQn))
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+ Z exp[A [laxz, ]

x5, €72, x2n €(Z2)3
3 3 1 3 3 3
Psan_2—san—1 ('rQn—2 _xQn—l)psznfz—Szn71 (x2n—2 _x27l—1)ps2n—l —S2n, (xQn—l _xQn)
2 1 1 1 3 2
<p52n—2_52n (T3 —2 =20 ) Psan—a—s20 (T2n—2 =21 ) Psan 152, (21 —T3y,)

+ Pson_2—s2n (xgn—Q 71‘%”)1)5271—275271, (lén—Q 7m§n)p82n—1*82n (xgn—l 7x%n)

+ Psan_2—s2n (‘rgn72 _:I;gn)ps2n72752n (1‘%”72 _w%n)psznflfsml (xgnfl _x%n))

Using Lemma 2 (b) six times we get the bound

¢
ﬁ Z exp[A [laxa, ]
2n—2 2n 127L71€ZQ, XQnG(Zz)S

3
Pson_2—son_1 (xgn72 _xgﬂfl)p527L72752n71 (m%n72 _xgnfl)psmhlfszn ("L‘gnfl —33‘2”)
<p52n2_52n (m%n—Q _x%n)psfznfl —S2n (xgn—l _x%n)
+ Psan_2—s2n (Z‘%n—Z _xgn)p82n71—82n (xgn—l _x%n)

+ pSZn,—2_52n(x§’fL—2xgﬂ)ps2n—l_52n(x§n—lx%n))
C
+ —2 Z exp[A [laxa, ]

Sop—2 — S2
" " 43, €72, x2,€(Z2)3

3 3 1 3 3 3
Pson_2—son_1 (-772”_2 _xQTL—l)ps2n—2_32n71 (x2n—2 _x27l—1)p32n71 —S2n, (xQn—l —$2n)

<p52n—2_52n (x%n—Q 7z%n)p52n—1_52n (xgn—l 7xgn)

+ psQn—2752n(x%’n72_:Egﬂ)ps2n—1752n(x§n71_x%n)
+ Psan_2—s2n (x§n72_$%n)p32n71*82n ('Tgnl_x%n)> .

Exploit now Lemma A2 in the summation over X», to obtain

3
CA2C2 Z 2 3 1 3
Psopn_2—san_1 (‘(E2n72 _xanl)p82n727827171 (m2n72 _w2n71)

3 2
T3, 1€Z

S2n—2—52n
(exp a2, ol + Ma+a*)|ad, ] + exp | Aa?lad, o] + Al +a*) [z,

+ e [Aelad ol + At e ] )

3
CA 5C
A2¢2 3 3 1 3
E Psan_2—s2n-1 (x2n72 _x2n71)p52n—2752n—1 (x2n72 _1'21171)

3 2
5, €L

S2n—2—S52n
A A P P Y
+ exp Al ol + A+l ).

where cao = caa(T,2),0). Next we apply Lemma A6 to z3,_; to arrive at
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3
Cro CAG C A A
—A2"A6 3 (exp[kallxén_w(a2+a3)lw%n_zl+(a2+a3>x§n_2]
S2n—2—S2n 2 2

1 2
Poesa2(a2+43)2 (S2n—2—52n—1) ($2n72 _x2n72)

A A
+ o | Ne?fab o] + 5 (0 +a¥)ohy ol + (0t o)l |

1 2
Poesa2(al+a)2 (55, _5—s5,_1) (Ton—2 =22, _2)

A . A
+ oxp [ Ma2led ol + G (0h ) lah ol + Gl 4a) e
p265>‘2(a1+‘13)2(82n252n1)(x%"_2_x%"_2)>
3
Cao CAG C A A
L acaser (exp [Aa1|x§n2| L2 @)k, | + —<a2+a3>x§n2]
Son—2—S2n 2 2

i 1 3
erSAQ(aQJrad)2 (s2n—2—52n—1) ('rQn—Q _xQn—Q)

A A
+ exp [ Me?fab | + 5 (0 +a kol + 5 (ah o)l

1 3
Poesr2(al+a?)? (55, 5—s5,_1) (Ton—2—5n_2)

A A
+ e | M2lad ol + 0t fah ol + Gl 4a) e

1 3
PoesaZ(al+a®)? (g5, 5 —s5,_1) (T2n—2 _x2n—2)>

with ca¢ = ca6(T,4X, o). This is our estimate for that part of L, (a) [abundance over L,_j(a)]. It can
be written as
3

3 3
Ca9 CA6 C2 Z k
2 E exp [)‘ HaiXQn_Q“:I P2b, (S2n72—82n71)(w%n—QixQn—Q)v (A36)
S2n—2—52n i—1 k=2

with some a; € A and b; > 1, where the a; depend on a, however the b; on a and A. But by our
definition of MF¥(a,b) [introduced after (77)], this means

3

63 CA6 C2 3
L < A2 2 ME_ (a;,b; >2. A37
n(a) — Son—9—Son lz:;kZ:Q n—l(a17 1)7 n =z ( )

In the definition of MF¥(a,b), we restrict our attention to the summands for £ = 2n—1 and ¢ = 2n, and
again to the factor concerning j = n (also some type of abundance):

Z €xp [/\ ||a-x2nH] P2b (san—s2n11) (x%n - 13]26”)

Xon—1,X2n €(Z2)3

|:p52n—2*52n—1 (‘rgn72 _xgnfl)pSZn—2752n—l (:Lgan _:E%nfl)

3 3 2
+ Psan_o—san—1 (‘T2n—2 71‘2n—1)p32n72—82n71 (I2n—2 755%’@—1)}
1 2 1 3 3 3
Pson_2—son_1 (x2n72 _‘T2n71)p82n72*52n71 ($2n72 _J‘.anl)pSanl*Szn ("L‘anl _x2n)
1 1 2 1 3 2
(p32n1_52n ('rQn—l _x2n)p52n71 —S2n (1"2n—1 _x2n)p52nfl_32n ($2n—1 _'T2n)

1 1 2 2 3 1
+ Psan_1—s2n (xQn—l —x2n)p32n71_32n (x2n—1 _xQ’rl)pé?n—l_SQn ('rQn—l _xQn)

+ Psan_1—s2n (x%n—l 7I§n)ps2n—1—52n (xgn—l 7$%n)p52n—1_52n (xgn—l x%n)) .
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As in the first two estimation steps at the beginning of this subsection, by Chapman-Kolmogorov, we
sum over z3, ; and x3 _;, and use Lemma 2 (b) six times to obtain the upper bound

C2 :
— > exp [ M|axzn ] P2 (520 —530.0) (T2 = 750)
S2n—2 — S2n a3, €22, x2n€(Z2)3

2 3 1 3 3 3
Psan_2—son_1 (x2n—2 _'r277,—1)p52n72_32n71 (xQn—2 _$2n—1)p52n—1_52n ('T2n—1 _xQn)
1 1 3 2
<p32n2_32n (l‘Qn—Q _xQn)pSmlfl—Szn (an—l —1172")
1 2 3 1
+ Dssno—s2n (T2n—2 =20 Psap 1 —s20 (T2p—1— T2p)

+ Pson_o—s2n (x§n72 _‘Tgn)pSanl*Szn (xgnfl _:Lén)>

C2 k
+ Z exp [)‘ ||ax2n||} P2b (Szn—szn,+1)(‘r%n - xZn)

S2p—2 — 82
" " a3 €72, x0,€(22)3
3 3 1 3 3 3
p52n72752n71(:I;2’I’L72_xznfl)p52n72752n71(m2n72_w2n71)p52n71752n ("L‘anl_l@n)
1 1 3 2
(p52n2_52n ('T2n—2_x2n)p82n71—82n (372”_1—.2?2”)

1 2 3 1
+ Psan_2—s2n (xQn—Q _x2n)p52n71_32n ($2n_1 _xQn)

+ Psan_2—s2n (zgn—Q 7x§n)p52n—l_s2n (xgn—l x%n)) .

Lemma A6, applied to the sum over x3 . leads to factors cag = cas(T, 2, 0), to several new
a; € A depending on a,b,k,\, and sa,_2,..., 82,41, (A38)

and replacements of Xg, as (23, o,73,,273,) in the exponential expressions, and certain p—terms. For
the p—terms we use Lemma 2 (b), estimating additionally their time expression as follows:

2 2
PN [2b (s21 — S2n41) + S2n—2 — S2n] > S2n-1 — S2n41 - (A39)

This way we get the bound

C2 C2
CA6 E

S2n—2 — S2n S2n—1 — S2n+1 . .
23,103,203, € Z?

2 3 1 3 3 3
Pson_2—san_1 (IQn—Q _'rQn—l)pSQn—2_32n—1 (‘IQn—Q _Izn—l)ps2n—1_32n (xQn—l _zZn)

<p82n—1—82n (x;’n—l 7‘T§n) €Xp [A ||al (x%n—% x%na xgn)”}
+ pSzn—2*52n (x%n72_x§n) €xXp |:)‘ HaQ(x%nflv x%na x%n) H:|

TR R BT R I A N AT

C2 C2
+ cas E
Son—2 — S2n S2n—1 — S2n+1 3 22 a3 €72
2n

2n—17"2n"

Psan_2—son_1 (x%n72 _:I;gn*l)ps2n72752nfl (‘Tén72 _xgnfl)psznflfsm ("Egn,1 _xgn)
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(Prac s (b =B xp A s ()|
+ p52n—2_52n (x%n—Qizgn) exXp |:)‘ ||a2(x§n—17 l‘%n, x%n) Hi|

4 Panara (s e A Jaa(e )] ).

By Lemma A2, the sum over x3, and 3, gives the estimate

c CA2 C2 CA2 C2

A6 g

S2n—2 — S2n S2n—1 — S2n+1 2 ez
2n—1

2 3 1 3
Psaon_o—son_1 (xZn—Q _x2n—1)p32n—2_32n—1 (I2n—2 _‘1:271—1)

((exp[Aattaba ol + M@ + aDlaf ] +exp[Aadleb ol + Alab + aDlet

+ exp[Aedlaf sl + (ab + adlet ] )

CA2 C2 CA2 C2
+ casg E

S2n—2 — S2n S2n—1 — S2n+41 2 ez
2n—1

Psan_a—san_1 (xgn—Q 7x§n—1)p52n—2_32n—1 (I%n—Q 7‘Tgn—1)
(exp[wx;n2| + A0 + @)1 || + exp| Aadlad, ol + A} + ad)lad, ]
+ exp[Aadled ol + (0} + e, ] ).

Finally, by Lemma A6, the sum over 3, , amounts to

CA2 CAp C2 CA2 CAp C2
S2p—2 — S2n S2n—1 — S2n+1
3 3
1 k _
§ : § :pri (3271—2_5271,—1)(1.2’!172_1.2?172) €xp [)‘ ”ai,kXQn*?”]
1=1k=2

with cag = cag(T,4),0) and some a;; € A and b; > 1, where the a;; and b; depend on a,b, k, A,

and Sop—2,...,82,41 [via aj,ag,a3 — recall (A38) — which enter into the e —factor in Lemma Ag6].
This is our estimate for that abundance part of M¥(a,b). Since

CA2 (T, 2)\, U) CAB (T, 4)\, 0) C2 (0) S Co4 (T, )\, U) (A40)

as defined in the lemma, this means that

3 3
C24 C24 5
MF(a,b) < MF_ (a7, b), n>2, A41
(a,5) Son—2 — S2n S2n—1 — S2n+1 ;;22 i ok ) ( )
and
3 3
C24 C24 k

ME(a,b) < = ”HXOHE § e ey (zh— k). A42
1(3, ) = 50— 55 51 — 83 € e~ P2b; (so 1)($0 .130) ( )

Iteration gives (81), and inserting (81) into (A37) amounts to (80), finishing the proof of Lemma 24. O
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A.3 A Feynman integral estimate
We need also the following simple estimate.

Lemma A8 (Feynman integral estimate) For n > 2 and sp > s1 > 0, set

S1 Sn—1 1
K, (s0,51) := / dsg - - / ds, == .
0 0 szz (sj—2 = 55)

Then, for each p € (0,1),

_ S0 p
Kn(s0,81) < ];Cﬁs;% ) ,

where
cas = cas(p) = w/sin[7 (1 —p)].

Proof We proceed by induction. If n = 2, then the left hand side of (A44) equals

ST ds s 1 s P
/ 2 g0 < _( 0 ) ’
0o So— 82 S0 — S1 P \So — Ss1

where we used the elementary inequality

1

logr < p~ rP, r > 1.

Hence, (A44) holds in the case n = 2. Suppose now that it is true for n > 2. Then,

s1 dSQ
K,11(s0,81) = K,(s1,s
+1(50,51) /0 (s0 = s1) + (51 — 52) (51,52)

1 s1 dss 1
]BCAS 51/0 (s0—s1) +52 s
Substituting r := s3/(sg — $1) the right hand side is
1 .9 sp \p [S/Goms) gy
G L wae

1C ( 50 )P/"O dr :lcn—l( 50 )P
p A% \sp— s o (I+mr)rp p A% \sg—s1

by a standard residue calculation. The result follows for n + 1.
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