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1 Introduction

The motion of a passive scalar in a random velocity is described by It6’s stochastic differential
equation

dx(t) = V(t,x)dt + \/2Dodw(t), x(0)=0 (1.1)
where V = (V1,---,Vy) : R x R x Q — R? is a d-dimensional random vector field with incom-

pressible (Vx - V(t,x) = 0) realizations and w(t), ¢ > 0 is a d-dimensional standard Brownian
motion, independent of V. The coefficient Dy > 0 is called the molecular diffusivity.

We are particularly interested in the following class of velocity fields: V is a time-space sta-
tionary, centered (EV(0,0) = 0) Gaussian, Markovian field with the co-variance matrix given
by

R(x,t) := E[V(t,x)®V(0,0)]
= /e—k”tcos(k.x)r(k)g(|k|)k|1—ddk, B>0 (1.2)
Rd

with T'(k) := I — k ® k|k|~2 and the power-law energy spectrum
E(k) = a(k)k' ™, k=k| >0, (1.3)

where a(k) is a (ultraviolet or infrared) cut-off function to ensure the finiteness of the integral
(1.2). This class of velocity fields plays an important role in statistical hydrodynamics because
the particular member with 8 = 1/3,a = 4/3 satisfies Kolmogorov-Obukhov’s self-similarity
hypothesis for the developed turbulence.

The main object of interest here is the large-scale diffusive scaling
x°(t) == ex(t/e?), €10, (1.4)

In the case of @ > 1 the infrared cutoff is necessary. Once the infrared cutoff is in place, the
velocity field is spatially homogeneous and temporally strongly mixing. Then, with an additional
arbitrary ultraviolet cutoff to ensure regularity, the motion (Do > 0) on the large (integral) scale
is diffusive by the results of [5].

For o < 1 the infrared cutoff is optional (thus long-range correlation is possible) but an ultra-
violet cutoff is necessary. However, we will only assume that

sup k" a(k) < 4o00,¥n > 1. (1.5)
k>1

Our main objective is to prove a sharp convergence theorem for the diffusive limit in flows with
long-range correlation.

It is well known (see [1], Corollary of Theorem 3.4.1) that under these assumptions almost all
realizations of the field are jointly continuous in (¢,x) and of C'*°-class in x for any ¢ fixed. One
can further prove the global existence and uniqueness of solutions of (1.1). We denote by Q.
the laws of the scaled trajectories x.(t) = ex(t/e2), t > 0 in C([0, +00); R%). The main theorem
of this paper is formulated as follows.



Theorem 1 Let Dy > 0 and let V(t,%), (t,x) € R x R? be a stationary, centered Gaussian
velocity field with the co-variance matriz given by (1.2) with o <1, 3> 0 and o+ 3 < 1 and the
cut-off function a(-) satisfying (1.5). Then the laws Q. converge weakly over C([0,4+00); R?), as
€ 10, to a Wiener measure with a non-trivial co-variance matriz 2D > 2Dgl.

The following questions arise naturally: Does the diffusion limit hold when Dy = 07 Do the
diffusion coefficients D (called the effective diffusivity) established in Theorem 1 have a non-zero
limit as Dy tends to zero? We don’t know the answers. However, we can prove the following.

Theorem 2 Let D(Dy) be half the covariance matrixz of the limiting Brownian motion as a
function of the molecular diffusivity Dy. We have

limsup D; (Do) < o0, i,5j=1,..,d, (1.6)
Do—0
liminf D;;(Dg) > 0, i=1,..,d. (1.7)
Do—0

Beside the framework and techniques developed in the paper, the main interest of the theorems
is that they establish a new regime for the diffusive limit. Previous diffusive limit theorems have
been proved either for random flows that have finite Péclet number

d
Pe:= Dy /ZRii(O,k)ykr? dk < 0o
Ra =1

[2, 8] or for Markovian flows that are strongly mixing in time [5, 11]. For the flows considered
here, finite Péclet number means o < 0 while temporal mixing means § = 0. In the regime
a+ [ <1,a> 0,8 >0 the velocity neither has finite Péclet number nor is temporally mixing.

Since o + 3 < 1 if and only if
d

/ > Rii(t,0)dt < oo
0 K3

—1

our results suggest the introduction of the temporal Péclet number defined as

o d
Dal /0 Z Rii(t, 0) dt
1=1

whose convergence may be an alternative general condition for long-time diffusive behavior. The
condition o + 8 < 1 is believed and partially shown to be sharp (see [6] for more discussion).

Without loss of generality we will set Dy = 1 till we turn to the proof of Theorem 2.

2 Function spaces and random fields

In the sequel, we shall denote by 7y := (2, V, P) the probability space of random vector fields and
by 71 := (3, W, Q) the probability space of the (molecular) Brownian motion. Their respective
expectations are denoted by E and M. The trajectory x(t), ¢ > 0 is then a stochastic process
over the probability space 7o ® 71. The space 7 is detailed in the rest of this section.



2.1 Spatially homogeneous Gaussian measures

Let H* be the Hilbert space of d-dimensional incompressible vector fields that is the completion
of Sgiv := {f € S(R%R?) : Vi - f = 0} with respect to the norm

IVHﬁp;i/ﬂf@02+'VKNXN2+-~+¢V?f@N%ﬁAXﬁk

Rd

for any positive integer m and the weight function 9,(x) := (1 + |x|?)~*, where p > d/2. When
m,p = 0 we shall write L2, = Hg. Let the Gaussian measure p be the probability law of
V(0,-) € HJ as given by the correlation functions (1.2) with (1.3) and (1.5). Let

T3 .= (Hy', B(H,'), p),

LP(p) == LP(T3), 1 < p < +o0 and Li(p) := {F € LP(u) : [ Fdu = 0}. We will suppress
writing the measure p when there is no danger of confusion. Both here and in the sequel
B(M) is the Borel o-algebra of subsets of a metric space M. On HP" we define a group of
p-preserving transformations 7y : H' — H', 7 f(1) = f(- +x), x € R?. This group is ergodic
and stochastically continuous, hence UXF(f) := F(7x(f)), x € R%, F € LP defines a Cp-group
of isometries on any LP, 1 < p < +o0o. We denote D,F := G%UXF‘X:O, p=1---,dits
L?-generators. Let C;° be the space consisting of such elements F' € L*°, for which F'(x, f) :=
F(rxf) are C* in x, p a.s., with derivatives of all orders bounded by deterministic constants
(i.e. constants independent of f). For any 1 < p < 400 and a positive integer m let WP™ be
the Sobolev space as the closure of C;° in the norm

b= > Dy DPF|,.

mi+--+mg<m

I1E

This definition can be extended in an obvious way to include the case of p = 400.

Let (-,-)z2 denote the generalized pairing between tempered distributions and the Schwartz test
functions. Let

Fo(f) = (fip)pz, fEH], ¢ € Sa. (2.1)

Obviously F, € (H}')" and B(H") is the smallest o-algebra with respect to which all Fi,, ¢ € Sy,
are measurable.

Let B(k,1) C RY be the Euclidean ball of radius / centered at k. Set
Saiv(l) == {p € Suiy : supp N B(0,1) = ¢}.
We denote by Py the space of all polynomials over HT?, i.e.
Po :=span [F: F(f):= (o1, Mrzg, - (ON: 2y, (2.2)

feH}', N >1 a positive integer, ¢; € Saw, 0 & supp ¢y, Vj] .
Pp is a dense subset of L? (][9], Theorem 2.11, p. 21). Notice that

Po = Poll),

>0
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where
Po(l) :=span [F: F(f) := (@1, [z, - (oN: Lz, » (2.3)
fe ng, N > 1 a positive integer, 1, -+, N € Sdiv(l)] .

Also,
U*(Po) TPy, VxE€ R, (2.4)

By H(l) we denote the L2-closure of Py(l) and by Q(I) the orthogonal projection onto H(l).
Obviously Q(I)F = E,[F|X(1)], F € L?, where E,[ - |X(I)] denotes the conditional expectation
operator with respect to the the o-algebra (1) generated by all polynomials from Py(l) in the
probability space 73. Hence we can extend Q(I) to a positivity preserving contraction operator
Q(l) : LP — LP for any 1 < p < +o0. Notice that

U*F,=F, ., €H(1), VxR ¢eSu), (2.5)
hence the following proposition holds.
Proposition 1 UXQ(I)F = Q(I)UXF, for any F € L', x ¢ R?, [ > 0.

Proof. Observe that for any integer n > 1, a bounded, Borel measurable function G : R?” — R
and @1, -,y € Sy we have

U*G(F,,, -, F, )= G(U*F,,,--- ,UF, ), x € R% 2.6
P1 Pn ®1 Pn

;From (2.5) we infer that U*(H(l)) = H(I) and the conclusion of the proposition follows. |

2.2 Ornstein-Uhlenbeck Velocity Field

Let W (t), t > 0 be a cylindrical Wiener process over the probability space 7o = (2, V,P) so that
dW (t) is a divergence-free, space-time-white-noise Gaussian field. Let B : L2, — HZ‘ be the
continuous extension of the operator defined on Sy, as

By (k) = /2€ ([k[)[k| 1T~ D/2)(k), 4 € S, (2.7)

where (k) is given by (1.3)-(1.5). Here and below 1 denotes the Fourier transform of 1. It can
be shown (see [7], Proposition 2) that B is a Hilbert-Schmidt operator.
Let . s -

S(t)(k) = e MU (k), ¢ € Sy (2.8)

It can be shown (see [7], Proposition 2) that S(¢), ¢ > 0 extends to a Cp-semigroup of operators
on H', provided that 3 is an integer. For a non-integral 3 the above is still true provided that
d/2 < p<d/2+4 . Sa, is a core of the generator —A of the semigroup and

@(k) = |k‘26¢3(k)a ) € Sy

We also introduce the operator C : L2, — H;” defined as the continuous extension of

Cib(k) = v/2E ([K)|k| D) (k), ¢ € S (2.9)



The same argument as in the proof of Part 1) of Proposition 2 of [7] yields that C' is Hilbert-
Schmidt.

Let

Vi(t) = S(t)f + / S(t— s) BAW (s). (2.10)
0

By V,.(t), t > 0 we denote the process V(t), t > 0 over 7o ® T3 with the random initial condition
f, distributed according to p and independent of the cylindrical Wiener process W (t), t > 0.
Let V(t) :== V(t,-), t > 0 be H}'-valued, continuous trajectory stochastic process. Its law in
C([0, +00); HJ') coincides with that of V,(t), ¢ > 0 and in what follows we shall identify those
two processes. The measure p is stationary (see Section 2.3 of [7]). Its ergodicity follows from
Lemma 1 below (Corollary 1). A direct calculation shows that for any bounded and measurable
G,H :RN - R, ©1, 5PN € Sqv One has

E [G((V(t), (:01)]L27 T (V(t)a (pN)]LQ)H((V(O)a (Pl)LQJ T (V(0)7 @N)]If)]

=B [H((V(t),¢1)p2: (V1) on)p2) G(V(0),01)p2, -, (V(0), o) 2)]

therefore 1 is reversible. We denote by Rf, t > 0, £ and &£.(-,-) respectively the L2-semigroup,
generator and Dirichlet form corresponding to the process V (), ¢t > 0.

A useful formula for the Dirichlet form of linear functionals is given by the following.

Proposition 2 For any ¢ € S, the linear functional Fy, as defined by (2.1) is in the domain
D(L) of L and

- E(k
el ) = [ IIp0 L ak (211)
R4
Proof. Suppose first that
P € C(RY\ {0};RY). (2.12)

Then, a direct calculation shows that F, € D(L) and LF,(f) = (Ap, f) 2 and (2.11) follows.
On the other hand for an arbitrary ¢ € Sy, one can choose a sequence of ¢,, n > 1 such that
their respective Fourier transforms @, satisfy (2.12) and

. R E(lk
lim /|k[2ﬁ|<pn(k)<p(k)|2—(|d|3 dk = 0. (2.13)
nT+oo g |k‘
R

;From (2.13) we conclude both that F, — F,, n T +oo and that LF,, — LF, in the L%-sense.
This implies that F, € D(L). We obtain (2.11) by passing to the limit in the expression for
Ec(Fy,, Fy,). ||

The following proposition holds.
Proposition 3 Operators Rt and Q(l) commute i.e.
[R',Q(l)] =0 (2.14)

foranyt>0,1>0.



Proof. Suppose that n > 1, p1,-++, 5 € Saiv(l) and G(f) := Fy, (f) -+ Fp, (f), f € H'. We
have
RIG(f) = BG(V; (1), (2.15)

with V; given by (2.10). By Theorem 1.36 p. 16 of [9] there exists a polynomial
P(z1,---,2y), (z1,---,2,) € R™ such that the right hand side of (2.15) is given by
P(Fstyp, (f), -+ Fswye, (f)) € H(l). Hence for any polynomial G € H(l) we have R'G € H(l),
t > 0. The L2-density of polynomials in H(l) implies that R*(H(l)) C H(l) or equivalently

QUR'Q(1) = R'Q(1).

Since R! and Q(I) are self-adjoint, by taking the adjoint of both sides of this equality we arrive
at R'Q(l) = Q(I)R'. Hence, (2.16) follows. ||

As a consequence of the above proposition, we have

Ec(F,F)>E£(QU)F,Q()F) VF e L (2.16)

3 The main lemma

The purpose of this section is to prove the following estimate.

Lemma 1 There exists an absolute constant Cy > 0 such that
—+00
Ec(F,F)>Cy / PPYQW)F|2.dl VF € L,
0

where Q(1) is the projection onto H(l) — the L*-closure of Po(l) as defined in (2.3).

Since, by Lemma 1, £,(F, F) = 0 implies that Q(I)(F) = 0, VI, and hence F' is a constant, we
have the following.

Corollary 1 Measure u is ergodic.

The proof of Lemma 1 (Section 3.3) uses the general scheme of periodization and periodic
approximation (Section 3.1 and 3.2) which is valid for general stationary Markov fields.

3.1 Periodization of the Ornstein-Uhlenbeck flow

For an arbitrary integer n > 1 let A, := {j € Z%: 0 < |j| < n2"}. Suppose that 0 < (bg”) <1is
a C'°° smooth function such that

supp (ngn)) - A(()n) = {k = (kl’ sl kd) c Rd . _2—n—1 < ]{31 < Z_n_l}

and ¢§” (k) = 1 when —27" "1 (1—27") <k < 2771 —277), i = 1,---.d. Let ¢ (k) :=
&0 (k — k;), where k;j := 27" for j = (j1,- -, ja) € An.



We define

H" ={f:f(x)= Z ['(k;) [a; cos(k; - x) + bysin(k; - x)], for some a3, by € R}
JEA,
considered as the subspace of the Sobolev space of all divergence free vector fields f : R* — R
that are 2"l periodic, possessing m generalized derivatives. Let j, : H™ — H7" be the

inclusion map. Since H}' C &' (R4 RY) we can define for any f € HP' its Fourier transform

f = (f1,--- fa), via the relation fi,(¢) := fi(), for any ¢ € S(R%) (see [12] p. 5). We set
Ty, o HYt — HJ* by the formula

T f(x Z [X n) ) cos(k;j - x) +Y( )(f) sin(k; x)} ,
JEA,
where Xj(n)(f) :=I'(kj)Re f(ng(n)), YJ(n)(f) = —I'(k;)Im f(ng(n)) Notice that m, j, = id, - the

identity map on H". X j(n)( 1), Yj(n)( f), j € A, are independent, centered real Gaussian vectors
over the probability space 75. Their co-variance matrix is

st l/ﬂ¢ £(IK[) (K| ddk) I(ky).

The images of Wiener process CW(t), ¢t > 0 under 7, are finite dimensional Brownian motions
given by

T, CW (t) Z \V S [ )cos(k; - x) + WJ( )(t) sin(k; x)} , t>0, (3.1)
JEAL
where wj(") (1), v~v§n) (t), t > 0 are independent standard d dimensional Brownian motions, j € A,,.
Let us set a;(0; f) = aj, bj(0; f) = b, j € Ay, for any f = > [ajcos(k;-x) + bysin(k; - x)] € H"
J€An
and consider the d-dimensional Ornstein-Uhlenbeck processes a;(t; f), bj(t; f), t > 0 given by

{d%mnzﬂhw%mﬁa+mwwﬁww“m, (32)
a;j(0; f) = a;

{dWwﬁzﬁhW%Wﬁﬁ+%W‘$%ﬂ“®, 5.3
b;(0; f) = b;.
We define an Ornstein-Uhlenbeck process in H," as
V) (x) == 3 [as(t; ) cos(l - x) + by(t; f) sin(k; - )] -
J€An

Let pi, == pm; ' and 10, : L2 (py) — L2, J, : Po — L?(uy) be linear maps given by

WF(f) = Flralf)) (3.4)

InF(f) = F(n(f))- (3.5)



The process VEZ;LL) (t), t > 0, is a stationary process defined over the probability space (2 x
H™YV ® B(H]"),P ® u,) as V;n) (t), t > 0 with the initial condition f distributed according
to jt,. This process gives rise to a random, time-space stationary and spatially 2"+ !7-periodic
vector field

V(%) = VP (1) (x) and VO (t,x) == VI (£)(x). (3.6)
We denote by RL, L, &z, (-, ) the L?(u, )-semigroup, generator and Dirichlet form corresponding
to the process VEZ? (t),t>0.
Let M, be the cardinality of A, and ¢; the cardinality of those j-s for which |k;j| < I. We denote by

v, v; the Gaussian measures on (Rd)QM", (Rd)zcl with the corresponding characteristic functions

. 1 n n
oG53 € An) = ] exp {—5 (SJ( & &+ 8 m‘)} (3.7)
JEAR
and )
ey ksl <) = T exp {—5 (Sj(")ij &+ Sj(”)"?j 'nj)} : (3.8)

[1ej] <

For any monomial

G(aj,b5;5 € Ap) H a%bﬁJ

JEA,

with aj, 85 > 0 nonnegative integers we define

UG(f) = G(az(0; f), b5(0; f): € An), f € H}. (3.9)
Set

5 (x) = cos(k; - x), gbg’(x) =sin(k; - x), j € Ay.
We have

FO) =TT, (@5 o) (3.10)
JEA,
= UG € Jp(Po).

The operator U extends to a unitary map between L?(v) and L?(u1,). As in Section 2.2 let H,, (1)
be the L2-closure of the polynomials .J,(Po(l)) and let Q,(I) be the corresponding orthogonal
projection. Notice that

U(Kn (1)) = Ha(l), (3.11)

where /C,, (1) is the L2-closure of polynomials depending only on variables aj, by corresponding to
those j-s for which [k;| > 1.

3.2 Periodic approximation

In the next proposition we show that fo;) (t), t > 0 is an approximation of V(t), t > 0.



Proposition 4 i) For any F € Py we have

lTim I,R! J,F = R'F in L% (3.12)
nl+oo

it) For any F € Py we have Jo,F' € D(Er,) and

lim Ec, (JuF, JnF) = Ec(F,F). (3.13)

The class of polynomials Py is a core of E¢.

iti) Let F = UG with G € L*((R)*"") then

Qu()F(f) = UGW)(S), (3.14)
where
G (a5, b [k > 1) = // Glag, by:j € An)duy (3.15)
L
aj, by:[k;|<l
and for any F € Py
anifloo 19n (D) InF L2 (uny = 1QW Fll L2y (3.16)

Proof. Part i). It suffices to verify that (3.12) holds for the polynomials. Let @1, -, on € Saiv
and

F() = (9017 ')LQdiV e (‘pNv ')L2div7 (317)
then
R JuF(f) = B (21, n (Vg ()12, - (o8 (VT (D)), (3.18)

and the right hand side of (3.18) can be expressed as a finite sum of certain products made of
expressions of the form

> [Xj(n) cos(k;j - x) + Yj(n) sin(kj - x)| ok (x) dx
jGAan

and

S (1) S cosl - (x- X)) ) )
jGAan Rd

Taking into account the definitions of X )y m

;Y we conclude that as n T 400 the right hand
side of (3.18) tends to

E [(Solavf(t))H;” T (@Navf(t))H;”} = R'F(f),
in the L? sense.

Part ii). Note that R'(Py) C Py so Py is a core of £ and for F as in (3.17)

N

LE(f) = (o1, rrg, - (Apk, HlLzg, - (98 Pz, -

k=1

10



Likewise, (3.18) implies that R .J,(Po) C Jn(Po), Vit > 0, so J,(Py) is a core of L, and

N

LadnF(f) =Y (@10 (i - (APks (L2, -~ (08 du ()12 g
k=1

I, Jn F'(f) = (1, ann(f))L2div (N, ann(f))]L?diV’
for F() = (91 )iy, - (¢ )iz, € Po. Thus,

lim (| F — F| 2 + |MnLodnF — LF| 2] = 0

nl+oo

and (3.13) follows for all F' € Py.
Part iii) Notice that the orthogonal projection Q,,(1) onto K, (1) in L2((R?)**) is the conditional

expectation with respect to the o-algebra generated by the functions in variables aj, bj, |k;| >
only. Thus, for G := G(aj,b;;j € Ay) we have
(0.06) (bl > 1) = [+ [ Glay,bysd € An)in
—
aj, by:|k;|<I

which in turn implies (3.14), thanks to (3.11). (3.16) follows from the fact that the co-variance
matrices of the fields V(™ approximate, as n T 400, the co-variance matrix of the field V. N

3.3 Proof of Lemma 1

The conclusion of Lemma 1 follows from Proposition 4 and the following.

Lemma 2 There exists an absolute constant C > 0, independent of n, such that

“+o00
&, (JoF, J,F) > Cf / PPIQn(1) I F I 2, dl
0

for all F € Py such that [ Fdu = 0.

Proof. Let F' be the polynomial given by (3.17). We have J,F' = UG, for a certain polynomial
G(aj,b5;5 € Ay) (cf. (3.5), (3.9)), i.e.

T F (V" (1) = Glaz(t; £), bi(t: £): € An).

Consequently,

Ec, (JuF, JnF) = > k| &(G, G) (3.19)

JjeA,
with
1 (n) (n)
§GG) =5 [+ [ (SVyG VG + S Vy,G - Vi, G) dv
——
(R4)2Mn

11



The above argument generalizes to any polynomial F' € Py. We shall denote by G the corre-
sponding polynomial in aj, bj, j € A,. For any integer m > 1 we can write that

+oo
Ec(WELF) = > Y [kPE(G.G)
k=0 |k;|€[k/m,(k+1)/m)

io (%)w > &(G,G)

k=0 k;| € [k/m,(k+1)/m)
+o00 28

_ Z(E) [f <E> _f<@>} (3.20)
=0\ mn i

F(l)= > &(G,Q).

[iej| =1

Y

where

A simple calculation shows that the right side of (3.20) is greater than or equal to

2ﬁ 400 k 28—1 k
w2

Moreover, by Jensen’s inequality,

where
G(l)(aj, bj : ’kj‘ > l) = // G(aj, bj 1j € An) dy;.

ag, by:[kj| <!
Because Jy,F' has zero mean, so does G(l) and the coercivity of & implies
F) = F 1) 2 ClGWILz0) = I FIlz2 )
with an absolute constant C independent of n. Here we have used the fact that
(D (f) = UGID)(S)-

The conclusion of the lemma follows upon the passage to the limit with m T 4o00. [ |

4 Lagrangian velocity process

In what follows we introduce the so-called Lagrangian canonical process over the probability space
To® 7y , with the state space H' that, informally speaking, describes the random environment
viewed from the moving particle. Let x¢(t), t > 0 be the trajectory of (1.1) with the drift replaced
by V(t,x) == Vi(t)(x), (t,x) € R x Re. Let n(t) := TV (1), t = 0 and n¢(t) = 7,1y V¢ (1),

12



t > 0. n(t), t > 0 is a continuous, Markov process (see e.g. [10] Theorem 1 p. 424) i.e. there
exists Q?, t > 0 a Cp-semigroup @QF, t > 0 of Markovian operators on L? satisfying

Q'F(f) = EMF(14(t)) (4.1)
and
E[F(n(t+h)[Vi] = Q"F(n(t)), t,h>0 (4.2)

where V., t > 0 is the natural filtration corresponding to the Lagrangian process. Moreover
thanks to incompressibility of V' the measure y is stationary, ie. [Q'Fdu = [Fdpu,t > 0.
Ergodicity of the measure for the semigroup @Q?, t > 0 follows from the ergodicity for R, ¢t > 0
(see Theorem 1 p. 424 of [10]). The generator of the process is given by

MFE(f)=AF(f) + LF(f)+V -VF(f),YF € C. :=C,° N D(L), f € HY
where V = (Vi,---,V}) is a random vector over 73 given by

V(f) = f(0), feH, (4.3)

V = (D1, --+,Dq), A := D} + -+ Dg. In order to make sense of (4.3) we need to assume
that m > [d/2] + 1. The set C; is dense in L?. In what follows we shall also consider a

family of approximate Lagrangian processes obtained as follows. Let V(") = (Vl(n), e ,Vd(n)),

n > 1 be random vectors over 73 with components belonging to C;° such that V - v =0

and lTim |V — V(n)”LZ =0 foralll<p< +oo. We define a random field V™ (t,x) :=
nl—+oo

VO (1 (V (1)), (t,x) € R x R? and set (™ (t) := xm ) (V(t)), t = 0 where xM(tw, o), t >0
is a solution of (1.1) with V(™ as the drift. One can choose V™, n > 1, (for details on this
point see the remark before formula (11) in [10]) in such a way that

lim ME sup |x(t;w,0) — x,(t;w,0)]* = 0. (4.4)
nl+oo 0<t<T

As before we introduce also the process 77(”) (t), t > 0 corresponding to the trajectories that are
the solutions of (1.1) with the drift V;n) (t,x) := VO (7 (V(1))), (t,x) € R x R%. All the facts

stated for n(t), t > 0 hold also for 7™ (t), t > 0. In particular these processes are Markovian
with the respective semigroups QY ¢t > 0. These semigroups satisfy lTim QL f — QL f = 0
nT+oo

for any t > 0 and f € LP. The generator of the approximate process is given by
M,F=AF+L,F+V™.VF for FeC,. (4.5)
Cr, is a core of M,, (see [10] Theorem 2 p. 424).

On C, x Cr we define a non-negative definite bilinear form

(F.9) = Eelfog)+ [ VF Vg (4.6)
The form is closable and we denote by H, the completion of Czo = Cz N L% under the norm

|-+ = (, )1/2 It is easy to observe that H, = W2! N D(EL). The scalar product (-,-)
over Hy is the Dirichlet form associated with the Markovian process &; := Ty V(t), t > 0 with
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w(t), t > 0 a standard d-dimensional Brownian motion independent of V(¢), ¢ > 0. We denote
also by HY the space of all F € L(Q) for which

|F||- := sup / FGdp < +oo.
IGll+=1

The completion of H® in the || - |- norm shall be denoted by H_.

5 Proof of Theorem 1

5.1 Corrector field and energy identity

Proposition 5 Under the assumptions of Theorem 1, we have V, € H_, for anyp=1,---,d.

Proof. Denote by H; the L?-closure of the space Cp := [Fo: ¢ € Saiv, 0 € supp ¢| and by II
the corresponding orthogonal projection. Notice that R'(Co) C Cy and in consequence

R -TR' =0, t>0. (5.1)
Let G,(F) := (Vp, F) 2, F € Hy. For any F, € Cyp we have
bk _
GolF) = (Vi Fp)in = [ (K1) (e~ 1153 ) - UK ik 5.2
Rd

with e, = (0,---,1,---,0), p=1,---,d. Hence, by the Cauchy inequality

p-th position
‘ / Vp Eyp d#‘

We have obtained therefore that G),(F) < ¢||F||+, F' € H;. Since V, € H; we have, for an
arbitrary F' € Hy,

1/2 1/2

E(k)) _dk e e
[ IR R BT
Rd Rd

< CgL(FAOana)l/QCHFﬂH-

(5.1)
Gy(F) = Gp(IIF) < c&p(MF,TIF)Y2 < c&p(F, F)V? < ¢||F|. 1

For any A > 0 we define the so-called A-correctors Xg\p) € Do(M):=DM)NLE p=1,---,d as
the unique solutions of the resolvent equations

MY P =V, p=1,--,d (5.3)
Proposition 6 X&p) e Hy foranyp=1,---,d and
£, @) +/V><(Ap) -V¢>du+/ V-ngp)q>du+A/X§p)‘I’du (5.4)
= Gy(®) VB e L®NH,.
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Proof. Let V(™ be as in Section 4 and let X(pl be the A-corrector for the generator M,, i.e.

n,

—MnXiPZ\ + )\Xglpg\ = V,. By virtue of Theorem 2 of [10] we infer that Xﬁpg\ € Hy N L% and

5@$L¢y+/vm%vﬁgédﬂ+x/xgﬁmﬂz/R@@@LV@eH+mL2 (5.5)

hence, substituting ® := X,(lp ))\ we deduce that

MR+ AN = [ 23 Vi dis < Gl - I+ (5.6)

Thus, there exists C' > 0 independent of A\, n such that ”X,ELPZ\HJF < C and the set A, := {ng :
1>XA>0, n>1} is Hi-weakly pre-compact. jFrom the resolvent representation

“+o00

V() = / e MEMV, (ny (1)) (5.7)
.

WA = [ e MEMYL )0 (5.8)
0

and (4.4) we deduce 1le{n folpz\ - XE\p)HLQ — 0. Therefore Xf\p) € H. N L2 and Xflpz\ N Xf\p)7 as
n T 400 Hy-weakly. In addition

ISP + AP 12, < © (5.9)
for some constant C' > 0 independent of A > 0. Letting n T 400 in (5.5) we obtain (5.4). ||

From (5.9) we know that Xf\p), 1 > A > 0 is weakly compact in H. Let ngp) be an H-weak

limit point of X&p ), as A | 0. It satisfies the following equation

Ec(P, @) + / VP VD dp + / V- vPodu (5.10)

= Gy(®), Ve L®NH,.

;From (5.6) the energy estimate follows:

P2 < G(XP).

The crucial observation is the following.

Lemma 3 Let XS}’) be an H4-weak limit of {Xg\p)}. Then

\\Xip)|]2+ = Gp(xfkp)) (energy identity.) (5.11)

Additionally, if X?ﬁ, Xé{’l are two H-weak limiting points of Xg\p), as A ] 0 then

2
4

. G0’ + XE)- (5.12)
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Proof. Set
V=V + Vo,

with Vg = Vi<, -+, Va<i), Var = (Vist, -+, Va>1) where
Vo<ii=I-01)V, and V,~;:=00)V,, p=1,---d.

)

Let Xff)>l = Q(l)xfkp) € L% N Hy. Thanks to Proposition 1 we have

Q)(V - VX)) = Q) (Ver - Ox) + Vo - VX2,

Let
Ga ‘= fa(XSfll)v (513)
H, = Fa(Xfil), (5.14)
where fo(r) := —a? V (r Aa”), a >0, v > 0 and F, is the integral of f, satisfying F,(0) = 0.

Substituting into (5.10) g, for the test function we conclude that

e, g0) + / VA - Vg dy+ / Ver - VP ga dp (5.15)

+ / Vor - VX o dp = Golga) Ya > 0.

From the contraction property for Dirichlet forms we have [|gqll+ < | Xip )>l||+7 so the set gq,
a > 0 is Hi-weakly pre-compact. To prove that g, H.-weakly converges as a T +00 we show
that for any F € Wh>

lim / Vo VFdy = / v, VFdp. (5.16)

Observe that
Vaa = [ (L) VX

*,>1 *,>1

and |f(’1(ng)>l) -1/ < min{a‘7|xi7’3)>l|, 1}. We infer therefore that
[ 1790 = TxEL i< 22070 = Ul 9 (5.17)

d
where L2 := [F = (Fy, -+, Fy) : F; € L* i = 1,---,d] with the norm HFH%Z = > [|Fill3,.
=1

The right hand side of (5.17) tends to 0, as a | +00. Hence we have (5.16) and g, — Xip;, as
a T 400, Hy-weakly. As a consequence, we have that

Jim (71 g)+ = L1 (5.18)

The same argument shows also that lTim Gp(9a) = Gp(xip )>l) Notice that V; is L2-orthogonal
al+oo ’ -

to any F,, with ¢ € Sy, () Hence by virtue of the classical Kolmogorov-Rozanov Theorem (see
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e.g. Theorem 10.1 p. 181 in [13]) Vi is independent of $(1). Since ||gallz2 < [x*,ll12, a > 0
we obtain, using independence of V<; and any g,, a > 0, that

/ Vargal® dpn = [Vl 72 llgallZ2 < HVllellx* 13-

(»)

*,>1 and

Thus {V<; ga, @ > 0} is L3-weakly convergent to V< x

alTiJ’r_noo Ve - VX P go du = / ng-inp)xipll dyt.

The last term on the left hand side of (5.15) equals
[ Ver g = [ Vor VHudu= [ V- (Vertty) du =0,
with H, given by (5.14). Here we used the fact that V - V5; = 0. Thus, we have proved that

")) S0+ /Vx* VP )>l du+/V<z VP y P )>sz (5.19)

= G ().
Observe that the integrand appearing in the last term on the left hand side of (5.19) belongs to

L' and
2 1/2
< (/ |V§l|2‘Q(l)X i) I

= ”VSlHL2 QWX 12 VX IIL2 (5.20)

[ Ve v amnd

Here we have used the fact that V<; and o(l ) * are independent. A elementary calculation
shows that HVSZHLZ ~ 117% [ < 1. On the other hand, Lemma 1 implies that HQ(Z)XSZ’)HLQ ~

0(1)I7, 1 < 1 so the right hand side of (5.20) is of the order of magnitude ~ o(1)I*=*# as
[l < 1. By Proposition 3,

XLl < IxXPls vi>o0 (5.21)

so the set {Xip )>ll > 0} is H4-weakly pre-compact. Since

llilrg(xipll,F)Lz = (Xi{ilo,F)Lz VF € H(lp) and any Iy >0

Xip)> — X(p) Hy- Weakly as { | 0. Letting I | 0 in (5.19) we deduce (5.11). To show (5.12)

we note that 1/2()(1 . T X(p)) also satisfies (5.10) and (5.12) follows after a repetition of the
preceding argument. i

From Lemma 3 and (5.6) we conclude immediately the following.

Corollary 2 For anyp=1,---,d we have
lim AP |22 = 0. 5.22
im Al Iz (5.22)

In addition X&p) converges H-strongly, as X | 0.
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5.2 Convergence of finite dimensional distributions

According to (5.3)

t/e?
Tp w s))ds = (p) ¢ .
e <6> fsp< >+eo/vp(n( ))ds = Re(t) + NP <52>’ (5.23)
where .
(1) = V2w, (t) + X8 (n(t)) — x% (n(0)) — / Mx® (n(s))ds (5.24)

is a square integrable martingale with respect to the filtration Z;, t > 0 relative to n(t), t > 0.
By N(t) := (Ng(l)(t), e N9 (t)), t > 0 we denote the respective R%valued martingale. The

remainder
t/e

/ o) ds+ 20y -2 (1( %)) (5.25)

satisfies
t/e?
ME|RP)(t)| < & / ME’X£2( (s ))|d8+2€HX N2 < €HX N2 (t+2). (5.26)

The right member of (5.26) tends to 0 as £ | 0 by virtue of Lemma 2. A standard calculation
shows that, for any €1,e2 > 0,

ME|NY) (t) = NP (1)* = 26 (M5 ~x)xE —x)ie:

€2 €2

We claim that, in fact
~ MG —xE) & =3 = G B2 (5.27)
Accepting this claim, its proof shall be presented momentarily, we conclude that

€2

ME|N®)(t) — N®)(1)? = 2t||X§§> - Xig)”i. (5.28)

By virtue of the second part of Corollary 2, (5.28) and Kolmogorov’s inequality for martingales
we deduce immediately that for an arbitrary o > 0 we can find €9 > 0 such that for 0 < e < gg

ME sup |eN® (L) —enw (L <C’Hx(p) XDI2T < oI, vT >0 (5.29)
0<t<T g2 0\ g2 €3

for some constant C' > 0.

Stationarity and ergodicity of n(t), t > 0 implies that N, (t), ¢ > 0 is a martingale with stationary
and ergodic increments The classical martingale central limit theorem of Billingsley (see [3],
Theorem 23.1, p. 206) implies that finite dimensional distributions of eN¢,(t/e?), t > 0 tend
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weakly, as € | 0, to those of a Brownian Motion whose co-variance equals 2D(g¢) := 2[D,, 4(€0)]
with

Dy qle0) = (x5 X )+ + Spg-
Passing to the limit 9 | 0 we conclude that the f.d.d. of x.(¢), ¢ > 0, as € | 0, converges to the
Wiener measure with the co-variance matrix given by 2D = 2[D,, ;|, where

Dpg = (O X ?)s + g (5.30)

Proof of (5.27). Using (4.5) we conclude that

~ Moy =X )P =X P )ie = I =X P15 (5.31)

n,e7 n,e5 n,e7 n,e5

For an arbitrary A > 0 the correctors ngp g\ converge both strongly in L? and weakly in H.,

as n T 4oo. In consequence Xf\p ) satisfies (5.5) with V in place of V,, and test functions
® € Hy N L*®. Choosing fa(xgp )) as the test functions and letting a T 400 we conclude

||x(f’)\|%r + )\fo\p)H%Q = (V}, X&p))Lz, which in turn implies that

i (12 =z + s = X314 = 0. (5.32)
Since
(M(Xi? - xi?), xi? - xffé))p = (ﬁxiﬁl’) - €§X§§), xi? - Xi?)m (5.33)

we conclude, thanks to (5.32) that the right hand side of (5.33) equals

2

(v 2 (@ () (») )

: 2
lim (e7x &2 52Xn7€§aXn7€% Xnﬁ%

nl+oo n,

. 5.31
= lim (Mn(X(p)Q - X(p)Q))X(p)Q - X(p)Q)LQ ( = :

nitoo n,ey n,e35 n,e7 n,e5

: (p) ® 2 _ @ ®) )2
anlJrrnoo HX’MS% N Xnﬁ%H—" B HXE% B Xa% H+

That, in consequence, validates our claim (5.27)

5.3 Tightness

The proof of tightness uses the forward-backward martingale decomposition of additive func-

tionals of Markov processes (see e.g. [14]). Since C := (| W™ N D(L) is a core of the
m>1

generator A + £ (see [10], Theorem 2, p. 424), for any o > 0 one can find u, € C such that

(A + L)u, — Vp||— < 0. Exactly the same argument as used in the proof of formula (3.11) in

[14] leads to the estimate

t/e? 2

ME { &% sup /[Vp(n(S))(A+£)Up(77(5))]d8 (5.34)
0<t<T
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< 4T ||V — (A + L)uy||> < 14T0*.

According to [10], Theorem 2, u,, € D(M) and Mu, = Auyp+ Luy+V - Vu,. It is easy to verify
that also u, € D(M*) and M*u, = Luy, + Au, — V - Vu,. We conclude therefore that

t/e?
€ / (A + L)uy(n(s)) ds:sN{;(t/82)—|—5N1;(t/62)
0

where

Ny €)= wnnfe)) = wn(n(0) — [ Mug(u(s))ds. €20
0

is a (continuous trajectory) martingale with respect to the standard filtration Z;, ¢ > 0 and

t

Niy () = upl(0) ~ up(n(8) — [ M) ds. ¢ 0
0
is a backward (continuous trajectory) martingale. By this we mean that N, (T') — N, (T —1) is
a Gr_¢, 0 <t < T martingale for any 7' > 0, where G; the o-algebra generated by 7(s), s > t. By
virtue of [3], Theorem 23.1, p. 206, both eN,”([t/?]), t > 0 and eN,; ([t/¢*]), ¢t >0,1>¢ >0

are tight in D[0,T], forany T'>0,p=1,---,d. Let X,, := sup ]Nﬁ(t) —le(n— 1)|2. The
n—1<t<n

sequence X, n > 1 is stationary with MEX; = |u,||2 < 4+o00. By virtue of the Mean Ergodic
Theorem we have that 1/N max{Xj, ---, Xy} — 0 as N — +oo in the L! sense, thus,

2
limME sup €?|N, (t/e?) — N, ([t/?])| = 0. (5.35)
el0 0<t<T P P

Therefore 5N;p’(t/52), t>0,1>e>0is tight in D[0,T] for any "> 0, p=1,---,d. The same
holds for aNg(t/az), t>0,1>¢e>0. This together with (5.34) yield tightness of x.(t), ¢t > 0,
1 >¢e>0in D([0,T];R%). Continuity of the trajectories implies tightness in C([0, +o00); R?).

6 Proof of Theorem 2

Now we turn to the proof of Theorem 2 for the limit of vanishing molecular diffusivity Dy — 0.

With the molecular diffusivity Dy, the expression (5.30) for the effective diffusivity D becomes
Dyq = (¢ (Do), X2 (Do) + Dodpg, (6.1)
where the bilinear form becomes
(F9)+ = Ecf.9)+ Da [ Vf Vg (62)

and X,(kp ) (Do) is the corrector field corresponding to Dy. Following exactly the same argument

the uniform estimate (5.9) is valid for some constant C' independent of A and Dj.
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Passing to the limit A — 0, we have
I (Do)ll+ < © (6.3)

which, together with (6.1), implies the upper bound stated in Theorem 2.

For the lower bound, we turn to Eq. (5.10), which after some elementary approximation argu-
ment can be written in the form

£ (Do), Vy) + Do [ (Do) Wida+ [ VX DoVydn = GolV). (6

We want to show that, if the infimum of D is zero as Dy tends to zero, then the entire left side of
(6.4) drops out in the limit while the right side equals ||V},||2, > 0, thus leading to contradiction.

Let us assume the infimum of D as Dy — 0 is zero and take an infimum-achieving subsequence

of Xskp) (Dg),p =1,...,d. For that sequence we shall have

d
> e (Do), X (Do) — 0. (6.5)
p=1

By (6.3), the Cauchy inequality and the assumption, both the first and second term on the left
side of equation (6.4) vanishes.

Let us denote W), :=V - VV}, and

Wl o) = sup / W, Fdp.
£ (FF)=1
Then
+oo
Wl o) = [ ®Wp Wi
0
+oo
S U R AON R AT (6:6)
0

The right side of (6.6) can be explicitly calculated using Feynman diagrams and the result is

d
D AWl (o)
p=1

1 QKD e G
:d// x k|2 — dk dk' < +00
J S TR R P

for « + 3 < 1. The third term on the left hand side of (6.4) can be therefore bounded by

Wyl —€2° P (Do), X (Do), p=1,---,d,

which vanishes by (6.5). Theorem 2 is proved.
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