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1 Introduction

Let || - || be the Euclidean norm in R™. For a real n x n matrix A,, the spectral norm
|| Ay is defined by

A
|An|| = max ||A,z|| = [Anz]|
leli=1 o<lleli<t ]

Let s1 < s9 < ... < s, be the singular values of A,, that is, the eigenvalues of (ATA)l/Q.

The set {||Anx||/||An|l : |z|| = 1} coincides with the segment [s1/sy, 1]. We show that for
a randomly chosen unit vector = the value of ||A,x||?/||A,||? typically lies near

is%—i—...—i—s%
I EEE—
sz n

(1)

Notice that s, = ||A,|| and that s? + ...+ s2 = || A%, where ||A,|F is the Frobenius
(or Hilbert-Schmidt) norm. Thus, if ||4,| = 1, then for a typical unit vector  the value
of ||A,z|? is close to ||An|%/n. The purpose of this paper is to use this observation in
order to examine the most probable values of ||A,x||/(||Anl ||z]|) for several classes of large
structured matrices A,,.

Our interest in the problem considered here arose from a talk by Siegfried Rump
at a conference in Marrakesh in 2001. Let M, (R) denote the real n x n matrices and
let Circy,(R) stand for the circulant matrices in M, (R). For an invertible matrix 4, €
Circ,,(R), define the unstructured condition number x(A,,z) of A, at a vector z € R"
as lim._osup||dz||/(e|lx|), the supremum over all éx such that (A, + §A4,)(x + dz) =
Apx for some §A, € M,(R) with ||§4,] < €||A,]|, and define the structured condition
number k(A ) as lim._qsup ||6z|/(g|lz|)), this time the supremum over all jz such
that (A, + dA,)(xz + dz) = A,z for some 0A, € Circ,(R) with ||0A4,| < e]|An|. A well
known result by Skeel says that k(A,,z) = [|A.| |4, ]| (for every A, € M,(R)), and in
his talk Rump proved that
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/{circ An,l‘
R
(see also [9], [14]). Thus,

K (An, ) |4,
£(Anx) (AR 2]l

which naturally leads to the question on the value taken by (2) at a typical z.

2 General Matrices
Let B, = {z € R" : |lz|| < 1} and S,,—1 = {# € R" : ||z|| = 1}. For a given matrix
A, € M,(R), we consider the random variable

lAual
n\T) = y
@) =T




where z is uniformly distributed on S,,_1.

For k € N, the expected value of X is

A ka
EXF = | An do(x),
Sl Js, . TALF 47

where do is the surface measure on S,,_1. The variance of X is
2 2
*Xf =B (Xf - BX}) = Bx2 - (BX}) .

As the following lemma shows, there is no difference between taking z uniformly on a
sphere or in a ball.

Lemma 2.1 For every natural number k,

/ HAank do(z) = 1 HAank de.
\Sn 1l s,y NAnl* 1Bl JB, |An]|*||2||*

Proof. Using spherical coordinates, = ra’ with 2’ € S,,_1, we get

A, k rk An /(1K 1
/ H ‘TkH / / H r H n—l dU(.%/)dT _ _/ HAnafJHk da(wl),
n Hx” n 1 n Sn—l

and since

n/2 n/2
2T and |Ba|=
T(n/2) T(n/2 + 1)

and thus [S,,—1|/n = |B,|, the assertion follows. m

‘Sn—ll =

The following result is undoubtedly known. As we have not found an explicit reference,
we cite it with a full proof.

Theorem 2.2 If A, # 0, then

1 s24... +52
EXE =— u’ (3)
52 n
oxr_ 2 sttt 4si (4.4 2 n
"on+2sk n n '
Proof. Let A, = U,D,V, be the singular value decomposition. Thus, U, and V,, are
orthogonal matrices and D,, = diag (s1,...,s,). By Lemma 2.1,
1 |Up Dy Vi ||?
EX? = da
|Bn| JB,, [UnDyVal?||2[|?
1 D, V,zl|]? 1 D,z|?
_ IDuil IDurl? 5
Bl JB, 1Dnl?||[Vaz|] |Bnl| JB, IDnl|lz||
1 2.2 4 2,2
Gl B T dxy...dzy; (6)

~|Bal /s, s%(m%+...+z%)



notice that in (5) we first made the substitution V,,x = y and then changed the notation
y back to z. By symmetry, the integrals

2
1 €5

|Bn| Jp, 23+ ...+ 22

dx

are independent of j and hence they are all equal to 1/n. This proves (3). In analogy to

(6),

2,.2\2
EX} = ’B‘/ (178 + ot shrn)® g (7)

a( 2)2
sh(a? + ... +a2)

A formula by Liouville (see, e.g., [7, No. 676]) states that if A < (p1 + ...+ pn)/2, then

p1—1 Prn—1
x e I,
dzy...dz
/ / (22 +...+a2) ! "

xl,...,xHZO
i+ .. a2 <1

= 8
2<p1+ +n_A>F<p1+ +n> ®)
2 2
From (8) we obtain
1 § ;
x
|Bn| Jp, (@2 +...+22)2
N\"" (5
oGy w o rG) )
L 1 5 —1 5\ 2
2 2 2
2.2
1 ik dx
|Bn| Jg, (3 +...+22)?
1 n—2 3 2
Pz 2 () rG)
w 2“("2 +g+g—2>r<”2 +§+g> nn+2)
whence, by (7),
n gl 3 5252 1
Ext = S22 A
" = st n(n+2) ; st n(n+2)
1 1
= oy Qs (s )Y 9)



Since 02X2 = EX;} — (EX2)?, formula (4) follows from (3) and (9). =
From (4) we see that always 02X2 < #2 Thus, by Chebyshev’s inequality,
1 s?+... 452 2
PlIx?2—- 2L " Pnis )<=
( " =)= (n+2)e?

for each € > 0 and

1 s24...4+s2 1 2
2 1 n
P<X__ n 2n1/2—5 <%

for each § > 0. This reveals that for large n the values of ||A,z||?/(||An||?||x]|?) cluster
around (1).

Notice also that ¢2X?2 can be written in the symmetric forms
2 2

2 1 2 (s2— 2\
2 v2 i 5
X2 = - - = ,
7 n n—|—23%z< n ) n+2 sk Z( n )
1<j i,7=1

Obvious modifications of the proof of Theorem 2.2 show that Theorem 2.2 remains
true for complex matrices on C™ with the 2 norm.

Example 2.3 Let

1 1 1
A, = 1 1 ... 1 . (10)
The singular values of A,, are 0,...,0,n (n—1 zeros). Hence ||A,|| = n, and the inequality

| Anz||? < ||An]|?||z]|? is the well-known inequality

(14 ...+ z,)? <n(a? +... +22),

which is valid for arbitrary real numbers x1,... ,z,. From Theorem 2.2 we deduce that
1 2 1 1 2
EX2 ==, o°X’= “(1-=) <=, 11
n= g 4Ty +2n n) — n? (11)

For EX2 = 1/n < &/2 we therefore obtain from Chebyshev’s inequality that

2
P<(m12+...+mn) >
n(zt+...+22)

8
n2e2’

5> = P(X2 > ¢) gP(|X§—EX§| > %) <

Thus, the inequality
(14 ...+ x,)? <en(x?+ ... +22),

is true with probability at least 1 — 8/(n?c?). For instance, we have

2

(x14 ... +z,)2 < = (@2 +... 4+ 22),

|3



with probability at least 90% for n > 18 and with probability at least 99% for n > 57,
and the inequality

n

2 2
< 100( +...4x),

($1 + ...+ $n)

is true with probability at least 90% whenever n > 895 and with probability at least 99%
provided n > 2829. We will return to the present example in Example 7.5. =

The following lemma will prove useful when studying concrete classes of matrices. We
denote by || - ||t the trace norm, that is, the sum of the singular values.

Lemma 2.4 Let {A,}>2, be a sequence of matrices A, € My(K), where K = R or
K=C.If

[ Al
n

=0(1) and |A,] — oo,

then EX2 — 0 as n — oc.

Proof. Let s1(Ayn) < s2(Ap) < ... < s,(A4,) be the singular values of A,, and note that
sn(An) = ||Anl|.- By assumption, there is a a finite constant M such that

1 n
- Zsj(An) <
7j=1

for all n. Fix € € (0,1), for instance, € = 1/2. Let N,, denote the number of all j for which
sj(Ap) > M| Ay|'~¢. Then

M>= Zsj ) > — NMHA 11,

whence N,, < n/||A,||'~¢ and thus, by Theorem 2.2,

(n— N)M2 A2 N, | Al
EXQ _ n n n n
. nsz ZS [ AP T AL
M? N 1

1A% A

=o(1)

because [|A4,| — co. m

We remark that if EX2 — 0, then P(X,, > ¢) = O(1/n) for each ¢ > 0: we have
EX2 < ¢g2/2 for all n > ng and hence

P(X,>¢)=P(X2>e%) <P <X2 — EX2> 5—)

2 2vy2
_P(\XZ—EXQ]Z >§4"X"< 8




3 Toeplitz Matrices with Bounded Symbols
We need one more simple auxiliary result.

Lemma 3.1 Let EX2 = u2 and suppose i, — pu asn — oco. If e > 0 and |, — p| < &,
then

o2X?
P X, —pul>e) < n )
e =pl 2 ) < a0 =)

Proof. We have

P(’Xn_MIZE)SPOXn_Mn‘25_‘,11/71_#’)
< P10 = 1l (X + ) = pine = 11 = )
= P(1X2 = 12| = pnle = ln — 1))

and the assertion is now immediate from Chebyshev’s inequality. m

Now let A, be a Toeplitz matrix, that is, Ap, = T (b) := (bj—)7 ;. Where

2T
by = / b0 P (e 7). (12)
0 27T

Clearly, (12) makes sense for every b € L! on the complex unit circle T. Throughout this
section we assume that b is a function in L*°. The Avram-Parter theorem says that in
this case

k k 2
si+...+s N7

li Q:bk::/ b(e)|F — 13

i S [ e (13)
for every natural number k (see [1], [2], [4], [11]). Tt is also well known that s,, = ||T,,(b)| —
|Ib]|co s n — oo (see [2] or [4], for example). In what follows we always assume that b does
not vanish identically. In Theorems 3.2 to 3.5, the constants hidden in the O’s depend of
course on € and ¢, respectively.

Theorem 3.2 Let b € L™ and suppose |b| is not constant almost everywhere. Then for
each € > 0, there is an ng = no(e) such that

|75 ()| 161l ’ > 3 1 ||bll — [1ol13
P - >e) < — (14)
< 1T O[N]l (16l n+2e b3 [Ibll

for all n > ng. If, in addition, b is a rational function, then for each § > 0,

IT.®all bl Ly
P(Hn@mmr WHJ>nm4) O(MQ' (15)




Proof. Since |b| is not constant, it follows that ||b[|4 > ||b]|2. Put

1 [s2+...+s2 ~|bll2

Un = —\| —————— = .
" Sn n ’ 16/ 0o

From (13) we know that u, — pu. Moreover, (13) and Theorem 2.2 imply that

n —+ 2 2 2 1 4 4
‘X2 — ( blls — ||b >

Thus, Lemma 3.1 shows that

3 1 1
P(IX, —p| >¢) < i —1613) -
(1% =l 2 ) < o= o (1013 = 1011) o5

for all sufficiently large n, which is (14). If b is a rational function, we even have
k k
sT+...+s, k 1
— = b O - 16
a0 (16)
for every natural number k£ and
1

(see, e.g., [2]). It follows that p, = u+ O(1/n), and hence Lemma 3.1 gives

P< [Ta(®)l] b2 ’> 1 >< 3 IIbla—lbllz 1 125

)

1T @Il bl |~ n1/270) T n+2 Bll% p2
which yields (15). m

Theorem 3.3 Let b € L™ and suppose |b| is constant almost everywhere. Then

Pt ='=2) =)

for each € > 0. If, in addition, b is a rational function, then for each d > 0,

[T (b)| 1 ) < 1 )
p( O L\ o2
(llTn(b)H ] n'=0 n?
Proof. In the case at hand, = 1 and ||b||4 = ||b||2. From (13) and Theorem 2.2 we infer
that

n—+ 2

pn — 1 and 0?X2 = o(1).

Lemma 3.1 therefore gives

P(X,<1-e)< > 0(1)i=o<1>.



If b is rational, we have (16) and (17). Thus,

1 2 1
un=1+0<—> and %ﬁxﬁ:o(_).

n n

Consequently, by Lemma 3.1,

1 3 1\ 5 o5 1
<1-— < = =0 —=).
Plasi- L)< 2 o()wmoo(L). »

We now consider the case where A,, is the inverse of a Toeplitz matrix. Suppose b is a
continuous function on T and b has no zeros on T. Let wind b denote the winding number
of b about the origin.

If wind b = 0, then T5,(b) is invertible for all sufficiently large n and
1T ) = 1T )] as 7 — oo (18)
(see, e.g., [2] or [4]). We remark that T~!(b) — T'(b—') is compact, so that
1T~ 2 1T = 110" oo = (16742
Theorem 3.4 Suppose windb = 0. Then
T, (b)x bt 1
P(| it - o |29 2 ()

for each € > 0. If, in addition, b is rational, then

[ o COE ] I [ P 1\ _ (1
P( T O el 1T @)l ‘ - nl/“) —¢ <n25>

for each ¢ € (0,1/2).

Proof. The singular values of T,;*(b) are 1/s; (j = 1,... ,n). Thus, by Theorem 2.2,

1 1 1
EXEL:ES% <8—2+...+8—2>,
1 n

2 1 1 1/1 1\2
2 v2 4

X2=__° = (=4 = .
X = et <8%+ +S% n<8%+ +s%)>

Since b has no zeros on T, the Avram-Parter formula (13) also holds for negative integers
k. This formula for £k = —2 and (18) imply that

pn = EXy = TN O (I07HE = 02

As always 02X?2 < 2/(n + 2), we obtain from Lemma 3.1 that

3 11 1
P(|X,—ul>e) < ——=01(-].
(X u|_5)_n—|—2 2 g2 <n>

9



In the case where b is rational, one can sharpen (18) and (13) to

Il = o+ 0 (<),

1 1 1 1
e e R
n(s,lﬁ w) 57k + (n)

(see [2] and [4, Theorem 5.18]). Hence p,, = pt + O(logn/n), and Lemma 3.1 shows that

1 31 s 1
P('X”‘“'Zm)ﬁmw =0(-—5). =

If |[windb| = k > 1, then T, (b) need not be invertible for all sufficiently large n. We
therefore consider the Moore-Penrose inverse T, (b), which coincides with 7., (b) in the
case of invertibility.

Theorem 3.5 Suppose b is rational and |windb| > 1. Then

(o =e) = ()

i ( Hgb(fu)ﬂu 2 ) -9 <%>

Proof. The so-called splitting phenomenon, discovered by Roch and Silbermann [13] (see
also [2]), tells us that if |[windb| = k > 1, then k singular values of T},(b) converge to zero
with exponential speed,

for each € > 0 and

for each § > 0.

se < Ce ™ (y>0) for £ <k,
while the remaining singular values stay away from zero,
sp>A>0 for £>k+1.

Thus, the singular values of T, (b) are

with 0 < s; <5541 <... < s, and j <k, and from Theorem 2.2 we infer that

) 1 ,(1 1
n 57 Sz
2 2 2
1 [ s5 1 1
= - |+ . +3|+2 |+ +=
no\ sj % o\ Skiq Ss
1 C2e=2m pn — k
< Z(k—j+1
< Sk=j+1)+ 2
ko C?e 2 k+1
< -+ <
n A2 n

10



for all sufficiently large n. Also by Theorem 2.2,

2 1 1
2 42 4
X< ——— st | =+ .+ — |,
"~ nn+2) 7 <s§ s%)

and since, analogously,

1 1 Cle=m(n — k)
4
S<<—?+...+%>§k+ \ <k+1,

we get 02X2 = O(1/n?). If € > 0, then

k+1 2
P(XnZaf):P(XﬁZg?)gP(XgZL+%>
n

for all sufficiently large n, and thus,

2
P(X,>e)<P (Xﬁ > EX2+ %)

2 2 e 4 59 1

Similarly, for large n,

1
2 2 2
gP(an - +2n1_25> §P<XHZEXn+2n1—_25>

1 1
2 2 2—46 _2vy2 _
§P<|X —EX|272n1_25>§4n aXn—O<—n46>. m

4 Circulant Matrices

Now suppose b is a trigonometric polynomial. Then T, (b) is a banded matrix for all suffi-
ciently large n. For these n, we change T}, (b) to a circulant matrix by adding appropriate
entries in the upper-right and lower-left corner blocks. For example, if

bp boy 0 0 0 0
by bp by O 0O 0

| by by b by OO

To(b) = 0 by b by by O ’
0 O bo b1 bo b_1
0 0 0 by b b
then

bo bfl 0 0 b2 bl

by by by O 0 by

|l b2 b1 b b1 O 0

Co(b) = 0 by b by bq O
0 0 b by bo b_1

b_1 0 0 b2 bl bO



We have
Cr(b) = Uy diag (b(1),b(wn), - -, b(wp ™) Un (19)

where Uy, is a unitary matrix and w, = e?™i/" Thus, the singular values of Cn(b) are
|b(w?)| (j =0,...,n—1). The only trigonometric polynomials b of constant modulus are

b(t) = at® (t € T) with a € C, and in this case ||C,,(b)z|| = |a| ||z| for all .

Theorem 4.1 Assume that |b| is not constant. Then for each € > 0 there exists an
no = no(e) such that

ICa®)l bl
f%n@@wm 15]s

3 1 |blla— ol
> < 2 2 2 2
n+2 e [bllz |5

for all n > ng.

Proof. The proof is analogous to the proof of (14). Note that now (13) amounts to the
fact that the integral sum

k k n—1
81 o Sn 2 ’L/ k]'
_ § b ™)/ n -
n j*0| (e )| n

converges to the Riemann integral
1 2
. oy . dO
et yan = [ ey 5T = ol
0 0 2w
Furthermore, it is obvious that s, = max |[b(w?)| — [|b]loc. ™

If b has no zeros on T, then (19) shows that
C, 1 (b) = Uy diag (b1(1),b (wn), ..., b7 w1 Uy
and hence the argument of the proof of Theorem 4.1 delivers

P( IC Ol b7l | o >< 2 O vl L
IC @)zl 1o Moo | =7/ 7 n428% oY ]6713

(20)

for all sufficiently large n.

Example 4.2 Put b(t) =2+ a + ¢+t !, where a > 0 is small. Thus,

24+a 1 0 0 1
1 24a 1 0 0
Cs(b) = 0 1 24a 1 0
0 0 1 2+a 1
1 0 0 1 2+a

If n is large, then ||C,(b)|| =~ 4 and ||C,1(b)|| ~ 1/a. Consequently, for the condition
numbers defined in the introduction we have

K(Cu(b),2) = [Ca ) C (B)]] =~

QI+

12



and

G, o gy x4 G Be]

K (C(b), ) = Ta et o) el

= — K
Iz @)l |

From (20) we therefore obtain that if n is sufficiently large, then with probability near 1,

4 15712 4 a1/4(2+a)1/2 N al/t 4
Q@

circ C,(b ~ — — ~ =
K ( ( )71}) a Hb_1||oo (4+Oé)3/4 2«

For o = 0.01 this gives
k(Cn(b), ) = 400, K(C,(b),z) ~ 63
with probability near 1, and for a = 0.0001 we get
K(Cp (D), z) = 40000, K(C,y (b), x) ~ 2000

with probability near 1. m

5 Hankel Matrices

We begin with a general result.

Theorem 5.1 Let A = (a;;)7%—; be an infinite matriz and put A, = (ajk)}p—y- If A
induces a compact operator on (2, then EX? — 0 asn — oo.

Proof. We denote by F 77 and F7' the operators of rank at most j on £2 and C”, respectively.
The approximation numbers o; of A and A,, are defined by

0j(A) = dist (A, F°) = inf {|A~ F| : F; € F5°}, (=0,1,2,...),

0j(An) = dist (Ap, F}') = inf {|A = Fj|| : Fy € F}'}, (1 =0,1,...,n—1).

Note that the approximation numbers of A,, are just the singular values in reverse order,
Sp—j(An) = 0j(Ap) for j =0,... ,n—1. Let P, stand for the orthogonal projection onto
the first n coordinates. If F}; € .7-}‘-’0, then P, F; P, may be identified with a matrix in F ]”
Furthermore, a matrix F; € 7' may be thought of as a matrix of the form P, F};FP, with
F; e .7-";?0. Thus, .7-}” = Pn]-"j‘?oPn and it follows that

sn—j(An) = 0j(Ay) = inf {|| P, AP, — Fj| : Fj € 7'}
= lnf{HPnAPn — PnF]PnH : Fj S ]:Joo}
< 1nf{HA — F]H : Fj € .fjoo} = Uj(A).
From Theorem 2.2 we therefore obtain

n—1 n—1

o (An) < = S o) (21)

Jj= Jj=0

SRS

1 n
BXT= 1S =

13



But if A is compact, then o;(A) — 0 as j — oo. This implies that the right-hand side of
(21) goes to zero asn — oco. W

An interesting concrete situation is the case where A = H(b) is the Hankel matrix
(bjt+k—1)5%—1 generated by the Fourier coefficients of a function b € L!. TIf b is continuous,
then the Hankel matrix H(b) induces a compact operator and hence, by Theorem 5.1,
EX?2 — 0. The following result shows that, surprisingly, EX2 — 0 for all Hankel matrices
with L' symbols (notice that such matrices need not even generate bounded operators).

Theorem 5.2 Let b € L' and let A, be the n x n principal section of H(b). Then
EX2 —0.

Proof. As shown by Fasino and Tilli [6], [15],

lim F(s1)+ ...+ F(sp) _ F(0)

n—oo n

for every uniformly continuous and bounded function F on R. Suppose first that H(b)
induces a bounded operator. Then [|A,| < [|H(b)|| =: d < oo, which implies that all
singular values of A,, lie in the segment [0,d]. Thus, letting F' be a smooth and bounded
function such that F(z) = z? on [0,d], we deduce that Zsf/n — 0. Since b is not
identically zero, there is an N such that [[Ax|| > 0. It follows that 0 < [[An|| < || Anl| = sn
for all n > n. Thus, > s? /(ns2) — 0, and Theorem 2.2 gives the assertion.

Now suppose that H(b) is not bounded. We claim that then ||A,| — oco. Indeed, the
sequence {||Ay|} is monotonically increasing: ||An|| < [[An+1]| for all n. If there exists a
finite constant M such that ||A,|| < M for all n, then {A4,x} is a convergent sequence for
each z € ¢2. The Banach-Steinhaus theorem (= uniform boundedness principle) therefore
implies that the operator A defined by Az := lim A,« is bounded on ¢2. But A is clearly
given by the matrix H(b). This contradiction proves that ||A,|| — oc. Finally, Fasino and
Tilli [6], [15] proved that always

1
— [|Anlle < 2]bll1-
n

Lemma 2.4 now shows that EX2 — 0. m

6 Toeplitz Matrices with Unbounded Symbols

Following Tyrtyshnikov and Zamarashkin [18], we consider Toeplitz matrices generated by

so-called Radon measures. Thus, given a function g : [—7, 7] — C of bounded variation,
we define
1 [ _.
d _ —zk@d 0 22
(@) =5 [ e asio) (22)

the integral understood in the Riemann-Stieltjes sense, and we put
T,(dB) = ((dﬂ)j—k)?,kzl-

14



If 3 is absolutely continuous, then 3’ € L![—n, 7] and (d3); is nothing but the kth Fourier
coefficient of ', defined in accordance with (12). Consequently, in this case T),(df3) is just
what we denoted by T}, (/') in Section 3.

For general § we have § = 3, + (3 + s where (3, is absolutely continuous with 3} €
LY—m, 7], B is the “jump part”, that is, a function of the form

th, Z‘h@‘ < 00,

0,<0

with an at most countable set {01,60s,...} C [—m, ), and (s is the “singular part”, that is,
a continuous function of bounded variation whose derivative vanishes almost everywhere.
This decomposition is unique up to constant additive terms. After partial integration (see,
e.g., [7, No. 577]), formula (22) can be written more explicitly as

IR T L 1 —iOgk
(dB)r = 2W/ﬂe 5a(9)d0+2ﬂ%:hge

G () — () + g [ o 0)a0

In particular, if () = 0 for § € [—7,0] and 5(6) = 27 for € (0, x|, then (df), = 1 for
all k, that is, T, (df) is the matrix (10).

Theorem 6.1 Let 3 = (3, + §; + Bs be a nonconstant function of bounded variation and
put A, = T,,(dB). Then EX?2 converges to a limit as n — oo. This limit is positive if and
only if B, € L>®[—m, ] and fj = s = 0.

Proof. If B = 3, with 3. € L®[—m, 7], then EX2 converges to ||3.]|2/||34]lcc # 0 due to
Theorems 3.2 and 3.3.

So assume (3 = B, + G5+ Bs. Write § = 1 — B2 + (B3 — 1) with nonnegative functions
0Ok of bounded variation. We have

IIT (dB)ler < ZIIT (dB) [,

The singular values of the positively semi-definite matrices T, (dfy) coincide with the
eigenvalues. Hence

1

%HTn(ﬂk)Htr = %trTn(ﬁk) = (dfBk)o = 5 /_7r dpy < %Varﬁk < 00

(this argument is standard; see, e.g., [18]). Consequently, there is a finite constant M such
that

1
ITu(dB)lle < M

for all n. The sequence {||T,(dB)||} is monotonically increasing, that is, ||T,(d3)| <
| Thr1(dB)]| for all n. We show that if this sequence is bounded, then necessarily 8 = (3,
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with 8, € L®[—m,n]. By virtue of Lemma 2.4, this implies that EX2 — 0 whenever
Bl ¢ L®[—m, 7] or B # 0 or fs # 0.

Thus, suppose there is a finite constant C' such that ||7,,(d3)|| < C for all n. Let
ej € C" be the jth vector of the standard basis. Then

ITw(dB)exl3 = 1(dB)ol* + ... + [(dB)n-1]* < C,
ITn(dB)enll3 = 1(dB)o]* + - .. +[(dB) - (n-1)|* < C°

for all n, which tells us that there is a function b € L?[—n, 7] such that (d3), = by for
all k. Since the decomposition of 3 into the absolutely continuous part, the jump part,
and the singular part is unique (up to additive constants), it follows that 8 = B, + 5j + (s
with 8, = b and §; = s = 0. We are left to show that b is in L>°[—x,7]. Using the
Banach-Steinhaus theorem as in the proof of Theorem 5.2 we arrive at the conclusion that
the Toeplitz matrix T'(b) := (bj—k)%—; induces a bounded operator on /2. By a classical
theorem of Toeplitz [16] (full proofs are also in [3] and [8]), this happens if and only if b
isin L®[—7m,7]. =

Theorem 6.1 reveals in particular that EX2 — 0 if A, = T,(b) with b € L'\ L.
The following theorem concerns a class of Toeplitz matrices with increasing entries. The
notation ¢; o~ d; means that ¢;/d; remains bounded and bounded away from zero.

Theorem 6.2 Let A, = (bj_i)j,_; where |bj| ~ eV as j — 400 and |b_j| ~ € as
j — “4oo. If one of the numbers v and § is positive, then EX2 = O(1/n) as n — oc.

Proof. For the sake of definiteness, suppose v > 0. We have

n—1 n—1
[AnlF = > (n=D)b*+ D (n—4)lb-[”
7=0 j=1
n—1 ‘ n—1 '
< G Y (n=§e +C Y (n—j)e
7=0 j=1

with some finite constant C7. In the cases § > 0 and § < 0, this gives
||AnH12:‘ < CQ <€2’7n + e26n> and ||An||121‘ < 0262771

with some finite constant Cs, respectively; note that, for example,
n—1 o €2ﬁm
Z(n —j)e = G + O(n).

j=0

On the other hand, considering ||Ane1]|3 and ||Anen||3, we see that

1 n—1 1 n—1
142 = 5 3 bl + 5 37 ol (23
i=0 j=1
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which shows that there is a finite constant C3 > 0 such that
1A% > Cs (62”/” + e%”) and || Ap||? > Cze2™

for § > 0 and & < 0, respectively. Thus, in either case,

Ayl 1
x2 = Mdale (1)
" A2 n) ™

Example 6.3 Let

a bo bo®> ... bo" !

co a bo ... b2

A, = co? co a ... b3
co™ 1 co"? o3 a

Similar matrices are studied in [17]. In the case a = b = ¢ and o = p, such matrices are
called Kac-Murdock-Szegd matrices [10]. Suppose that a,b, ¢ are nonzero. If |o| < 1 and
lo] < 1, then EX? converges to a nonzero limit by Theorem 2.2 and (13). If |o| > 1 or
lo| > 1, we can invoke Theorem 6.2 to deduce that FX2 — 0. Finally, in the two cases
where |o| < 1= |g| or |g| <1 = |o|, Theorem 6.1 implies that EX2 — 0. =

7 Appendix: Distribution Functions

The referee suggested that it would be interesting to compute the distribution of X2 in
some cases and noted that this can probably be done easily for small n and for the matrix
of Example 2.3. The purpose of this section is to address this problem. It will turn out
that the referee is right in all respects.

Let A, € M,(R) and let 0 < s3 < ... < s, be the singular values of A,. Suppose
s, > 0. The random variable X2 = ||A,x||?/||An|? assumes its values in [0,1]. With
notation as in the proof of Theorem 2.2,

Anx|? D, V,z|?
E¢ = {mESnlz ||||A HH2 <£}:{1‘65’n1:”8—2u<§}.

Put G¢ = {z € Sp—1 : | Dpz|?/s2 < &}. Clearly, G¢ = V,,(E¢). Since V,, is an orthogonal
matrix, it leaves the surface measure on S,_; invariant. It follows that |G¢| = |V, (E¢)|
and hence

2 2.2 2,2
Fo(€) = P(X2 < &) =P <”DS”—2‘”” < g) —p (81”1 * . T T g> L)

n n

This reveals first of all that the distribution function F,(£) depends only on the singular
values of A,,.

A real-valued random variable X is said to be B(a, ) distributed on (a, b) if
d
Plesx<d) = [ fe)a

17



where the density function f(§) is zero on (—o0,a] and [b, c0) and equals

(b—a)l—oF
B(a, )

on (a,b). Here B(«, 8) = I'(a)T'(8) /T (a+) is the common beta function and it is assumed
that @ > 0 and 8 > 0. The emergence of the beta distribution, of the x? distribution,
of elliptic integrals and Bessel functions in connection with uniform distribution on the
unit sphere is no surprise and can be found throughout the literature. Thus, the following
results are not at all new. However, they tell a nice story and uncover the astonishing
simplicity of Theorem 2.2.

(E—a)* t(b-g!

We first consider 2 x 2 matrices, that is, we let n = 2. From (24) we infer that

2
B =P (S—;x% + a5 < g) : (25)
2

The constellation s; = s9 is uninteresting, because F»(§) = 0 for £ < 1 and F5(§) =1 for
& > 1 in this case.

Theorem 7.1 If s < so, then the random variable X3 is subject to the B(%, %) distribu-
tion on (s2/s3,1).

Proof. Put 7 = s1/s2. By (25), F5(€) is 5= times the length of the piece of the unit circle
2?2 + 23 = 1 that is contained in the interior of the ellipse 7227 + 23 = ¢. This gives
Fy(€) =0 for £ < 72 and Fy(¢) = 1 for € > 1. Thus, let & € (72,1). Then the circle and
the ellipse intersect at the four points

1-¢ , [e-
(iVTTE“i 1_ﬂ>’

and consequently,

which implies that F}(&) equals

1 - B 1
G P-gT = B(1/2,1/2)

and proves that X22 has the B(%, %) distribution on (72,1). =

(€))7

In the general case, things are more involved. An idea of the variety of possible
distribution functions is provided by the class of matrices whose singular values satisfy

0=51=...=Sp—m < Sp—mt1 < ... < 8y (26)

with small m. Notice that m is just the rank of the matrix. We put

Sn Sn Sn
Hn—m+1 = y  Hn—m+2 = y ey Hn=—
Sn—m+1 Sn—m+2 Sn

(=1).

18



Our problem is to find

xQ 1 ./172
Fn(f):P<g_7m++...+—;<§>; (27)
/”Lnferl Ha,
the dependence of F;, on m and pp—m+1, - - - , in, Will be suppressed.

Example 7.2 In order to illustrate what will follow by a transparent special case, we

take n = 3 and suppose that the singular values of As satisfy 0 = s1 < s2 < s3. We
2

put g = s3/s2. Clearly, (27) becomes F3(¢) = P (% + 23 < f) . We rename 1, x2, 3 to

x,y, 2. The preceding equality tells us that F5(&) is ﬁ times the area of the piece Y of
the sphere 22 + 32 + 22 = 1 that is cut out by the elliptic cylinder y2/u? + 22 < €. Let
us assume that & € (0,1/u?). Then the ellipse y?/u? + 2% < € is completely contained in
the disk y? + 22 < 1. By symmetry, it suffices to consider the part ¥ of 3 that lies in the

octant x > 0,y > 0,z > 0. We have

RO =1 [ do

47 »
and it easily verified (see the proof of Theorem 7.3) that

8 8
— do = —— / drdydz,
4 Jx 4”/3 co(0,X)

where co(0, X)) is the cone Ugex[0, s] (we prefer volume integrals to surface integrals). A
parametrization of ¥ is

Y = UTrCcos
z=rsinp

T = \/1 — 72(u2 cos? ¢ + sin? ),

where r € [0,1/€) and ¢ € [0,7/2]. Consequently, a parametrization of co(0,Y) is given
by

Yy = turcos e
z=trsingp

T = t\/l —r2(pu2 cos? @ + sin? )

with t € [0,1] and  and ¢ as before. We set v(p) = u?cos? ¢ + sin? ¢ and denote the
Jacobian d(y, z,x)/0(t,r,¢) by J. By what was said above,

6 6 [7/2 V& 1
F3(€)=;/(Oz)dxdydz:;/o /0 /O | J| dt dr dep.
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Writing down J and subtracting r/t times the second column from the first we get

urcosy  tucose —tursin @
rsin @ tsin trcos e
—trv 0
V1—r2y ——— t—+vV1-1%
V1—r2y  Op
0 tpcos @ —tursin @
0 tsinp trcos
- 1 —trv 0

t_
V1—1r2v 1—1r20 Op
tzm‘

V1—1r2y

1—1r2v

It follows that

F5(6) =

We have

1—¢u(p) = 1—¢&(u?cos® p+sin® )
= 1—¢pcos® o — €&+ Ecos? o

- -0 (1- 2wy,

whence

B L /2
f3(£) - Wm/o \/

Y V)
/1 — & 1-¢
with the standard complete elliptic integral K. =
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We now return to the situation given by (26). Let @ = [0,7/2]. For ¢, .

- PE—1 in
(@ we introduce the spherical coordinates w§k), . ,wl(f) by
wik) = COS Y1
w(k) = sin
5 | = 1 COS P2
wgk) = sin (1 sin @3 cos 3
w(k) = sin i i
ol = ©1SIN Y2 ...S1N PE_9 COS Pi_9
wl(f) = sin 1 sin sy . . . sin pg_2 sin pg_2.
Notice that
19, rw(k), .. ,Tw(k)
(rwy k ) — pk=1lgipk—2 01 sinF—3 2. ..s8in@E_9a, (29)
(r, o1, 5 Pr-1)
k—2 k—3 Wk/Q
2 5 sinf 3 gL singp o dpy ... de_ 1 = 30
/Qk_1 sin (1 sin P2 .. .Sl PYE_2 aP]1 Pk—1 2k—1 T'(k/2) (30)

We define v = v(¢1,... ,©m—1) by

v = Mi—m+1[w§m)]2 + Mi—mﬂ[wém)}Q +o [Wﬁ)m]?

Theorem 7.3 Let n > 3 and suppose the singular values of A, satisfy (26). Then for
¢ € (0, 1/p%_m+1), the density function of X2 is

(€)= cn €722 / (1= o))"=/ 25in™ 2 o) sin™ " g . sin oo dop

m—1

with
v (3
Cp = 7Tm/2 <nm> Mn—m~+1 .- Un-
r
2
Proof. We proceed as in Example 7.2. Let 3 denote the set of all points (z1,... ,z,) for
Whichx%—f—...—l—x%:l, x1>0,...,z, >0, and
2 2

T _ x

Tnembl TRk (31)

lu’n—m—s—l M,
We have

2n
F,(¢) = T /Eda.

We prefer to switch from the surface integral to a volume integral. Let co(0,) denote
the cone formed by all segments [0, s] with s € ¥. Because |S,,—1| = n|By,|, we get

L=y L= [ L= gy
do = do = t"rdodt = dx.
|Sn—1] Js n|Bn| Js |Bnl Jo Js | Byl co(0,%)
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Since fu%_mﬂ» < 1for j=1,...,m, the ellipsoid (31) is completely contained in the ball

x%_m+1+...+xi<1.

We start with the parametrization

_ (m)
Tn—m+1 = Hp—m4+1T Wy ((Ply cee 790m—1)
_ (m)
Tn—m+2 = Hn—m42T Wy (9017 .. 7<Pm71)
Tn = i W (01 Pmt),

where r € [0,/€) and (¢1,... ,¢om_1) € Q™ !. By the definition of v,

:U%—I—...—l—ac%_mzl—xi_mﬂ—...—m%:l—r%.
Hence, after letting (61,...,0,_m-1) € Q"™ ! and
r1 = \/1 —?”21}(@1,... ,gom_l)w§n_m)(91,... ,Qn—m—l)
To = \/1—?”21}((,01,... ,gom_l)wénfm)(Hl,... ,Hn_m_l)
Tnem = V1—120(p1,... ,gom_l)wgl__,;n)(&,... On—m—1)

we have accomplished the parametrization of 3. Finally, on multiplying the right-hand
sides of the above expressions for z1,... ,x, by t € [0, 1], we obtain a parametrization of
co(0,X). The Jacobian

o(z1,... %)
8(t,T,(,017... 790777/—1’617"- 79n—m—1)

can be evaluated as in Example 7.2: after subtracting r/t times the second column from
the first and taking into account that

0 1
VI—r2p—r=—vV1—1r2v = ——
or V1—r2y

one arrives at a determinant that is the product of an m x m determinant and an (n —
m) X (n —m) determinant; these two determinants can in turn be computed using (29).
What results is

n—1, m—1 2 n—m—2)/2
|J| =1 r Hn—m+1 - - Hn (1_T 1))( )/

x sin™ 2 @ sin™ 3 @y . .. Sin P2

X sin™ 26, sin" ™30, ... sinb,_m_o.
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In summary,
B€) = o [
= — T
" ’Bn‘ co(0,X)

2" /1/@/ / \J| d d dr d
= @ drdt
’Bn‘ 0 0 m—1 n—m-—1
VE

= QCn/ pml / (1-— Tzv)("_m_z)/2 sin™ 2 ¢y ...sin@m_o dodr
0 m—1

§
= ¢, / s(m=2)/2 / (1-— sv)("_m_z)/2 sin™ 2 o) ...sin@m_odeds
0 m—1
with ¢, as in the theorem. Consequently,

Fl (&) = cnf(m_2)/2 / (1-— fv)("_m_2)/2 sin™ 2 ©1...8IN Yy _odp. W

m—1

Corollary 7.4 Letn > 3. Ifs1 = ... = sSpem = 0 and Sp—ms1 = ... = Sy, then the
random variable X2 is B(%, 5™) distributed on (0,1).

Proof. This is the case pip—m4+1 = ... = pnp = 1. The function v is identically 1 and hence,
by (30),

/ (1= gv(p) T sin™ 2 gy sin o dipy - dpm

1 7rm/2

— (] _ g)nmm=2)/2 _~
=(1=9) i 22%1 IL'(m/2)

From Theorem 7.3 we therefore deduce that the density function f, (&) is a constant times
£m=2)/2(1 — £)("=m=2)/2 The constant is

n
gm—1 r (5) 1 7.‘_m/2 1
= .

Tm/2 n—m\ 2mt (T m n—m
r(5")" ) e (3

Under the hypothesis of Corollary 7.4, the density function of X2 is

é(mf2)/2 (1 _ §)(n7m72)/2.

It follows that the random variable n.X?2 has the density

l fn <§) _ r (g) 1 g(m72)/2 <1 B é)(nm2)/2
r(

n n m)F n—m\ nm/2 n
2 2
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n (0,n). If m remains fixed and n goes to infinity, then this has the limit

1

—2)/2_—£/2
W(m/Q)g(m )/2¢ /, ¢ € (0,00),

which is the density of the x2, distribution.

Example 7.5 Let us consider Example 2.3 again. Thus, suppose A,, is the matrix (10).

The singular values of A,, are 0,... ,0,n and hence we can apply Corollary 7.4 with m = 1
to the situation at hand. It follows that X2is B (— —) distributed on the interval (0,1).
If X has the B(«, 3) distribution on (0, 1) then
« af
EX = , 0’X = .
a+rp "7 T @t BPatprl)
This yields
1 2(n—1)
EX:=—, o°X}=—>—%
nTh 7 4n n?(n +2)’

which is in perfect accordance with (11). In Example 2.3 we were able to conclude that
P(X2 > ¢) <8/(n%?). Since we know the density, we can now write

P(XTQL > 5) f 1/2 (n 3)/2 df
mEl

Once partially integrating and using Stirling’s formula we obtain

P(X2>¢) = \/7W g)(n=1/2 <1+O<%>>,

the O depending on €. Thus, for each € € (0,1), the probability P(X2 > ¢) actually
decays exponentially to zero asn — oco. B

Example 7.6 Orthogonal projections have just the singular value pattern of Corollary
7.4. This leads to some pretty nice conclusions.

Let ¥ be an N-dimensional Euclidean space and let U be an m-dimensional linear
subspace of . We denote by Py the orthogonal projection of F onto U. Then for y € F,
the element Ppy is the best approximation of y in U and we have ||y||?2 = ||Puyl|® + ||y —
Pyyl/?. The singular values of Py are N — m zeros and m units. Thus, Corollary 7.4
implies that if 3 is uniformly distributed on the unit sphere of E, then ||Pyyl|/?> has the
B(’;‘, N m) distribution on (0,1). In particular, if N is large, then Pyy lies with high
probability close to the sphere of radius \/% and the squared distance ||y — Pyy||? clusters
sharply around 1 — 7.

Now take E = M,(R). With the Frobenius norm | - ||p, F is an n2-dimensional
Euclidean space. Let U = Struct,(R) denote any class of structured matrices that form
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an m-dimensional linear subspace of M, (R). Examples include

the Toeplitz matrices, Toep,,(R)

the Hankel matrices, Hank,(R)

the tridiagonal matrices, Tridiag, (R)

the tridiagonal Toeplitz matrices, TridiagToep,,(R)
the symmetric matrices, Symm,, (R)

the lower-triangular matrices, Lowtriang,, (R)

the matrices with zero main diagonal, Zerodiag,, (R)

the matrices with zero trace, Zerotrace,(R).
The dimensions of these linear spaces are

dim Toep,,(R) =2n — 1, dimHank,(R)=2n -1,
dim Tridiag,,(R) = 3n — 2, dim TridiagToep,,(R) = 3,
2 2
dim Symm,,(R) = n ;—n’ dim Lowtriang,, (R) = n ;—n}

dim Zerodiag,,(R) = n* —n, dim Zerotrace,(R) = n* — 1.

Suppose n is large and Y;, € M, (R) is uniformly distributed on the unit sphere on M, (R),
||YHH% = 1. Let PstructYyn be the best approximation of Y;, by a matrix in Struct,(R).
Notice that the determination of PgiructYr 1S a least squares problem that can be easily
solved. For instance, ProepYy is the Toeplitz matrix whose kth diagonal, k = —(n —
1),...,n — 1, is formed by the arithmetic mean of the numbers in the kth diagonal of
Y,,. Recall that dim Struct,,(R) = m. From what was said in the preceding paragraph, we

conclude that ||Pstruct Yo% is B (%, "zgm) distributed on (0,1). For example, || ProcpYn||?
has the B (%, %) distribution on (0, 1). The expected value of the variable ||Y;, —

77ToepYn||2 is1— %—i— # and the variance does not exceed n%. Hence, Chebyshev’s inequality
gives

2 1 € 2 1 e 4
P<1——+_2__<||Yn_73ToepYn||2<1__+_2+_>Zl_—2' (32)
n n n n n n ne

Consequently, ProepYn is with high probability found near the sphere with the radius
,/% - # and ||Y,, — PTOepYnH% is tightly concentrated around 1 — % + #

We arrive at the conclusion that nearly all n X n matrices of Frobenius norm 1 are at
nearly the same distance to the set of all n x n Toeplitz matrices!

This does not imply that the Toeplitz matrices are at the center of the universe. In
fact, the conclusion is true for each of the classes Struc,(R) listed above. For instance,
from Chebyshev’s inequality we obtain

1 1 1 1
P<————€<HYn_PSymmYnH2<___+5> >1 (33)

2 2n 2 2 =7 2p2e2
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and

1 I 9 1 e
P <ﬁ - ﬁ < ||Yn - PZerotraceYnH < ﬁ + ﬁ) >1— W

If the expected value of ||Y;, — PstructYn|? stays away from 0 and 1 as n — oo, we have

much sharper estimates. Namely, Lemma 2.2 of [5] in conjunction with Corollary 7.4

implies that if X2 has the B(Z, Ngm) distribution on (0, 1), then

P(XZ<ot) < (oe! ™)™, P (X227 20) < (re! )" (34)
N N
for 0 < o0 < 1 < 7. This yields, for example,
1 1 1 1
P a9 o Yn - mmYn Z a o
(o(5 - 37) < I¥a~ Pomm¥allt <7(5 - 57
7’L2 n TL2 n

>1-— (061—0)( +n)/4 (7_61—7)( +n)/4 (35)

whenever 0 < 0 < 1 < 7. Clearly, (35) is better than (33). On the other hand, let € > 0
be small and choose 7 such that

Then

the O depending on ¢, and hence (34) amounts to
2 1 e 2 1
P(HYn_PToepYnH2Z1__+—2+_> Sl__‘FO(_Q)?
n n? n n n
which is worse than the Chebyshev estimate (32). m

Here is another case in which Theorem 7.3 can be made more explicit. The Gaussian
hypergeometric function F'(a, b, c; z) is defined by

Flabez)=1+3 @l 2
k=1

(r kY
where (y)r =y(y+1)...(y + k= 1).
Corollary 7.7 Letn >3 and 0 =s1 = ... = $p_2 < Sp—1 < Sp. Put p = s,/sp—1. Then
for € € (0,1/u?) the density of the random variable X2 is
1 2 (n—4)/2
_ B (M Y- <n4>/2/<_M> Codr
(6 = 1) (1 1 36
e = L (3-1)a-grhe | e ——
2
_ (P a e p (LA fw )
p(5-1) -9 02p (o =2 il (37)
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Proof. We have v(p) = u? cos? ¢ + sin? ¢ and hence (28) yields
w/2
| a= stz

/2 2 (n—4)/2
=(1- g)(”—4)/2/0 <1 — 5(?7_51) cos? gp) dy

_ (1 _ é-)(nf4)/2 1 f(ﬂQ - 1) (n—4)/2 da
T2 /0 (1_ 1-¢ m) w(l—x) .

Combining (38) and Theorem 7.3 we arrive at (36). Formula 2.2.6.1 of [12] gives that (38)

equals
(1—9=2 /11 14-—n -1
2 Blga) e —5h 1-¢ )

This in conjunction with Theorem 7.3 proves (37). m

For y € (0,1), the complete elliptic integrals K(y) and E(y) are defined by

w/2 ds& /2 S
K(Z/):/ ——— E(y):/ \/1 —yZsin® o de.
0 1—y?sin“p 0

For small n’s, Corollary 7.7 delivers the following densities on (0,1/u?):

M §(u?—1)
f3(£)_ﬂ_mK< 175 >,
f4(&) = p (uniform distribution),

:3ux/1—€E< f(u2—1)>
T 1-¢ ’

f5(6)

f6(&) = 2p — p(p® + 1)€,

and f7(£) equals
e (a-re-ro (0 ) - (50 ).

Finally, under the hypothesis of Corollary 7.7 the distribution of nX2 is no longer x? in
the limit n — oo . Indeed, by (36), the density of nX?2 is

L (€ _nn TR w1 N de
Ef"(ﬁ>_E(§_1><l_ﬁ> /0<1‘ - ”ﬁ) =)

and as n — oo, this converges to

1
K e/ / pCxut-nj2__ T
0

o Vel —o)
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Formula 2.3.6.2 of [12] tells us that the last expression equals

2 2
I g2 mee-nyag (SW DN B —eernyag (S DY
o 1 > 1

where I is the modified Bessel function,

Conclusion. It is clear that estimates based on knowledge of the distribution function are
in general better than estimates that are obtained from Chebyshev’s inequality. Examples
2.3 and 7.5 convincingly demonstrate the superiority of the distribution function over
Chebyshev estimates. However, the message of this paper is that, for large n, the ratio
| Anz||?/ (|| Anll?||2]|?) clusters sharply around a certain number and that this number
can be completely identified for important classes of structured matrices. The zoo of
distribution functions we encountered above makes us appreciate the beauty of the simple
and general Theorem 2.2 and the ease with which we were able to deduce the results of
Sections 3 to 6 from this theorem.
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