Elect. Comm. in Probab. 14 (2009), 116-121

ELECTRONIC
COMMUNICATIONS
in PROBABILITY

MOMENT IDENTITIES FOR SKOROHOD INTEGRALS ON THE WIENER
SPACE AND APPLICATIONS

NICOLAS PRIVAULT!

Department of Mathematics, City University of Hong Kong, Tat Chee Avenue, Kowloon Tong, Hong
Kong

email: nprivaul@cityu.edu.hk

Submitted January 27, 2009, accepted in final form February 2, 2009

AMS 2000 Subject classification: 60H07, 60G30.
Keywords: Malliavin calculus, Skorohod integral, Skorohod isometry, Wiener measure, random
isometries.

Abstract

We prove a moment identity on the Wiener space that extends the Skorohod isometry to arbitrary
powers of the Skorohod integral on the Wiener space. As simple consequences of this identity
we obtain sufficient conditions for the Gaussianity of the law of the Skorohod integral and a
recurrence relation for the moments of second order Wiener integrals. We also recover and extend
the sufficient conditions for the invariance of the Wiener measure under random rotations given
in [3].

1 Introduction and notation

In [3], sufficient conditions have been found for the Skorohod integral §(Rh) to have a Gaussian
law when h € H = L?(R,,R?%) and R is a random isometry of H, using an induction argument.

In this paper we state a general identity for the moments of Skorohod integrals, which will allow
us in particular to recover the result of [3] by a direct proof and to obtain a recurrence relation
for the moments of second order Wiener integrals.

We refer to [1] and [4] for the notation recalled in this section. Let (B,)., denote a standard

R¢-valued Brownian motion on the Wiener space (W, u) with W = % (R.,R?). For any separable
Hilbert space X, consider the Malliavin derivative D with values in H = L?(R,,X ® RY), defined
by

n
DtF:Zl[o,ti](t)aif(Btl,--~;Btn); teR,,,
i=1
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for F of the form
F:f(Btly"')Btn)9 (11)
f €6 °(R,X), ty,...,t, ER, n> 1. Let D, (X) denote the completion of the space of smooth
X-valued random variables under the norm
k

l
lullp, o= D IDUlswxsney, P> 1,
=0

where X ® H denotes the completed symmetric tensor product of X and H. For all p,q > 1 such
thatp ! +q '=1and k > 1, let

o: Dp,k(X ® H) I Dq,k—l(X)
denote the Skorohod integral operator adjoint of
D:D,;(X) > Dg1(X ®H),

with
E[(F,6)x] = E[DE tyen],  F€Dy(X), ueDy (X ®H).

Recall that §(u) coincides with the Itd integral of u € L2(W; H) with respect to Brownian motion,
ie.

6(1,[): f utdBt’
0

when u is square-integrable and adapted with respect to the Brownian filtration.

Each element of X ® H is naturally identified to a linear operator from H to X via
(a®b)c=a(b,c), a®beX®H, ce€H.

For u € D, ;(H) we identify Du = (D,u); g, to the random operator Du : H — H almost surely
defined by

00
(Du)v(s) = f (D.uy)v dt, s€R,, veL*(W;H),
0
and define its adjoint D*u on H @ H as
[e¢]
(D*u)v(s) = J (D;Lut)vtdt, s€R,, veL*W;H),
0
where Djut denotes the transpose matrix of D,u, in R? ® R9.

Recall the Skorohod [2] isometry
E[6(w)*] = E[(u,u)y] +E [ trace(Du)*|,  u€D,;(H), (1.2)
with

trace(Du)®> = (Du,D*u)pen

f J (Dsu;, Diug)peggadsdt,
and the commutation relation

D6(u)=u+&6(D*w), u€D,,(H). (1.3)
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2 Main results

First we state a moment identity for Skorohod integrals, which will be proved in Section[3]

Theorem 2.1. For any n > 1 and u € D, 4, ,(H) we have

I n!
E[(6(w)™] :;m 2.1)

k
E {(5(11))"* (((Du)k_lu,u)H + trace (Du)**! + Z %((Du)k_iu,D trace (Du)f)H> } ,
=2
where

tr—1

o8] 0]
trace (Du)k+1 = f o f <[)]L utk:ka—zutkfl . 'DfoutlDtkutc))]Rd@]RddtO' : 'dtk‘
0 0
For n =1 the above identity coincides with the Skorohod isometry (1.2).

In particular we obtain the following immediate consequence of Theorem 2.1. Recall that trace (Du)* =
0, k > 1, when the process u is adapted with respect to the Brownian filtration.

Corollary 2.2. Let n > 1 and u € D, ,(H) such that (u,u)y is deterministic and
k1 A A
trace (Du) ! + E —((Dw)*"'u, Dtrace (Du)'); =0, a.s., 1<k<n. (2.2)
e |
i=2

Then 6(u) has the same first n + 1 moments as the centered Gaussian distribution with variance
<u> u)H'

Proof. The relation D{u,u) = 2(D*u)u shows that

(D", u) = (D) 'u,u) = %(u, (D)2D(u,u)) =0, k>2, (2.3)

when (u,u) is deterministic, u € ID, ;(H). Hence under Condition (2.2), Theorem 2.1|yields

ELE)™] = nfu,u)yE [(6w)"],

and by induction

) (2m)!
E[(6(w)™] = (wu)y, 0=<2m=<n+1,
2™m!
and E[(6(u))*™*1] =0, 0 < 2m < n, while E[6(w)] =0 for all u € D, ;(H). O

We close this section with some applications.

1. Random rotations

As a consequence of Corollary [2.2 we recover Theorem 2.1-b) of [3], i.e. &(Rh) has a
centered Gaussian distribution with variance (h,h); when u = Rh, h € H, and R is a
random mapping with values in the isometries of H, such that Rh € Nn,.,ID,,(H) and
trace (DRh)**! = 0, k > 1. Note that in [3] the condition Rh € Np>1,k=2Dp x(H) is assumed
instead of Rh € N, D, ,(H).
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2. Second order Wiener integrals

Let d = 1. The second order Wiener integral I,(f,) of a symmetric function f, € H® H =
2(R ) can be written as I,(f,) = 6(u) with u, = 6(f,(:,t)), t € R_.. Its law is infinitely
d1v151b1e with Lévy measure

v(dy) = 1iy50 Z 2| |e y/akdy + g0} Z | | _y/akdy, 2.4)
k;a;>0 k;a,<0
when f, is decomposed as
1 00
fr= Ezakhk@’hk
k=0

in a complete orthonormal basis (hy )iy of H. Letting

(kﬂ)(s f)_f fals, t)fo(tq, t5)« - foltyq, ti) folty, t)dty - - - dty,

we have trace (Du)**! = J gékﬂ) (s, t)dsdt, and using the relation
]RZ

6(f1)6(g1) = I,(f1 ® g1) + (f1,&1)m> f1,81 €H,

we get

((Du)k_lu;u)H J O(fo, t1))fa(tr, t2) -+ foltyon, ti)O(fo (o, tr))d ity - - - d ity
]Rk71

J L(f2(5t1) ® foos ti)) foltr, t2) -+« foltioq, tidd ity - - dity
]kal

+ faolto, t1)fa(ty, t5) -+ foltoy, ti) folty, to)d ty - - dt

]Rk 1
I (g(k+1)) + trace (Du)*?,

hence Theorem[2.1 yields the recurrence relation

I !
EIGR™] = 3 g [0l ™ (o™ + 2trace (Du)* )]
k=1 :

n—1
- 9 Z_:f (=K (s, £)dsd tE [(Iz(fz)) ]
k=0 " JR?

:n

k k+1-1
PSS (e
k+1

kZ IOk + D!
n— ( 1)k+1 lTl' k (n—k+1) k+1
" 011(k>'(k+1>'( ) [’2((1_%” ) ]

for the computation of the moments of second order Wiener integrals, by polarisation of
k
(L))" 1(g5" ™).



120

Electronic Communications in Probability

3 Proofs
In the sequel, all scalar products will be simply denoted by (-, ).

We will need the following lemma.

Lemma 3.1. Let n > 1 and u € D, ,(H). Then for all 1 < k < n we have

E [(6(w)" *((Du)u, D8 (w)) | — (n — k)E [(5(w))" ™ (Du)*u, D5(w)) |
k
= E {(5@))"* (((Du)k_lu, u) + trace (Du)**! + Z %((Du)k_iu,Dtrace (Du)i))] )
i=2

Proof We have (Du)*"'ue D (p41yyk1(H), (1) € D(pi1))(n-k+1)1(R), and using Relation (1.3) we

obtain

E [(6(w)" *((Du)*u, D5(w)) |
= E[(6)"M(Dw)* u,u+5(D*w)]

(
= E[(6@) M ((Dw)* u,u) ] +E [(5)"(Dw)*'u, 5(Dw)) |
= E[(6@) (0w u,u) | +E [(D*u, DI(5(w)* *(Dw)*u)) ]
= E[(6@) M ((Dw*  u,u) ] +E [(5(w)" Dy, D(Dw)*'u)) ]

+E [(D"u, (Dw)* 'u) ® D(5(u))* )]
= E[(6@)* (((Dw)* ', u) + (D*u, D((Dw)*'u))) |
+(n—KE [(5w)™* 1Dy, (Du)*u) ® D5 (w)) |
= E[(6@)* (((Dw)*  u,u) + (D*u, D((Dw)*'u))) |
+(n—KE [(85(w)"™* 1 {(Du)*u, D5 (u)) ] .

Next,

o0 [0.9)
<D*u; D((Du)kilu» = J o J <Dz‘k71utk’ Dtk(Dtk—zutk—1 o 'Dtouflufo))dto h

J f Ik Uy, Dy, Uy, o DU Dy ug )dtg - diy

—I—J f (Djkilutk,Dtk(Dtk_zutk_l~~Dt0utl)ut0)dt0~~dtk
0 0

= trace (Du)*™! + Z J J
0

(DZk—lutk’Dtkutk+1 ---D, (D Dtkut

1+1 tiya i+1

= trace (Du)™! + Z - f f

<Dtl (D:k,lutk’ Dtkutk+1 D

U

tit1 " tigo

)Dt,-_lutl- : "Droutlur())dto T

Dtkutm),Dti,lut,- e 'Dtoutlut0>dt0 e

-dt,

dt,

-dt;
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k=2

= trace (Du)*™! + E r((Du)iu,Dtrace (Du)*71).
‘ —i
=0

Proof of Theorem[2.1. We decompose
E[(8(u))"'] = E[{u, D(8(u))")] = nE[(5(u))" " {u, D5 (w))]

=3 ?'k), (E [(6)™H{(Dw) u, D5 () ] — (n— K)E [(5w))* ™ (Dwu, D5(w))]).
k=1 :

as a telescoping sum and then apply Lemma/3.1, which yields (2.1). O
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