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1 Introduction

Let (Bf'):cjo,1] be the fractional Brownian (fBm) motion with Hurst parameter o € (0,1).
When a = 1/2, BY/? is the standard Brownian motion. When a # 1/2, this process is not a
semimartingale and in this case the powerful theory and tools of the classical It6 stochastic
calculus cannot be applied to it. However, its special properties such as self-similarity,
stationarity of increments, and long range dependence make this process a good candidate
as a model for different phenomena. Therefore, a development of the stochastic calculus
with respect to the fBm was needed. We refer to [1], [6], [9] and [11] for some approaches
of this stochastic calculus.

The aim of this paper is to develop a stochastic calculus for the two-parameter
fBm introduced in [3], also known as the fractional Brownian sheet. As the one-parameter
fBm, the fractional Brownian sheet is not a semimartingale. But the Malliavin calculus for
Gaussian processes can be adapted to it, Skorohod stochastic integrals can be defined, and
it will allow us to derive an It6 formula when the Hurst parameters are bigger than 1/2
which extends the It6 formula for the two parameters martingales (see [10], [16] and [13]
for a complete exposition of this topic). As an application we study the representation of
the local time of the fractional Brownian sheet in terms of Skorohod stochastic integrals.

Our paper is organized as follows: Section 2 contains the basic notions of the Malli-
avin calculus for Gaussian processes and the definition of the fractional Brownian sheet. In
Section 3 we give an analogue of the Doob-Meyer decomposition for the square of a martin-
gale, and an It6 formula for the fractional Brownian sheet. The interpretation of a specific
new term appearing in the It6 formula is given in Section 4. Finally, as an application of
this formula, Section 5 contains the study of the local time of the fractional Brownian sheet
using stochastic integrals and an occupation time formula.

2 Preliminaries

2.1 The Malliavin calculus for Gaussian processes

Let T' = [0,1]. Consider (B;)ier a centered Gaussian process, with covariance E(B;B) =
R(t,s).

We consider the canonical Hilbert space H associated with the process B, defined
as the closure of the linear space generated by the function {1y, € T} with respect to
the scalar product (1jpy, 1jo,¢]) = R(t,s). Then the mapping 1, — B gives an isometry
between H and the first chaos generated by {B:,t € T'} and B(¢) denotes the image of a
element ¢ € H.

We can develop a stochastic calculus of variations, or a Malliavin calculus, with
respect to B. For a smooth H-valued functional F' = f(B(y1), -+ ,B(p,)) with n > 1 |
feCP(R) and ¢, , ¢, € H we put

DB(F) = —j(B(SOl)a"' ; B(en))e;



and DBF will be closable from LP(f2) into LP(Q;H). Therefore, we can extend D? to the
closure of smooth functionals on the Sobolev space D*P defined by the norm
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Similarly, for a given Hilbert space V we can define Sobolev spaces of V-valued random
variables DFP(V) (see [17]).
Consider the adjoint 6% of DB. Then its domain is the class of u € L?(;H) such
that
E|(DPF, uu| < C||Fl3

and 07 (u) is the element of L2(Q) given by
E(6%(u)F) = E(DPF,u)y

for every F smooth. It is well-known that D'2(H) is included in the domain of §.
Note that E6? (u) = 0 and the variance of the divergence operator 67 is given by

ES® (u)? = Bllul} + E(DPu, (DPu)") e (1)

where (DPu)* is the adjoint of DPu in the Hilbert space H ® H. This last identity implies
that
E5"(u)? < Blull3; + B D ull3g- (2)

We will need the property
F§B(u) = 68 (Fu) + (DPF,u)y (3)
if '€ D2 and u € Dom(6%) such that Fu € Dom(5P).

2.2 Representation of fBm

Let now B = B be the fractional Brownian motion with parameter o € (0, 1). This process
is centered Gaussian, By = 0 and

1
R(t,s) = ; (s2a e |- s|2a) . (4)

We know that B admits a representation as Wiener integral of the form

t
B, — / K(t,5)dW,, (5)
0
where W = {W,,t € T} is a Wiener process, and K (t,s) is the kernel

K(ts) = do (t— )% + 53 ) (é) , (6)
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dq, being a constant and

This kernel satisfies the condition (see [15]):

oK 1

E(t’ s) = da(a — 5)(

We will denote by H? its canonical Hilbert space and by DB and §5° the corresponding
Malliavin derivative and Skorohod integral with respect to B<.

Fix now a € (%, 1) and define the operator K* from the set of step functions on T’

(denoted by &) to L*(T) by

1

)27t — 5)°7 2. (8)

SV

1 «
)5 = [ 105

It was proved in [1] that the space H® of the fBm can be represented as the closure of £
with respect to the norm || f|[#e = [[K*f|[12(r) and K* is an isometry between H® and a
closed subspace of L?(T). This fact implies the following relation between the Skorohod
integration with respect to B* and W, the Wiener process:

68" (u) = 6V (K*u) 9)

for any Hvalued random variable u in Dom/(68). We will call 6% (u) the Skorohod inte-
gral of the process u with respect to B. Since a > 1/2, we have the following representation
of the scalar product in H*:

1 1
(s ) = (200 — 1)/0 /O F(a)g (b)|a — b2 dadb. (10)

This formula holds as long as the integral above is finite when f and g are replaced by |f]
and |g|.

2.3 Fractional Brownian sheet

S
process is Gaussian, it starts from 0 and its covariance is

Consider (W"",;B)s,te[&l] a fractional Brownian sheet with parameters «, 5 € (0,1). This

u,v

E (W we) = Rt w)R%(s,0)

1 1
= 3 (2 w2 — Jt—uf*) 3 (szﬁ +ouB s — vy%) .

This process self similar and with stationary increments and it admits a continuous version.
We refer to [3] for the basic properties of W®#. The fractional Brownian sheet with Hurst
parameters «, 3 € (0,1) can be defined as (see [4])

t S
Wﬁfiﬂ:/ / KOt u)KP(s,0)dW.
0 0
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where (Wy v )u,vef0,1] is the Brownian sheet.

The canonical Hilbert Space H®P of the fractional Brownian sheet is the closure
of linear space generated by the indicator functions on [0,1]? with respect to the scalar
product

(Lj0,0x[0,5]> Lo.u x[0,0]) 15 = R (£, u)RP (s, 0).
Fix a, 3 > L. Notice that in this case, by tensorization of (10), we have for every f, g € H®?
2

1 1 1 1
ug»mazdwdmﬂgﬁQAUAfmwmemm—nﬁ””w—m””wmme

and c(a) = a(2a — 1). Define the operator K;% on the space of step function on [0, 1]? to
L?([0,1]?) given by

(;%f (s,t) //f?“r 5 )a;(f(r',s)drdr’. (11)

We have
*,2 *,2
<Ka15f7 Ka:59>L2([0,1]2) = <f7 9>Hmﬂ- (12)
Indeed,

( ;%f, agg>L2 ([0,1]2)

// (/ / Fla,b) 2B au)aab (b, v)dadb)
( / / m, n) (m ) 8;(5 (n, v)dmdn) dudv
/ / / / F(a,b)g(m, n < / o / oK )%If(n,v)dmdndudv) dadbdmn
5AAAAf@wmm§£wmiﬁwm
() /01 /01 /01/01 fla,b)g(m,n)|a — m|**~2|b — n|** " dadbdmdn

= <f7 g>'H""5'

One can develop a Malliavin stochastic calculus with respect to the fractional Brow-
nian sheet following the method of Section 2.1, using rectangles in [0, 1]? instead of intervals
in [0, 1]. Denote by " and DW*” its associated Skorohod integral and Malliavin deriva-
tive respectively. A consequence of the identity (12) is that the following expression of the
Skorohod integral 6" holds: For f € Dom(sW*") c L%(Q, H*P),

/Ol/olf(u,vdwaﬁ// (K350 (1, 0)dWa
:/01 /01 (/ul /: Fla,b)2 LS <a,u)a§b (b,v)dadb) AW,




All properties of the anticipating Skorohod integration with respect to Gaussian processes
will hold in this case.
Consider now the processes s — Wf gﬁ and t — Wsa t’ﬁ . These processes are real

fractional Brownian motions with the same law as t*W® and s*W? respectively and with
covariances

1 1
R1(81,$2) = t2ﬁ§ (S%a + S%a - |81 - 82|2a) and Rg(tl,tg) = S2a§ (t%ﬁ + t%ﬁ — |t1 - t2’2ﬂ)
(13)
respectively. Since these processes are fBm’s themselves, we have the Malliavin calculus

with respect to them. We denote by 6t the Skorohod integral with respect to the fractional
Brownian motion s — Wsa gﬁ and by 05 the Skorohod integral with respect to the fractional

Brownian motion t — Wf t’ﬁ . We will only use the integration by parts formulas

FWER8 ) = 8% (FOVEL ) + 20 F (W), T ) e (14)
and

FWeR53 () = 8 (FOVE ) + 2 (W) o ) (15)

3 The Ito formula for the fractional Brownian sheet
We will start this section with three technical Lemmas that will be used below, and that
rely on the following exponential quadratic growth assumption on f and/or its derivatives:

(H) We say that a function g on R satisfies Condition (H) if, for |z| large enough, we have
lg ()| < M expaz? where a is a constant that depends only on « and/or 3, and M
is an arbitrary constant.

Lemma 1 Let s,t € [0,1] and 7' : 0 =59 < 81 < ... < s, =sand 7> :0=1y <t <

. < tm =t be two partitions of the intervals [0,s] and [0,t] respectively. Assume f, f’,
and f" satisfy Condition (H). Then we have the following convergences in L? () when the
partition meshes both tend to zero:

1 If (W"‘)te[o 1] s a fBm with parameter o € (%, 1), then for any f € 02(R),

E (5 fwe 20‘1 E o fawg 2°‘dWO‘—> 7‘ W) u**dWE.
t; G 4544) t; )t
(16)

2 If (W st )s,te[o,l} is a fractional Brownian sheet with parameters a, 3 € (%, 1), then for
any f € CZ(R),

n—1m-—1 n—1m-—1 siv1 ptis
33 ¢ (it OFVE) = 2 3 [ [ sowidyawss
i=0 j=0 i=0 j=0 t

H//fwaﬁ awgsps. (18)



Proof: We use the notation Aj; = [t;,¢;41]. Concerning point 1, we prove first the
convergence in L?(£2; H®) of the sum

;_-

m—

( (W2 14, (u )) (19)
j=0

to the process

—_

FOVHU** g (u) = Y F(Wu**1a,(u). (20)
i

3

Il
o

The L2-norm of the difference D between the two terms can be estimated as follows

2
m—1

D=E |3 (FWEE — W) () 1a,
]:0 He
2
m—1
<2B| Y | (W) - fwe)| 21,
,0 He
m— 2
Z FWHIC) t?auﬁj
7=0 He

We can write that [| 3, a3 < > ik |5l34a ak|pe. Also we have the inequality

) = rwe)

< sup ‘f “Wt] Wi .
z€[0,1]

This follows from the mean value theorem and the fact that W is almost-surely continuous.
Since here we will have u € Aj, so that |

HUSENUS

< sup |[fF(WR)|  sup W - W
z€[0,1] a,b:la—b|<|m2|

Therefore, using Holder’s inequality,

4
D <2E | sup |f' (W) sup (W = WY (1, 1ag)ue
z€[0,1] a,b:ja—b|<|n?| 3.k
+2E | sup [f (W] 1721 (1a,,1a,)1e
xe 0,1} 4.k

Since W is Gaussian and almost-surely continuous, the general Dudley-Fernique theory
guarantees that E [supa,b:m,bgr EWS} — Wb‘)‘ﬂ converges to 0 as r tends to 0. To guarantee

that D goes to zero as |7%| — 0, we only need to assume that condition (H) holds for f and



f' with a < 8 'War(Z)~! where Z = SUP,e(o,1] |[W2|. Indeed, since Z is the supremum of a
centered continuous Gaussian process, a classical result of Fernique implies that E [exp aZ 2]
is finite for a < Var(Z)~127!. Using the inequality (2), the proof of point 1 will be finished
if we show that the derivative of (19) converges to the derivatives of (20). It holds that

Dsf(Wi) = f'(Wi)1jo,.,)(s) and Dy f(Wi) = f' (W) 1o (s)

and

3
L

D, f(WENE = Dof (W) 1a, (u)

/N

.
Il
=)

-1
<B|Y (£ = £ V) 1oa (995°1a, (W)

3

<.
Il
=)

3
L

+E[ ) fWHE" = u*)lo.(s)1a, (u)

<.
Il
=)

3
L

+E f/(Wg)u2a1[tj,u}(S)1Aj (u) :

i
o

We seek convergence of these three terms as functions of (s,u) in the space (HO‘)®2. The
convergence of the first two terms to zero can be done using the bounds presented above
in this proof, using Condition (H) on f’ and f”. Finally, using the definition of the scalar
product in (H*)®?, including the fact that we can use the inequality Lig; ) (8) < 1a, (s), we
obtain

2

m—1
E| Y f(W) ()2 1y, ()14, ()

=0 ] (He)®2
<E s%pl]\f’(Wf‘)\Q >4, ()18, O (1a, (%), 1a, (5));
_CBE s 1 jk
2

<E | sup ‘f’(Wf)f ZHlAJ‘H;a
| z€[0,1] J

Condition (H) on f’ guarantees that E {supme[()’l] |f (Wg)ﬂ is finite, and the other factor

converges to 0 with |7?| since i llla; 3o < |72 > i l11a;l[#= converges to zero.
Concerning point 2, we need first to prove that

n—1lm-—1

SN Laea, (o) (JOVED) = fWed)) (21)

J
i=0 j=0



goes to zero in L2 (Q; 'Ha’ﬁ). We have, as before,

n—1m-—1 2
B taea, (o) (FOVE) = rwesd))

i=0 j=0 HeB

1/2 s (wen || gL a.,f o |”
<E sup (szy ) E Sup Walﬂz = by ,ba
x,y€[0,1] la1—b1|<|7t],|az—ba|<|m2|
: Z <1Am 1Ai/>H°‘<1A]’> lAj/>HB
t,¢,5,5"

which, assuming condition (H) on f/, converges to zero as ‘7r1| and ‘7r2‘ tend to zero,
due to the almost-sure continuity of W as a centered Gaussian process on [0,1]2. The
convergence of the Malliavin derivatives of (21) is no more difficult than the other proofs
above; we leave it to the reader. The proof of the lemma is completed. O

The next lemma is trivial.

Lemma 2 Let s,t € [0,1], 7', 72 as in Lemma 1 and A, B two finite variation processes.
Then, for every f € C(R) and g € C(R?) the following convergences hold in L'(Q).

m—1

t
£t (B~ Bi) — [ S, (22)
3=0 0
and
n—1m-—1 s t
9(si,tj) (ASZ.+1 — Asi) (B i — B j) — g(u,v)dA,dB, (23)

The next lemma is useful for dealing with certain specific double Skorohod integrals
that we will encounter.

Lemma 3 For s,t € [0,1] and for fived integers n and m, let the partitions 7', 7% be again

as i Lemma 1. Denote m = my, p = (7Tn,71’m) Also let

n—1m—

Ly sipa]x (0,5 (015 v1)) Lo i [t.,4.0) (U2, 02)) (24)

1
(Ul,vl (u2,v2)
=0 j=0

for every u = (u1,uz),v = (v1,v2) € [0,1]2. Then the sequence (a™), converges in (7'[0"5)@2
as the mesh of ™ tends to 0 (when n and m both tend to infinity) to the function a defined
for every (u1, 1) , (us, v3) € [0,1]2 by:

a((u1,v1); (u2,v2)) = 1jgg (u1) 104 (v2) 11017 (u2) Ljo,) (V1) -



Proof: We denote sg = t9 = 0 and A; = A = [s458i41], Aj = A’j“ = [tj;tj+1], as
well as D; = D' = [0,s;] and D; = D" = [0,¢;]. Although the names of these intervals
are ambiguous, the names of their indices allow us to identify which variables they refer
to, which lightens the notation. To further lighten notation, we allow D; (t) to denote the
indicator function 1p, (t), and similarly for the other intervals. We only need to show that
the doubly indexed sequence of functions

[an,m ((u1,v1), (u2,v2)) — a((u1,v1), (uz,v2))]
anm ((ul,v1) , (ug,v5)) —a ((ui, ) , (us, v5))]
n—1m-—1
= Z Z Dj (v1) A; (ur) D; (u2) Aj (v2) — a((u1,v1), (u2,v2))
i—0 j=0
n—1m-—1

122 D Dy (v1) A (uh) Di (up) Aj (vh) —a((uh, 1), (ud, vp)) (25)

i=0 j=0

defined on ([0,1]* x [0, 1]2)2 converges to 0 as m and n tend to infinity in the space L! (1)
where p is the measure defined by

I (dul duadvy dvedu’y dubydv] dvé)

= |uy — u’1|2a_2 |ug — ué’m_Q vy — UHQﬁ_Q |vg — vé‘Qﬁ_Q duy dugdvy dvodu’y duydv] dvl.

We first note that, by virtue of the partitions, for every pair of points (u1,v1), (ug2,ve) €
[0,1]%, except for the countably many points in the partitions 7! and 72, we have con-
vergence of ay, m, ((u1,v1); (u2,v2)) to a((u1,v1); (u2,v2)). In other words, ay, , converges
to a Lebesgue-almost everywhere in [0,1]% x [0,1]2. Thus the quantity in (25) converges
in ([0,1]% x [0, 1]2)2 almost everywhere to 0 with respect to the Lebesgue measure, and
also with respect to the measure p since p is Lebesgue-absolutely continuous. Since the
sequence in (25) is bounded by 1, and since 1 is integrable with respect to p, by dominated
convergence, the lemma is proved. O

We will also need the basic lemma for the convergence of the Skorohod integral.

Lemma 4 Let u, be a sequence of elements in Dom(d) which converges tow in L? (Q; 'HO"B).
Suppose that 6(u,) converges in L*(Q) to some square integrable random variable G. Then
u belongs to the domain of § and §(u) = G. This result also holds for sequences in H*, or
in HP, and their respective Skorohod integrals.

a,ﬁ)z

3.1 A decomposition for (W}

Let, from now on, s,t € [0,1] and mi0=s50<s1<...<sp=sand 1 :0=1y <t <
... <ty =t be two partitions of the intervals [0, s] and [0, ¢] respectively. Without loss of
generality, we can choose the dyadic partitions.
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Proposition 1 Let (Wat’ﬂ a fractional Brownian sheet with parameters o, 3 €

(3,1). Then it holds

)s,te[o,l]

2 t s -
(W;jtﬂ) =2 /0 /0 WPAWw P + 2M, + s> (26)

where, with a and a™ as in Lemma 3, and with 6 the double Skorohod integral with respect
to Wb on [0,1]% x [0,1]?,

Ms,t = lim 5(2 81,82+1 Otj]( )1[0,si]><[tj,tj+1] (*) (27)

Although this result is contained in the It6 formula that we prove independently in
the next section, we give a detailed self-contained proof of this decomposition for (Wo"ﬁ )2 as
a dydactic tool that enables us to introduce some of the essential ingredients and techniques
used in proving I[t6’s formula, including the random field M. This section helps us make
the next section more concise and easier to read.

Proof of the proposition: First write Taylor’s formula

7ﬁ 7/8
- 2 Z WSu ( 51+17t - WSO:J)

where W ¢ 1s an arbitrary point located between W . and we @B Observe first that the

Sit1,t”
LQ(Q)—hmlt as |7!| — 0 of the difference
n—1 -~
S (wad - wed) (wed - wed)
i=0
is equal to 0. Indeed, by Holder inequalities,
n—1 _ 2
B> (wed —wed) (wed - wed)
i=0
n—1
716 718 76 76 6 16 9. 9.
<B Y |[wel - wed| Wil - wad | (el - wed) (Wil - wid)

il=

1
2

Sit1,t Si41,t 15t
la—b|<|x1| '

1 n-1

2\ 2 2

< sup <E‘W§jﬁ—wgff> ) (E’W""B — W)W W“’ﬁ)”
i1=0

1 /n-1 1y 2
2\ 2
S p (E\Wiﬁf—Wzﬁ,‘f ) (Z( Wl —wl )) < |tftem?

la=b] <] =

11



and this goes to 0 when o > % Therefore it suffices to study the limit of the sum

T=2y wel (Wl - wed).

Using that g(t) = ¢(0) + 272_01 (9(tj+1) — g(t;)) we will obtain

3
L
3
L

T=2

’ﬁ a7ﬂ au@ auB avﬂ
[ Su 41 ( Sit15tj+1 Wsi:tj+1> o Wsi,tj <W W, )}

Sz+1:t] - S'L:tj

HO

l\D
L IM]
i OMH ZMi ZM

3 s

o, o, a,p
7 — — b
37,7 J+1 ( S'L+17t]+1 Wsutj+1 W W

Si+1,t;5 Siyts
=0
n—1
+ 2 ( 517 J+1 B 51??]) (Wugﬁ,tg - Ws:tﬁ])
=0
n—1 n—1m-—1
— 7ﬁ OC,B O@ﬂ a,ﬁ Oé,ﬁ
=2 57,7 ]+16 1Ai><Aj) +2 Z Z <W5i7tj+1 B Wsi,tj) <W5i+1,tj B Wsmtj)
i=0 j=0 i=0 j=0
=I+J

where we denoted by A; = [s;, s;+1] and A; = [t;,tj41]. Now, by property (3), the summand
I becomes

n—1m—1
I=2 Z 0 <WSZZ+11AI'XAJ'> +2 Z Z (Losidx(0541] Laixa; e
=0 5=0 i=0 j=0
n—1m-—1 n—1m-1
=2 0 <Wg:tﬁj+11AiXAJ’> +2 Z Z (1[0,31-]7 1Ai>H“<1[07tj+1]’ 1AJ>H5
=0 5=0 i=0 j=0

By Lemma 1 point 2, and Lemma 2, we have the following convergences in L?(Q)

1
5( J+1 Ia, ><A / / Weldwes? (28)
—0

n—1m—

1=0 j=
and

n—1m-—1

Z Z <1[0»$i]’ 1Ai>7'(°‘ <1[0,tj+1]’ 1Aj>7—t,8

i=0 j=0

L 2 20 23 9 1 5.0

1 Z+1 = 577 = (siv1 — 1) “) Z (tj+1 =t — (tj+1 — t5) ﬁ) 1 28 (29)

: J
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The term J admits the following decomposition

n—1m-—1 n—1lm-1
T=230 36 |(Wad oy = Wit ) Lacxtosst] + 220 3 (o 1a e (o1 1o, s
=0 j=0 =0 j=0
n—1m-—1
=2M(m) +2> > (Lo La)me (Los,ps 1o, )res
i=0 j=0
where
n—1m-—1
_ a,B a,B
M(ﬂ-) - Z Z 5 [(Wsi,tj+1 - Wsi,t]') 1A¢X[0,t]']:|
i=0 j=
n—1m-—1
=021 w0 (Vjosxa, %) | =62 (@) (30)
i=0 j=0

where 62 denotes the double Skorohod integral and the process a™ is defined in Lemma 3.
As before, we can show that

n—1m-—1

1 .
2D (Mosp Ladne (Lo 1a, ) —primo 7577 in L2 (31)
i=0 ;=0

Lemma 4 can be used in combination with Lemma 3 to assert immediately that 6 (a™)
converges in L% () to 6% (a); indeed the convergence of the deterministic integrands in
(H“’ﬁ)®2 is in Lemma 3, and since the corresponding Skorohod integrals are equal to

(W gB )2 minus other terms that were already proved to converge in L? (€2), they converge
in L2 (). Note that Lemma 4 is not stated for the convergence of the double Skorohod
integral, but the simple one; however it can be still applied because a double integral can
be written as a simple one in which the integrand is convergent in L?(Q; H®?%)). Combining
this convergence and (28), (29), (31), we find the result of the proposition. O

3.2 Ito formula

In the sequel of this article we will make use of the notation d,, Wy, # to denote the differential
of the fBm given by u — Wy, 2 for fixed v, and similarly for dy W, . As before, AW, B
denote the differential of the fractional Brownian sheet with respect to both parameters.

Theorem 1 Let f € C*(R) and (W§£ﬁ>s,te[0,1] a fractional Brownian sheet with o, €

13



(%, 1). Also assume that f, f', f", f" and f) satisfy Condition (H). Then it holds

FWEP) = / | rovesawes
+ 203 / / WP o qudv + / / F1wehd

+a/ / f/// Waﬁ 2a—1 Qﬁdud Waﬁ—i-ﬂ/ / f/// Wa,ﬁ u2av2ﬁ 1d Waﬁdv

+aﬂ//fw W“’ﬂ w1y qudu (32)

where, by definition,

n—1m-—1
/ / FIWeE)d,, = lim §C f"( aﬁ) O,s:] [t 1] () Lsisign] <0, (%)
=0

|7|—=0 =0 j=

where the last limit exists in L?(2). More specifically, we have the following formula, which
can be taken as a definition of the integral with respect to M which would otherwise only be
a formal notation:

/ / FIWEL)dM,, == 6@ (N) (33)
where for every (uy,v1), (ug,ve) € [0,1]2 the function N is defined by:
N ((u1,v1) 5 (u2,v2)) = f" (Wﬁ’gz) Lio,e) (u1) Ljo,1 (v2) Ljo,uy] (u2) 10,0 (V1) - (34)

Proof: Let s,t € [0,1] and write Taylor’s formula with fixed ¢. It holds that
n—1
7 (W) = 1) + > (wed) (wees o = weed)

+Zf”( we) (wad - wed)

14



where W .t 1s a point on the segment from W fl ; to W f . First, we can prove that the

last term goes to zero in L? (). Indeed, by Holder’s inequality,
//( a ) (Waﬁ _ Woéﬂ)g
81+17 Sivt
- 2
<E Z pr(wed) s (wad )| (wed - wad) (wel - we)

< E/?

2

x:{%gp 7 <W§’5> ‘4

< CK ) [sisn — sil* [si01 — s
i

1/4 1/4 a,B 8
ZE / |:‘W1+1t W :| E / |:‘Wl+17 Wsl:t :|
i\l

)

where K is a constant obtained by using Condition (H) on f”, C is a universal constant;
this all tends clearly to zero since 2a¢ > 1. It remains to study the limit of the term

n—1

T= Zf( s)( f-«—ﬁlt_WftB>

Writing the fact that g(t) = ¢(0) + Z;":_Ol (9(tjt1) —g(t;)) we get

n—1m—1
T= [f/ <W;;€+1) (Wgﬁ,th N W'Soz:tﬁJJrl) -/ (Ws:tﬁj> (W;ﬁ:tj B Ws’ﬁ])}

i—0 j=0
n—1m—1

- Z Z f (WS?JH) (Wgﬁ,th - W;tﬁyﬂ - sﬁt + W ﬁ)
i—0 j=0
n—1m-—1

+ (f/ (W::tﬁjJrl) - (W:fj)) <W30'Zﬁ7tj+1 o Wg:tﬁjH)
i=0 j=0

=A+B

3.2.1 The estimation of the term A
Note that
Wa,ﬁ W _Wocﬂ Wﬂ) 5(1A><A())

Si+1,tj+1 Smtg+1 Si+1,t5

15



and by the properties of the Skorohod integral we obtain

n—1m-—1

A= 3 308[r (Wi ) 1auna, )

n—1m-—1

+ Z Z f// < Syt ]+1> <1[0,si]><[0,t]-+1]7 1Ai><Aj>Ha’5

=0 j=0
= A + As.

The convergence of A; follows from Lemma 1 point 2, assuming condition (H) for f’, f”
and f”, yielding

n—1m—1
SN (W) 1ama, ()] =) / / PV awep. (35)
i=0 j=0

3
L
3
L

=, — g (wat) 1 (63— 51— (sun — 50%) (820, 127 — (131 — 1))
and as above this converges, due to Lemma 2, to

/0 Wz (We?) dRrgdR] = a8 / 7 (W) w2 e dudv (36)
where R = R*(u,u) = u?* and R = R%(v,v) = v?%. due to Lemma 2.
3.2.2 The estimation of the term B

71wk ) =5 (i) = 5 (we) (weed, - wid)

where WSO; ’7tj is a point located between WSC: :tj and WSC: fj 1 the term B becomes
" a,f a8 a8 o8
B= Zf (wed) (weed o —wed) (Wl =)

and using the argument as above, assuming Condition (H) for f”, we can prove that the
limit of B is the same as the limit of the term

Z f,/ ( 57,:/8> < S'LiItBJJﬁl B Wgztﬁ]) (Wsalﬁ>t] a WSCjZ[tBJ) '

Since

16



It holds that

B = Z f" (Wfff]) 0 {1[0,51'%%‘ (Wscrfltg o ngﬂ)}

+Zf//< 046) Osz];lA >HQ<1[Ot+1]71A >H5_Bl+BQ

Sistj
The second term is similar with the term As studied before and we have its convergence to
t
/ £ (W;f;?) dRYdR? = af / " W%ﬁ w201y 2= gy, (37)
0

For the term B we can write

qu ( )58@ [ ;) (Wfffl,tj - Wsofitﬂj)}
_ ngz [ £ (Wf‘f) ;) (ngm - stj)}

1/ 2
+Z (W) (W, = wed Y szos (82, - €7 =t - 1))
a’ﬂ

_ zaw 77 (w2 o s e 18, (w32, - )]

1 2 2
n Z i ( o 7?]) 7 (1a,(%)) 5%045 <tji1 - tjﬁ — (tj+1— tj)%)

and by applylng the integration by parts several times for the Skorohod integral with respect
to the corresponding fractional Brownian motion, we obtain

By — Zési(stj [f// (Waﬁ.) 1a,()1a, (*)}
+ Zé& [ (Wi ) 18,0 5 (658 = 527 = (s = s0*) 7
+ 25 [ (Wl ) 1a, 052G (122~ 127 — (b1 - Wﬁ)]

Lo 2 1 2
+ Z £ 2a2 (tjil - thB — (tj+1 — tj)26> B (579 — 87 = (si1 — 5i)) tjﬁ

sl,t] 7

= Bll + Bi2 + B13 + Bua.

For the summand Bjy we have

Bua= 5 Yo 17 (W) 918,00 (531 - 52

2 —
27‘7
1
+ 5 Zé; |:f”/ (W;;’tj> tj 1Aj(‘)i| (Si+1 — Si) «
27‘7
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By Lemma 1 point 1, assuming condition (H) for f”’and f(*), it holds that, for every s;

leéSl 77 (W22) 818,0] =y [ 77 (W) P

Jj=

and this fact together with Lemma 2 implies that the first part of Bis goes to the integral
o fy fg " (Wff) u2a_1duv25dvWﬁf. Using Condition (H) on f”, since 2o > 1 it is easy
to observe that the last part of Bio converges to zero and therefore we have the convergence

Bz — « / / " WO‘”B W dun®P d, WP (38)

In the same way

Bz — / / i W‘”ﬁ w? v d, WP dv. (39)

Lemma 2 also gives that By 4 converges to

s t )
/ / 7 WO‘B Ju? v dR (u)dRP (v) :aﬁ/ / f(”’)(Wﬁf)u4°‘_1v4ﬁ_1dudv. (40)
o Jo

Now, note that

By = Z(s { ( ) Lo,s,]xa,; (¢ )1Aix[0,tj}(*)]

where §(2) denotes again the double Skorohod integral, and specifically,

Jj+1 sz+1
0 17 (W) tosgran, Nauntons )] = [ / / [ rsiavgavg,

We now show

Lemma 5 Using the same partitions as in Lemma 3, define the process

Nl o)z Zf" (Wl ) Taoxion (@ o0) g ea, (w2, v2). - (41)
Then assuming condition (H) for f the sequence (N™), converges in L? (Q; (Ho‘ﬁ)@) to
the function N defined in the statement of Theorem 1.

Proof: The proof uses Condition (H) combined with the proof of Lemma 3. We
only need to establish the convergence in (HO"B )®2 for fixed randomness w € 2. Indeed, the

convergence in L2 (Q; (Ho‘ﬁ)m) follows by dominated convergence under condition (H)

18



—1 . .
for f”, as long as a < 27 'Var (max[()’l]z ‘Wa’ﬁ‘) for instance. Now, using the almost-
everywhere convergence established in proving Lemma 3, and noticing that we can rewrite
NT as

Nt o1)s(u,v2) = Zf”( >1A (u1)1a;(ve)

D Lagxo) (W, 01) o5 xa, (2, 02)) |

we only need to show that for almost every w € §2, for fixed uy, ve, the quantity

Zf”( o @) 1, (w)1a, (v2)

converges to f” <W5‘1’ﬁ)2 (w)) Since W is almost-surely continuous on [0, 1]2, this con-

vergence is trivial. The lemma is proved. (]
To guarantee that Lemma 4 can be invoked to conclude that the term

n—1m—

1
6 (N7) = 1" (W) Vosgen, ()laxgos, (4) (42)
=0 j=0

is convergent in L2 (Q) to a Skorohod integral, since we already have the convergence of
the integrands in L? (Q, ’HO‘”B ) from Lemma 5, we only need to guarantee that the

Skorohod integrals in (42) converge to a random variable in L? (€2). However this is trivial
since the term in (42) is the difference of all the other terms that have been estimated in
this proof, and have been proved to converge in L? (Q) to f (WSO‘ gﬁ ) minus the sum of all
terms on the right hand side of (32) except for the one denoted by

// // Wa,ﬁ dMuv

Therefore, the Skorohod integral in (42) converges to the Skorohod integral 62 (N), and
(32) is established, so Theorem 1 is proved. O

4 Interpretation of the integral with respect to M

As we mentioned before in the statement of the It6 formula (Theorem 1), the notation M
is defined using a double Skorohod integral. However, the rationale for using a specific
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differential notation for M is the following. We can write

NI (s,t) = / / AW AW 10 () Lo (v2) Loy (u2) Loy (01)
Uul,v1 u2,v2

S t Uy V2
= / / / / AWSB awes, (43)
u1=0 Jv2=0 Jups=0 Jv1=0
S t V2 Ul
) ([ )
u1=0 Jv2=0 V1= u2=0

s t
- / / Ay, WEB - dyy W5, (45)
u1=0 ’
which shows that dM (s, t) should be interpreted as

d W - d, Wy (46)

To make the string of equalities above rigorous, the Fubini-type property used to go from
(43) to (44) must be justified, and the double stochastic integral in (45) must be properly
defined. This can be done without needing to invoke a new Skorohod integration theory,
by simply noting that the integral in (45) can be defined as a random variable in the
second Gaussian chaos of W®# with an appropriate distribution, and checking that it
equals M (s,t). We omit these details.

Defining stochastic integration with respect to M is also trivial if the integrands
are deterministic. However, in connection with the general It6 formula (Theorem 1), we
are much more interested in random integrands. A proper theory of general Skorohod
integration with respect to M can be given. We will not present this theory here, since it
constitutes only a tangent to the It6 formula that is the subject of this article, and especially
since it is not clear that it brings any more computational information than formulas (33)
and (34) which can be taken as a definition of general Skorohod integration against M.
What we will do instead is to present briefly a somewhat formal calculation that shows
exactly how formula (33) is related to integration against M. The main point in this
calculation is that, although the integrands are non-deterministic, the familiar Malliavin-
derivative-type corrections that come from pulling random non-time-dependent terms out
of Skorohod integrals do not appear in the final formula. We recall the general formula for
Skorohod integration with respect to an arbitrary Gaussian field, and a fixed L? random
variable F":

Fé(u) =0 (uF) + (u; DF) 4,

where (-;-);, is the inner product in the canonical Hilbert space of the underlying Gaussian
field.

We also recall that the stochastic differential of W®# can be formally understood
as follows, using a standard Brownian sheet W':

K« K#
AWl = dudv / / aau a(% (v,b) AW, p.
a=0 Jb=0

20



Therefore we have

/ f u,v) AW AW

K K"
- du dv/ / 0 (v, a) 8 (v,0) dWay
a=0Jb

0 ou v
8KO‘ 8[( P
- dudv’ /, o/b’ . ou U, a v ( ,b)dWa/b/.

Now we pull the constant L? (Q)-random variable f (u,v) into the integral with respect to
dWg p, modulo a correction term, then use Fubini to pull the Riemann integral with respect
to u all the way in (which requires no correction), yielding

v u v u K< K,B
I= / -dv / / / du'a (u’,a) ? (v,b) f (u,v) dW,p, — correction term
=0 a=0 Jb=0 Ju'=a ou Ov ’

aKa aKﬁ
- dud —— (V) dWy
uew / /b/ 0 au u, ov (1)7 ) b

= dudv/ {/ (K (u,a) — K% (a,a)) aa (v,b) f (u,v) dWy — correction term]
a=0 Jb=0

8K0‘ (?K .
/ /b/ ~0 8u v (v, ¥) dWar s

= dudv [ / K *(u,a) a;iﬁ (v,b) dWa,b]

v aKO‘ 8K
. d "0 AWy
/,U/ v f Y /a/ =0 /b’ 0 au 31} ( ’ ) Wa b

Now we perform the same operation on f and the integral with respect to v’, yielding

v

K K
: /, odv [/, . /b’ . a@u u,a 881) ( ! b') f (u,v) dWy py — correction term]

B
= dudv [/ K% (u,a) oK (v,b) dW, b}
b=0 ov ’

KO[
[/ / ? u a Kﬂ (v, b’) f (u,v) dWy p — correction term]
=0 8U ’

u v 3
I = dudv [/ KO‘ (u,a) 35( (v, b) dWaJ,}
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u v B
= dudv [/ K (u,a) oK

(Ua b) dWa,b:|
0Jb=
u OK® , ,
’ f (U,’U) |:/a/:0/:0 W (U,a ) K’B (’U, b ) dWa’,b’:|
B

0
v
b/
v

= f(u,v) [dv/ 3;( (v,b) deSQ/Q] {du/ 8;{ (u, a/) da/Wal/i’ﬁ
b=0 OV ’ a'=0 OU '

= f (u,0) d, W27 - d WP

Modulo the definition of Skorohod integration with respect to d, W, B dy W . this calcu-
lation justifies the formula

/ t / " f(u, )i,

= /[ - /[ - AWE AW B f (u1,v2) Lo,s (u1) 1o (v2) 1jo .y (U2) Lig,ee) (V1)

t s
= / / f (u,v) dyWeB - d, WP,
0 Jo ' '
which can be summarized by
dMy = d, WP - d, WP

as announced in (46). O

5 Application to the local time of the fractional Brownian
sheet

As an application of the It6 formula, we will establish in this section the existence and the
stochastic integral representation of the local time of the fractional Brownian sheet.

5.1 Known results and motivation

We start with a short summary of the results on the local times for one and multiparameter
fractional Brownian motion.

e The local time A\¢ of the one parameter fractional Brownian motion B¥ was introduced
in [5] as the density of the occupation measure I"' — fg 1r(BH)ds. The author proved
that A\{ has a jointly continuous version in the variables a and ¢. Moreover \{ has
Holder-continuous paths of order § < 1 — H in time and of order v < % in the
space variable a provided that H > % As a density of an occupation measure, the
local time is increasing in ¢ and the measure L%(dt) is concentrated on the level set

{s: B =a}. A chaos expansion of \? is given in [14], along with an L? estimate.
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e Another version of the local time of the fractional Brownian motion was introduced in [§]
as the density of the occupation measure m; (I') = 2H fot Ip(BM)s?H-1ds. 1If H > %,
this local time satisfy the Tanaka formula

t
|IBE —a| = | —al +/ sign(B4)dBH + L¢
0

where the stochastic integral is defined in the Skorohod sense. This formula was re-
cently extended by [7] to H € (0,1). The regularity properties of A\¢ can be transferred
to L{ by integrating by parts.

e In [12] the local time of the d-dimensional fractional sheet with N—parameters was
studied. This local time can be formally defined as Lt = f[o t] 9a VVS )ds, where

= (t1,...,ty) € TN |, H = (Hy,...,Hy) and 6, denotes the Dirac function. The
smoothness of the local time in the Sobolev-Watanabe spaces and its asymptotic be-
havior were studied.

e Recently, in [18], using the techniques of the Fourier analysis the authors proved the
existence of the local time of the N-parameters d-dimensional fractional Brownian
sheet satisfying the occupation density formula

/Af () ds= /R f@)L(x, A)da

for any Borel set A € R and for any measurable function f : R¢ — R. The existence
of a jointly continuous version of the local time is proved. Obviously, this local time
coincides with the one used in [12].

In this section we define the local time L7, a € R of the fractional Brownian sheet

(WSO‘ 2’8 ) 01 as the density of the occupation measure
s,te

Mt ( —aﬂ// Wo"ﬁ ut* L Ydud. (47)

Note that in the case a = § = % this local time coincide with the local time introduced in
[13] and [16] for the standard Wiener process with two parameters.

Remark 1 Using the integration by parts we can transfer the joint continuity of the local
time defined in [18] to L ;. The details are left to the reader.

5.2 Stochastic representation of local time

Let
1 €—$2/25

pe(w) = NG
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be the heat kernel with variance ¢ > 0. The following results gives an approximation in L2
of the local time of the fractional Brownian sheet. It can be deduced from [12], where the
authors used the Wiener chaos decomposition of the local time.

Proposition 2 Let a € R and s,t € [0,1] and define

gf—aﬁ/ / Pe( Wo"ﬁ w1 qudv.

Then the random variable Lg:tg converges to Lg, in L%(Q) as ¢ tends to zero.
The next result gives the stochastic integral representation of the local time.

Theorem 2 For any a € R and s,t € [0,1], we have

1
Lg’t:_’wgf—a) (Wst ——/ /
,ﬂ 2a—1v2,3—1dudv

- a/ / sign(Wuoff - a)uQa*lvwdquafdu
0 JO

’B - a Wﬁf’f - a) dWﬁ’f

,ﬁ Muﬂ}

t S
- ﬁ/ / sign(ng’f - a)u2av2ﬁ71duW&fdv.
0o Jo
Proof: Let us introduce the functions

V() =pe(a), g.(x)= xs -
V(@) = pe(a), g () 2/0p<y>dy |

g;'(w)—/oxgg(y)dy, g.() —/Oxg;/(y)dy, 9= () —/Oxga(y)dy-

Clearly, as ¢ tends to zero, we have

" "

g (x) = ¢ (x) = sign(z), g.(z) =g (z)= |z,

!/ ’

6.(x) = g (2) = galal,  go(e) = gla) = ol
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Let’s write It6’s formula for the function g.(z — a), where a is a real number. We get

S —
t s
+2aﬁ// WO"B )u%‘_lv?ﬁ_ldudv—l—/ / gg(sz"f—a)dMum

—1-04/ / " ng;}ﬁ ) 20—1 Qﬁdud Wa’ﬁ+,8/ / /// o )u2av2ﬁ 1dvd Waﬂ

—i—ozﬁ// Wa’ﬁ a)u** L L dud.

We will decompose the proof into several steps.

g=(Wg b _

Step 1.  Given the existence of moments of all orders for the supremum of continuous
Gaussian fields, dominated convergence implies the following convergences hold in L?(Q):

(0% 1 (07
g (W —a) — (W — a2 W —al,

6
t s
203 / / gl (We — a)u
0o Jo

and by Proposition 2,

w2 2 qudv,

af / / p- (WPt dudv — L2,

Step 2. We will show that the integrand of the stochastic integral with respect to the
fractional Brownian sheet is convergent. More precisely, consider the process

gL (W) 110 1% 10,5 (s v)

and let us show its convergence in L? (Q; HB ) as e — 0 to

9 W) 0,00, (4 0)
where ¢'(z) = iz|z|. Equivalently, we will show that K*’2(g’(W‘J"ﬂ)1[07t]X[0731)(u,v) con-
verges to K*2(g'(W*#) 1 4x(0,5) (u, ) in L*([0,1]? x €2). We have, by Jensen’s inequality

2

K~ KP
9 9 dudv

’ / O‘?ﬁ _ ! Oé,ﬁ

Bl (gg(Wa,b) gy )) 5o (a,u) == (b,v)dadb

t s t s

< [ (][
o Jo w Jo
t s
< cE/ /
0o Jo

2 P -
gL W) =g WD) (a— w5 - v>H3dadb> dudv

/ o, NV vaeiel 2
gs(Wa,b ) -9 (Wa,b )‘ dadb
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which goes to zero as € — 0.

Step 8. Lemma 5 together with the proof of Theorem 1 shows that the limit in L2()

lim §® Z [f” (Wffj) 1[075i]><Aj(.)1Aix[0,tj](*):|
4,3

|7|—=0

exists for every f satisfying Condition (H). Consequently, for every € > 0, denote by A. the
following random variable in L2 (£2):

Ae = lim 5(2) Z [gg <Ws();:tﬁ) 1[0,s¢}><Aj(')1A¢><[Ovtﬂ(*)] :

||—0 — J
Z7.]

Since g converges to g(z) = %|z|z, we obtain by Lemma 4 (with the observation made

at the end of the proof of Proposition 1) the convergence in L% () of A., as e goes to
zero, to the random variable lim g 63 Z” {g <ngj> 1[0,si}xA]~(')1Aix[0,tj}(*)] which is
in L? ().

Step 4. We consider now the term

t s
5/ / gg’(WSff — a)uzavzﬁ_ldvduwsjf
0o Jo

and we will prove its convergence to

t s
5/ / sign(Wua”vﬂ - a)uQavw*ldvduWi’f,
0 JO

An argument from the one-parameter case can be used to conclude this fact. The proof of
this step follows from the next lemma and the dominated convergence theorem.

Lemma 6 Consider B* a one-dimensional fBm with o € (%, 1). Then, for every s € T,
o 9V (BY — a)u**dWg converges in L*(2) to [ sign(By — a)u**dWg.

Proof: Let us write [t6’s formula with h. (¢, ) = t2*g” () (this is a straightforward
application of Theorem 1 of [1]). We get

S S
82049(/3/(3? _ CL) — 2(1/ gg(Bf; . a)u2a—1du + / gg/(Bg _ a)uzadij
0 0
S
+ 204/ p-(B® — a)u'* du
0
The following convergences in L?(€2) can be proved exactly as in [8]:

%92 (BS — a) — s |BS —df
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S S
2a/ gY(B% — a)u** 'du — 2a/ |BY — a|u?**tdu
0 0

S S
204/ pe(B® — a)u'* tdu — / Leu?*du
0 0

(here L¢ is the local time of the one-parameter fBm defined in [8] and presented at the
beginning of this section), and

Lios(w)g? (BY — a)u®™" — 11 4 (u)sign(Bg — a)u®®,
the last convergence being in L?(Q;H). That gives the conclusion using Lemma 4. ([
Lemma 4 again and Steps 1 to 4 above finish the proof of the theorem. O

Remark 2 Using standard arguments, additional versions of the stochastic integral repre-
sentation of the local time of the fractional Brownian sheet can be obtained by using, instead

of the functions g,q ,g and g appearing in the proof of Theorem 2, the functions j,j ,j
and jm, where

(o) = Sl — )P, §' (@) = Sl — )P

and

N N

J (aj) = (‘T - CL)+ s J (1") = 1(a,oo)(1:)'

More precisely, we have
1 5 t s
y (2 y ) )
glte= i) = [ [ 7 (e —a) awey
- 2045/ / " Wa’ﬁ ) w12 dudy
-1/ a,ﬁ Y
/ / (Wes? = a) it
_ a/ / " Wl?vﬁ _ a) u2a*1v25dvW§fdu
- / / (W = a) weu? =l a, Wil do.
Negative part functions can be also used to express the local time.

Our last result is an occupation time formula for the local time of the fractional
Brownian sheet, for which the previous remark is useful.

Proposition 3 For any Borel function f : R — R and and for any a € R, s,t € [0,1], it

holds that
2045/ / fWa’ﬁ 40‘_1v4ﬁ_1dudv:/f(a)L§7tda. (48)
R
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Proof: We use the same idea as in [16]. Let us introduce the function hlV (y) =
Lo (y) and its anti-derivatives. Notice that

"

B () = /0 Lyoanda!,  Wi(y) = /0 (y— o')*de,

and
nw) = [ Sl P ha) = [ Gl —a) P

On the one hand, we can write Itd’s formula for h(y) (although the fourth derivative
is not continuous, is it not difficult to see that 1t6’s formula still holds, by approximating
hy by smooth functions) and we get

t rs
aﬂ/ / 1(075,;)(Wﬁf)u%‘_lvw_ldudv
0o Jo
= ha (W) / / ho (WP YdW P

—2aﬁ//h (WPt~ dudv — //h (Wedd

—a/ / h Waﬁ QO‘_IUQBdudUWS”ﬁ ﬂ// Wo"gumvw Yd, Waﬁdv

On the third hand, using the integral expression of the local time Lls”t given in Remark 2,
multiplying both sides by 1(g ,(y), integrating over the real line and changing the order of
integration (see exercise 3.2.8 of [17] for the Fubini anticipating theorem), we will obtain

that
1
5/ (Ox)( tdy—aﬁ/ / 03:) WO‘B w1 qudv.

The formula (48) is proved for f(y) = 1(g4)(y). A monotone class argument is sufficient to
conclude the proof. O
5.3 Relation with the variation of M

When a = 3 = J the process M is a martingale and in this case (see [16]) the formula (48)

can be written as
//fwavﬁ M—/f )L, da. (49)

This can be seen immediately by formally taking the square of the differential d]\NJu,v =
- - N 2
Ay - dy My which yields (dily,,) = uvdudo.

If o or B are not %, then M is not a semimartingale. To investigate whether a
formula such as (49) still holds, the results of Section 4 can be invoked. They show that
the quadratic variation of M is obviously not the right quantity to look at, since it is 0.
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As with one-parameter fBm, there is a specific non-quadratic variation of M that will be
non-zero and non-infinite. One can easily prove that, for small A,k > 0, and p,q > 1

E[(wehh, —wed) (Wod - wed)'] = ofrherucaidi 4 o (max (ho7, 6%)) . (50)
In order for the increment

ANy = d Wi - d Wi = (W)

utdup Waﬂ) (W

76
u,v+dv Wa >

to yield the differential of a non-trivial bounded variation process, one must choose the
powers p and ¢ above in order to get the product dudv. Therefore we define the (p, q)-
variation of M by the formula

a(st), " =a(wie), a{wi?)” 1)

where for any number r > 1, the r-variation of a one-parameter process X is defined as
usual using partitions m = {t1,--- ,t,} of [0,1] by

n

X)) () = i Xt — Xuo |- 52
O () = tim Y- | - X (52)
~ _17/8_1
Formula (50) proves that <M >(a ) exists and is non-zero, and in fact
u,v

d <M>(a_1’ﬁ_l) = u®PyBlequdn.

u,v
Despite the somewhat formal nature of the above development, the definition of
~ B ~
<M >( ) can be made rigorous because of the tensor-type nature of M, and the last
u,v ~
formula can be established rigorously by only referring to the definition of M as a double
Skorohod integral in the statement of Proposition 1 or Theorem 1. By comparing with
formula (48) in Proposition 3, we can state the following, which answers the issue of the
validity of formula (49) negatively, leaving a rigorous proof, and a rigorous definition of

<M>, to the reader.

(p,9)
Proposition 4 The (p, q)-variation of the fractional Brownian sheet (u,v) — < >
’U

defined in equations (51) and (52), is a non-trivial bounded-variation process on [0, 1]
and only if p=1/a and ¢ = 1/8. In that case

- o~ tpg-1 S t
<M>( ) :/ / dudvu®/Pyble
st 0 Jo

The formula (49) does not hold unless « = = 1/2.
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