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1 Introduction

Stochastic differential equations (s.d.e.) with boundary conditions driven by a Wiener process
have been extensively studied in the last fifteen years, both in the ordinary and the partial dif-
ferential cases. We highlight the papers of Ocone and Pardoux [13], Nualart and Pardoux [10],
Donati-Martin [6], Buckdahn and Nualart [4], and Alabert, Ferrante and Nualart [1]. These
equations arise from the usual ones when we replace the customary initial condition by a func-
tional relation h(Xo, X1) = 0 between two variables of the solution process X, which is only con-
sidered in the bounded time interval [0, 1]. Features that have been considered include existence
and uniqueness, absolute continuity of the laws, numerical approximations, and Markovian-type
properties.

Recently, in our work [2], we have considered boundary value problems where the stochastic
integral with respect to the Wiener process is replaced by an additive Poisson perturbation Vy

t

Xt:Xo—l—/f(T,Xr)dT-i-Nt, tel0,1],
0

Xo=1(X1),

where the boundary condition is written in a more manageable form. We established an existence
and uniqueness result, studied the absolutely continuity of the laws, and characterized several
classes of coefficients f which lead to the so-called reciprocal property of the solution.

Let us recall that X = {X;, t € [0,1]} is a reciprocal process if for all times 0 < s <t <1,
the families or random variables {X,, u € [s,t]} and {X,, u € [0,1] — [s,t]} are conditionally
independent given X and X;. This property is weaker than the usual Markov property.

Interest in reciprocal processes dates back to Bernstein [3] (they are also called Bernstein
processes by physicists) because of their role in the probabilistic interpretation of quantum
mechanics. It is by far not true that all s.d.e. with boundary conditions give rise to reciprocal
processes and it is also false that a general reciprocal process could be represented as the solution
of some sort of first order boundary value problem, no matter which type of driving process is
taken. Nevertheless, it is interesting to try to find in which cases the probabilistic dynamic
representation given by a first order s.d.e., together with a suitable boundary relation, is indeed
able to represent a reciprocal process.

In this paper, we develop the same program as in our previous paper [2], but with a multi-
plicative Poisson perturbation. Specifically, we consider the equation

¢ ¢
Xt—Xo+/ f(r,XT)dr—F/ F(r,X,-)dN,, tel0,1],
0

(1.1) ;
Xo =(X1),

where f, F': [0,1] xR — R and ¥: R — R are measurable functions satisfying certain hypotheses,
and N = {N, t > 0} is a Poisson process with intensity 1.

Due to the boundary condition, the solution will anticipate any filtration to which N is
adapted, and therefore the stochastic integral appearing in the equation is, strictly speaking, an
anticipating integral. However, the bounded variation character of the Poisson process permits
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to avoid most of the technical difficulties of the anticipating stochastic integrals with respect to
the Wiener process.
Equation (1.1) is a “forward equation”. One can also consider the “backward equation”

t t

X, :X0+/ f(r,XT)dr—i—/ F(r,X,)dN, , telo,1],
0 0

Xo =9Y(X1),

and the Skorohod-type equation

(1.2)

t

t
(13) X, = Xo +/ b(r, Xr)dr—i—/ B(r,X,)6N, , tel0,1],
. 0 0

Xo =9Y(X1),

where 6N, denotes the Skorohod integral with respect to the compensated Poisson process.
While the stochastic integrals in (1.1) and (1.2) are no more than Stieljes integrals, the Skorohod
integral operator is defined by means of the chaos decomposition on the canonical Poisson space.
We refer the reader to [8], [12] or [11] for an introduction to the canonical Poisson space, the
chaos decomposition and the Skorohod integral.

The paper is organised as follows. Section 2 is devoted to the study of the stochastic flow
(initial condition problem) associated with s.d.e. (1.1), which will give us the preliminary results
needed for the boundary condition case. In Section 3 we study existence, uniqueness, regularity
and absolute continuity of the solution to the problem (1.1). In both Sections 2 and 3, the
case of linear equations is studied as a special example. In Section 4, we find some sufficient
conditions for the solution of the linear equation to enjoy the reciprocal property. In the final
Section 5, the relation of the forward equation (1.1) with the backward equation (1.2) and the
Skorohod equation (1.3) is established. The linear equation is again considered with particular
attention, and the chaos decomposition of the solution is computed in two very simple special
cases.

We will use the notation 0;g for the derivative of a function g with respect to the i-th
coordinate, g(s~) and g(sT) for limy;s g(t) and limy|s g(¢) respectively, and the acronym cadlag
for “right continuous with left limits”. Throughout the paper, we employ the usual convention
that a summation and a product with an empty set of indices are equal to zero and one,
respectively.

2 Stochastic flows induced by Poisson equations

Let N = {Ny, t > 0} be a standard Poisson process with intensity 1 defined on some probability
space (€, F, P); that means, N has independent increments, N; — Ng has a Poisson law with
parameter t — s, Ny = 0, and all its paths are integer-valued, non-decreasing, cadlag, with jumps
of size 1.

Throughout the paper, S,, will denote the n-th jump time of NV:

Sp(w) :==inf{t >0: Ny(w) >n}.
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The sequence S, is strictly increasing to infinity, and {N; =n} = {S, <t < Sp+1}.

Let us consider the pathwise equation
t
@) pate)=at [ S o @it [ P, @)aN., 0gssis<t,
s (s,t
where x € R, and assume that f, F': [0,1] x R — R are measurable functions such that f satisfies

(Hy) 3K1 >0: Vte [0,1], Vz,y € R, |f(t,x) — f(t,y)| < Ki|x —y|,

(H2) M := sup |f(t,0)] < oo.
te(0,1]

For every z € R, denote by ®(s,t;x) the solution to the deterministic equation
t

(2.2) @(s,t;x):x—i—/f(r,@(s,r;x))dr, 0<s<t<1.
S

All conclusions of the following lemma are well known or easy to show:

Lemma 2.1 Under hypotheses (H1) and (Hz), there ezists a unique solution ®(s,t;x) of equa-
tion (2.2). Moreover:

1) For every 0 < s <t <1, and every x € R, |®(s,t;z)| < (|| + My)ef1 =9,
2) For every 0 < s<r <t<1, and every x € R, ®(r,t; P(s,7;2)) = B(s,t; x).
3) For every 0 < s <t <1, and every x1,x2 € R with 1 < x3,

(zg — a:l)e*Kl(tfs) < P(s,t;z0) — P(s,t;21) < (w2 — xl)eKl(tfs) .

In particular, for every s,t, the function x — ®(s,t;x) is a homeomorphism from R into

R.
4) If G: [0,1) x R — R has continuous partial derivatives, then for every 0 < s <t <1,

t
G(t,®(s,t;x)) = G(s,z) + / {&G(r, O(s,r;2)) + G(r, (s, r;2)) f(r,®(s,r;2))| dr .

Using Lemma 2.1 one can prove easily the following analogous properties for equation (2.1):

Proposition 2.2 Assume that f satisfies hypotheses (H1) and (Hg) with constants Ky, M.
Then, for each x € R, there exists a unique process o(x) = {ps(z), 0 < s <t <1} that solves
(2.1). Moreover:

(1) If F satisfies hypotheses (Hy) and (Ha) with constants Ko and Ma, then for every 0 <
s<t<1 and every r € R:

[at(@)] < [l] + (My + Ma)(Ne = Ny +1)] (1 + Kp) M =Nolefr
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(2) For every0 <s<r<t<1 and every z € R, p(ps(x)) = @z (x).
(3) If there exist constants —1 < ko < Ko such that

ko(x —y) < F(t,x) — F(t,y) < Ko(zx —y), tel0,1], x>y,

then for all0 < s <t <1, and all x1,x2 € R with x1 < x2,

— )

(1 + k2>Nt—Nse—K1(t—S) < (Pst(l?) - Spst(xl) < (1 + KQ)Nt—NseKl(t—S)
Tr9 — X1

with the convention 0° = 1. In particular, if ko > —1, then for each 0 < s <t < 1 the
function x — g (x) is a random homeomorphism from R into R.

(4) Suppose that G : [0,1] x R — R has continuous partial derivatives. Then, for all 0 < s <
t<1,

G(tv @St($)) = G(S7 33‘)—|— / [alc(rv Psr— ('T)) + 82G(7", Psr— (I‘))f(?", Psr— (SL‘)):| dr

* /(s,t] [G@“v Por— (1) + F(r, o (x))) — G(r, 050 (x)ﬂ N .

By solving equation (2.2) between jumps, the value pg(w,x) can be found recursively in terms
of ®: If 51 = Si(w), ..., $p = Sp(w) are the jump times of the path N(w) on (s, 1], then

n—1

stt(l') = CD(Sv t; x)l[s,sﬂ(t) + Z (I)(Sia t; 90551_— (:‘C) + F(S’ia (pssi— (x)))l[si,si+1)(t)
i=1

(2.3) + @(sn, 15 9y (2) + Fsn, 0 ()15, 11 () -

Notice that the paths t — @ (x) (t > s) are cadlag and @ (x) — pg— (z) = F(t, - ) (Ne — N ).
In the sequel, when s = 0, we will write ¢;(x) in place of @g(x).

Example 2.3 (Linear equation). Let f1, fo, F1, Fy: [0,1] — R be continuous functions, and
x € R. Consider equation (2.1) with s = 0 and linear coefficients:

t t
(24) @)=z + /0 1) + fa(r)pp (2)] dr + /0 [Fi(r) + F(r)gy- ()] dN, , 0<t<1.

We can describe the solution of this equation as follows: Set Sy := 0 and let 0 < S7 < 59 < ...
be the jumps of Poisson process. For t € [S;, Si+1), 1 =0,1,2,...,

t
oile) = e () + [ 1H0)+ Rl @) dr
Si
Applying Proposition 2.2(4) with G(t,z) = A(t) "'z, where

A(t) = exp { /Ot fa(r) dr} ,
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we obtain

H(z) _ psi(z) L)
(2.5) LATLIARNS &1k +/ dr .

On the other hand, for i =1,2,3,...,
ps; () = g (x) + F1(Si) + F2(Si)pg- (2)
(2.6) = F1(Si) + [1 + Fa(Si)leg- (@) -

(From (2.5) and (2.6), it follows that, for ¢ € [0, S1),

ale) A0
Ah) +/0 A "

and that for ¢ € [S;, Sit1),1=1,2,...,

oi(@) SR 1T W TR A 1T |
o AT dr]jl_[l(1+F2(5g))+[A(Sl) +] A ) [la+ratsp)+
Fi(Si1) (S A0 1+ Fi(S) |, ["Al)
sy A e o L0 R+ g + [ A

When Fi(t) # —1 for almost all ¢ € [0,1] with respect to Lebesgue measure, we can also
write the solution as follows:

t t
F
SOt(LU):m[x—i- fl_(r)der/ Mdl\ﬁ}, a.s.,
o Tir 0 r

where

=AM [[ L+F(s)]. o

0<S;<t

Under differentiability assumptions on f and F' we obtain differentiability properties of the
solution to (2.1):

Proposition 2.4 Assume that [ satisfies the stronger hypotheses:

(Hy) f, Oof are continuous functions.
(H)) 3K >0: |0of| < K.
Then
(1) For every w € Q and every x € R, the function t — g (w, ) is differentiable on [s,1] —

{s1,82,...}, where s1,s2,... are the jump times of N(w) on (s,1], and

d@i;t(x) = f(t,pst(z)) .
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(2) If moreover F and 0o F are continuous functions, then for every w € Q and every 0 < s <
t <1, the function x — pg(w, ) is continuously differentiable and

d%;(z:ﬂ) :exp{/s O f (1, psr(w,)) dr} H [1+82F(8¢,<,088i—(w7$))] :

s<s;<t
In particular, when 0oF > —1, x +— @gq(x) is a random diffeomorphism from R into R.

(3) Assume moreover that F, 01F and 0oF are continuous functions. Fix 0 < s <t <1
and n € {1,2,...}. On the set {N; — N5 = n}, the mapping w — @g(w,z) regarded
as a function ps(s1,82,...,80;2) defined on {s < s1 < sg < -+ < s, < t} (where
s; = Sj(w) are the jump times of N(w) on (s,t]), is continuously differentiable and, for
every j € {1,...,n},

awgéifc) — exp { / j 0o f(r, psr(x)) dr} i]ﬂllu + 02 F (51, - ()]
X [ — f(55,0ss,; (7)) + O1F (s, s (z)) + f(sj, s (2))[1 + 8o F (s, Pos: (96‘))]] '

Proof: 1t is easy to see for the solution ® of (2.2) that
"P(s,t;x) = —f(s,x)exp { /t Oof (r, ®(s,7;)) dr} ,
R®(s,t;x) = f(t, D(s,t;2)) , )
03P (s,t;x) = exp { /t Oof (r, ®(s,r;2))dr}

and that these derivatives are continuous on {0 < s <t < 1} x R. Claims (1) and (2) follow
from here and representation (2.3).

The existence and regularity of the function @g(s1, ..., sp;x) of (3) are also clear from (2.3).
We compute now its derivative with respect to s;. For n =1, we get
dpst ()

d 881
0D (51,15 s, (2)) + DD (51, 5 oo, () 2o ()

dsq dsy

= exp { /sj 0o f (r, gosr(x))dr}

[ Fo1 (@) + O F (1.0 () 4 F(s10 L+ 02F (1, ()]
Suppose that (3) holds for n = k. Then, forn =k+1and j =1,...,k,

8903t(x) _ . 8@85k+1 (x)
85]' - 83(1)(5k+17 t; Psspt1 (JI)) 85]'
t k+1
—ep{ [ asftroa@ar) [] 1+aF6ie, @)
Sj i=j+1

X [ - f(sjv Pss; (CL‘)) + alF(Sjv 9033; (:E)) + f(sjv 9053; (1'))[1 + 82F(3j7 Soss; (x))]
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Taking into account that

SOSSk%—l (x) = (ps,s;+l (x) + F(Sk+17 Spss; (x)) ’

+1
89055k+1($) _
B 1+ 82F(Sk+17SDSS;H(CC))]JC(SHL@ss,;ﬂ(ﬂ?)) + 31F(3k+1790ss; (@)

+1
we obtain, for j =k + 1,

Ops(x)
O0sky1

835k+lm
2% (z)

= 01P(Sky1,t; Pssp 1 (7)) + 03P (811, b5 Pssyy, () D5

t

= exp{ Oaf (r, cpsr(:r))dr}

Sk+1

X | = Fsk1s Posg (1) + D1 F(sk11, 0, (@)
- f (3511 s @)1+ BF(spi1, 00 @)]] - O

In the next proposition we find that under the regularity hypotheses of Proposition 2.4 and
an additional condition relating f and F', the law of ¢;(x) is a weighted sum of a Dirac-0 and
an absolutely continuous probability.

Proposition 2.5 Let [ satisfy hypotheses (H1) and (HY) of Proposition 2.4, and assume that
F, 01F and OoF are continuous functions. Assume moreover that

2.7)  |f(t,a+ F(t,2)) — f(t,2)[1 + BF(t,z)] — O F(t,z)| >0, Vte[0,1], VreR.

Let p(z) = {p(z), t € [0,1]} be the solution to (2.1) for s = 0. Then, for all t > 0, the
distribution function L of @i(x) can be written as

L(y) =e'LP(y) + (1 — e "L (y) ,

with
LP(y) = La(0,42),00) (¥) »
and
=07 [0S Dear,
oo n!

where hy, is the density function of the law of pi(x) conditioned to Ny = n.

Proof. Let Si,S2,... be the jump times of {IV;, t € [0,1]}. From Proposition 2.4(3), on the
set {Nt =n} (n=1,2,...) we have p;(x) = G(S1,...,Sy) for some continuously differentiable
function G, and that

OnG(S1, ..y Sp) =€XPp { /St o f(r, or(x)) dr}

X [ = J (80,95, (1)) + O F (80, 0 (%)) + [ (80, 0, (2))[1 + OaF (50, 0 ()]
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Using s, (2) = ¢, (x) + F(sn, ¢, (x)) and condition (2.7), we obtain |9,G| > 0.
It is known that, conditionally to {N; = n}, (S1,...,Sy,) follows the uniform distribution
on D, = {0 < s1 < -+ < s, < t}. If we define T'(s1,...,8,) = (21,...,2n), With z; = s;,
1<i<n-—1,and z, = G(s1,...,8n), then (Z1,...,7Z,) = T(S1,...,S,) is a random vector
with density
h(Zl, PN ,Zn) = n!t_n}c'?nsn(zl, PN 7Z7L>‘1T(Dn)(zlﬁ ey Zn) y

and therefore ¢;(z) is absolutely continuous on {N; = n}, for every n > 1, with conditional
density

ha(y) = 1G(Dn)(y)//"’/h(217---azn—1ay) dzi ... dz,—1 .

Now,
L(y) =Y P{:(x) SY/N, = n} P{N, = n}
n=0
o) m y
:e*tP{SOt(x> Sy/NtZO}—i_etZE/ hn(T)dT’
n=1 v~
—t e (Y — "
=e€ 1[<I>(0,t;:c),oo) (y> +e / Z ﬁhn(r) dr,
—oo iy !
and the result follows. O

Remark 2.6 When f(t,z) = f(z), F(t,z) = F(z) and f” is continuous, condition (2.7) is
satisfied if .
[FF =P > Sl el FIIS

which is the hypothesis used by Carlen and Pardoux in [5] (Theorem 4.3) to prove that, in the
autonomous case, the law of ¢ (z) is absolutely continuous on the set {N; > 1}.

3 Equations with boundary conditions

In this section we establish first an easy existence and uniqueness theorem, based on Proposition
2.2 above, when the initial condition is replaced by a boundary condition. Then we prove in this
situation the analogue of Propositions 2.4(3) and 2.5 on the differentiability with respect to the
jump times and the absolute continuity of the laws (Proposition 3.4 and Theorem 3.5 below,
respectively).

Theorem 3.1 Let f,F: [0,1] x R — R be measurable functions such that f satisfies hypotheses
(H1) and (H2) of Section 2, with constants Ki and M, respectively, F(t,-) is continuous for
each t, and there exists a constant ko > —1 such that F(t,z) — F(t,y) > ko(x —y), Vt € [0,1],
x >y. Assume that ¢¥: R — R satisfies

(H3) 1 is a continuous and non-increasing function.

239



Then

t t
Xt:Xo—i—/ f(T,XT)dT—i—/ F(r,X,-)dN, , te][0,1],
0

(3.1) ;
Xo = (X1) ,

admits a unique solution X, which is a cadlag process.

Proof. By Proposition 2.2, for each x € R there exists a unique cadlag process p(z) = {¢¢(z), t €
[0,1]} that satisfies the equation

%@=w+AfW%CmW+APWWT®MM,tEMH-

(From part (3) of the same proposition, for each w € €, the function = — ¢1(w,z) is non-
decreasing. Thus, by hypothesis (Hj3), the function z — 1 (¢1(w,z)) has a unique fixed point,
that we define as Xo(w). It follows that (3.1) has the unique solution X;(w) = ¢(w, Xo(w)). O

Remark 3.2 In general, the condition k3 > —1 cannot be relaxed. For instance, the problem

t t
X = Xo —1—/ X, - dr—i—/ —2X,- dN, ,
0 0
Xo=1-1Xx;, telo,1],
has no solutions. Indeed, the first equality implies X; = Xoe!(—1)™ (see Example 2.3), which
gives X1 = —Xye for Ny € {1,3,5,...}, and this is incompatible with the boundary condition.
On the other hand, if we change the boundary condition to Xg = %Xl the new problem
has an infinite number of solutions:

{0, if Ny(w) =0,2,4, ...

XD = et (M@ i M) =1,3,5,...

where z(w) is an arbitrary real number.

Notice that the purpose of (H3) is to ensure that x — 1 (p1(x)) has a unique fixed point.
Alternative hypotheses that lead to the same consequence may be used instead for particular
cases. See for instance the comments at the end of Example 3.3. O

Example 3.3 (Linear equation). Consider the linear equation

(3.2) Xy = Xo+ /Ot[fl(r) + fo(r) X, -] dr + /Ot[Fl(r) + By (r)X,-]dN,

XO = ¢(X1) ’ te [07 1] )

where f1, fo, F1, F»: [0,1] — R are continuous functions, and 1: R — R is a continuous and
non-increasing function. Assume Fy(t) > —1 for all ¢ € [0,1]. By Theorem 3.1 there is a unique
solution, and using Example 2.3 we can describe it as follows:
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For w € {S1 > 1}, )
filr

(r)

where A(t) = exp{ fo fa(r)dr}, and x* solve

! A,

r

For w e {S, <1< Spy1} (n>1) and t € [S;, Si+1) we have

X, _ RO LT Fi(S) % A0 1T
il [ Xo+ 0 j(r) dr| jl;[l(1+F2(Sj))+ [Al(Sll) /. Z(T) dr| H(1+F2(S )+
Fi(Si—1) S f1(r) S;) G
”+|:Al(5i—11)+/5 1 T }1;[1—’_}72 z 1’/”
where X solve z = ¢ (p1(x)), with
p1(z) NG - Fi(S) | [®A0) 1T
A0 :[” 1r }HHF [A(Sf)*/l l(r)dT]HHF?

ot [iéﬁﬁ_ff * /g et 110+ ns D+ gy * /s ]

When F5(t) > —1 for almost all ¢ € [0,1] with respect to Lebesgue measure, we can also
write the solution as follows:

B L) Fi(r)
(3.3) Xt_nt[XOJr = +/0 . dNr}, a.s.,

where

m=AM) ] [1—|—F2(Si)]:exp{/0 fg(r)dr—l—/o log(1+F2(r))dNr}.

0<S; <t

Finally, we remark that if —1 < F5 < 0, the monotonicity condition on 1 can be relaxed to

x>y =) Py <alz-y),

with aA(1) < 1, because in this case the mapping x — (1 (w, x)) has still a unique fixed point.
O
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Under differentiability assumptions on f, F' and v, we will obtain differentiability properties of
the solution to (3.1). Denote

A(s;,t, X) ::exp{/:ﬁgf(r,Xr)dr} [T [+0F(si, X,0)

5;<8;<t

x [ = £l5s X)) £l XL+ 0oF (s, X)) + 0P (55, X, )]

j j
and

B(t, X) := exp{/ot(%f(r,Xr)dr} [T [+ 02P(si, X)) -

0<s; <t

Proposition 3.4 Let f,F: [0,1] x R — R and ¥: R — R be measurable functions such that
[ satisfies hypotheses (Hy), (H}) of Section 2; F, O1F and 0oF are continuous functions with
OoF > —1, and

(H%) 1 is a continuously differentiable function with ¢’ < 0.
Let X = {Xy, t € [0,1]} be the solution to (3.1). Then:

(1) Fixn € {1,2,...}. Ontheset {N1 =n}, X can be regarded as a function Xy(s1, s2, ..., Sn),
defined on {0 < 51 < --- < s, < 1}, where s; = Sj(w) are the jumps of N(w) in [0, 1].
This function is continuously differentiable, and for any j =1,2,... n,

0Xo _ ¢P'(X1)A(s), 1, X)
ds;  1—v/(X1)B(1,X)

(2) Taket € (0,1] andn,k € {0,1,...} such that n+k > 1. On the set {Ny =n}N{N;—N; =
k}, Xi can be regarded as a function Xi(s1,...,Sntk) defined on {0 < s1 < -+ < Sppk <
1}, where s; = S;(w) are the jumps of N(w) in [0,1]. This function is continuously
differentiable, and for any j =1,2,...,n+k,

0Xy 0Xo

8—sj = B(t,X)a—Sjl{l,..,nJrk}(j) + A(sj, 6, X1, oy (4) -

Proof: Since Xy = ¢ (¢1(Xo)), Proposition 2.4 and the Implicit Function Theorem ensure that
Xy is continuously differentiable, and we have

Op1(x
ox, V(X5

51— (X))

_ Y(X1)A(s), 1, X)
B 1_¢I(X1)B(1’X) '

z=Xo
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On the other hand, for X; = ¢(X)p),

0X; :dgot(:n) 0Xo  Opi(z)

8—sj dr =X, 0s; 0sj lz=Xo
0Xo ) .
:B(t>X>a—%1{1,...,n+k}(J) + A(sy, 6, X)L, () - O

The following theorem is the counterpart of Proposition 2.5 for the case of boundary conditions.
The proof follows the same lines but using at the end the decomposition

Lx,(z) = P{X; <z, Ny =0}

- (1—t)"
+ nEZIP{Xt ST/N, =0, Ny - Ny =n}e " !

o0 tn
! n=1 P{Xt = x/Nt = n}eitﬁ '

In order to apply the same change of variables of Proposition 2.5 we remark that, on the set
{0<s1 < <8 <t<Spy1 << Spak < 1},

(9Xt A(Sj,t, X)

= .:12... .
9s;  T—w(XBLX) 7 0 T2

Theorem 3.5 Let f, F: [0,1] xR — R and ¢: R — R satisfy the hypotheses of Proposition 3.4.
Assume in addition that 9o F > —1, ¢’ < 0, and that condition (2.7) holds. Let x* be the unique
solution to x = P(®(0,1;2)), and X the solution to (3.1). Then, the distribution function of
Xy, t€(0,1], is
Lx,(z) = e 'L, (x) + (1 — e LK, (2) ,
with
LR, (%) = 1 (0.°).00) (%)

e P Y AR T T et
L%, (@) = 7—|e > ——hon(r) dr + > —hn(r)dr|
X p=1 ’ O p=1 "

where hgy, is the density of X; conditioned to N; = 0, N1 = n, and h, is the density of X
conditioned to Ny =n. Fort =0, the formula is also valid taking h,, = 0.

and

4 The reciprocal property

Let (£2,F, P) be a probability space and let 2;, 22 and B be sub-o-fields of § such that P(A4; N
Ag|®B) = P(A;1|B)P(A2|B) for any A; € 2y, Az € . Then the o-fields ; and 2y are said to
be conditionally independent with respect to ‘5.
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Definition 4.1 We say that X = {X}, ¢t € [0, 1]} is a reciprocal process if for every 0 < a < b <
1, the o-fields generated by {Xy, t € [a,b]} and {X;, t € (a,b)¢} are conditionally independent
with respect to the o-field generated by {X,, Xp}.

One can show that if X is a Markov process then X is reciprocal, and that the converse is not
true. For a proof of this fact, we refer the reader to Alabert and Marmolejo [2] (Proposition
4.2), where we also established the next lemma (Lemma 4.6 of [2]).

Lemma 4.2 If ¢ = {&, t € [0,1]} has independent increments and g is a Borel function, then
X ={g(&)+ &, t€[0,1]} is a reciprocal process.

In our previous work [2], we obtained several sufficient conditions on f for the solution to
enjoy the reciprocal property when the Poisson noise appears additively, namely in

t t
Xt:XoJr/ f(T,Xr)dT+/ dN, ,
0 0
Xo :1/J(X1) , te [0, 1] .

The main classes of functions f leading to this property are those of the form f(t,z) = fi(t) +
fa(t)x and those which are 1l-periodic in the second variable, f(¢t,z) = f(t,z + 1). But we
showed with examples that there are many more; we also obtained conditions on f ensuring
that the solution will not be reciprocal. In contrast, for equations driven by the Wiener process,
conditions which are at the same time necessary and sufficient have been obtained in a wide
variety of settings, even with multiplicative noise.

With a multiplicative Poisson noise, the techniques currently known do not seem to allow
a general analysis. We will restrict ourselves to linear equations. The main result contained
in the next theorem is that if both coefficients are truly linear in the second variable (i.e.
f(t,x) = fo(t)x, and F(t,z) = F(t)z) then the solution is reciprocal. We have not been able to
obtain necessary conditions, even when considering only the class of linear equations. Thus, we
have to leave open the study of the general linear case, which for white noise driven equations
(with boundary conditions also linear) was studied thoroughly in the seminal paper of Ocone
and Pardoux [13].

Theorem 4.3 Let f1, fa, F1, F2: [0,1] — R be continuous functions with Fs(t) > —1 for all
t €1[0,1], and ¥: R — R a continuous and non-increasing function. Let X = {X;, t € [0,1]} be
the solution of

t t
Xo=Xo+ [10)+ o)X, dr+ [ [[F()+ Fa(r)X, ] aN,
0 0
Xo= (X1}, te[0,1] .
In each of the following cases, X is a reciprocal process:

(1) 9 is constant.
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(4) F2>—1, flelEO.
(5) FQE—L flelEO.

Proof: (1) reduces to the case of initial condition, while in (2) the solution is identically zero.
Thus in both situations we obtain a Markov process.

(3) In this case the solution is

X = A(t) [Xo + /0 t JZ((:)) dr + /0 t il((:)) dNT} ,

where A(t) = exp{fot fa(r)dr} as before, and X solves

Xo = ¢(A(1) [Xg n /01 ﬁ((:)) dr + /01 il((:)) dNT]) .

Defining Y; := %, we can write Y; = & + g(&1), where ¢ is a Borel function and

10! tF(r)
1 1
= dr + / dN, .
o= [ o, A o
Since ¢ has independents increments, Lemma 4.2 implies that Y, and therefore X, is a
reciprocal process.

Here the solution is given by

X, = Xgexp { /Ot Folr) dr + /Otlog(l n Fg(r))dNr} ,

where X satisfies

Xo = w(Xg exp { /01 fa(r)dr + /01 log(1+ Fg(r))dNr}> .

When ¢(0) = 0, we are in case (2). If (0) > 0, then Xy > 0, and setting Y; := log(X})
we obtain Y; = g¢(&1) + & , where g is a measurable function and & = fot fa(r)dr +

fot log[1 4+ F5(r)] dN,. We reach the conclusion as in case (3). If 1(0) < 0, we can proceed
analogously.

In this situation, we obtain

X,(w) = { z"A(t) if S (w) > 1

P(0)A[) 10,5,y (t) , if Si(w) <1,

where x* solves x = ¥(xA(1)). This process can be thought as the solution to the initial
value problem

t t
Xi=n +/ fo(r) X, - dr — / X,- dN, ,
0 0
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where 7 is the random variable

U(W):{ z*,  ifSi(w)>1

Y(0), if Si(w) < 1.

Although n anticipates the Poisson process, X not only has the reciprocal property, but
it is in fact a Markov process. Indeed, it is immediate to check that Y; := X;/A(t) is a
Markov chain taking at most three values. |

5 Backward and Skorohod equations
In this Section we consider the backward and Skorohod versions of our boundary value problems.

There are very simple cases where the backward equation, even in the initial condition situation,
does not possess a solution. For example, for k € R, the equation

t
(,thl—l-/ ]CQOSCZNS,
0

leads to s, =1+ kpg, at ¢ = S1, which is absurd for £ = 1. In general, for the existence of a
solution of

(5.1) ole) =+ /0 F () dr + /0 F(r,pp(@)dN, , t€[0,1],

it is necessary that the mapping A,(y) := y — F(r,y) be invertible for each r.
Assume now that f: [0,1] x R — R satisfies the hypotheses (H;) and (H2) of Section 2, and
that either

(5.2) Vi e [0,1], Ja(t)<1: z>y= F(t,z) — F(t,y) < a(t)(z —y) ,
(5.3) Vte[0,1], Fa(t) >1: z>y= F(t,z) — F(t,y) > a(t)(z —y) .

Then there exists a unique process ¢(z) = {@¢(z),t € [0, 1]} that satisfies the backward equation
(5.1). This follows from Theorem 5.1 of Ledn, Solé and Vives [8], where it is shown that ¢ is a
solution to (5.1) if and only if ¢ is a solution to the forward equation

orla) =+ /0 f(r o () dr + /0 F(r, A7 (g, (x))) AN, .

The existence of A ! is assured by (5.2) or (5.3).
We consider now the backward equation with boundary condition

3 t
(5.4) Xy =Xo+/0 f(r, XT)dr+/0 F(r,X,)dN, ,
Xo=9(X1), telo,1].
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Theorem 5.1 Assume that f satisfies hypotheses (Hy) and (Hs) of Section 2 and that
(5.5) Bt)(z—y) < Ft,z) - F(ty) <alt)(z-y), tel0,1], z>y,

for some functions a and B such that a — 1 < g < a < 1. Assume moreover that ¥ satisfies
hypothesis (Hs) of Theorem 3.1. Then (5.4) admits a unique solution X = {Xy,t € [0,1]},
which is a cadlag process.

Proof: By the relation between the forward and the backward equations with initial condition
given above, the solution to (5.4) coincides with the solution to the forward equation with
boundary condition

t

! -1
(5.6) Xt:Xo—i-/O f(r,XT)dr—i-/O F(r, A (X,-))dN, ,
Xo=9(X1), telo,1],

provided it exists. By Theorem 3.1, it is enough to show there exists a constant k2 > —1 such
that F(t,z) := F(t, A7 '(x)) satisfies F(t,x) — F(t,y) > ka(z —y), Vt € [0,1], z > y. From (5.5),

0<(I—al)(z—y) <Az) - Ay) < (1= B@)(z —y),

hence c—y r—y
_ . . _
1—B(t)§At (z) — A, (y)gl——oz(t)'

We find

o L@ a0 =0,

F(t,x) — F(t,y) > B1)

1—Oé(t)($_y) 9 1fﬂ(t) <0 )

and the conclusion follows. O

The study of the properties of backward equations can thus be reduced to the case of the
forward equations when the above condition (5.5) on F holds. In particular, when F(¢,x) =
Fi(t) + Fy(t)x, we obtain

- Fi() Fi(t)

F(t2) = RO 1-RH"

and condition (5.5) reduces to Fy < 1.

Example 5.2 (Linear backward equation). Now consider the problem

X=X+ [ A + F2(r) X, dr + / [Fi(r) + Far) X, ] N,
Xo=v(X), tel01],
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where f1, fo, F1, Fy: [0,1] — R are continuous functions with F» < 1 and ¢: R — R is a
continuous and non-increasing function. By Theorem 5.1, this problem has unique solution,
given by (see Example 3.3)

‘R CORE)
Xe=m[%o+ | %»d”+é EACITRAdR

where

N = exp { /Ot fa(r)dr — /Ot log(1 — F5(1)) dNT,} )

L f(r 1 r
x:w(m[:z:—l—/o fln(r)dr+/0 %&WD' O

We turn now to the Skorohod equation with boundary condition

and X solves

t t ~
(5.7) X =X, +/0 fr, Xr)dr+/0 F(r,X,)dN, ,
Xo = ¢(X1) , te [Oa 1] :

We place ourselves in the canonical Poisson space (£2,F,P) (see e.g. [8], [12] or [11] for a
more detailed introduction to the analysis in this space). The elements of ) are sequences
w=(81,...,8n), n > 1, with s; € [0,1], together with a special point a. The canonical Poisson
process is defined in (€2, F, P) as the measure-valued process

0, fw=a,
N(w)—{ Yo 0s, ifw=(s1,...,5.),

where ds, means the Dirac measure on s;. Any square integrable random variable H in this space
can be decomposed in Poisson-1t6 chaos H = Y °  I,,(hy,), where I,(hy) is the n-th multiple
Poisson-Ité integral of a symmetric kernel h, € L?([0,1]") with respect to the compensated
Poisson process N. For u € L*(Qx[0,1]) with decomposition u; = 327 I, (uf,) for almost all t €
[0, 1], Nualart and Vives [12] define its Skorohod integral as §(u) := fol s SN := 300 Iy (i),
where 1w, is the symmetrization of u, with respect to its n + 1 variables, provided u € Dom 4,
that means, if Y07 j(n + 1)! HﬁnH%Q([Q1 nt1y < 00.
For a process u with integrable paths, define the random variable

—folut(a)dt, ifw=a,
d(u)(w) = ¢ ug (a) — [y u(s1)dt if w=(s1),
- 1 .
Z?Zlusj(wj)—fo up(w)dt , fw=1(s1,...,8,),n>1,
where @; means (si,...,5j—1,5j+1,--.,5n). One can also consider, for any random variable H
and for almost all ¢ € [0, 1], the random variable

[ H(t)—H(a) , ifo=a
(%HW”—{H@hnﬁmn—ku ifw = (51, 5n)

The following Lemma is shown in Nualart and Vives [12].
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Lemma 5.3 With the notations introduced above, we have

(a) If u € L*(Q x [0,1]), then ¢(u) € L*(Q) if and only if u € Dom &, and in that case
6(u) = ¢(u).

(b) IfH =52 In(hy) € L*(2), then WH € L*(Q2x[0,1]) if and only if > oo ynn! ||y HL2 (01)m) <
o0, and in that case W H =Y ((n+ 1)In(hps (2, ).

Two concepts of solution for initial value Skorohod equations were introduced in [7] by
Leén, Ruiz de Chévez and Tudor, which they called “strong solution” and “¢-solution”. In the
latter, the process F(r,X,) is only required to have square integrable paths, and its integral
is interpreted as ¢(F(r, X,)). If F(r, X;) belongs to Dom ¢, Lemma 5.3 (a) ensures that both
concepts coincide. We only need here a version of the first notion, which we will call simply
“solution”. We supplement the definition in [7] with the requirement of cadlag paths, for the
boundary condition to be meaningful.

Definition 5.4 A measurable process X is a solution of (5.7), if

(1) f(-,X.) € L([0,1]) with probability 1

(2) 1 g(-)F (-, X.) € Dom ¢ for almost all ¢ € [0,1].

(3) The first equality in (5.7) is satisfied with probability 1, for almost all ¢ € [0, 1].
(4) With probability 1, X is cadlag and X = 9 (X1).

Theorem 5.5 Let f,F: [0,1] x R — R satisfy hypotheses (H1) and (Hz2) of Section 2 with
constants K1, My and Ko, Ms, respectively. Assume moreover that ¢: R — R satisfies

(HY) 1 is a continuous and bounded function that verifies one of the following Lipschitz-type
conditions:

(1) x>y = () —Y(y) <n-(x—vy), for some real constant n < e~ K,
=1

(i) x>y = P(x) —P(y)
where K = K1 + K.

-(z —y), for some real constant n > e

Then (5.7) admits a unique solution.

Proof. Under our hypotheses, we can apply Theorems 3.7 and 3.13 of [7] to the equation

t t
(5.8) X, = ¢+ /0 F(r X,) dr + /0 F(r, X,) 6N, |

where ( is a given bounded random variable, and the solution has a cadlag version given by

ZXt w) o 1n(w) ,
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where [0,1]° = {a}, and X™ are the respective unique solutions of

(5.9) X0(a) = ¢(a) + /0 (f — F)(r, X%(a)) dr ,
(510)  X{(s1)=Cls1) + / (f = F)(r, X} (1)) dr + Lo g(s1)F(s1, X0 (a)) .

and for n > 2,

(5.11) Xi'(w) = ((w) + /0 (f = F)(r, X2 () dr + ) Lo(s;) F (s, X271 (@5)
j=1

with w = (s1,...,8,) and @j = (S1,...,5j-1,5j4+15- - -, 5n)-
Denoting by X%(a, ) the solution of (5.9) starting at ((a) = x € R, from Lema 2.1, for any
r1,x2 € R with 21 < x9,

(xg — $1)€_Kt < X?(a, x9) — X?(a, x1) < (9 — :vl)eKt )
These inequalities and (HY) imply that there exists a unique point z* such that
z* = (X7 (a,27))

which we define as X¢(a). Then, X°(a, X¢(a)) satisfies (5.9) with ((a) = X¢(a) and the boundary
condition of (5.7).

Once we know the path X°, and given w = sy, denoting by X1(s1,z) the solution of (5.10)
starting at ((s1) = x € R, one gets for any z1, 9 € R with x; < x9,

(zo —z1)e B < X} (s1, ) — X}(s1,21) < (w9 — 1)elE .
Together with (HY), this implies that there exists a unique point z* such that
o = (Xi(s1,2%))

which we define as Xg(s1). Then, X!(s1, Xo(s1)) satisfies (5.10) with ((s1) = Xo(s1) and the
boundary condition of (5.7).

In general, once we know the set of paths X!, and given w = (s1,...,s,), using equation
(5.11) one shows analogously that there exists a unique point z* such that

zt = (X7 (w,27))

which we define as Xo(w). We have then that X" (w, Xo(w)) satisfies (5.11) with ((w) = Xo(w)
and the boundary condition of (5.7).

Since 1 is bounded, Xy is a bounded random variable. The process thus constructed clearly
satisfies (5.8) together with the boundary condition, and the theorem is proved. m|
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Remark 5.6 Skorohod equations can be converted to forward ones in special situations: When
F(t,z) = F(t) or when ¢ = zy € R, the solution of (5.7) coincides with the solution of

t t
Xt:Xo—k/(f—F)(r,Xr_)dr—i—/ F(r,X,-)dN, ,
Xo= (X1}, te01]. ’ -

The results of Sections 3 and 4 are automatically translated to Skorohod equations in the
situations of the previous remark. In other cases, the inductive construction of the solution X,
in which the value of X;(w) (with w € [0,1]™) depends on the values X;(w) (with w € [0,1]"71),
does not allow the equivalence.

In the last five years there have been some interest in finding the chaos decomposition of
solutions to several type of equations in Poisson space (see e.g. [9], [8]). For instance, for

t t
Xi==x —|—/ fa(r) X, dr —|—/ Fy(r)X, 6N, , zeR,
0 0

one can find, using Lemma 3.10 of [9], the decomposition

Xt::cexp{/o falr) dr}nz:%In[(1[0,t](.)FQ(.))W]/n!.

We will give the chaos decomposition of the solution of two very specific linear equations with
boundary conditions. First we discuss the resolution of Skorohod linear equations.

Example 5.7 (Linear Skorohod equation). Consider the problem

Xy = Xo+ /Ot[fl(r) + fg(’l“)Xr] dr + /Ot[Fl(’l“) + FQ(T‘)XT]5NT ,
Xo=v(X1), tel0,1],

where f1, fo, F1, F>: [0,1] — R are continuous functions, and ¢: R — R satisfies (H4) of the
Theorem 5.5. To describe X, let Yi(w) = Y07 Vi (w)1j1j» (w), the solution to

Vs [0+ faoldr+ [ 1F1(0) + )%l o8,
Taking into account Remark 5.6, Y is the solution to the forward equation

vz [l B0+ (= Bl dr+ [ 1)+ Fryvicjan
which is given in Example 3.3. Then X; =Y; + Z;, where Z; satisfies

t t
Ly = Z()—l-/ fa(r)Z, dT—i—/ FQ(T‘)ZT(sNT ,

0 0
Zozw(Y1+Z1)7 te[oal] .
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We know (see proof of Theorem 5.5) that Z; = » 2 Zf'(w)1jp,1» (w), where, writing At) ==
exp{fo(f2 = F2)(r) dr},
Z)(a)
A(t)

= Zy(a)

and Zy(a) is the solution to 5
x=9Y(AQ1)z +Yi(a)) .

For w = (s1),
Zi(s1) _
i Zo(51)10,61)(t) + [Zo(s1) + F2(s1)Zo(a)|1(s, 11 (1)
and Zy(s1) solves )
z=Y(A(1)[z + Fa(s1)Zo(a)] + Ya(s1)) -
In general, for w = (s1,...,8,) with 0 < s; <--- < s, <1 we have
Zi'(w)
) Zo(w) Lo () + ..
A(t) O(W) o, 1)( )
20+ D Balsi) - Fal5i) Z0(Gsy ) Lo () + -
k=1 j1,....jp=1
distinct
+ [ZO(W) +Y > Fasy). -F2(Sjk)Zo(®(sjl,...,sjk))}1[sn,1](t) ;
k=1 j1,....jx=1
distinct
where

w(sjl""’sjk) = ( <oy Si1—15 851415+ - -5 Sjp—1,Sjp+15 - - - ) y d}(sl,...,sn) =a,
and Zy(w) is the solution to
B n n
x = ¢(A(1) [x + Z Z Fy(sj,) ... FQ(Sjk)ZO((IJ(Sjl7“.75].16))] + Yl(w)> . O
k=1 j1,...,jx=1
distinct

Example 5.8 (Chaos decompositions)

(1) Consider the problem

t t ~
Xt—X0+/O [fl(r)—i—fg(r)Xr]dr—i—/O Fu(r) o, |
Xo=aX1+b, tE[O,l],

where f1, f2, F1 are continuous functions, and a,b € R with a # exp{— fol fo(r)dr}. Its
solution coincides with the solution of the forward equation

X=X+ [~ F)0)+ 01X Jdr+ [ RE)aN,

0 0
Xog=aX1+b, tE[O,l],
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which is

Xt:A(t)[X0+/0t%dr+/otFl—mdNr} :

where A(t) = exp{fot fo(r) dr} and

_aA(l) (L= F)(r) L Fi(r) b
XO_l—aA(l)[/o 1A(r§ d”/o 1—rdNT}+—1

Therefore the chaos decomposition of X; is

bA(t) 1 ad(1)
X = T0A0) +/0 A(t)<1[0’t1(r) Tz aA(l)) Ay “

+ B[40 (1000) + 5 i/;(jzn) il((-'))] '

Consider the problem
t t
{ Xt:XO+/ fZ(T)Xr— dT/ Xr— dNT )
0 0
X():lﬁ(Xl) , te [0, 1] s

where f:[0,1] — R is a continuous function, and ¢: R — R is a continuous and non-
increasing function. The solution is

o 2TA) if S1(w) >1
&W*{dmmwm&ww%i“MWSL

where z* is the unique solution to z = ¥ (zA(1)). We can write in the Poisson space

Xy = A)[ (2" = $(0)Lay + () 115,y -

Using Lemma 5.3 (b) one obtains the following chaos decomposition:
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