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1 Introduction and results

Let X : RN — IR? be a multiparameter additive Brownian motion, that is, X has the
following decomposition

X't;), t=(t1,....,tn) € RV,

<
o
M=

where the X* are independent, two sided d-dimensional Brownian motions.
The aim of this paper is to establish a conjecture of Khoshnevisan, Xiao and Zhong,
c.f. [5, Problem 6.3], that if 2N > d, for any bounded interval I C IR",

mg({t: X(t) =0}N1I) <oo as.,

where ¢(r) = rV=2(log log(%))d/2 and mg denotes the Hausdorff ¢-measure.

Note that the question does not arise for 2N < d since a.s. for all ¢t # 0, X (t) # 0 (see
e.g. [7, Proof of Theorem 1 (b), p.15] or [8]).

The conjecture followed the result of Xiao [14], as observed in [5], that my({t : X(t) =
0}NI)>0a.s. if L(I) > 0 for L the local time as defined below in (1.1), and so implies
that ¢ is the exact measure Hausdorff function for the zero level set of X.

In one dimension the first result of this kind was due to Taylor and Wendel [13], who
showed that if X is a one-dimensional Brownian motion, there exists a positive finite con-
stant ¢ such that

mg({s: X(s) =0, s <t})=cL(t) as.,
for all ¢t > 0, where L is the local time at zero of X, that is,

1

t
L(t) = 13{3@/0 L{ix(s)|zepds,

where 14 denotes indicator function of the event A.
Due to Perkins [9] much more is known, Perkins identified the constant c as 1/+v/2 and
in fact showed that a.s., simultaneously over all z,

my({s: X(s) =z, s<t})=Ly(t)/V?2,

where

1t
L,(t) = 1611%12_6/0 1{|X(S)_$|§e}d8.

We adopt arguments found in Perkins’ and Taylor and Wendel’s articles, and ultimately
prove the following result.

Theorem 1.1 Let X : IRV — IR? be an additive Brownian motion. Then, there exists a
strictly positive finite constant ¢ such that for any multi-time interval I C IRV,

mo({t: X(t)=0}N 1) = cL(I) as.,

where L(I) denotes the local time at 0 on multi-time interval I, that is,

) 1
L) = lgjg@/ll{nz@ns}dﬁa (1.1)
where cq is the d-dimensional volume of the unit sphere and || - || denotes Fuclidean norm

in IR?,
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Remark 1.2 It follows from [14], that the constant c is necessarily strictly positive.

For proofs on existence of local times and their continuity properties in the multiparam-
eter context see [3] and [4].

Recall that an exact Hausdorff measure function for a set E is meant a function (r)
defined for small r > 0, vanishing at the origin, increasing and continuous, such that the
Hausdorff 1-measure of the set £ defined by

my() = iy b3 V(15 < B € Uil 1] < 3,

is almost sure positive and finite, where |I;| is the diameter of the set I;. See [2] or [11].
Essentially, there is at most one correct function 1 for a given set E, in the sense that
if my, (E) € (0,00) and if

. ()
11"%1 a(r)

=0, then my,(F) = oo,

while if
lim t(r)
|0 1/)2(7‘)
A natural covering of, say, the zero set of X in the interval [1,2]%, is to divide up the
cube into 2V™ subcubes of side length 27" and to take as a cover the collection of subcubes
which intersect the zero set. Now, since the variation of X on such a cube is of order 27"/
we can see that the probability that a given subcube intersects the zero set is of the order
2-14/2 and so, for the resulting cover,

=00, then my,(E)=0.

B LY < K,
=1

for some finite constant K not depending on n. By Fatou’s lemma, a.s. there exists a
sequence of covers of the zero set intersected with [1,2]~, {I"},>1, for which the maximal
diameter tends to zero and for which

(o.)
- N—d/2
hnnggéfz; |1} < 00.
1=
This implies that
my({t: X(t) =0} N[1,2Y) < 00 as.,

for ¢(r) = rN=d/2 But it does not, conversely, show that m, > 0 : my, is defined via optimal
coverings rather than individual, given coverings. In fact there exist better coverings for
which the lengths of the diameters vary, and ultimately it can be shown that m., ({t : X(t) =
0}) = 0.

For our purposes we note that, restricting to planar axes P; = {t : t; = 0}, we have, for
all R, my({t: X(t) = 0}NP,NBg) < 0o as., for ¥(r) = rN=1=%/2 and Bp = {t : ||t| < R}.
Finally, one can show the following result.

Lemma 1.3 For X a multiparameter additive Brownian motion from IRY to IR and ¢ as
previously defined,
me({t: X(t) =0} N (UYL P)) =0 a.s.
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A natural way to get good coverings of an awkward set such as the zero set of X is
to exploit a kernel L : Q x B(IRY) — IR, which is a.s. supported by the zero set. If we
could choose a disjoint random cover {I;} of, say, {t : X(¢) = 0} N [1,2]" for which a.s.
L(w, I;(w)) > ¢(|1;]), then, necessarily

So(n) < 3 Liw, Li(w))
=1 =1

(by disjointness) L(w, U2, I;(w))
L(w, [1,2]Y) < .

IN

We propose to follow this heuristic with the kernel L given by multidimensional local time
defined by (1.1).

A problem is that it may be unavoidable that a covering includes some intervals for which
the inequality ¢(|[;]) < L(w, I;) does not hold. We need a way of picking the covering so
that > ¢(|;)) is small where the sum is over I; for which the relation ¢(|7;|) < L(w, I;)
fails.

For us this amounts to finding good probability bounds on the law of the iterated
logarithm failing for local times in multidimentional setting and represents the bulk of our
work. Essentially we want to get a reasonable lower bound on the probability of local
time being large: we begin with product Wiener measure, P, over the space of IR¢ valued
continuous functions defined over [0,], V¥, i = 1,..., N. We then consider the (equivalent)
measure Q with respect to which the V? are independent Ornstein-Uhlenbeck processes
dV(r) = dB'(r) — c¢V(r)dr, where the B are independent Wiener processes under Q, and
use the equality

4P
P{A} = /A e

to estimate Wiener measure of an event A.

The paper is planned as follows. In Section Two we analyze certain additive Ornstein-
Uhlenbeck processes and establish various “laws of large numbers”. In terms of the above
equation, this means to find good bounds on Q{A} for relevant A. In Section Three we
use Girsanov’s theorem to transform information from Section Two concerning Ornstein-
Uhlenbeck processes to information on multiparameter Brownian motions. This results in
good bounds for %. This is then used to obtain a large deviations result for multi-parameter
Brownian motions and local times. The fourth section proves (see Corollary 4.2) that for
X an additive Brownian motion, there exists a positive finite constant K such that on any
interval I ¢ IRN

mg({t: X(t)=0}NI) < KL(I) as.

Finally, in Section 5 we arrive at the proof of Theorem 1.1.

Notation: in this paper we use the standard analogies for one dimensional terms, that
is, an interval I C IRV is of the form I; x I x --- x I where the I; are one dimensional
intervals, be they open, closed or half open, half closed. We say multi-time interval when
we wish to emphasize the higher dimensional aspect. Two points u = (u1,ug,...,uy), v =
(v1,v2,...,0x) € IRN satisfy the relation u < v (resp. u < v) if and only if for every
i=1,2,...,N, u; < v; (resp. u; < v;). For two such vectors, [u,v] will denote the interval
[ul,vl] X [UQ,UQ] X oo X [U,N,UN].
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Given a real number s and a given dimension, the vector s will denote the vector of the
given dimension, all of whose components are equal to s in value. Given a vector v and a
scaler s, u + s will denote the vector u + s.

As is common, throughout ¢, C, k, K will denote constants and their specific value may
change from line to line or even from one side of an inequality to another. For v a vector in
IR% and ¥ a positive definite d x d matrix, N (v, 3) will denote the corresponding Gaussian
distribution.

2 Local times for Ornstein-Uhlenbeck processes

Let (2, F,Q) be a complete probability space and let X¢ : ]Rf — IR? be an additive
Ornstein-Uhlenbeck process, that is,

N

XO(t) =) _X(t;),  t=(t,...tn) € RY,
=1

where the (X‘(r), » > 0), i = 1,..., N, are d-dimensional Ornstein-Uhlenbeck processes
defined on (2, F,Q), each independent of the others, and so that

ch’i(r) = dﬂi('r) - cic’i(r)dr, r >0,

where the W' are d-dimensional independent Brownian motions on (2, F, Q).
As is well known, we can write

Xi(r) 2 e (E’i(o) + W <e20;c— ! )) : (2.1)

where EZ is a standard d-dimensional Brownian motion on (2, F, Q) independent of X “*(0).
We consider the local time at 0 of X¢ in the time interval [0,¢]", defined as in (1.1),
that is,

1
Lc = lim — 1 ey . dr.
t €l0 cded \/[O,t]N {lIXe(r)ll<e} ©L

We start by proving the following result.
1
Lemma 2.1 Let t be small but positive and let ¢ = %, where h is a fived positive
finite constant. Then, on the event {||X%"(0)| < %}, as t tends down to zero,

N od/2
E[L§|X°(0)] = ¢V (2¢)2(27N) ™ + O | ——= (2.2)
loglog(%)
and
E[(LS)21X°(0)] = (BILEIXO))? [ 1+0 | —— 1 |, (2.3)
loglog(%)

where for f, g real functions, f = O(g) means that there exists a finite positive constant K
such that |f| < K|g|.
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Proof. We start by proving (2.2). One can easily check that

E[LS|X°(0)] = / (0, 1) dr,
[0,e]Y

where p©(0,r) is the conditional density at 0 of X¢(r) given X°(0). Note that by (2.1),

D N ) N 1— 6_26”
Xe¢ xe¢ = —Cri Y6t ——
(XWIX) 2N | DX 0), (3 ) ).
=1 =1
where I; denotes the d x d identity matrix.
Now, let H = {r € [0,#]Y :r; > ——L— Vi=1,..,N}. Then, if r € H, using the

log log(%)
condition on X°(0), it is easily checked that, for t << 1,

p°(0,7) € [(20)2(2rN) =2~V (2¢)2 (21 N)~4/?).
Therefore,
N .d/2
< KL,

‘ / (0, ) dr — t (20 Y22 N) /2
H log log(%)

where K is a positive finite constant.
On the other hand, if r € H¢N[0,#]", then r € Ufil B;, where,

t

B; = [0,t]""1 x [0, ] % [0,V

log log(%)
Now, for r € B;, if maxj<j<n rj > %, the density p®(0,r) is bounded by
(2m) "2 (20)2 (1 — e2) 72,
and, if r; < %, for all 7 =1,..., N the density p°(0,r) is bounded by
K
()2

where K is a positive finite constant not depending on ¢. Hence,

N
p°(0,r) dr < / p°(0,r) dr
/HCO[O,t]N ; B;

N
1
< KN B| 4+ K oy
_— N _
; 0 et (= i)Y
N ,d/2
< K}/I’t;’
1oglog(%)

and this concludes the proof of (2.2).
In order to prove (2.3) we write

E[(L§)?|X°(0)] = / dr / dr'p?(0, 0,1, 1),
[0,4]NV [0,4]V
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where p°(0,0,7,7") denotes the conditional joint density at (0,0) of the random vector
(X<(r), X°(')) given X*(0).

Note that, by (2.1), p®(0,0,r,7’) can be written as the product of p°(0,7’) and the
conditional density at the random point — Zf\il e~"i X% (0) of the (Gaussian) random

variable ZN e~crigy' (e 26” e—=1) given that

N 2(:1"Z -1 N
Z ;E ( > _ Z efcrgic,i(o)'

i=1 i=1

The latter is a Gaussian density with mean

N / N , N i
Q=)@ = e NI (= 3 e TX ()
i=1 i=1 =1

and covariance matrix given by

<ZZN1(12; me))(l — p*(r, 1) 14,

plr,1’) = SY ey
L, sz\il(l — 6*207”;-) Z@]\Ll(l _ e—QCm)
Then, the proof of (2.3) follows along the same lines as the proof of (2.2) by considering

the different cases of r, 7’ of being in H and H¢N [0,]", and using the estimates of p(r, ')
obtained in [1, Section 3] and the condition on X(0).

where

&

Using Lemma 2.1 one easily deduces the following result.

Proposition 2.2 Let X¢ be an additive Ornstein-Uhlenbeck process defined as above and
. 1
such that || X*(0)] < % a.s. with ¢ = %Og(‘), where h is a positive finite constant.
Then, as t tends down to 0, JE[LC\LW tends to 1 in probability conditioning on X(0),
1A (U

uniformly over {||X%(0)| < %}
Finally, we shall need the following additional result.

Proposition 2.3 Let X%, i = 1,...,N be independent Ornstein-Uhlenbeck processes de-

; log1 : .
fined as above and such that || X“*(0)| < 1c a.s. with c hogfog(), where h is a positive
finite constant. Then, ast tends down to zero,

¢ N
| S Ixeis) pas
0 iz
= 2 Nd.

ct/2

Proof. Let Z(t) := [} 2SN, || X%(s)||?ds. By (21),

chs _
E[IX%(5)]2) = e~ (mewo)\?} T u) |

2c
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Therefore,

E[Z(t)] > /Ot csz<1%;2cs>ds

dNct dN
+ JR—

2 4
dNct
= 20 +0(1).

(€—2ct _ 1)

A similar calculation shows that
EZ()?] = /O s ( /0 E[Zuxc’%swzHXW(s'nr?]ds’)
=1 =1
t S N ) N )
- /0 ds < /0 E[ZHXC%s)u?Z||chz<s'>||21ds’>
=1 =1
22 1
< N2d2(T+O(hloglog(z))+0(1)).

Therefore, as t tends down to 0,

EKE[ZZ(& - 1>] -0

and the desired result follows. &

3 Girsanov’s theorem

For the following, we refer the reader to [10, Chapter VIII].
Let X : IRN — IR? be an additive Brownian motion on the standard d-dimensional
Wiener space (2, F,P), that is,

N
X(t)=> X'(t), t=(t1,....ty) € R",
=1

where the X* are independent d-dimensional Brownian motions. We define a probability
measure Q on (2, F) such that

do| AN IR o8 S L
ﬁﬂ_exp(—; [ ext - ax 925 [ixiers). e

where {F;}+>0 denotes the natural filtration of the Brownian motion.
By Girsanov’s theorem, under @, the processes (X'(s), 0 < s < t) are independent
d-dimensional Ornstein-Uhlenbeck processes, for ¢ =1, ..., N, and

S
M'(s) = X"(s) +/ cX'(u)du, 0<s<t,
0
are martingales, and in fact Brownian motions. Moreover,

t iS' iSZ tCiS. iS— tCQ iSZS.
/Oczudx() /OX()dM() /O X ()2
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Therefore,

dQ B N ¢ . . N 4 , ‘ i )
d—P]__t—exp(—;/o cX'(s) - dM (S)+;§c /0 | X (s)]| ds>,

—eXp<Z/ cX(s) - dM(s /HX’ )| ds)

Then, we have the following result.

and so
dP

Lemma 3.1 Let X be an additive Brownian motion on (2, F,P) defined as above and
such that | X%'(0)]| < % a.s. with ¢ = %g(l/t), where h a positive finite constant not

depending on t. Consider the event
dP
.

Then, as t tends down to 0, Q{A;} tends to 1.

> e—hNd loglog(1/¢) } )

Proof. Since the M'(s) = X(s) + IN cX'(u)du, i = 1,...,N, are d-dimensional Brownian
motions under Q, v — [ c¢X"(s) - dM"(s) are time-changed Brownian motions with clock
IS c?|| X(s)||?ds, that is, there exist independent Brownian motions W for i = 1,2,..., N
such that

[ exito)-aari(s) = wic [ 2 s) )
0 0

Fix € > 0 and consider the event

{ inf / cX'(s) - dM'(s) > —%loglog(%)},

v<Tt
=Tdh joglog($)(14¢) /O

where 7 = inf{s : [ || X"(u)||?du = g}. This event is equal to

- dh 1
{ inf W (s) > —— loglog(—)},

<2 loglog(1)(1+¢) 4 t
which, by the reflection principle, has Q-probability equal to

%{l log log( )

/\/ dh loglog( )(1+4€) —1‘2/2d$
V2T

which tends to 1 as t tends down to 0.
Now, consider the events

Bo= {3 [ enxoas e (o
byl (

1 Nd
loglog(5), (1+¢)

" log log(1)> }

h 1
log log(g)}.

and

Cr = {i_v:/ot cX'(s) - dM'(s) > —

i=1
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Under Q, the processes X' are Ornstein-Uhlenbeck processes with drift indexed by ¢ and
so, by the argument above and Proposition 2.3, we have

Q{B:NCi} — 1, ast | 0.
Thus, given € fixed to be less than 1/2, we have
Q{Ai} = Q{B:NCi} — 1, ast | 0.
L]

We finally arrive at a lower bound for a local time large deviations of the process X.

Proposition 3.2 Let X be an additive Brownian motion on (2, F,P) defined as above.
Then, for h fired and sufficiently small and for all t sufficiently small, we have, on the

event {| X(O)| < \/ regregrr )

P{L([O,t]N) > (wN)*d/%N*d/?(hloglog( )2 X(0 )} > W

Proof. Note that by linearity it makes no difference if we assume that

; t
X' <= fori=1,...,N.
||— (O)H — hloglog(l/t)’ or 1 Y Y

hlog log( )

Let Q be the probability measure on (€2, F) defined in (3.1) with ¢ .

the event

, and consider

D= { £(0.0%) 2 (r) - loglog(1)? X(0) .

By Lemma 2.1 and Proposition 2.2, as t tends down to 0, Q{ D;} tends to 1, uniformly over

Ry ——
On the other hand, by Lemma 3.1, as ¢ tends down to 0,

dpP 1 1
Q{_ > e—hloglog(?)Nd _ }_) 17
F (log(7))Ndh
on the event {||X(0)] < W} Then, taking h = g, we have, for ¢ sufficiently
small,
P{D,} — / P 10
(D} p, dQ

> / oo
Dtm{d(g_W} Q

1 dP 1
<log<%>>Ndh@{Dt " {@ g <1og<%>>Ndh}}
1
(log(1)1/4°
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We will use Proposition 3.2 in the following way. Fix i € Z" and consider the 272"

side cube D) (gt 1) v (i 0
1 (1 + 2 (12 + iN o (N +
[2%7 o2n ] X [ﬁ7 22n J <o x [2%, o J-

We consider intervals

N n2r+1/4
/ /.
R L
where
15 n2r
Th= -2 4+ _—— r=1,..Vn

J 7 92n 922n’

We note that, as for large n, 272" < ’2122; + #;TJ:M << 27" for all r = 1,...,y/n, we have

that

r | p2rti/a N
sup loglog((Tj + o — o) b
r<yn log(n)
Fix h € (0,1) and consider the event A(r, h) := A(i,r, h) defined by

N 2r+1/4 2r+1/4 N—d/2
” ” n n

Jj=1

—1|—>0, as n — oo. (3.2)

Lemma 3.3 Let F, = 0(X’(s), 7 =1,..,N, s < Tjr). Then, if h is chosen sufficiently
small, for all n sufficiently large and uniformly over 1 < r < /n, we have

r+1/16

QTL

n

1 r
P{A(r, h)|F.} > Y on the event {|| X (T")]| <

Proof. Note that by the strong Markov property, the process (Zjvzl &j(T; +55) s >
0) conditioned on F,, is equal in law to the process (Zjvzl XI(s;) : 8 > 0) started at

N oo
2 i1 X (17).
Then, for n sufficiently large and h sufficiently small, and uniformly over 1 <r < y/n,

nrt1/16 e t for ¢ n2r+l/4
—  fort= ——
2n hlog log(%) 22n

N
1Y X1 <
j=1

Therefore, using Proposition 3.2 we obtain the desired result for n large.

&

We now fix h > 0 such that Lemma 3.3 holds for all n sufficiently small and let A(r)
denote the event A(r,h) for this h fixed.

Corollary 3.4 Uniformly for i > c > 0,
Z -n n c —nd —nl/8
Pl GE <277 (0 A | < ko1,

for k depending on ¢ but not on n.
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Proof. Consider the event

r+1/16
{HX( )|l <n27", 31 <7 < /nso that || X(T7)| > o 5 }

By the independent increments property scaling and standard Brownian bounds, we have

n /16
PBE < SoP{IxGh < x5
r=1

< nl/QC(nQ—n)dke—nl/s/le‘

Finally, by Lemma 3.3,

(o < famne) < oo (1- 1)

< Om2 e,

Corollary 3.5 For h fized sufficiently small, i > ¢ > 0, and n sufficiently large, the prob-
ability that X (t) = 0 for some t in [QQZH, 12;}] but there is no 0 < s < 27" so that

i3 N—d/2 1\
> ¢V— Z
L([QQn 22n + s}) > <hloglog(s)> ,

d+1/29-nd,—n

s bounded by kn 1/8/4N, for k not depending on n.

2r 2r+1/4

Proof. Let s = Sz + "5z, r = 1,...,y/n. Note that, by (3.2), uniformly over 1 < r < /n,

1
%_1_>0 as 7 — 0o.
logn ’

On the other hand, by definition, on the event U;/jl A(r),

N 2r4+1/4 2r41/4\ N—d/2
T T n n
L(II[TJ-J}- +2TD2( o ) (hlogn)/?,

Jj=1

for some r. As for n sufficiently large, the cube [2%, 2%” + s] contains vaz T3, T+ "Q;TJ:M],

we obtain, for n sufficiently large, that on this event

v ) N—d/2 1.\"?
L > - log log(— .
([2% 22n+s}> > s (h og og(s))

Thus, by Corollary 3.4, the probability that ||.X (QQ%)H < 127" and there does not exist
0 < s < 27" such that

i3 N—d/2 NN
> - —_
L({Q% 22n + s]) >s (hloglog(s)>

is bounded by knd+1/2g—nde—n!/*/4N
The proof is completed by noting that by standard Brownian large deviations estimates

4l
{||X( —)|l > n27", X(¢) = 0 for some ¢ € [2%,%}} < Ke ™/AN?,
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4 The Hausdorff measure function

In this section, we suppose that h has been fixed at a strictly positive value small enough
so that Corollary 3.5 holds. We prove the following result.

Proposition 4.1 Let X : IRN — IR? be an additive Brownian motion. Then, there exists
a positive finite constant k such that for any closed interval I which does not intersect the

planar azxes,
ma({t: X(t) =0} N 1) < KL(T) as.

where ¢(r) = rN=4/2 (log log(%))dm.

Proof. Suppose without loss of generality that I C (0, oo)N . We first divide up I into the
order of 22"N cubes of side length 272". Given a cube [22%, gg—,}], i € ZV, intersecting I,

either

(i) it does not contain a point in {¢: X(¢) = 0};

(ii) it contains a point in {t : X (t) = 0} but the variation of X in the cube is greater than
n2™";

(iii) (i) & (ii) above do not apply, but there is no 272" < s < 27" so that

i i N—d/2 1 42
— > - _ .
L(|:22n’ 22n +S:|) =8 <h10g10g(8)) )

(iv) (i), (ii) & (iii) do not apply.

We now proceed to the construction of the covering of {t : X(t) = 0} N I. We denote by
i the cube [55, g—,}] Given a cube i satisfying (i), let C; be (). For cubes satisfying (ii) or

[t . c e . R )
) (A mn n | ) 9 (. n 9 n ’
(iii), let Cy [22 52 } Finally, for cubes satisfying (iv), let C; [22 5o T s} where s
is the largest s < 27" such that

i3 N—d/2 1\
—— > - — .
L ([2%, 52n + 8]) >s <hloglog(s)>

C;.

Now, let
D= Ui satisfies (iv)
By Vitali covering theorem (see e.g. [2]), we can find a subcollection E of the set of i
satisfying (iv), such that
(A) C;NCj= 0, for all 4, j € E;

(B) D C UiegD;, where D; is the cube with the same centre as C; but 5 times the side
length.

Consequently, we consider as a covering of {t: X(t) =0} N1,

(U Ci) U (UiegD;).

i satisfies (ii) or (iii)
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Now, by definition of the D; and condition (iv), for i € E,

/2
o(Di) < 5% 20(ci) <592 (1) L(c)

where, as before, ¢(r) = rN—4/2 (log log(%))dm. Therefore, since the C; are disjoint for
Le L,

/2
> B(CH) + 542 (%) S L@
i satisfies (ii) or (iii) i€E

d/2
< ¢(272") x ¢ of i satisfying (ii) or (iii) 4+ 5V ~%/2 <%) L(UierCi).

Now, by Corollary 3.5,

E [ # of i satisfying (ii) or (iii)] < 22Nfnd+1/2g-ndg—en'/®

)

and so by Fatou’s lemma and the a.s. continuity of L(HZ]\L (i, yi]) with respect to z;, y;

(see e.g. [3]), we have, a.s.,

1\ %2 1\ 9/2
lim inf > o(|Cy]) + 5N —4/2 (-) L(UjepCi) < 5N-9/2 (E) L(I).

n—oo h
i satisfies (ii) or (iii)

&

Corollary 4.2 Let X : RN — IR? be an additive Brownian motion. Then, for any interval
I and h as fixed at the start of the section,

/
my({t: X(1) =0} N1) < 5Nd/2<%>d 2L(I) as.,

where ¢(r) = rN=d/2 (log log(%))d/2.

Proof. We write I as the disjoint sum of intersections of I with the planar axes P;, and
open rectangles which are disjoint from planar axes but whose closures are not. For the
first case, by Lemma 1.3,

ma({t: X(t) = 0 N (I N (UL P)) =0 as.

For the second case, without loss of generality we consider a rectangle R contained in the
”quadrant” (0,00)". Then, by Proposition 4.1 and the a.s. continuity of L(Hf\il[xl,yz])
with respect to x;, y;, we have, a.s.,

m({L: X&) =0}NR) = limme({L: X(H) =0} N RN, 00)™)

1

d/2
< TimsN-d/2 (1 N
16%15 (h) L(RN[e,00)™)

= pN-d/2 <l>d/2L(R)
— - .

The final result follows from the additivity of the local time and the Hausdorff measure. &
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5 Proof of Theorem 1.1

As a prelude to the proof of Theorem 1.1, we show the result for a fixed interval I bounded
away from the axes. The extension to the ultimate result will then be standard.

Theorem 5.1 Let X : IRN — IR be an additive Brownian motion. Let I be a closed
interval bounded away from the planar axes. Then, there exists a positive finite constant c,
not depending on I, such that

mo({t: X(t) =0} 1) = cL(D), as.
where ¢(r) = rN=42(loglog(1))¥/>2.

Proof. In order to simplify the notation we assume I = [1,2]"V. It will be clear that the
proof covers all the cases claimed.
We will construct a set of random variables {V;,n, M > 0} such that

(i) for all § > 0 there exists My such that for all n and M > M,

Ellma({t - X(0) = 0} 1 [1,2Y) — Vi) < 5 (5.1)
(i) for M fixed,

E[(VD — earL([1,2]V)?] — 0, asn — oo, (5.2)

for some constants c¢pr — ¢ € (0,00), as M — oo. This will imply the desired result.
Let D™ denote the set of time points in ]Rf of the form (537, 5%, ; 5% ), Where the
i; are integers. For every n and z € D™ N [1,2]V, we write

Ly = L([z,z +272"),
Yy =mg({t: X(8) = 0} N[z, 2 +27%")).
Note that by Proposition 4.1, there exists a finite, non random constant k such that
Y, <kLy. (5.3)
We need some preliminary lemmas.

Lemma 5.2 There exist two positive finite constants c1,cy not depending on n, such that
uniformly over x,y € D" N[, 2|V,

(a) E[L}] < cr272"V;
(b) E[LLy] < 274"V (|l — y| +272m) %2,
Proof. Let g;(-) denote the density of X (t). Then, for x > 1,

E[L7] = / g:(0) dt < (2rN)~4/2 / dt = (2rN)~4/29=2Nn,
[z,z+272n] [z,z+272n]

This proves (a). In order to prove (b), let g(,-) denote the joint density of the random
vector (X (s), X(t)). Then,

By - [ [ 02.4(0,0) ddt.
£ 9 [L&+2_2"]X[Q7E+2_2n]

As is easily seen, for s,t > 1, g44(0,0) < ¢|[t — s]|~%? for ¢ not depending on s or ¢, from
which the desired result follows. &
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Lemma 5.3 For any € > 0 and M > (dN)'/2, uniformly on n and z > 1,
(a) E[LZL(x@)=ar2m] < 27
(b) BN Lgx@yzaz—m] < 27,
Proof. We start by proving (a). As before g¢(z) denotes the density of X(t) at z. Given

z € IR, with ||z > M2~™ and M > (dN)Y/?, we have

E[L"|X(z) = 2] = / G2d <2 sup gi(2)
- [0’2—2n]N

t€[0,272n]N
_ CQ—(ZNn—nd) H§”2
- exp(_c2_2n)v
where C, ¢ do not depend on M, n or z. Consequently,
2
E[Ly1{x ()= Mm2-n}] < 02_(2N”_"d)/ exp(— Hg_HQ )dz
R Izl >p2-n 2=
2
< C2—2NTL/ exp(f HZH )dg
ll=l1>M ¢
00 ,r.2
:C'22N"/ exp(——)rdildr
M (&
< 272N
if M is chosen sufficiently large. This proves (a).
The proof of (b) follows from (a) and inequality (5.3). &

We define

YoM =Y x@<az—ny

V= >y
zeD™N[1,2]V

Then, by Lemma 5.3 (b), we have that for all § > 0, there exists My such that for all n and
M > M07

Ellme({t : X(t) = 0} N [1,2]") = Vil = Elme({t : X(8) = 0} N [1,2]") - Viz] < 6.

This proves (5.1).
We now address (5.2). Define fys : IR? — IR, by

far(2) = Elmg({t : X(2) = 0} N[0, 11")|X(0) = 21z <ar}-

The function fas is obviously bounded, given Proposition 4.1. By scaling, for z > 0 and in

particular for z € [1,2]",

By M X (@) = PAEEE)

In order to prove (5.2) (and therefore complete the proof of Theorem 5.1) it suffices to
prove

609



Proposition 5.4 For M fized,

E[( > % —/Rd fM(z)dzL([lﬂ]N))Q] —0, asn — oo, (5.4)

zeD™N[1,2N

and

E[( Z (fM(Q”X(@) _ Y”’M))Q} — 0, asn — oo. (5.5)

2nN—nd z
zeD™N[1,21N 2

This will ensure that equation (5.2) holds with ¢y = [pa far(2)dz. Since [pa far(2)dz is
increasing as M increases, ijd fum(2)dz — ¢ as M tends to infinity. This limit must be
finite by inequality (5.3), while, as noted in Remark 1.2, it is necessarily strictly positive.

Proof of Proposition 5.4

We will detail the proof of (5.5). The proof of (5.4) follows along the same lines and is
left to the reader. In order to simplify the notation we only treat the case N = 2 but the
approach extends to all time dimensions. The approach has some similarities with that of
[6].

In order to prove (5.5), we write

E[( Z (M_Yn,M))Q]

22nN7nd z
zeD™N[1,2]V
(@ X(2) o M2 XW) g
= > E[(W—Yx A ek Rl
z,yeD"N[1,2]N
We consider two different cases:
(A) |21 — 1] Alwa — yo| <272
(@ X(2) o M2 X W) g
El(T s Y2 ) Cogana - — %)
(2" X(2)) (2" X (y)) My m, M
< ]E[ 24nN—2nd ] + E[YQ’ YQ’ ]
< 24—Nng£’Q(Q’ 0) + kQE[LgLZ]
K 1

<
= 94Nn (”2 _ QH + 2—2n)d/27
by bounds for gz ,(0,0) and Lemma 5.2.

Thus, the sum of E[(% - Y;’M)(% - YE"’M)] over z,y satisfying (A)
tends to zero as n tends to infinity.

(B) |1 — 1| Alwa — yo| > 27772,

We need to consider different cases. We first assume that y; > 21 (and soy; > 21+27"/?)
and yy > x5 (and so yp > w9 +27™/2). Then, by the definition of f3; and Markov properties
of X, we have

fu(2"X(y)) -
52nN—nd Y;’M)‘X(ﬁ +272M)] =0.
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Therefore,

E[(w _ y;M)(M —yMy =o.

22nN—nd 22nN—nd x
The case z1 > y; and x9 > y9 follows similarly.
In order to treat the other cases we shall need some basic lemmas.

Lemma 5.5 Fory € [1,2]?,

E[Y,'[X(y), X(y + (0,272"))] < K272V +nd,

uniformly over X (y), X (y + (0,272")).

Proof. It is sufficient to show the corresponding inequality for Ly. We have

27271

BLIX W X+ 0.2 = [ dsat g2 @),

where u = X (y), v = X (y+(0,272")) and g?f” (Olu, v) is the density at 0 of an independent
N(0, sI4) in IR? convoluted with a d-dimensional Brownian bridge at time ¢ going from w

at time 0 to v at time 272" (i.e. M(u+ (v — g)#, m;#[d)). Since

27271 1 1
0 <K
Is,t (_|Q7 2) = ((8 —l—t)d/2 + (2—2n —t+ S)d/2>

the desired result follows. &

Lemma 5.6 Let z,y € D" N[, 2] with y; — x1 > 272 and xo — yy > 272, Then

—hn?
E[WeWyL{jx2 ) |2n2y] < Ke ™,

Jor some constants K and h independent of z, y and n, where

fu(X(2)2") M
W£ = 92nN—nd or Y£

v (X(y)2") oM
WE = 92nN—nd or Yg T

Remark 5.7 The inequalities hold with 1{“52@2)”2712} replaced by 1{\\51@1)”2#} and the
corresponding inequalities hold for x1 > y1 and x2 < ys.

Proof. By basic inequalities for the joint densities, we have

2—2nN

E[Wy | X?(22), Wa] < Kim—s,
: - |l — yl| 4/
so, it suffices to treat E[Wzl{\g?(xz)nzn?}]' On the other hand, it is easy to see that
E[W, | X?(22)] < K272V,

Therefore,

IN

K272V P{|| X (22) ]| > n?}

2
< K2—27’LNe—hn ,

EWalg)x2(0s))2n2)]

and the desired result follows. &
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Lemma 5.8 Let (B(t),t > 0) be a Brownian motion in IR® with B(0) = 0. Let gy—2n (y|v, z)
denote the conditional density of B(272") given B(v) = z. Then, for ||z| < 3n* and
v € 272 1], we have

(i) |ga-2n(y|v,2) = ga-20(y)| < Kgg-20(y)27"/3, for |ly|| < 27"n,

" llyl* _
(i) |ga—2n (ylo. 2)] < K2 exp(—g5), for [yl = 27"n,

where K does not depend onn, y, v or x.
Proof. By the independence of the increments of the Brownian motion, we have

Gy—2—2n (T — Y)

_on — gy—2n = gy—2n Nl |
220 (10, 2) — ga-an ()] = g ()| S
2|2 T 2
( )‘ v/? exp(— 2(11[72“‘2”) ) exp(v—_Q%% ) exp( 2(11”%”_2")) 1
= go-2m\Y -
4 (1} _ 2—2n)d/2 exp(— ||§L\2>
/2 )| 22-2n z-y lyll?
— _on - RN S — - = - = ) — 1 .
go—2 (Q) (’U _ 2—2n)d/2 eXp( 20(1) — 2—271) ) eXp(fU — 2_2n)eXp( 2(1) — 2_2n)) ’

As ||z| < 3n2% v e [272,1] and |jy|| < n27", we have

H£”2272n 977,4272"

< 9nt2"
vfv—=272) = 27m " ’
z-y 3n’n27" 3n32"/2
v—2-2n — 9-n/2 _9-2n — 1 _9-3n/2’
HQHQ 4n29—2n 2n22—3n/2

< .
2(1) _ 2—2n) — 2(2—n/2 _ 2—2n) — 1—-292-3n/2
Therefore for ||z|| < 3n%, v € [272,1] and ||y|| < n27™", and n sufficiently large,

|ga—2n (y]v, ) — go2n (y)] < go2n (y)27/3.

It now suffices to choose K sufficiently large in order to cover the remaining finite number
of n’s less. This proves (i).

Equally, with the same hypotheses on v and z but with [|y|| > n27", it holds that

Ty Iyl e
go-2n(ylv,z) < KeXp(m) X (—22_2n)2n
1
for K not depending on n or y. )

Proposition 5.9 Let z,y € D" N[, 2] with yy — 1 > 272 gnd xy — yo > 272, Then

P @XE) oy @) ] 2

E ( 922nN—nd z )( 922nN—nd Yy ) — ||£_y||d/2

where K does not depend on n, y or z.
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Proof. By Lemma 5.6 it is enough to prove this upper bound for

E\(grna - Y ) Cgmna - — Y ) il <ny Hix2a<n?y |

Let G = o(X?(y2), X2 () X(g),&(g),an’M). It suffices to treat

fu(2"X(y) yrM|g) = fu(2"X(y)) E[Y Mg

[ 922nN—nd 92nN—nd
for [|X?(x2)]| < n® and | X*(32)]| < n®.
In the following we need only consider X (z) such that fi/(2"X(z)) > 0. Now let us
define f(z,z) by

E[me({t : X(t) = 0} N[0,1]*)[X(0) = z, X(0,1) = z + 2] 1 () <rr}-

Note that this function is bounded, given Proposition 4.1 and Lemma 5.5. By definition,

e llzlI?/2
fu(z) = /sz Wf(%&)dé,

while by scaling on || X (y)|| < M27", | X*(y2)|| < n?,

E[Y;’MW] = 7 2Nntnd /Rd ga—2n (2]T2 — y2, X*(22) — XQ(yQ))f(Q”X(g), 2"2)dz,

and so

. (27X (y))
B, - = 19)

= |27 2Nntnd /IR g2-2n (2lwa = y2, X?(w2) — X*(12)) — g2-20(2) F(2" X (1), 2"2)dz],

on || X(y)|| < M27", and is equal to zero on || X (y)|| > M27".
By Lemmas 5.5 and 5.8 this is bounded by K2-2Nntndo—n/3 {61 K not depending on n.
Thus, since the conditional probability that || X (y)| < M2~" given Y' Moand f1,(2" X (z))

is bounded by %, we obtain the claimed bound. &

Proposition 5.9 concludes the proof of Proposition 5.4 and therefore the proof of Theo-
rem 5.1.
)
Proof of Theorem 1.1
Theorem 5.1 implies that for any interval I bounded away from the planar axes

mg({t € I: X(t) =0}) =cL(I) as.

for ¢ = limps oo [ppa frr(z)d.

Thus, we have that outside a null set this relation holds for all such intervals I with
rational endpoints. By the a.s. continuity of L(T]Y,[zi,%:]) with respect to z;,; we
deduce the relation simultaneously for all intervals not intersecting the planar axes. Using
continuity again and Lemma 1.3, we extend the relation to all I contained in a closed
orthant, as in the proof of Corollary 4.2. The final result follows from the additivity of the
local time and the Hausdorff measure and the fact that any interval I can be split up into

disjoint subintervals contained in orthants. &
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