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1 Introduction

The quantity p(t) = P(X; > 0) where X = (X;,¢t > 0) is a Lévy process
is of fundamental importance in fluctuation theory. For example, combining
results in [1] and [2] shows that, both as t — oo and as t | 0,

p(t) — pel01] (1)

— / s)ds — p
<~ z/ 1{X5>0}d8 i AP7
0

where A, denotes a random variable with an arc-sine law of parameter p
if 0 < p < 1, and a random variable degenerate at p if p = 0,1. It would
therefore be useful to find a necessary and sufficient condition for (1) to hold,
ideally expressed in terms of the characteristics of X, that is its Lévy measure
I1, its Brownian coefficient o2, and +, the coefficient of the linear term in the
Lévy-It6 decomposition (2) below.

This problem is obviously difficult, and has so far only been solved for
large ¢ in the special case p = 0, 1. This result is in Theorem 3.3 of [5], and
in an extended form in Theorem 1.3 in [4]. In both cases the results are
deduced from the corresponding results for random walks due to Kesten and
Maller in [7] and [8]. Here we consider the corresponding question for small
t, where apparently the large ¢ results will have no relevance, but in fact it
turns out that there is a striking formal similarity, both in the statement and
proof.

Our Lévy process will be written as

Xy =t + 0B+ YD + v, (2)

where B is a standard BM, YY" is a pure jump martingale formed from the
jumps whose absolute values are less than or equal to 1, Y® is a compound
Poisson process formed from the jumps whose absolute values exceed 1, and
B, YW and Y@ are independent.

We denote the Lévy measure of X by II, and introduce the tail functions

N(ZE) = H{((ﬂ, OO)}v M(ZE) = H{(—OO, _x)}’ x>0, (3)
and the tail sum and difference

T(x) = N(z)+ M(z), D(z) = N(z) — M(z), x> 0. (4)

210



The roles of truncated first and second moments are played by
aw) =7+ + [ Dy, U@ =t 42 [Cy, 250 9
1 0

We will denote the jump process of X by A = (Ag, s > 0), and put

A,El) =sup A, (6)

s<t
for the magnitude of the largest negative jump which occurs by time t.
For the case t | 0, a sufficient condition for (1) with p = 1 was given

in Theorem 2.3 of [5]; the following, together with Lemma 5 shows that the
condition given there is also necessary:

Theorem 1 Suppose that the Lévy process X has o = 0,T1I(R) = oo, and
M(0+) > 0; then the following are equivalent.

pe=P(X;>0)—1ast]O0; (7)
X
—(i) Lo ast | 0; (8)
A,
for some deterministic d which decreases to 0 and
X
is reqularly varying of index 1 at 0, th) Lo ast 1 0; (9)
and A
¢—>+oo as x | 0. (10)
U(x)M(x)

Remark 2 None of the above assumptions are really restrictive. First, if
o # 0, it was shown in [5] that P(X; > 0) — 1/2. It was also shown there
that when M(0+4) = 0, i.e. X is spectrally positive, and N(0+) = oo, then
(7) occurs iff X is a subordinator iff A(x) > 0 for all small x, and it is easy to
see that these are equivalent to (9) in this case. (Of course (8) is not relevant
here, as AV = 0.) Finally the case when II(R) < oo is of no real interest;
then X s a compound Poisson process plus linear drift, and the behaviour of
pr ast | 0 is determined by whether the drift is positive or not.
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Remark 3 Comparing the above results with the large-time results we see
that each of (7)-(10) has a formally similar counterpart at co. (Actually
the counterpart of (8) was omitted in [4], but it is easy to establish.) One

difference is that (7) as t — oo implies that X, Eit 00, and of course this
can’t happen as t | 0. At first sight the appearance of A in both (10) and its
counterpart at oo 1s surprising. However this can be understood by realising
that A acts both as a generalised mean at oo and a generalised drift at 0. To
be precise, t71 X, EiR ¢, ast — o0 orast | 0 is equivalent to xT(x) — 0 and
A(x) — c asx — oo or as x | 0; in the first case if X has finite mean p then
¢ = u, and in the second if X has bounded variation and drift 6 then ¢ = 9.
(See Theorems 2.1 and 3.1 of [5].)

Remark 4 The structure of the following proof also shows a strong simi-
larity to the proof of the random walk results in [7] and [8]. There are of
course differences in detail, and some simplifications due to the advantages
of working in continuous time and the ability to decompose X into inde-
pendent components in various ways. There are also some extra difficulties;
for example we need to establish results related to the Cental Limit Theorem
which are standard for random walks but apparently not previously written
down for Lévy processs at zero. Also the case where 11 has atoms presents
technical difficulties which are absent in the random walk situation; compare
the argument on page 1499 of [7] to the upcoming Lemma 9.

2 Preliminary Results

We start by showing that (10) can be replaced by the simpler

A(z)

—ooasx | 0. (11)

Lemma 5 (i) If (10) holds then (11) holds.
(i) If (11) holds then

lim sup < 2, (12)

z10  TA(x)

and consequently (10) holds.
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Proof For i) just note that
Ua) = [ 20Ty = T(a) | 20y = 2T (o) (13)
0 0
so that

lim inf ) >hmmf Afz) Ufz) > liminf ———————— Afz)
z10 M (x) |0 U(x)M(z 2 M (z) |0 U(z) M (z

For (ii) we first show that

. U_(v)
b @) =

(14)
where we write

U_(z) = / “oyM(y)dy, Us(z) = / "2y N (y)dy, (15)

so that U(z) = U_(z) + Uy (z). Given € > 0 take zy > 0 such that eA(z) >
xM (x) for x € (0,z0], and hence

U-a) = [ 2oty < 2= [ Aty
Note also that for 0 < z < 1 we can write
A(xz) = 7+ A_(x) — Ay(2), where 7 =~ + D(1),
A_(z) = / M(y)dy, and A, (z / Ny
Then
U(z) = /Oz 2yM (y)dy = —2/O$ydz4—(y)
= 2/; A_(y)dy — 2zA_(x),
and similarly

Un() =2 [ 4wy - 204,(2).

0
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Thusfor 0 < x < 1 A xg

U(x) < 2 / G AL(y) - A}y

= {292+ 22A_(2) + U_(z) —22A(x) — U(x)}
< ef2zA(x) + U_(2)}.

Since ¢ is arbitrary, (14) follows. Also for 0 < x < 1 Az

= 2

)
Ure) - v = 2 ( [ Aoty o) - [T A+ 24 (o))
(IA Aly )dy> < 2 A(x).

So
Ux) < 2xA(x) +2U_(x) = 2xA(x) + o{zA(x)} as x | 0,

and (12) follows. Since
Al) \/ Alx) \/m(@
(11) is immediate. B

The main part of the proof consists of showing that (11) holds whenever
pr — 1. We first dispose of one situation where the argument is straightfor-
ward.

Lemma 6 Let X be any Lévy process satisfying the assumptions of Theorem
1, having py — 1 ast | 0, and additionally having M(0+) < oo. Then (11)
holds.

Proof In this case we can write

X, =x"+xM t>o0,

1 _ ZAsl{AS«)}

s<t

where

is a compound Poisson process which is independent of the spectrally positive
process X (. Clearly

P{Xt( =0} = O s 1last]0,
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so we have

P{X” >0 —>1ast|0.
But, as previously mentioned, it was shown in [5] that this happens iff X (©
is a subordinator, i.e. it has bounded variation, so that fol 21O (dz) =
fol zll(dx) < oo, xN(z) — 0 as x | 0, and we can write

Xt(O) = Z Asl{As>0} + 6(O)t>

s<t

where the drift §©) is non-negative. Comparing this to the representation
(2) of X we see that 6 = v — fol zIl(dx) + fol 2IT*(dx), where IT* denotes
the Lévy measure of —X. If 6% > 0 the alternative expression

A(flf)Zv—/ yH(dy)+/ yIl*(dy) + xD(z), (16)

which results from (5) by integration by parts shows that A(z) — 6 as
x| 0. Thus A(z)/{aM(z)} ~ 6O /{zM(0+)} — oco. If §® = 0 the same
conclusion follows because

A@@) _ Jy Dy)dy
since D(0+) = N(0+) — M(0+) =oco. W

The next result allows us to make some additional assumptions about X
in the remaining case.

— OQ,

Lemma 7 Let X7 be any Lévy process with no Brownian component which
has M#(0+) = oo and p' = P(X} > 0) — 1 ast | 0. Then there is a Lévy
process X with no Brownian component such that p, = P(X; > 0) — 1 as
t | 0 whose Lévy measure can be chosen so that

(i) N(1) = M (1) =0, M(0+) = oc;

(ii) each of N and M is continuous and strictly decreasing on (0,c| for
some ¢ > 0.

Moreover, (i) (11) holds for X if and only if it holds for X.

Proof Note that if X" has the same characteristics as X# except that
I1# is replaced by

H(l)(dx) = {II* (dx) + Adx) 11 cpeny,
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where A denotes Lebesgue measure, we have XM +Y® = X# 1 Y® where
Y is a compound Poisson process independent of X*) and Y® is a com-
pound Poisson process independent of X#. Since P(Yt(l) =0)—1last |0
for i = 1,2 it is immediate that P(Xt(l) > 0) — 1 ast | 0. By construction
NOM) = MW(1) =0, for 0 < z < 1 both NO(z) = N#(2) +1—x— N#(1)
and MW (z) = M#(x)+1—2— M#(1) are strictly decreasing, and (16) shows
that AW (z) = A#(x) — 2 D#(1). Thus MY (x) ~ M#(z) as = | 0 and we see
that (11) holds for X if and only if it holds for X#. This establishes (i), and
allows us to assume in the remainder of the proof that N#(1) = M#(1) = 0,
and both N# and M# are strictly decreasing on (0,1]. For (ii) it remains
only to show that we can take N and M to be continuous.

So suppose that II# has atoms of size a, and b, located at z; > x5 >
--o>0and —y; < —ys < --- < 0 respectively, for n = 1,2, - --; clearly if II#
has only finitely many atoms there is nothing to prove, and the case when the
restriction of IT# to (0, 1] or [~1, 0) has only finitely many atoms can be dealt
with in a similar way to what follows. Note that from fjl 22I1# (dr) < oo we

have . .
Z anT? + Z bay? < 00. (17)
1 1

Now let I1® denote the continuous part of II#, so that
I# =10+ " a,6(zn) + Y bad(—yn),
1 1

where 0(z) denotes a unit mass at z. With Ula, b] denoting a uniform prob-
ability distribution on [a, b] we introduce the measure

=1 + Z a, Ulzp, x, + ap)] + Z b U[=Yn, —Yn + Bnl.
1 1

We choose «,, > 0, 3, > 0 to satisfy the following conditions; forn =1,2,-- -,

T, + O < Tn+1, — Yn + ﬁn < —Yn+1; (18)

and

a, <2l B, <yl (19)
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Note that (17) and (19) imply that

c:= %ianan<oo, = %ibnﬁn<oo,
1 1

and hence
1 1 n

lgﬁ)l (/5 zll(dx) _/5 xH#(dzp)) = nlgglo <Z ay(xy 4 Ok zlzakxk> =c,
(20)

and

‘ —€ B —€ 4 B B _

lelf(r)l (/_1 xll(dx) /_1 Fall (dx) nhjg()( Zbk Yk Zbkyk> c*
(21)

Now let X be a Lévy process with Lévy measure II, no Brownian component,
and having v = % + ¢ + ¢*. Since T'(1) = T#(1) = 0 and we have got II by
‘moving some of the mass of II# to the right’, we have, for each fixed ¢ > 0,

X, = vt + hm ( Z A 1{\A [>e} — t/ .CCH(dI’))
0<s<t e<|z|<1

>7#t+(c+c )t—i—hm(Z A¥ Lia#|sey — t/ y xH#(da;))
e<|z|<1

0<s<t

—tlim (/ xll(dx) — / mH#(dx)> = X7
€l0 e<|z|<1 e<]z|<1

Thus P(X; > 0) — 1, and to conclude we only need to show that (11) holds
for X# if and only if it holds for X.
Again using D(1) = D#(1) = 0 we have, for z € (0, 1),

Alx) = v—élN(y)dyﬂL/:M(y)dy

= 7#+c+c*—/ N#(y)dy—i—/ M*(y)dy
+/1{N#(y) - N(y)}dy+/l{M(y) — M*(y)}dy

217



= A*@) et t / (N*(y) — N(y)}dy + / (M(y) — M*(y)}dy
- / {N(y) — N*(y)}dy + / (M(y) — M*(p)}dy,  (22)

where we have used (20) to see that

/ (N ()~ N*(u)}dy = lim ( / o TI(dr) / 1 xH#(das)) e

and similarly for ¢*. Since (19) gives

0= [ NG =Ny <5 Y e

n:xrn <

1
> P35 D aal = ofa),

n:xrn<T n:xrn<r

IA
I

S

S

i%CAJ
A
|

and the same argument applies to the second integral in (22), we see that

A# A
@) _A®@) L o1y ase | 0. (23)
T x
Next note that if —z & U (=Yn, —Yn + Bul, then M(z) = M#(z). On the
other hand, if —x = —y, + 03,, with 0 < 0 <1, then

M#(x) = M(x) + (1 —0)b, ~ M(x) as x | 0,

so (iii) follows. B
The next piece of information we need is reminiscent of the Berry-Esseen
Theorem;

Lemma 8 Let o be any Lévy measure, and write p; for the restriction of
to the interval [—by, by|, where by | 0 as t | 0. Suppose that for each t > 0 Z;
has an infinitely divisible distribution determined by

E(e"%t) = exp —t{/R(l — €% 10 g (dx)} = 1y (6). (24)

Put
to? = t/ 2, (dz) = EZ?,
R

218



and write ® for the standard Normal distribution function. Then for any
e > 0 there is a positive constant W, such that for all x

\P{Z, < zv/to,} — ®(z)| < e (25)
for all t satisfying

ﬂat

> We. (26)
by
Proof Note first that FZ; =0 and EZ} =t fR 23y (dx) = t(;, and write
EZ} &

TS EZ)E Viep
We will apply the inequality (3.13), p 512 of [6], with ¢ fixed,
F(z) = P{Z, < zv/to,}, and G(z) = ®(z) — vy(2* — 1)o(x),
where ¢ is the standard Normal density function. From it we deduce that

for any 7' > 0 the LHS of (25) is bounded above by

1T ) — e (Lm0 oam,
la? = i)+ [ 7 o+ 2

Here

(27)

me = sup |G (2)] = sup $(a){1 + v (22” — 3z + 1)} < M,

where M is an absolute constant, for all ¢ satisfying || < 1. But if (26)

holds we have
| | < th't2 bt < 1
v = ,
"= 6Vto}  6yto, — 6W.
so this will hold provided 6W. > 1. Now fix T" = %, so that the third
term in (27) is no greater than /3. The same argument shows that the first
term in (27) is also no greater than e/3 provided (26) holds and 3W, > 1/e.

Finally, to deal with the middle term we write 6 = ﬁ, and note that

(28)

~ _62

P(0) = ez expt{ (eiéx — (1 +ifz — %éQxQ)u(dx)}

|| <b:
= 6%92 exp t{ e (26;‘) pu(dz)} - expt{ " r(i0z)pu(dx)}
_ T exp 14(i0)* - exp t{ r(i0z)p(dx)}, (29)



where for some positive constant c.

1 1
r(z)|=1e* — (1+ 2+ 5,22 + 623)| <elz)? (30)
whenever |z| < c.. Since for |0] < T and |z| < b; we have
~ Tb, T
Ox| < <
| | — \/%O't — Wg

we see that when (26) holds and W, > (T'/¢.) V1 we can apply (30) to deduce
that for |0] <T

al /. (ot} )| < [ Pt

5‘9|3bt

Oy

< et]f)Pbo? < < elg)?.

It follows from this and (28) that, increasing the value of W if necessary, we
can make

1 / We() — e F 0 (1 g expt{ [, r(i0x)u(de)})]
Y 6]

do <

I

M

™
and clearly we can also arrange that
T 2 vt (i6)3 . -1\ 3
L[t R G T3
T J_p 0] 6

whenever (26) holds. Putting these bounds into (27) finishes the proof. B
Next we record a variant of the Lévy-Khintchine decomposition (2) which
is important for us:

Lemma 9 If X is any Lévy process with no Brownian component and b, b* €
(0,1) and t > 0 are fized we can write

X, =700, 6t + v v 4y 1y o), (31)
where
b
}/;(1,4’) — hr{)l {Z A ]-{€<A <b} — t/ $H(bl’ } t Z A ]-{A >b}
el s<t € s<t
v = hﬂ}{ZA Librca<—e _t/ zll(dz) } ZA Lia <oby
15 b* s<t
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are independent, and

1

ﬁ(b,b*)=v—/bla:H(d:c)+/b 21T (dx).

*

Proof This is proved in the same way as (2), except we compensate over
the interval (—b*,b) rather than (—1,1). ®

Finally we are in a position to establish the main technical estimate we
need in the proof of Theorem 1;

Proposition 10 Suppose that X is a Lévy process with no Brownian com-
ponent whose Lévy measure satisfies N(0+) = M(0+) = oo, and suppose
d(t) and d*(t) satisfy

Nd(t) = M(@(1) = ; (32)

for all small enough t > 0. Then there is a finite constant K such that, for
any A\ > 0,p > 0,L >0 there exists C = C(X,\, p, L) > 0 with

P{X; <ty(d(\t),d"(pAt)) + Kd(At) — Ld*(pAt)} > C (33)
for all small enough t.

Proof We start by noting that if we use decomposition (31) for each
fixed t with b and b* replaced by d(\t) and d*(pAt), (32) gives

PP = 0) = ¢ VWD) = o3 (34)

Also Y, has mean zero and since d(t) | 0, because N(04) = oo, we can
apply Lemma 8 to Y, with b, = d(\t) and o2 = fod(/\t) 2?T1(dx). Choosing
x = 0 and writing W for the W, of Lemma 8 with ¢ = 1/4 we conclude
from (25) that P{Y,"" <0} > 1 whenever to7 > {Wd(At)}?. On the other
hand, if to? < {Wd(\t)}? it follows from Chebychev’s inequality that

to? W2
PV s KA < —t < 2
{1V, > Kd(M)} < RAODP = K2

Thus in all cases we can fix K large enough that

P{Y" < Kd(x)} >

R
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An exactly similar argument shows that we can fix a finite K* with

_ 1
P = — K (pM)} = 7 (36)

Finally we note that if Z is a random variable with a Poisson(1/p\) distri-
bution

P> < —(K*+ L)d* (pA)} > P{Z > (K*+ L)} >0.  (37)

Combining (34)-(37) gives the required conclusion. W

3 Proofs

Proof of Theorem 1.1 Since we have demonstrated in Lemma 5 the equiv-
alence of (10) and (11), and Theorem 2.3 of [5] shows that (11) implies (7)
under our assumptions, we will first show that (7) implies (11), and later
their equivalence to (9) and (8)

So assume (7), and also that M(0+) = oo, since Lemma 6 deals with
the contrary case. Then X satisfies the assumptions we made about X# in
Lemma 7, so that result allows us to save extra notation by assuming that the
conclusions (i) and (ii) of that lemma apply to X. For the moment assume
also that N(0+) = oo, so that we can define d and d* as the unique solutions
of (32) on (0, ] for some fixed ¢y > 0. Our first aim is to show that

> 0. (38)

To see this we use Proposition 10 with L = 0, which since P(X; < 0) — 0
implies that for all sufficiently small ¢

E5(d(AL), d* (Apt)) + Kd(AE) > 0. (39)
Writing v(z) = [ yTl(dy) and v*(z) = [ yIT*(dy) we have
V@1, w2) = v — (1) + v (22),

and clearly 3(x1, z5) is a decreasing function of x5 for fixed 1. Thus if d(A\t) <
d*(Apt) then from (39)

t5(d(At), dO)) + Kd(M) > t57(d(M), d*(Apt)) + Kd(xt) > 0.
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However if d*(Apt) < d(At) then

d(X\t)
V@ Oe) =) = [ )

*(Ant)

IN

AN)M (d*(\pt)) = S0

Consequently in both cases

S(d(), d(M)) > — (KA + %)@ — (KAt %)d(At)N(d(At»,

and since Lemma 7 allows us to assume the continuity of d, we have

~—

. A 1
| f > —(KA+-).
el zN(x) — (A + p)

But in this we may choose A arbitrarily small and p arbitrarily large, so (38)
follows.
Assume next that (11) fails, and recall that

A(x) =F(z,z) + xD(x) = 3(z,z) + xN(z) — 2 M(z).

Then for some sequence x;, | 0 and some D < 0o

F(z,z) + xN(z) < DxM(z) when x = 1,29 - . (40)
et K 2Dt
tp = W, or equivalently xy = d*( Kk)’
then from (38) we have J(wg, xx) > —32, N (xx) for all large enough k, and

hence, using (40),
Thus

K
N(xk) S 2DM(.Tk) = E’

and hence
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We now invoke Proposition 10 again, this time choosing t = t;, A = K1,
and p = 2D, to get

P{X; <ty(d(K't),d*(2DK't)) + Kd(K~'t) — Ld*(2DK't)} > C > 0,

(42)
whenever ¢ = t;, and k is large enough. However, in view of (41) the term on
the right of the inequality is bounded above by

t{y + v (xg) —v(xg)} + Kag — Lry, = tpy(xg, ox) + (K — L)y,

3

If now we choose L = 2K we see that (42) contradicts (7); this contra-
diction implies that (11) is in fact correct.

We reached this conclusion making the additional assumption that N (0+4) =
0o, but it is easy to see that it also holds if N(0+) < oco. In this case by an
argument we have used previously there is no loss of generality in taking
N(0+) = 0, so that X is spectrally negative. We can then repeat the proof
of Proposition 10 with b(¢) = 0, the conclusion being that for any L > 0
there exists C'= C(X, L) > 0 with

PXy < {tly +v"(d*(1))] = Ld"(1)}) = C (43)

for all sufficiently small ¢. When (7) holds this clearly implies that y+v*(z) >
0 for all sufficiently small . If (11) were false, we would have

v+ vi(x) < DxM(x)

along some sequence zj | 0. Choosing t;, = 1/M(zy), or equivalently x; =
d*(tx), (43) becomes

P{Xy, < A{tly + v (@p)] — L} = C.

Since

Lz
v+ v (zy) — - ko v+ v (xy) — LegM (zg) < (D — L)axp M (xy),
k

we again get a contradiction by choosing L sufficiently large. This completes
the proof of the equivalence of (7) and (10).
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As (9) obviously implies (7), our next aim is to show the reverse implica-
tion, or in view of Lemma 5, that (11) implies (9).

Since M (0+4) > 0 a first consequence of (11) is that there is a xq > 0 with
A(y) > 0 for 0 < y < xp, and a second is that y *A(y) — oo as y | 0. For
d > 1 define a function bs(x) by

Aly)

bs(z) =inf{0 <y < z¢: >

%) (44)

Then bs(z) | 0 as x | 0, and since A is continuous, there is a x; > 0 such
that

rA(bs(x)) = dbs(x) for 0 < x < xy. (45)

Our first aim is to show that there is a slowly varying function fs(x) which
increases as x | 0 and satisfies

A(bs(z)) _ bs(x)
) T

First, using (5) we see that for z < x,/2,

= 5(x) < fs(x) for 0 < & < 2. (46)

2(22) A(b5(2x)):1+ e, D)y
w@  Alb()) A(by(2)
S My {b5(22) — bs(w)} M (bs())
> -G >> "21- A(by())
(-
= ( br() ) o) e
say, where

bs () M (bs(x)) _ wM (bs(x))
Albs(x)) 8
¢From (11) we have e5(x) — 0 as « | 0 for each fixed J, and it is also the
case that
75(27)

7s(x)
To see this observe that if bs(2x) — bs(x) < bs(z) then this is immediate from
(47), whereas if bs(2x) — bs(x) > bs(z) then

vs(22) _ bs(2z)/2x 1 bs(2z)
w(a) o bs(x)/e 2 bi(x)
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es(z) = (48)

>1—g45(z) for 0 < 22 < . (49)

> 1.



Next, given 0 < z < x1/2 choose k = k(z) such that
2—(k+1) < S 2—k‘

and ko such that e5(277) < 1/2 when j > ko. Applying (49) we get for

Ya(x) = bé;x) =< l;(s_((i-s-l; = 275(27%)
o 1(27F) () 75(274)) (2-tho-1))

75 (2- D) T qs(2-02)) T %(27(’%71))%
K

< Cs H(1 —e5(277)) 71,
ko

where C5 = 275(2~*0=D)_ If In denotes the base 2 logarithm, we have k(z) >
In1/xz, so (46) holds with

file)=Cs JI @—es27)"

ko<j<Inl/x
Clearly fs(x) increases as x | 0, and if j = j(x) is the unique integer with

Inl/z<j<In2/x=1+1Inl/x,

we have f()
s\ T i
= (1—e(27)) — 1,
i(@/2) (1 —e5(277))
and we conclude that fs(x) is slowly varying as = | 0. (See [3], Prop 1.10.1,
p. 54.)

If we now put Ls(z) = (fs5(x))* when f5(0+) = oo, and Ls(z) = log1/z
when f5(0+) < oo, we have that Ls(x) is increasing and slowly varying as
x ] 0, and

bs(x)
T Lo(0) —0asz | 0. (50)
Furthermore, since bs(z) < by(z) for § > 1, we automatically have
b
xsz;) —0asz | 0ford>1. (51)
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We are now in a position to prove (9). We use Lemma 9 with b = b* =
bs(t). Replacing M{bs(t)} by 0, observing that Y;(Q’Jr) > bs(t)Z;, where Z is
a Poisson process with rate N{bs(t)}, and combining Y, " and Y, we
deduce that, a.s. for each fixed ¢,

Xy > tA{bs(t)} + bs(t) (20 — tN{bs(1)}) + Y + ¥,
Here the Y’s and Z are independent,
BY" = 0,Vary," =t / *T1(dz),
|z <bs (t)

and
P{Y,*7) = 0} = exp —tM{bs(t)}.

It follows from (11) that tM{bs(t)} = o(tA{bs(t)}/bs(t)) as t | 0, and
tA{bs(t)} = dbs(t), so for all sufficiently small ¢ we have

P(Y,*7) #£0) < 1/6.

So for such ¢ Chebychev’s inequality gives

P(X, < Shi(0) < 5+
P (14050} +5(0) (2~ N {0s(0)) + ¥, < 200 74 =0
< %+P(b5(t)(Zt—tN{b(;(t)}) <——65 )
1 4{Varly,"V + bs(t) Z,)}
S R TR 52

Next we note that for all small enough ¢

Varly,) + bs(t) 2] = ¢ / 2 11(dz) + {bs(t)}*tN{bs(t)}
|z|<bs(t)

IN

t / xQH(dx) + {b§(t>}2T{b5(t)}
x| <bs(t)

= U (bs(t)) < 3tbs(t)A(bs(t)) = 36{bs(t)}2,
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where we have used (12). Putting this into (52) gives

) 1 125{65( )y 13
P(X; < b - = —.
e AR CTO) Cl
Finally, using (51) we deduce from this that, for arbitrary K > 0 and small

enough ¢
) 13

P(Xy < KtLy(t) < P(X; < 5@5(”) < 5
Letting ¢ | 0, then § — oo, we see that (9) holds with d(t) = tL,(¢).

Finally (8) clearly implies (7). On the other hand if (7) holds the above
proof shows that with b(t) = by (t) as defined in (44) we have zA(b(x)) = b(x)
for 0 < z <z, and by (50)

Xt Xt P

0) > A —ooast]O0. (53)

Since P(AMY < b(t)) = exp —tM(b(t)) and
b(M(b() tAD(E)  b(t
A(b(t)) b(t) A1)

SN—
—
S
—~
~
N—
N—

tM(b(t)) =

(8) follows from (53). W
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