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Abstract

Spectral theory for transition operators of one-dimensional symmetric Lévy process
killed upon hitting the origin is studied. Under very mild assumptions, an integral-
type formula for eigenfunctions is obtained, and eigenfunction expansion of transition
operators and the generator is proved. As an application, and the primary motivation,
integral fomulae for the transition density and the distribution of the hitting time of
the origin are given in terms of the eigenfunctions.
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1 Introduction

In two recent articles [12, 13], spectral theory for some symmetric Lévy processes
killed upon leaving the half-line was developed. One of the main motivations for this
research came from fluctuation theory for Lévy processes: the distribution of the supre-
mum functional and the first passage time can be expressed in terms of the eigenfunc-
tions of the corresponding transition semigroup. The purpose of the present paper is to
obtain similar results for processes killed upon hitting the origin, and apply them to the
study of the hitting time of a single point. The following theorem is our main result.

Theorem 1.1. Let X; be a symmetric one-dimensional Lévy process, starting at 0, with
Lévy-Khintchine exponent ¥(¢), and suppose that ¥/(£) > 0 and 260" (&) < V(&) for
& >0, and that 1/(1 + ¥(&)) is integrable. Let 7, be the first hitting time of {x}. Then

dX (1.1)

1 /OO cos Ve YW (N) Fy ()
T Jo

Pt<m, <o0)=— Ty

fort > 0 and almost all x € R. Here F), is a bounded, continuous function, defined by

Fy(z) = sin(|Az| + 9x) — Ga(z) (1.2)
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Symmetric Lévy processes killed upon hitting 0

for x € R, where
- L W)
19)\ = arctan <7‘r pV/O m dg) (13)

(the notion of the principal value integral, denoted pv/, is discussed in Section 2), and
G, is an L?(R) N Co(R) function with (integrable) Fourier transform

- 22 (A
FGA(§) = cos iy (/\2 —&2 U\ — ‘I/(f)) o

for§ e R\ {—\ A}

Remark 1.2. Itis easy to check that formula (1.1) can be differentiated in the time vari-
able t under the integral sign. By combining it with estimates of F),, in many cases one
can obtain asymptotic estimates of the density function of 7., as well as its derivatives,
in a similar manner as in [13] for the first passage time. This topic will be addressed in
a separate article.

Remark 1.3. When the Lévy measure of X, has a completely monotone density on
(0, 00), then G (x) is completely monotone on [0,c0) and in many cases can be given by
a more straightforward formula; see Theorem 1.9.

Let us discuss shortly the assumptions of Theorem 1.1. Since the process X; is
assumed to be symmetric, ¥(¢) is a real-valued function and ¥(£) > 0. The assumption
U'(€) > 0 and 2£¥”(&) < ¥'(¢) for £ > 0 is equivalent to the condition ¢/(§) > 0,
") < 0 for & > 0 for the function ¢(£) = U(\/€). This is clearly satisfied by all
subordinate Brownian motions (and hence for symmetric stable processes and mixtures
of such), but also for many less regular processes, such as truncated symmetric stable
processes. Examples are discussed in Section 5. Integrability of 1/(1 + ¥(¢)) asserts
that the process X; hits single points with positive probability.

The class of Lévy processes studied in [12, 13] consisted of symmetric processes,
whose Lévy measure admits a completely monotone density function on (0,00). This
regularity assumption was needed for an application of the Wiener-Hopf method for
solving a certain integral equation in half-line. For the case of hitting a single point,
considered below, a more direct approach is available, and therefore much more gen-
eral processes can be dealt with.

From now on we consider the Lévy process X; starting at a fixed point z € R, and
denote the corresponding probability and expectation by P, and E,.. The functions F)
in Theorem 1.1 are eigenfunctions of transition operators of X; killed upon hitting {0}.
These operators are defined by the formula

PPMY f(2) = Bo (F(X0)Li<ry))

fort > 0, x € R\ {0}, and they act on L?(R\ {0}) for arbitrary p € [1,00]. By Ar\ {0}
and D(AR\{O}; L?) we denote the generator of the transition semigroup PtR\{O} acting
on LP(R\ {0}), and its domain; a more detailed discussion of these notions is given in
Preliminaries. Our main results about F are contained in the three theorems stated
below.

Theorem 1.4. Let X, be a symmetric one-dimensional Lévy process with Lévy-Khintchine
exponent ¥ (), and suppose that U'(§) > 0 for £ > 0, and that 1/(1 + ¥ ()) is integrable.
Fix A > 0, and let F) be defined as in Theorem 1.1. Then F(0) = 0, Fx € D(Ag\ j0}; L),
and

Ar\ (o3 Fx = —F(N)Fy, PRV, = YO Ry (1.5)
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fort > 0. In addition, for £ > 0,

> _€le fsinﬂ,\
(1.6)

2cos ¥y /°° 13 T/(N\)
+ pv dc¢.
) R TPV IO R
In the sense of Schwartz distributions,

(A
T(A) —¥(E)

FFE5\(§) = cosV¥ypv + wsin¥x(0r(§) + 0-2(8)), (1.7)

and
AF)\(z) = =U(N)Fx(x) + ¥’ (X) cos Py do(z), (1.8)
where ;¢ is the Dirac delta distribution at §.

Remark 1.5. The assertions of the theorem can be interpreted correctly also when
1/(1+¥(¢)) is not integrable. In this case ¥ = arctan(oco) = /2, and therefore cos ¥y =
0, Gy =0, and finally F)(x) = cos(\x), as for the free process. This reflects the fact that
X does not hit 0 from almost all starting points, and therefore PtR\{O}f(x) = P, f(x) for
almost all x € R (P; is the transition semigroup of the free process X;).

Remark 1.6. For a given A\ > 0, the statement of the theorem remains true if the
condition ¥’ (£) > 0 for all £ > 0 is replaced by the condition ¥'()\) > 0 and ¥(&) # TU(\)
for all ¢ # +)\. It is an interesting open problem to study the remaining cases, namely:
when VU is increasing on (0, 00) and ¥’'(\) = 0, and when ¥(§) = ¥(\) has more than one
solution on (0, co).

Remark 1.7. The primitive function of 2)\/(\? — £2) is log((A + &) /(A — &)). This implies
that for A > 0,

1 > 2A
— ——d¢é=0.
. pv/o g ®
By a similar direct calculation (we omit the details), for \,£ > 0,

lpv/ £ 2\ dc A
T 0

€21 (222 :)\2+£2'
Hence, formula (1.3) can be rewritten without the principal value integral as
1 [ 2\ T’ (N)
9\ = arct — — d 1.9
Ua = arctan (w/o <A2—§2 @(A)—w)) 5) (1:9)

In a similar manner, (1.6) is equivalent to

o P Esindy + Acos vy
/_OOFA(:r)e Sl gy = 2 ZEwy

_ 2cos ¥y /°° I3 ( 22 v >dC
T Jo €+ A\N+E V) -T(Q))
For estimates and more detailed properties of the eigenfunctions, further regularity
of the Lévy-Khintchine exponent ¥ (&) is needed. The required assumption is the same

as in [12, 13], and it can be put in the following three equivalent forms. The notion of a
complete Bernstein function is discussed in Preliminaries.

(1.10)

EJP 17 (2012), paper 83. ejp.ejpecp.org
Page 3/29


http://dx.doi.org/10.1214/EJP.v17-2013
http://ejp.ejpecp.org/

Symmetric Lévy processes killed upon hitting 0

Proposition 1.8 (Proposition 2.14 in [12]). Let X; be a one-dimensional Lévy process.
The following conditions are equivalent:

(a) V(&) =(&?) for a complete Bernstein function v(&);

(b) X is a subordinate Brownian motion (that is, X; = Bz,, where B; is the Brownian
motion, Z; is a non-decreasing Lévy process, and By and Z; are independent pro-
cesses), and the Lévy measure of the underlying subordinator Z; has completely
monotone density function;

(c) X; is symmetric and the Lévy measure of X; has a completely monotone density
function on (0, 00).

Theorem 1.9. Let A > 0. Suppose that the assumptions of Theorem 1.4 hold true.

(a) If260" (&) < W'(¢) for all £ > 0, then we have ¥y € [0,7/2) and |Gx(z)| < GA(0) =
sin 9.

(b) Suppose that any of the equivalent conditions of Proposition 1.8 holds true. Then
9y € [0,7/2), Gy is completely monotone on [0,00), and G (x) = Lyx(|z|) (where L
is the Laplace transform) for a finite measure v,. In particular, G (z) > 0, and G
is integrable,

/jo Ga(z)de = FGA(0) = Coiﬁk (1 - ;\\II’;((;))) . (1.11)

If in addition ¥ extends to a function U (£) holomorphic in the right complex half-
plane {¢ € C : Re{ > 0} and continuous in {£ € C: Re& > 0}, and U (i€) # ¥(N)
for all ¢ > 0, then for all x € R,

_ W(N)cosdy [ 1 —¢lal
G)\(x)—i/o Im—\ll()\)—\ll"‘(iﬁ)e dg. (1.12)

™

Note that the assumptions for part (a) of the theorem are exactly the same as in
Theorem 1.1.

Before the statement of the third main result about the eigenfunctions F), let us
make the following remark. The ‘sine-cosine’ Fourier transform F, defined by the for-
mula

FfA) = (/Z f(z) cos()\x)dx,/jo f(z) sin()w)dm)

for f € C.(R) and A > 0, extends to a unitary (up to a constant factor /7) mapping
of L?(R) onto L?((0,00)) @ L?((0,00)), in which the free transition operators P; take a
diagonal form. Namely, P, transforms to a multiplication operator e *¥("), that is,

FPf(A) = e MVFEF(N);

see Remark 2.7. The above formula is an explicit spectral decomposition, or generalised
eigenfunction expansion of P,. The next theorem provides a similar result for transition
operators PtR\{O} of the killed process. The corresponding transform is given by a
similar formula as F, with cos(\z) replaced by F (z).
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Theorem 1.10. Suppose that the assumptions of Theorem 1.4 are satisfied, and let F
be the eigenfunctions from Theorem 1.4. Define

Meven f () / f(@)Fr(x

Moaa f(A / f(z)sin(A\z)dx

If(A) = (Heven f(A); oaa f(A))
for f € C.(R\ {0}) and X\ > 0. Furthermore, define

“(fr, f2)( /f1 VE(z d)\+/ f2(A\) sin(Az)dA

for f1, fo € C.((0,00)) and = > 0. Then 7~ /21T and 7=~ /?T1* extend to unitary operators,
which map L*(R\ {0}) onto L?((0,00)) & L?((0,00)), and L?((0,00)) & L?((0,00)) onto
L?(R\ {0}), respectively. Furthermore, III* = 7, [I*I = 7, and

P f(a) = eIy (), (1.13)

forall f € L*(R\ {0}). In addition, f € L?(R\ {0}) belongs to D(Agy(0}; L?) if and only
if W(MIIf(N) is square integrable on (0, 00), and in this case for A > 0,
ARy (03 f(A) = —Z(VILF(N). (1.14)
In a rather standard way, explicit spectral representation for PR\{O}
for the kernel of the operator, that is, for the transition density.

yields a formula

Corollary 1.11. Suppose that the assumptions of Theorem 1.4 are satisfied, and 20" (£) <
U’(&) for all ¢ > 0. Then the transition density of the process killed upon hitting the ori-
gin (that is, the kernel function of PtR\{O}) is given by

P = 1 [ " O (F () Fa(y) + sin(Aw) sin(vg)dA

™

_ iz —y) ;pt(m +9) - %/ e YNV By (@) Fa(y)dA.
0

(1.15)

Formula (1.15), however, is of rather limited applications due to many cancellations
in the integral with two oscillatory terms. Nevertheless, it is one of the very few explicit
descriptions of the transition density of a killed Lévy process.

By symmetry, we have P, (79 > t) = Py(7, > t). Hence, Theorem 1.1 follows trivially
from the following result. In the theorem, an extra condition on ¥ is required in order
to use Theorem 1.9(a).

Theorem 1.12. Suppose that the assumptions of Theorem 1.4 are satisfied, and 260" (£) <
U'(¢) forall ¢ > 0. Then

1
P,,(t<70<oo):—/
0

™

® cosVre YW (N Fy(2)
ey

d\ (1.16)

fort > 0 and almost all z € R\ {0}.

Since P, (19 > t) = fR\{O} ptR\{O} (z,y)dy, one could naively try to derive formula (1.16)
by integrating (1.15) over y € R\ {0}. Heuristically, changing the order of integration
and substituting 7 Fy(0) = cos ¥, ¥'(A)/¥(A) for the integral [~ Fj(z)dz (which is not
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absolutely convergent, or even convergent in the usual way) would yield (1.16) with
P.(t < 79) instead of P,(t < 7p < o). Hence, during this illegitimate use of Fubini,
Py(79 = o) is lost.

Relatively little is known about the distribution of the hitting time of single points,
T.. In the general case, the double integral transform (Fourier in space, Laplace in
time) is well-known,

il — 270 _ C(Z)
e“"E e de = ————
A <o

for z > 0 and ¢ € R, where ¢(z) is the normalisation constant, chosen so that the integral
of the right-hand side is 1 (see Preliminaries). Hence,

for z > 0 and « € R, where u,(z) is the resolvent (or z-potential) kernel for X;. However,
u(x) is typically given by an oscillatory integral (namely, the inverse Fourier transform
of 1/(z+(£)), and therefore it is not easy to invert the Laplace transform in time, even
for symmetric a-stable processes. Some asymptotic analysis of P, (79 > t) (and many
other related objects) can be found, for example, in [4, 9, 15, 21]. Some more detailed
results in this area have been obtained for spectrally negative Lévy processes, see, for
example, [6] and Section 46 in [17]. For totally asymmetric a-stable processes, a series
representation for P, (7y > t) was obtained in [16].

The hitting time of a single point is closely related to questions about local time and
excursions of a Lévy process away from the origin, see [5, 20]. Similar questions arise
when killing a Lévy process is replaced by penalizing it whenever it hits 0, cf. [22].
In fact, using the same method, one can find generalized eigenfunctions for the tran-
sition operators of the penalized semigroup. Finally, spectral theory for the half-line
has been successfully applied in the study of processes killed upon leaving the inter-
val [10, 11, 14] (see also [1, 2]) and higher-dimensional domains [8]. One can expect
similar applications of the spectral theory for R \ {0}, developed in the present article.

The remaining part of the article is divided into four sections. In Preliminaries, we
describe the background on Schwartz distributions, complete Bernstein and Stieltjes
functions, and Lévy processes and their generators. Section 3 contains the derivation
of the formula for the eigenfunctions F). The generalised eigenfunction expansion and
formulae for the transition density and the distribution of the hitting time are proved in
Section 4. Finally, examples are studied in Section 5.

2 Preliminaries

2.1 Schwartz distributions

Some background on the theory of Schwartz distributions is required for the proof
of Theorem 1.4. A general reference here is [19]; a closely related setting is described
with more details in [12].

The class of Schwartz functions in R is denoted by S, and &’ is the space of tempered
distributions in R. If p € § and F' € §’, we write (F, o) for the pairing of F and ¢. The
Fourier transform of ¢ € S is defined by Fo(§) = [ e®“p(x)dz. For F € &', FF is
the tempered distribution satisfying (FF,¢) = (F,Fp) for all ¢ € S. This definition
extends the usual definition of the Fourier transform of L!(R) or L?(R) functions and
finite signed measures on R.

The convolution of 1, 2 € S is defined as usual by ¢ *pa(x) = fix;c ©1(y)p2(z—y)dy.
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When ¢ € S and F € &, then F x ¢ is the infinitely smooth function defined by

Fxp(z) = (F, ), where vz(y) = p(z —y).

The convolution does not extend continuously to entire space S’. We say that Fy, 5 € &’
are S8’-convolvable if for all @1, po € S, the functions F} * o1 and F5 * oo are convolvable
in the usual sense, i.e. the integral [* (Fi  ¢1)(y)(F2 * ¢2)(x — y)dy exists for all .
When this is the case, the S’'-convolution F; * F; is the unique distribution I’ satisfying
Fxprxpa = (Frxpq)x(Faxpg) for p1, oo € S. There are other non-equivalent definitions
of the convolution of distributions; see [19].

The support of a distribution F' is the smallest closed set supp F' such that (F, ) =0
for all ¢ € S such that p(z) = 0 for = € supp F'. If any of the tempered distributions
F1, F> has compact support, or if F; x ¢ is bounded and F5 * ¢ is integrable for all
p € S, then F; and F» are automatically S’-convolvable. Note that S’-convolution is not
associative in general.

If distributions F}, F» are S’-convolvable, then F(Fy x Fy) = FFy - FF» (the exchange
formula), where the multiplication of distributions extends standard multiplication of
functions in an appropriate manner. Below only a few special cases are discussed, and
for the general notion of multiplication of distributions, we refer the reader to [19].

When F; is a measure and F5 is a function, then their multiplication Fj - F5 is the
measure Fy(x)F;(dz), as expected. Next example requires the following definition. By
writing F; = pv(1/(z — zo)) we mean that

o0

(F1,9) = pv/ @) dr = lim #(x) dz;

—o0 ¥ — X0 e—0 R\[zo—¢&,z0o+e] T

the principal value integral pv/ is defined by the right-hand side. When F; = pv(1/(z —
xo)) and F; is a function vanishing at zy and differentiable at z,, then Fj - F; is the
ordinary function Fs(z)/(x — ). The third example is the extension of the previous
one. Let f be a function vanishing at a finite number of points z1, zo, ..., x,, continu-
ously differentiable in a neighborhood of each x; with f’(z;) # 0, and such that 1/f(z)
is bounded outside any neighborhood of {z1,...,z,}. In this case, F; = pv(1/f(x)) is
formally defined by
() dxr = lim M dx.
—00 f(l‘) €0 R\Uj_, [z —e,2;+e] ($)

(F1,¢) = pv

Clearly, F; = 2721 f'(z;)pv(1/(x — z;)) + F, where F is a genuine function. Hence, by
the previous example, we obtain the following result: when F; = pv(1/f(x)) is as above
and [ is a function which vanishes at each z; and is differentiable at each xz;, then
Fy - F; is the function Fy(x)/f(x).

The Laplace transform of a function F on [0, c0) is defined by LF(§) = [ F(z)e **du.
For a (possibly signed) Radon measure m on [0, ), we have Lm(¢) = [~ e~ **m(dx).

2.2 Stieltjes functions and complete Bernstein functions
A general reference here is [18]. A function f(z) is said to be a complete Bernstein
function (CBF in short) if
x  m(ds)
rT+s s

1 o0
f(:v):cl+02x+;/ , x>0, (2.1)
0

where ¢; > 0, ¢c2 > 0, and m is a Radon measure on (0, co) such that [ min(s™!, s7%)m(ds) <
oo. The right-hand side clearly extends to a holomorphic function of z € C\ (-0, 0],
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and we often identify f with its holomorphic extension. A function f(z) is a Stieltjes
function if

B LN
f(x)—x'i‘cz-i-ﬂ/o m+sm(d8)’ x>0, (2.2)

where ¢ > 0, & > 0, and 7 is a Radon measure on (0, c0) such that [ min(1, s~ !)m(ds) <
oco. Below we collect the properties of Stieltjes and complete Bernstein functions used
in the article.

Proposition 2.1 (see [18]). (a) A function f is a CBF if and only if f(z) > 0 for z > 0
and either f is constant, or f extends to a holomorphic function in C\ (—o0,0],
which leaves the upper and the lower complex half-planes invariant.

(b) A function f is a Stieltjes function if and only if f(z) > 0 for z > 0 and either f is
constant, or f extends to a holomorphic function in C \ (—oo,0], which swaps the
upper and the lower complex half-planes.

(c) If f is positive, then the following four conditions are mutually equivalent: f(x) is
a CBE x/f(x) isa CBE 1/ f(x) is a Stieltjes function, f(x)/x is a Stieltjes function.

(d) A function f is a Stielties function with representation (2.2) if and only if f is the
Laplace transform of the measure ¢20¢(ds) + (¢1 + Lm(s))ds. O

Proposition 2.2 (Proposition 7.14(a) in [18]). If is a non-constant CBFE, then

1—¢&/\2
) = — 7o (2.3)
©=1T0© w00
(extended continuously at A2, so that 15 (\?) = ¥(\?)/(\?y'()\?))) is again a CBF. O
Proposition 2.3 (Corollary 6.3 in [18], Proposition 2.18 in [12]).
(a) Let f be a CBF with representation (2.1). Then
c1 = lim f(z), ¢y = lim @ , (2.4)
2—0+ z—oo 2
and
m(ds) = lim (Im f(—s + ic)ds), (2.5)
e—0t
with the limit understood in the sense of weak convergence of measures.
(b) Let f be a Stieltjes function with representation (2.2). Then
and
m(ds) + méa60(ds) = lim (—Im f(—s + ie)ds), (2.7)
e—0t
with the limit understood in the sense of weak convergence of measures. O

Proposition 2.4 (Proposition 2.21 in [12]). (a) If f is a complete Bernstein function,
then |f(z)| < C(e)f(|z]) and |f(2)| < C(f,e)(1 + |z|) for z € C, |Argz| < 7 — ¢,

e € (0,m);
(b) If f is a Stieltjes function, then |f(2)| < C(e)f(|z]) and |f(2)| < C(f,e)(1 + |2]7")
forz e C, |Argz| <7 —¢,e€(0,m). O
EJP 17 (2012), paper 83. ejp.ejpecp.org
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2.3 Lévy processes

Below we recall some standard notions related to Lévy processes and describe the
setting for the present article. General references for Lévy processes are [3, 17]; for the
properties of semigroups of killed Lévy processes, see [12] and the references therein.

Throughout this article, X; is a one-dimensional Lévy process with Lévy-Khintchine
exponent ¥(¢); that is,

EoeéXt — ¢ t¥(©) t>0,¢€R. (2.8)

The probability and expectation corresponding to the process starting at x € R are
denoted by P, and E,, respectively. The following assumptions are in force throughout
the article:

(A) X, is a symmetric process;
(B) X: hits every single point in finite time with positive probability.

The first assumption is equivalent to the condition ¥(§) = ¥(—¢) for all £ € R, and to the
condition ¥(¢) > 0 for £ € R. For symmetric processes, Assumption (B) is equivalent
to integrability of 1/(z + ¥(£)) over ¢ € R for some (and hence for all) z > 0, see
Theorem 2 in [9], Theorem I11.19 in [3] or Theorem 43.3 in [17]. This equivalent form is
more convenient in applications.

Both conditions are natural for the spectral theory. When Assumption A fails, i.e.
when X; is not symmetric, the operators PtR\{O} are not self-adjoint (in fact, they even

PtR\{O} are not

fail to be normal operators). Assumption B asserts that the operators
equal to P;; the spectral theory for the latter is trivial, see Remark 2.7.

The transition operators P; of the free process X; are defined by
Ptf(x):Exf(Xt):/ FW)PL(X; € dy), t>0,zeR,
R

whenever the integral is absolutely convergent. The operators P; (acting on L?(R))
are Fourier multipliers with Fourier symbol e %), and hence they are convolution
operators. By assumption (B) and Fourier inversion formula, the convolution kernel is
an integrable function p;(z), called the transition density.

Let D C R be an open set, and let 7p = inf{t > 0 : X; ¢ D} be the first time the
process X, exits D. The transition operators of the process X; killed upon leaving D
are given by

PP f(2) = Bu(f(X0)liry) = / F@)PA(X, € dy;t <7p), >0,z €D.
D

The kernel function p”(z,y) of PP (the transition density of the killed process) exists,
and 0 < pP(z,y) < pi(z —y) (¢t >0, z,y € D).

By L?(D), p € [1,00), we denote the space of real-valued functions f with finite p-
norm || f||zepy = (/| f(2)|Pdz)'/?. The space of essentially bounded functions on D is
denoted by L*°(D). The space of bounded continuous functions is denoted by C,(R),
and Cy(R) is the set of continuous functions vanishing at +oo. By Cy(D) we denote the
space of Cy(R) functions vanishing on the complement of D.

In this article, we only consider D = R\ {0}, so that 7p = 79 is the hitting time of the
origin. In this case clearly LP(R \ {0}) can be identified with L?(R); nevertheless, we
use the notation LP(R \ {0}) to emphasise that the corresponding operators are related
to the process killed upon hitting the origin.

The following properties of transition semigroups are described in detail in [12].
The operators P; and PtR\{O} form a contraction semigroup on L?(R) and L?(R\ {0}),
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respectively, where p € [1,00]. This semigroup is strongly continuous when p < oc.
Also, P, is a contraction semigroup on Cy(R) and Cy(R), strongly continuous on the
latter space. By Theorem II.19 in [3] or Theorem 43.3 in [17], 0 is regular for itself, and
so PtR\{O} is a strongly continuous semigroup of operators on Cy(R \ {0}) (see also [12]).

We denote the generators of the semigroups P, and PtR\{O} (on appropriate func-
tion spaces) by A and Ag {0}, respectively. The corresponding domains are denoted
by D(A; X') and D(Ag\{o}; X), respectively, where X" indicates the underlying function
space. For example, D(AR\{O}; L) is the domain of the generator of the semigroup

PtR\{O} of contractions on L>*(R\ {0}), that is, the set of those f € L*(R\ {0}) for
which the limit

PtR\{O}f —f

" (2.9)

Arsjo)f = Jim
exists in L>°(R \ {0}). Note that the limit (2.9), if it exists, does not depend on the choice
of the underlying function space. Therefore, using a single symbol A for operators
acting on different domains D(.A4; X') causes no confusion (again, see [12]).

The resolvent kernel, or the z-potential kernel, is defined by u.(z) = [, pi(x)e*dt.
For each z > 0, it is a bounded, continuous function of z € R, and Fu,(§) = 1/(z+¥(£)).
Furthermore, u,(x) is the convolution kernel of the inverse operator of z — .4 (acting on
L?(R)). On the other hand, by Theorem I1.19 in [3] or Theorem 43.3 in [17], u.(x)/u.(0)
is the Laplace transform of the distribution of 7,

E.e z>0,z€R.
This identity will be used in the proof of Theorem 1.12.

Following [12], we introduce the distributional generator of X;, denoted by an italic
letter A: we let A be the tempered distribution satisfying Ay = A x ¢ for all ¢ € S.
By symmetry of X;, equivalently we have (A, v) = Ap(0) for ¢ € S. The distributional
generator can be thought of as a pointwise extension of the generator .A. The following
result from [12] describes the connection between A and Ag, (o}, the generator of the
killed semigroup.

Lemma 2.5 (see Lemma 2.10 in [12]). Let F € Co(R\ {0}). If the distribution A x
F is equal to a Cy(R\ {0}) function plus a distribution supported at {0}, then F €
D(Ary(0}; Co) and Ar (o F(z) = A F(z) forz € R\ {0}. O

The following technical result has been proved in [12] for general domains. We
record its version for R \ {0}.

Lemma 2.6 (see Lemma 2.11 in [12]). Let F' € C;°(R), that is, F' an all derivatives of F’
are bounded functions on R. Suppose that for some r > 0, F(z) = 0 for x € [—r,r], and
AF(0) = 0. Then F' € D(Ary{0y; Co) and Ag\ (0} F'(z) = AF(z) for all x € R\ {0}. O

Remark 2.7. The spectral theory for the free process is very simple, thanks to the Lévy
Khintchine formula (2.8). Indeed, the function e*** (\ € R) is the eigenfunction of P; and
A, with eigenvalue e **V) and —W(\), respectively. Clearly, these eigenfunctions yield
the generalised eigenfunction expansion of P, and A by means of Fourier transform.
Since X; is symmetric, U(\) = ¥(—)\) is real. It follows that sin(Az) and cos(Az)
(A > 0) are also eigenfunctions of P, and A. Consequently, sin(Az) yields generalised
eigenfunction expansion for odd LQ(R) functions (via Fourier sine transform), while
cos(A\x) plays a similar role for even L?(R) functions (via Fourier cosine transform). [
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3 Eigenfunctions in R\ {0}

In this section the formula for F) is derived, and some properties of eigenfunctions
are studied. More precisely, we prove Theorems 1.4 and 1.9. As in Theorem 1.4, ¥(¢)
is the Lévy-Khintchine exponent of a symmetric Lévy process X;, and we assume that
1/(1 + ¥(¢)) is integrable, and ¥'(¢) > 0 for { > 0. Our argument follows closely
the approach of [12], where the case of the half-line (0, c0) is studied. Noteworthy, in
our case there is no need to employ the Wiener-Hopf method, which makes the proof
significantly shorter and simpler.

Mimicking the definition of distributional eigenfunctions in half-line (Definition 4.1
in [12]), we introduce the notion of distributional eigenfunctions of AR\{O}. Note that
the condition F(0) = 0 has no meaning for general Schwartz distributions F, so in
contrast to the definition of [12], at this stage we do not assume that F' vanishes in the
complement of the domain (that is, at the origin).

Definition 3.1. A tempered distribution F' is said to be a distributional eigenfunction
of A\ (0}, corresponding to the eigenvalue —¥(\), if F' is §’-convolvable with A, and
Ax F + U(A\)F is supported in {0}.

Note that, in particular, cos(Az) is a distributional eigenfunction of Ag\ (o). However,
it is not the one we are looking for, as it does not vanish at 0. By copying the proof of
Lemma 4.2 in [12] nearly verbatim, one obtains the following result. We only sketch the
prove and omit the technical details, referring the interested reader to [12].

Lemma 3.2. Let A > 0, and suppose that I is a distributional eigenfunction of Ag {0},
corresponding to the eigenvalue —¥(\). If F' is bounded, continuous on R, F(0) = 0
and

lim (F(z)—Csin(|Az]+9)) =0

r—+oo
for some C,9 € R, then F € D(Ag\{0}; L) and Ag\ (0} F = —V(\)F.

Sketch of the proof. 1t is possible to find an infinitely smooth function f; such that
fi(xz) =0 when |z| <1, fi(x) = Csin(|\z| + ) when |z| is large enough, and Af;(0) = 0.
We let fo(z) = F(x) — fi(x). By Lemma 2.6, fi € D(Ar\{0};Cs) and Ag\qoyf1(7) =
Afi(z) = Ax f1(x). With a little effort, one shows that Lemma 2.5 applies to fo. It follows
that fo € D(AR\{0}; Co) and Ary 0} f2() = Ax f2(z). Hence, I = fi1+ fa € D(Ar\{0}; Cv)
and Ag\ (0} ' = Ax F = —¥()\)F, as desired O

It is relatively easy to find a formula for distributional eigenfunctions of Ag\ o} sat-
isfying the assumptions of Lemma 3.2. First, we give a brief, heuristic derivation of
the formula. Suppose that F is a bounded, continuous, even function on R such that
F(0) =0and A x F + ¥(\)F is supported in {0}. A tempered distribution is supported
in {0} if and only if its Fourier transform is a polynomial. Hence, (—¥(§) + (X)) FEx(§)
is a polynomial Q(¢). It follows that the distribution FF) is expected to have form

Q)
T(A) = ¥(¢)
(the principal value corresponds to singularities at +)), plus some distribution sup-
ported in {—A\, A} (the zeros of ¥(A\) — ¥(¢)). The function F should be as regular as
possible, so we assume that @ is constant (say, Q(§) = a,¥’(\)), and that the distribu-
tion supported in {—\, A} is a combination of Dirac measures (say, wby(dx + d_»)). This
suggests the following definition:

pv

FE\() = axpv + 7bA(0x(§) +6-1(8))

LG
U(A) —¥(E)
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for some ay, by € R. We can normalize this definition by assuming that a3 + b3 = 1 and
ay > 0, so that ay = cos?) and by = sind, for some 9, € [—n/2,7/2). Furthermore,
the condition F(0) = 0 can be formally rewritten as ffooo FF\(£)d§ = 0, which gives a
linear equation in a) and b,. After solving this equation, we obtain formulae given in
Theorem 1.4.

Proof of Theorem 1.4. Since V¥(¢) is smooth near £ = ), the integrand in (1.9) is a
bounded function, and the integral is finite by the assumption. By a similar argument,
the right-hand side of (1.4) is a bounded integrable function. Hence, (1.4) indeed de-
fines an L?(R) N Cy(R) function G, (z), and so Fy(z) is well defined and belongs to

Cy(R).
Denote
1 o W(N\)dE
Ky=—— v/ S oA S A >0, (3.1)
SR TPV
so that ¥, = arctan(K) (by (1.3)). Let
1 Ky

ay = costty = by =sindy = (3.2)

VIFER VITER

Note that FG(€) = ax (23 /(A2 — £2) — W/ (N)/(T(A) — T(£))). We define
Fi(z) = sin(|Az| 4+ 95) = ay sin |Az| + by cos(Az),

so that Fy(z) = F} (z) — Ga(2).

By the Fourier inversion formula,

Gr0) = 5 [ Fa(@as
ax

S e e

The first principal value integral vanishes (cf. Remark 1.7). It follows that
GA(0) = arxK )y = cos(¥) tan(dy) = sin(dy) = F(0),

and therefore F(0) = 0, as desired.

Note that 278, (¢) is the Fourier transform of e =%, while pv 2i/(\ — ¢) is the Fourier
transform of —e =% sign x. Hence, m(5_x (&) + 0, (€)) is the Fourier transform of cos(\z),
and pv(2)\/(A? — £€2)) is the Fourier transform of sin |\z|. It follows that,

FEA(E) = FFX(E) — FGAE)

= (m(a_A(f) +0x(€)) +axpv A22_A§2> - <>\22—)\£2 - \I/(A\I)j/%f(é»
')

T(A) —¥(E)

and (1.7) is proved. As any bounded function, F is &’-convolvable with A, and by the
exchange formula we have (see Preliminaries)

= a)pv + mhA(6x(€) + -x(€)),

F(Ax Fy+ B)F)(E) = (—U(E) + W) FFAE) = axl'(\).

In particular, A x F + (M) Fy = a)¥’'(A)dp, which proves (1.8). Formula (1.6) follows
from (1.7) by the exchange formula, since the Fourier transform of e~*! is 2a/(a? + £2).
It remains to prove that F € D(Ag\{o}; L™) and that (1.5) holds true.
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By (1.8), F) is a distributional eigenfunction of AR\{O}~ Furthermore, F)\ € Cy(R),
F\(0) = 0 and F\(z) — FY(z) = Gx(x) converges to 0 as *+ — £oo. By Lemma 3.2,
Fy € D(Ar\{0}; L) and Ag\{o1 Fx = —V(A)F). Finally, for z € R\ {0} and ¢ > 0 we
have (see, for example, [7])

t
PRO B () = By (2) + / PRVOY A (o) i (2)ds
0

= Fy(z) — T(\) /Ot PRMOY By (2)ds.

Fora fixed z € R \ {0}, this integral equation is easily solved, and we obtain P, R0} oy (x) =
e "Ny (2), as desired. O

Suppose that ¥ (&) = 1(&2) for some function ¢(€) (€ > 0). Note that with the notation
of (2.3), we have

2\ 22\ (A2
]’Gk(f):a,\(v_é?_d)( P'(A%) )

A?) = (€2)
A (I_ww))_g% | (3.3)
me U et X )

Proof of Theorem 1.9. Part (a). Let () = ¥(y/€). Then we have ¢/(£) > 0and ¢ (£) <0
for £ > 0; hence, v is increasing and concave. First, we prove that J, > 0. Let K be
defined by (3.1). Observe that since 9 (£?) is infinitely smooth near ¢ = )\, we have

LRV [ ()
ERETPY pvo gk

1 /\2\11’ qk
([ L)
™ q—)l_ \q

By substituting £ = As for £ < A and £ = A\/s for £ > A, and then combining the two
integrals, we obtain that

1A (a(N?/5%) = ¥a(N?s?))
Bx=7 fo(A)/O : 1752A ds.

Ky =—

Since 1) is concave, 1, is a non-decreasing function (e.g. by a geometric argument:
AT2P(A) Ja(€) = ((€2) — (N?))/ (€2 — A?) is the difference quotient of ¢, and hence a
non-increasing function of £). It follows that K, > 0, and therefore ¥, = arctan(K) > 0.
Monotonicity of ¢, and formula (3.3) imply also that FG,(¢) > 0 for all ¢, which, by
Fourier inversion formula, proves that |G (§)] < G (0).

Part (b). Suppose now that ¢ defined as above is a complete Bernstein function.
Clearly, ¢ is concave, so, by part (a), ¥ € [0,7/2). The proof of (1.12) is very similar to
the proof of formula (1.4) in [12].

Let Gy (z) = 1(0,00) ()G (x). We will show that LG, is a Stieltjes function. For a > 0,
the Fourier transform of e~/*l is 2a /(a?+£?). Hence, by Plancherel’s theorem, for £ > 0
we have

5 L[ _ *EFGAQ)
_ 1 €l _
LG(§) 2/_006 Gi(z)dz = = e dc.
Substituting ¢ = s1/€, we obtain
~ \f}'GA(sf)
LGA(&) = — i et (3.4)
EJP 17 (2012), paper 83. ejp.ejpecp.org
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By (3.3),

_ 2cosvy 1
FGE) = A (&)

By Proposition 2.2, 1, and (¢»), are complete Bernstein functions. Hence, by Propo-
sition 2.1(c) 1/(¢»)x is a Stieltjes function, bounded on (0, 00), and so FG, extends to
a holomorphic function in the right complex half-plane Re¢ > 0. Abusing the notation,
we denote this extension with the same symbol FG,. By Proposition 2.4(b), FG(¢) is
bounded on every region —7/2 + ¢ < Argé < 7/2 — . It follows that the right-hand
side of (3.4) defines a holomorphic function in C \ (—o0, 0], which is the holomorphic
extension of £G. We denote this extension by g(¢).

Assume that Im £ > 0 and Re ¢ < 0. By substituting s = —¢+/€ ( is a complex variable
here) in the right-hand side of (3.4), we obtain

9(§) = —= LI

- e
T Jo 14 ¢?

The integrand has a simple pole at { = ¢, with the corresponding residue (—i/2) FGx(—i&).
By an appropriate contour integration, the residue theorem and passage to a limit (for
the details, see Lemma 3.8 in [12]),

1 [ FGA(-£0) p

09 = — [ TR e Fo o). 35)
When Im ¢ > 0, Re£ > 0, we have in a similar manner
_ 1 [ FGAEQ)

9&0=1 | Tk (3.6)

Recall that G (¢) = (22"t cos )/ (¥2)A(¢?), and 1/(1) ) is a Stieltjes function. Hence,
Im FGA(¢) > 0 when Re¢ > 0 and Im¢ > 0, and Im FG({) < 0 when Re¢ > 0 and
Im ¢ < 0. By Proposition 2.1(b), formulae (3.5) and (3.6) imply that g = Eé)\ is indeed a
Stieltjes function. Hence, by Proposition 2.1(d), G » is the Laplace transform of a Radon
measure 7, on [0,00). Since G € L?*(R) N L™(R), 7, does not charge {0}, and it is a
finite measure.

The assumption for the last part of theorem can be rephrased as follows: the holo-
morphic extension of ¢ to the upper complex half-plane has continuous boundary limit
on (—o0,0), which will be denoted by ¥, and " (—£2) # ¢(A\?) for all £ > 0. In this
case, by (3.5) and (3.3), the continuous boundary limit g* of g on (—oc,0) approached
from the upper half-plane exists, and it satisfies

o1 [%FGAE) 2 2w
0= ) Tre “relere o e )
By Proposition 2.3(b), it follows that
1 20 (A2 1
ndg) = £ Ting (- = 2O L e
Formula (1.12) is proved. O

4 Eigenfunction expansion in R\ {0}

In this section we prove Theorem 1.10, which states that the system of generalised
eigenfunctions F)(z) and sin(A\z), A > 0, is complete in L?(R \ {0}). Throughout this
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section assumptions of Theorem 1.4 are in force, that is, ¥({) is the Lévy-Khintchine
exponent of a symmetric Lévy process Xy, 1/(1 + ¥(€)) is integrable, and ¥’(£) > 0 for
& > 0. Our argument is modelled after the proof of Theorem 1.9 in [13], providing a
similar result for the half-line. Noteworthy, in contrast to the previous section, here the
case of R\ {0} appears to require essentially more work than the half-line (0, c0).

We begin with some auxiliary definitions and four technical lemmas. For z € C\
(—00, 0], we define

1 e 1

£2 1
51 +<2 £2+C2 V() + 2

The integrals are convergent by integrability of 1/(1+ ¥(¢)). By a substitution ¥(¢) = s,
one easily sees that p(z), p(§, 2) and ¢(&1, &, z) are Stieltjes functions of z. Represent-
ing measures (as in Proposition 2.3) for these and related Stieltjes functions play an
important role in the sequel.

We remark that the above three functions are related to the resolvent (or z- potential)
kernel u. (z) of the operator A, for example, ¢(z) = u.(0) and ¢(¢, 2) /& = [7 Ye¢lzldy
(see Preliminaries). These connections are only used in the proof of Theorem 1 12

§1a§2a dc

Lemma 4.1. For any ¢ > 0, the function ¢(&, z) /(%) is a Stieltjes function of z.

Proof. Clearly, ¢(&,z2)/¢(z) > 0 for z > 0. By Proposition 2.1(b), it suffices to show that
Im(¢(&, 2)/p(2)) < 0whenIm z > 0; then automatically Im(p (€, 2)/¢(2)) = —Im(p(§, 2)/v(Z)) >
0 when Im z < 0. Let z = z + iy for real z, y. We have

Re 1 _ V() +x m 1 _ y
PO +z  (U(Q)+a)?+y?’ () + 2 () +2)2+y*

Hence, by expanding the integrals and a short calculation, we obtain

m £62) _ Ime(€, )Rw() Rep(€, 2) Im ¢(2)
¢(2) )I2

_ (¥(¢1) (¢2))
= 210(2) 2 E 2 N2 2 2 5y dC1dC.
™ |</> )| 3 +C1 ((U(G) +2)2 + ) ((P(C) + 2)* + ¢?)
Another version of the above formula is obtained by changing the roles of (; and (5. By
adding the sides of the two versions of the formula, we obtain a symmetrised version,

(& z) 2 )
2 ’w?\so 2/ / <£2+<1 e+ra)”

y(W(G) ~ ¥(&))
WG + 2P + P ((W(G) + P+ ) T

Note that ¥(() is increasing on (0,00), while £2/(¢? + ¢?) decreases with ¢ > 0. It
follows that when y > 0, the integrand on the right-hand side is non-positive, and so

m(p(&,2)/p(2)) <O0. O

Lemma 4.2. For any &;1,&; > 0, the function

90(517 Z)(p(€27 Z)

()5(517527 Z) = 90(51’62? Z) - (p(Z)

is a Stieltjes function of z.
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Proof. The argument is very similar to the proof of Lemma 4.1. For simplicity, we denote
w(&1,2) = ay +iby, (&2, 2) = as + ibs, p(2) = a + ib for real a,ay, as, b, by, ba. We have

Im ©(&1,2)p(€2,2)  (arba + brag)a — (ayaz — biba)b

o(2) a? + b?
o (a2 + b2)b1b2 — (ab1 — (llb) (abg — agb)
- mﬁ+w @D
_ Im (6, 2) Im (6, 2) | Im(p(&1, 2)/0(2)) Im(e(82, 2)/ 0 (2))
Im () Im(1/¢(2)) '

By Lemma 4.1, ¢(&1,2)/¢(2) and ¢(&2,2)/¢(z) are Stieltjes functions, and by Proposi-

tion 2.1(c), 1/¢(z) is a complete Bernstein function. Hence, the second summand on

the right-hand side of (4.1) is non-negative when Im z > 0 (Proposition 2.1(a,b)). The

first one is non-positive, but below we prove that it is bounded below by Im ¢(&1, &3, 2).
For z = x + 1y with real z, y, we have as in the proof of Lemma 4.1,

Im(p(&h )Ing 527 )—Ing( )Im@(§1,§27z)

_ /‘/ ( &g 8 )X
&+Q E4+¢G S+

y2
C @) + 22+ ) (&) +2) + 47)

By a similar symmetrisation procedure as in the proof of Lemma 4.1, we obtain that

d¢1d(s

2Im (&1, 2) Im (&2, )—2Im<p( ) Im (€1, &2, 2)

[ 1 e aty) faata)
g+3 8+3)\8+3 8+4¢
y2

dcl dCQa

WG F 22+ () + 22+ )
and again the integrand on the right-hand side is non-positive. Hence,
Im (&1, 2) Im (€, 2) — Im p(2) Im (&1, &2, 2) < 0.

When y > 0, we have Im ¢(z) < 0, and so

Im 90(513 Z) Im (p(é.Qa Z)
Im ¢(2)

Z Im@(glag% Z)

By (4.1), it follows that Im $(&1,&2,2) < 0 whenever Imz > 0. Clearly, Im ¢(&1,&2,2) =
—Im@p(&1,82,2) > 0 when Imz < 0. By Proposition 2.1(b), it remains to prove that
?(&1,&2,2) > 0 when z > 0.

Since ¢(&1,&2,2) is real when z > 0 and Im ¢(&1,&2,2) < 0 when Imz > 0, we have
(0/02)p(€1,&2,2) < 0 for z > 0. It follows that ¢(&1, &2, 2) is a non-increasing function of
z > 0, and hence it suffices to show that lim,_, ., p(£1,&€2,2) > 0. When z — oo, by the
definition of ¢(&, z) and ¢(&1,&2, z) and dominated convergence, the functions (1, 2)
and ¢(&1,&2, z) converge to 0. Also, ¢(&2,2)/¢(2) < 1 for all z > 0. We conclude that
p(&1, &2, 2) converges to 0 as z — oo, and the proof is complete. O

For A\, ¢ > 0, we define

52
52 22 ’

B _i o0 52 \If/()\)
0 =/ @ goy g % Lr(6) =
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and, as in (3.1),

IS i 1eNICS
= wp/o ) -0

We denote the boundary limits of ¢(z), ¢(§, 2) and ¢(&1, &2, 2) along (—oo, 0) approached
from the upper half-plane by ¢*(—z), ¢*(§, —2) and ¢ (&, &2, —2) (2 > 0), respectively.
The existence of these limits is a part of the next result.

Lemma 4.3. For &, \ > 0, we have

Ky —i

PN =y ot (6, —w(n)) = TAO) i)

Wr(A)

Furthermore (cf. Lemma 4.1),

Im e -T(N)  KALa(§) - Ka(§)
pr(=T(N) 1+ K3 ’

and for &y,&2,A > 0 (cf. Lemma 4.2),

Im ¢F (&1, &, —¥(N))
_ 1 KxLx(§1) — Kx(&1) KaLa(&2) — Kx(&2) .

v I+ K2 VIt K2

Proof. For A > 0 and any bounded, continuously differentiable function f on (0, 00), we
have (see Section 1.8 in [19])

. ° 1
R AT T R AL
BT > V() —¥(N) ~ Im o i€
=5, o-vorr2 OB mo—eoner 2 /9%

& 1 )
-] Gorma FO ~ i T

Hence, the boundary limits ¢* (=W (})), ¢+ (¢, —¥())) and ¢ (&1, &2, —¥(N)) (approached
from the upper half-plane; here and below &,£1,& > 0) are continuous functions of
A > 0, given by

T :_l . > 1 ) :K)\—Z'
V) = 1 wv [ G &

m () W) W)
1 © g 1 i &€ Ka() —iLa(§)
cevon=-ov| aiasmne S wm e s
and (we only need the imaginary part)
1 2 2 L L
Impt(&,8&,—T(\) = T B il = 53%)\2 _ A(if)(AA)(E2)

We obtain that

P& -Y(N) _ KLy — Ku(©)
et (=¥ (N)) 1+ K3 ’
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and therefore, by (4.1),

m (&, =T (Nt (&2, —T(N))
et (=T (N)
_La(&)La(&) | KaLa(§1) — Ka(&1) KaLa(&2) — Ka(&) 1+ K3
ey 1+ K2 1+ K2 TN
_ 1 KaLx(&) — Ka(&1) KaLa(&2) — Ka(&)
BR6 ( VIt K2 V1+ K2 LA(&)LA(&O'
The proof is complete. O

Lemma 4.4. Forall&,6 >0andt >0, let

T KALa(&) — Ka(&) KaLa(§2) — Ka(€2) _twen
P = dM. 4.2
(€1,82,1) e e e (4.2)
Then
T &1éo
P = — 4.3
(517£270) 9 51 +£2 ) ( )
and for all z > 0,
1 oo
; / ¢(§17£27t)6_tht = @(517527 Z) (44)
0

Proof. Note that by Lemma 4.3, we have
B, &0, t) = — / I ¥ (&1, &, —T(N)e” VW (N)dA
0

= —/ Im @t (&1, &, —s)e ¥ ds.

0
By Lemma 4.2, Im ™ (&1, &2, —s) < 0. Hence, by Fubini,

o0 o0 1 .
/0 (&1, &, t)e *dt = —/0 P Im @t (&, &, —s)ds.

By the definition, the coefficients ¢y, co in the representation (2.2) of the Stieltjes func-
tion ¢(&1,&s, 2) vanish. Hence, by Proposition 2.3(b) and the inequality ¢(&1,&2,2) <
©(&1,&2, 2) (z > 0), the coefficients ¢q, ¢o in the representation (2.2) for ¢(&1, &2, ) vanish
too. By (2.2) and another application of Proposition 2.3(b),
< 1
_ — 1 =+ —38)ds = & )
/0 s+ 2z me (517527 5) S 71—30(5175232)

This proves (4.4).
By monotone convergence, ®({1,£2,t) is right-continuous at ¢ = 0. This and (4.4)
imply that

(I)(fla€2a0) = lim Z/ ®(£17£27t)672tdt =7 lim (295(5135%2))'
z—00 0 z—00

As z — oo, by monotone convergence, the function z¢(&, z) converges to £, but zp(z)
diverges to infinity. Hence, z¢ (&1, 2) (€2, 2)/¢(z) converges to 0. It follows that (see the
definition of p(£1,&s, 2) in Lemma 4.2)

> & &

o G+ E+E
monotone convergence was used again for the second equality. The integral can be
easily evaluated (we omit the details), and (4.3) follows. O

(D(§1,§2,0) = WZILH;O(Z@(flvg% Z)) = dg;
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With the above technical background, we can prove generalized eigenfunction ex-
pansion of the operators PtR\{O}. Let Ileven, Ilogq and II be defined as in Theorem 1.10.
First, we prove that the operator Il.,., is isometric, up to a constant factor.

Lemma 4.5. For any even functions f,g € L*>(R\ {0}),
<Hevenf7 Heveng>L2((0’oc)) =TT <f7 g>L2(R\{0}) .

Proof. Let e¢(z) = e &%, x € R\ {0}, £ > 0. By Theorem 1.4, for £, A\ > 0 we have

Mevenee (A) = / Fy (m)e‘ﬂmldw

_ —2K,(8) cosﬁ)\;- 2L, (§) sin vy (4.5)

K Lx(§) — Kx(§) '

2
£ V1+K3
By (4.2) and (4.3), it follows that for &;,&; > 0,

> 4‘1)(51’ 527 O) 27
Meven 1 Meven 2 A)dA = = = 19682/ 12 .
| Deentes Ve () et = e = e e gy o

The family of functions e is linearly dense in the space of even L?(R \ {0}) functions.
The result follows by approximation. O

The following side-result is interesting. It is obvious when ¥ (¢) = 9(£?) for a com-
plete Bernstein function . In the general case, however, a direct approach seems
problematic.

Proposition 4.6. We have

/ FA(I)efglx‘dx >0, AE>0.

—0o0

/ FA(x)efﬂx‘dx = Ilevenee () =

—o0 3 1+ K}
VAR S B (S 1Y)
3 pH(=T()
which is nonnegative by Lemma 4.1. O

The space L?(R \ {0}) is the direct sum of the spaces L2, (R \ {0}) and LZ (R \ {0}),
consisting of even and odd L?(R\ {0}) functions, respectively. Recall that Il,qq is
the ‘sine part’ of the Fourier transform. Hence, 7~ '/2Il,qq is a unitary mapping of
L2,4(R\ {0}) onto L?((0,00)), and Il,qq is a zero operator on L2 . (R \ {0}). In a sim-
ilar manner, 7~ /2Il, is an isometric mapping of L2, (R \ {0}) into L?((0,c0)), and
Ileyven vanishes on L2 (R \ {0}). It remains to prove that 7 '/2II, is a unitary op-
erator on L2 (R\ {0}) onto L?((0,0)). An equivalent condition is that the kernel of

the adjoint operator IT}, ., : L?((0,00)) — L?*(R\ {0}) is trivial. This is proved in the
following result.
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Lemma 4.7. Forall f,g € L*((0,0)),

Meven s Mevend) 2w\ foy) = T (2 9) 12((0,00)) » (4.6)
and

RO p =TI (e ), t>0. (4.7)

even even

Proof. As in the proof of Lemma 5.2 in [12], formula (4.7) for f € C.((0,00)) follows
directly from Theorem 1.4 and Fubini. Indeed, let supp f C [A1, 2], 0 < A1 < s
Using (1.2), (1.4) and Fourier inversion formula, it is easy to prove that F)(y) is bounded
uniformly in A € [A1, A2] and y € R\ {0} (we omit the details). Furthermore, ptR\{O}(x, y)
is integrable in y € R\ {0}. Hence,

A2
PO = [ RO ) s
R\{0} /A4

A2
- / eV By (2) f(A)dA = T (e~ £).
A1

Since II},., is a bounded operator, (4.7) extends to general f € L?((0,00)) by an approx-
imation argument.

The adjoint of an isometric operator is isometric if and only if the kernel of the
adjoint is trivial. Hence, by Lemma 4.5, it suffices to show that the kernel of II S
trivial.

Suppose that f € L?((0,0)) and II%, . f = 0. We claim that this implies that f = 0.
By (4.7), ITY,,,(e7*¥ f) = 0 for any ¢ > 0. Let e¢(z) = e~¢I*l, 2 € R\ {0}. We obtain that

forallt >0and ¢ >0,

* .
even 1

* —tW —tw
0= <IIeven(e ¢ f)’eE>L2(R\{O}) = <€ ' f’ Hevene£>L2((01°°))
= / e £ (AN evenee (V) dA.
0
By substituting s = ¥(\), we obtain that

/OC e~ ts f(qj_l(s))neveneg(w_l(s)) d
0 W(T—1(s))

s =0, t,&> 0.

It follows that for each £ > 0, f(¥!(s))Heyenee (P! (s)) = 0 for almost all s > 0.

In other words, for each £ > 0, f(A)Ilevenee(A) = 0 for almost all A > 0. By Fubini,
for almost every A > 0, f(A)Ievenee(A) = 0 for almost all £ > 0. But for each fixed
A > 0, Ievenee (M) (as a function of £ > 0) is the Laplace transform of a nonzero function
(namely, 2F)(2)1(9,oc)(2)), and so it cannot vanish for almost all £ > 0. This implies that
f(A) = 0 for almost every A > 0, proving our claim. O

Proof of Theorem 1.10. The operator IIf = (Ilevenf,loaqaf) is unitary by Lemmas 4.5
and 4.7, and the discussion preceding the statement of Lemma 4.7.

Let f € L?3(R\ {0}), and let f = feven + fodd be the decomposition into the even and
odd part. Clearly, PtR\{o} feven is @an even function, and PtR\{O} fodd is an odd function.
Hence, Hcvcnfodd = HcvcnPtR\{o}fodd = 0 and Hoddfcvcn = HoddPtR\{o}fcvcn = 0. By

Lemma 4.7,

HevenPtR\{O} feven =n ! Heven (PtR\{O} szenHeven feven)

(4.8)
= ’/Till_-[cvcn(szon(eit\yﬂcvcnfcvcn)) = eitlpncvcnf-
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Furthermore, by the strong Markov property, p;(x — y) — ptR\{O} (z,y) = Ep(pe(y);m0 <)
(the Hunt’s formula), and the right-hand side is an even function of y (for any =z €
R\ {0}). Therefore PtR\{O} fodd = Pifoaqa. By the remark preceding the statement of
Theorem 1.10 (see also Remark 2.7), it follows that

HoddPtR\{O} fodd = Moda Pi foda = € oda foda- (4.9)

The above properties combined together prove (1.13). O

Proof of Corollary 1.11. Let f € C.(R\ {0}). Then IIf € L?((0,00)) & L?((0,00)), and
hence e *¥IIf is a pair of integrable functions. Hence,

PO () = 7 (e VT f) )

:jr(/ooo YO (o (/ fW)F(y )dy) aA
2 [T e sinoa) ([ swsinona) ar)

By Theorem 1.9(a), F)\(y) is bounded uniformly in A > 0 and y € R\ {0}. By Fubini, it
follows that

PRAOY () = = / 0 /Ow e (Fy () F)(y) + sin(Az) sin(Ay))dAdy.

™ —00
This proves the first equality in (1.15). For the second one, note that

2

7/ e YN gin(A\x) sin(Ay)dA
T Jo

1 oo
~or eV (cos(A(x — y)) — cos(A(z + y)))dA
7r
1 o0 . 3
- a etV (emM@my) _ oA a )y g\
) e+ D

Proof of Theorem 1.12. Recall that we need to prove that

1 [ cosdre YNW (N Fy(z)
P,.(t<1m<o0)= f/
(t <70 ) ; S8

d. (4.10)

™

Note that G»(0) = sindy — F\(0) = sin¥). For A\,¢ > 0 and z € R\ {0} we decompose
the integrand in (4.10),

cosOre YN (N Fy(z) e YIW(N) )
70 = T (sin(|Az| + ¥5) — sindy)

e—t\I/(A)‘I//(/\)

+ RO (GA(0) — G(z)).

(4.11)

By the assumption, ¥(¢) = ¢( 2), where 7 is non-negative, increasing and concave.
Hence, U/(\) = 2X\'(A2) < 2A((A?)/\2) = 2¥(\) /). It follows that

eft\I/()\)\IJ/(A)

T (sin(|Az| + 95) — sindy)| < 2|z|e YO,
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Furthermore, the second summand on the right-hand side of (4.11) is non-negative by
Theorem 1.9. It follows that the integral in (4.10) is well-defined (possibly infinite).
Denote the right-hand side of (4.10) by f(t,z) (t > 0, z € R\ {0}). If ec(z) = e~¢I7|, then
for ¢, z > 0 we have, by Fubini,

o[ - 1 < cos VAW (MIevenee (N)
/o /,oof“"”)e e d“”‘w/o CERTEIOV S

the use of Fubini here is justified by the decomposition of the integrand into an abso-
lutely integrable part and a non-negative part, as in (4.11). Using cos ¥y = (1 + K?)~1/2
and formula (4.5), we obtain that

—Ela| ,—2 KyLx(§) — KA(§)
/ / flt,x)e tdadt = 7r§/ z—l—\ll 50 1+K§ dA.

By Lemma 4.3, substitution ¥(\) = s and Proposition 2.3(b),

/OO /OC f(t,x)eS=le=* ddt
0
m £ ‘I(’(A)) T (\)dA

TI'EZ <\If A) z+\1/(/\)2 ot (—V
7r§z <(i - z—l—s) @filjs)) ds
3

e <4 o)

Note that ¢(&, z) < ¢(z), so that the above expression is finite. In particular, f(¢,x) is
finite for almost all ¢t > 0, z € R\ {0}.

On the other hand, for z > 0 and = € R, denote g.(x) = E, exp(—z79). Then g, (z) =
uy(x)/u,(0), where u,(x) is the resolvent (or z-potential) kernel for the operator A (see
Preliminaries). Hence,

}—gz(f) =

B S
uz(o) qj(ﬁ) +z ,
where, by the Fourier inversion formula,
1 /°° 1
uy(0) = — ———d( = ¢(2).
(©) mJo V() +=2 (2)

Furthermore, for z > 0 and z € R\ {0},

e E:c - 2\ T
/ P, (o < t)e—tdt — LrOP(E2M) _ g:(2)
0

z>0,¢eR,

z z

By Fubini and Plancherel’s theorem,

1 o0
/ / (10 < e &l dudt = ;/ g-(z)e~ <17l dx

- ¢ 2 1@ 1 2 ()
- , gy M= go<z>/o U0 0T & e

In particular, we have

1 oo
/ / (10 < co)e~Sle=# dudt = ;/ P. (10 < oo)e81®ldy

= lim ( / / (10 < t)e £Ilestdzdt)
e—0+

= lim (2 (& >
=0t \ &z (e) )’
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and so finally
o0 o0 2
/ / P.(t <7y < o0)e Sle=dpdt = — ( lim pl&e) 90(5’2))
0 —o00

£z \e=0t @(e) ©(2)
e zZ

:/ / f(t,z)e =le=* dadt.
0 —00

By the uniqueness of the Laplace transform, formula (4.10) follows for almost every
pairt > 0, z € R\ {0}. By dominated convergence, both sides of (4.10) are continuous
in ¢ > 0, and the theorem is proved. O

Remark 4.8. One could try the following argument for the proof of Theorem 1.12: By
monotone convergence,

(o) oo
PZE(TO > t) = / p?\{o} (JJ, y>dy = lim / p?\{o}(x’y)e_f‘Mdy = lim PtR\{[)}e€($)7
— oo E—=0t J_ o £—0+t
where e¢(x) = e &7l For each ¢ > 0, by Theorem 1.10 we have

even

1
PtR\{O}ef($) = ; II* (eitqlncvcnef)(x)
(4.12)

1 oo
~ / Ex(z)e” Y M yenee (\)dA.
™ Jo

Recall that as & — 07, Ieyenee(\) converges to cos ¥\ W'(\)/¥()\). Hence, if the above
integrals were uniformly integrable as ¢ — 0%, we would obtain

1 _tw(x) cosAT'(N)
Po(ro > 1) = A Fy(a)etv S oy
However, if P, (179 < c0) < 1 (that is, when X, is transient), we know by Theorem 1.12
that this formula is false! This proves that the integrand in (4.12) in some cases fails
to be uniformly integrable, and its limit (in the sense of distributions) may contain a
point mass at 0. For this reason, a more direct approach to the proof of Theorem 1.12,
similar to the argument sketched above, seems to be problematic and require stronger
regularity conditions on . O

5 Examples

In this section we consider a few examples: processes frequently found in the liter-
ature and an irregular case. We focus on spectral theory, that is, on Theorems 1.4, 1.9
and 1.10, and only record formulae given in Corollary 1.11 and 1.12. As mentioned in
the introduction, detailed properties of first hitting times to points will be studied in a
separate article.

Plots have been prepared using Mathematica 8.1 at the Wroctaw University of Tech-
nology. Numerical integration was used for the computation of ¥, and fast Fourier
transform for the calculation of G (z).

Example 5.1. Let (&) = |£|*, a € (1,2], be the Lévy-Khintchine exponent of the one-
dimensional symmetric a-stable Lévy process. The distribution of the hitting times to
points for these processes have been previously studied in [21].

By substituting ¢ = \s in the integral over (0,)\) and £ = \/s in the integral over
(A, 00), we obtain (see (3.1))

1 B Lo a [t 1 1
Ky=—= L dt=-= - .
A T pv/o Ao — fa d< T A <1 —s*  g2mo(1— sa)) ds
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11 12 13 14 15 1.6 17 18 19 2. -1
Fi(z) (blue), G1(x) (purple) and

In(e) =m/a—m/2 sin(|z| + 9¥1) (brown) for @ = 1.1
1

0.75|

.5]

~2 3 4 5 2 -1 1 2 3 4
—0.25] -0.25]

—-0.5] —-0.5]

—-0.75] -0.75]

-1 -1
Fi(z) (blue), G1(x) (purple) and Fy(z) (blue), G1(x) (purple) and
sin(|z| + 91) (brown) for a = 1.5 sin(|z| + 91) (brown) for a = 1.9

Figure 1: Plots for ¥ (&) = |£|*.

By series expansion and Fubini,

K :%i (/01<SQ_2 a l)s”ads) :%i ((n+ ll)a— 1 na1+1> '

n=0 n=0

Recall that for z € (0, 7),

1 = 1 1
t(mz) = - .
mcot(mz) z+nz_:l<z—n+z+n>

Hence, after some rearrangement of the sum,

=0
11 o 1 1
= —— —_— = t —_
7r<1/a+;(l/oz—|—k 1/a—k>> O
Hence,
T oow
ﬁA:arctan(KA):a—i, (5.1)
and cos ¥ = sin(w/a), sin(¥y) = — cos(w/a). Furthermore, by (1.11),
aX*Lsin(ra/2) sin(r/a) [ « bl
o) (o2t [~ ¢ _-celgg
T o A2 —2)xfxcos(mar/2) + &2
_ asin(ma) sin(r/a) / s o—Nslal g
T o 1—2s%cos(ma) + 52«
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Hence,

Fy(z) = sin (|)\x| + g - g)

_ asin(ra/2) sin(r/a) "

T (5.2)

X /oo - e~ Mlelds,
o 1—2s%cos(ma/2) + s

Note that F)(x) = Fi(\z), which could be deduced a priori using scaling properties
of X;. As expected, in the limiting case o — 1+ we have 9, — 7/2 and Gx(z) — 0
(the Cauchy process never hits 0, hence Fy(z) = cos(Ax) = sin(|]Az| + 7/2) is the even
eigenfunction in R\ {0}). Also, for o = 2, we obtain ¥, = 0 and G,(z) = 0 (F)\(z) =
sin [A\x| is the even eigenfunction for the Brownian motion in R\ {0}). See Figure 1 for
plots of F.

Since X, is recurrent, we have P,(7p = oo) = 0. Hence, by Theorem 1.12 and
scaling,

Pw(TQ > t) =

asin(m/a) /°° e Fr () ~
™ 0 )\

By Corollary 1.11,

PRy 1 / e (Fy(A2) Fy (M) + sin(Az) sin(Ay))dA.
0

71'
These formulae are applicable for numerical computation.

Example 5.2. Let a € (0,2), 8 > 0, and ¥(§) = &2 + B|€|®. The corresponding Lévy
process X; is a mixture of Brownian motion and the symmetric a-stable process. Note
that X, is recurrent if and only if « > 1. We have

o 2\ + afre—t
e e )

This integral does not have a closed form, but it can be proved that lim)_,,, ¥» = 0 and
limy_,o+ ¥) = min(7w /o — 7/2,7/2). By Theorem 1.9,

1
¥\ = arctan (— pv
m 0

2\ + aBA*"1) cos Iy y

™

F)\(l‘) = 51n(|/\x| + ’19)\) —

" /°° sin(am/2)Ex
) (V5 N — )21 €2 — 2cos(an/2) (N + fAe — D)6

Example 5.3. Suppose that ¥(¢) = (2 +1)°/2 — 1 is the Lévy-Khintchine exponent of
the relativistic a-stable Lévy process, o € (1,2), corresponding to unit mass. In this

case again
1 [ a2 41)e/21
¥, = arctan <—ﬂ_ pV‘/O (22 + 1)a/2 — (e 4+ 1)04/2 dg

e—f‘“dg.

cannot be evaluated symbolically. However, with some effort, one can show thatlimy_,o+ ¥ =
0 and limy o, ¥y = w/a — 7/2. We also have

A2 4 1)2/27 1 cos i)y, "
T
sin(am/2)(1 — £2)2/2

Fa(z) = sin(|Az| +9) — &

(o)
X / e &l ge.
1 (A4 + (1 —£2)> — 2cos(am/2)(A2 + 1)2/2(1 — £2)a/2
In particular, F)(x) — sin(|Az| + ¢,) decays exponentially fast as |z| — co.
EJP 17 (2012), paper 83. ejp.ejpecp.org

Page 25/29


http://dx.doi.org/10.1214/EJP.v17-2013
http://ejp.ejpecp.org/

Symmetric Lévy processes killed upon hitting 0

10 1 2 3 4 5 6 7 8 9 10

-10

W (&) (blue) and ¥/ (&) (purple) 2N
1,
175
0,
) -1
—0.25]
-0.5|
—-0.75]
-1,
Fi(z) (blue), G1(x) (purple) and Fy(z) (blue), G4(x) (purple) and
sin(|z| + 9¥1) (brown) sin(4|x| + ¥94) (brown)
1,
75
5|
0.2
—2 -1
—0.25]
—-0.5]
—0.75]
-1,
Fy 5(x) (blue), Ga.5(x) (purple) and F5(z) (blue), Gs(x) (purple) and
sin(4.5]z| 4+ 94.5) (brown) sin(5|z| 4+ ¥5) (brown)

Figure 2: Plots for ¥(¢) = £2 4+ 9(1 — cos€). Note the differences between A =1 (9, > 0,
(G, attains global maximum at 0), A = 4 (9, > 0, G, has a positive local minimum at 0,
A = 4.5 (9 and G, (0) close to 0, slow convergence of F)(z) to sin(|Az|+9,) as |z| — o)
and A =5 (¢, < 0, Gy has a negative global minimum at 0).
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Example 5.4. Let U(¢) = &2 +9(1 — cos&). The corresponding process X, is the sum of
the Brownian motion (with variance 2t) and an independent compound Poisson process
with jumps +1 occurring at rate 9. It can be easily checked that ¥'(£) > 0 for ¢ > 0, and
therefore Theorem 1.4 applies. However, ¥, is negative for some A > 0, and G(z) is a
signed function, see Figure 2.

Since (&) = ¥(1/€) = £€+9(1—cos v/€) is not concave, Theorem 1.12 (or Theorem 1.1)
cannot be applied to X;.

Example 5.5. Consider the truncated symmetric a-stable Lévy process X;, that is, a
pure-jump Lévy process X, with Lévy measure c|:c|*1*°‘1(_171) (z) for some ¢ > 0. Then,

1 _ VE B
v =wo=c [ w do =20t [T 0

Clearly, 1/ (§) > 0 for all £ > 0. We claim that "' (£) < 0 for all £ > 0. We have

29"(§) _ sir}\/g_@_a) l—cosvE a(2-a) */gl—cossds. (5.3)
c 53/2 52 52704/2 o glta
Since sins < s — s3/6 + s°/120 and 1 — cos s > s%/2 — s*/24 for s > 0, we have
WO_1 1, € 20 20 a a@-w_ 1 €
c €6 120 2 20 26 U —a)  3(d—a) 120

and hence 1" (¢) < 0 for € < 40/(4—a). When ¢ > 40/(4 —«), then in particular ¢ > /12,
and therefore, by (5.3),

20 1 a2-—a) (V12522 st/
. S@n 52*70/2/ — ita Us

1 121-a/24 1
B R R o P (=B D V2 11 elam1)/2

Our claim is proved.

In particular, we may apply Theorems 1.4, 1.10 and 1.12 to truncated stable pro-
cesses. Due to a rather involved description of ¥, the computations are significantly
harder in this case. See Figure 3 for plots of ¥, and F).
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Figure 3: Plots for the truncated a-stable process for « = 1.1 and o = 1.5. Note that
|Ga(z)] < Gx(0), for all A > 0, z € R, but G»(z) fails to be everywhere nonnegative.
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