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Abstract

We present an extension of the Gromov-Hausdorff metric on the set of compact met-
ric spaces: the Gromov-Hausdorff-Prokhorov metric on the set of compact metric
spaces endowed with a finite measure. We then extend it to the non-compact case by
describing a metric on the set of rooted complete locally compact length spaces en-
dowed with a boundedly finite measure. We prove that this space with the extended
Gromov-Hausdorff-Prokhorov metric is a Polish space. This generalization is needed
to define Lévy trees, which are (possibly unbounded) random real trees endowed
with a boundedly finite measure.
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1 Introduction

In the present work, we aim to give a topological framework to certain classes of
measured metric spaces. The methods go back to ideas from Gromov ([11]), who
first considered the so-called Gromov-Hausdorff metric in order to compare metric
spaces which might not be subspaces of a common metric space. The classical the-
ory of the Gromov-Hausdorff metric on the space of compact metric spaces, as well
as its extension to locally compact spaces, is exposed in particular in Burago, Burago
and Ivanov ([4]). Recently, the concept of Gromov-Hausdorff convergence has found
striking applications in the field of probability theory, in the context of random graphs.
Evans ([8]) and Evans, Pitman and Winter ([9]) considered the space of real trees, which
is Polish when endowed with the Gromov-Hausdorff metric. This has given a framework
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to the theory of continuum random trees, which originated with Aldous ([3]). There are
also applications in the context of random maps, where there have been significant
developments in the last years.

If, in addition to their metric structure, measures are defined on the spaces in con-
sideration, the theory is not yet firmly established. In his monograph [15], Villani gives
an account of the current state of the theory. As mentioned by Villani, there are es-
sentially two approaches for the topology of metric measure spaces. The first is to
emphasize the importance of the measures carried by the spaces, and to compare met-
ric measure spaces through the measures defined on them. This approach, which goes
back to Gromov, was first described, in the context of compact real trees, in the mono-
graph [8] by Evans. Later, a similar framework was developed in [10] for (Polish) metric
spaces, endowed with probability measures, as well as in [13, 14] in connection with
mass transportation problems. In order to compare two such metric measure spaces,
embeddings of both spaces into some common Polish metric space are considered, and
the Prokhorov metric is used to compare the ensuing measures.

The second approach, used in this work, consists in combining the Hausdorff metric
with the Prokhorov metric in order to compare both geometric and measure-related
features of the spaces. Although it is known that the two approaches coincide when
restricted to some classes of metric measure spaces (such as spaces carrying measures
with the doubling property), this is not the case in general, and our approach is different
from [10] in this respect. This comes at the price of having to restrict ourselves to length
spaces.

Also, we treat the general case of boundedly finite measures instead of probability
measures. The latter were considered in [10] (with the Gromov-Prokhorov approach)
and in [2, 12] (with the Gromov-Hausdorff-Prokhorov approach). Roughly speaking,
our approach corresponds to vague convergence (or weak-# convergence, see Remark
2.3 below), whereas the classical approach using the Prokhorov metric corresponds to
weak convergence. Furthermore, the study of metric spaces with probability measures
in [2, 10, 12] relies crucially on Strassen’s theorem relating the Prokhorov distance
between probability measures and the existence of good couplings (see for instance
Corollary 11.6.4 in [6]). In the general case of boundedly finite measures considered
here, such a correspondence no longer holds. Therefore, in most of the proofs, we are
making use of the properties of ¢-nets and finite approximations to the measures to
replace Strassen’s theorem.

This work was motivated by applications in the setting of weighted Lévy trees (which
are in particular length spaces), see Abraham, Delmas and Hoscheit ([1]). We give an
hint of those applications by stating that the construction of a weighted tree coded in
a continuous function with compact support is measurable with respect to the Gromov-
Hausdorff-Prokhorov topologies described in this paper. This construction allows us
to define real tree-valued random variables using continuous random processes on R,
in particular the Lévy trees of [7] that describe the genealogy of the so-called critical
or sub-critical continuous-state branching processes that become a.s. extinct. These
trees have an intrinsic metric, and carry a totally finite measure m. This measure can
be renormalized to a probability measure that can be interpreted as the uniform mea-
sure on the leaves of the tree. The construction can be generalized to super-critical
continuous-state branching processes which can live forever; in that case the corre-
sponding genealogical tree is infinite (in the sense that it has infinite diameter) with
positive probability. The construction of m can also be carried over from the sub-
critical and critical case, but the ensuing measure is no longer totally finite a.s., but
only boundedly finite. This paper gives an appropriate framework to handle such tree-
valued random variables and also tree-valued Markov processes as in [1].
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In the following sections, we describe several properties of the Gromov-Hausdorff-
Prokhorov metric, dgyp, on the set K of (isometry classes of) compact metric spaces,
with a distinguished element called the root and endowed with a finite measure. The-
orem 2.5 ensures that (K, dgp) is a Polish metric space. We extend those results by
considering the Gromov-Hausdorff-Prokhorov metric, dggp, on the set I of (isometry
classes of) rooted locally compact, complete length spaces, endowed with a boundedly
finite measure. Theorem 2.9 ensures that (I, dgup) is also a Polish metric space. The
proof of the completeness of IL relies on a pre-compactness criterion given in Theorem
2.11. It should be noted that some natural examples of metric measure spaces (such
as continuum random trees) do not satisfy doubling estimates on the measures, but are
length spaces. In this respect, the pre-compactness criterion might prove a useful com-
plement to Theorem 27.32 in [15]. The methods used are similar to the methods used
in [4] to derive properties about the Gromov-Hausdorff topology of the set of locally
compact complete length spaces.

The structure of the paper is as follows. Section 2 collects the main results of the
paper. The application to real trees is given in Section 3. The proofs of the results in
the compact case are given in Section 4. The proofs of the results in the locally compact
case are given in Section 5.

2 Main results
2.1 Rooted weighted metric spaces
Let (X, dX) be a Polish metric space. The diameter of A € B(X) is given by
diam (A) = sup{d”® (z,y); z,y € A}.
For A, B € B(X), we set
diy (A, B) = inf{e > 0; A C B° and B C A},
the Hausdorff distance between A and B, where

A® = {2z € X; inf d¥(x,y) < ¢} (2.1)
yeA

is the e-halo set of A. If X is compact, then the space of compact subsets of X, en-
dowed with the Hausdorff metric, is compact (see theorem 7.3.8 in [4]). To state a
pre-compactness criterion, we will need the notion of e-nets.

Definition 2.1. Let (X, dY) be a metric space, and ¢ > 0. A subset A C X is an e-net of
BcCXif
ACBCA.

Notice that, for any € > 0, compact metric spaces admit finite e-nets and locally
compact spaces admit locally finite e-nets.

Let M;(X) denote the set of all nonnegative finite Borel measures on X. If p,v €
M;(X), we set

dy (p,v) = inf{e > 0; u(A) < v(A%) + ¢ and v(A) < u(A°) + ¢ for any closed set A},

the Prokhorov metric between p and v. It is well-known (see [5] Appendix A.2.5) that
(Mf(X),dY) is a Polish metric space, and that the topology generated by df is exactly
the topology of weak convergence (convergence against continuous bounded function-
als). When there is no ambiguity on the metric space (X,d~), we may write d, dy, and
dp instead of d¥, d¥ and di. In the case where we consider different metrics on the
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same space, in order to stress that the metric is d*, we will write dfflx and dfﬁx for the
corresponding Hausdorff and Prokhorov metrics. If ® : X — X'’ is a Borel map between
two Polish metric spaces and if p is a Borel measure on X, we will note @, the image
measure on X’ defined by ®,u(A) = u(®~1(A)), for any Borel set A C X.

In this paper, in order to generalize the properties of probability measures on Polish
metric spaces, we will be interested in metric spaces carrying boundedly finite mea-
sures, in the following sense:

Definition 2.2. Let (X,d) be a metric space. A Borel measure is boundedly finite if it
is finite on all bounded Borel sets.

The set of all boundedly finite nonnegative Borel measures on X will be noted M(X).
Let @ be a distinguished element of X, which we will call the root. We will often
consider the closed ball of radius r centered at &

XM ={ze X;d¥(@,z) <r}, (2.2)
and for y € M(X) its restriction p(") to X (")
" (dx) = 1o () p(de). (2.3)

Remark 2.3. The Prokhorov metric could be extended to boundedly finite measures in
the following way. If u,v € M(X), we define a generalized Prokhorov metric between
wand v:

doo(pt,v) = /Ooo e " (1 A dX (u“‘),y(’“))) dr. (2.4)

It is not difficult to check that dfﬁg is well defined (see Lemma 2.8 in a more general
framework) and is a metric. Furthermore (M (X), dé&,) is a Polish metric space, and the
topology generated by dffp is exactly the topology of weak-# convergence (convergence
against continuous bounded functionals with bounded support), see [5] Appendix A.2.6.
Notice that, when X is locally compact in addition of being Polish, then the weak-
# convergence coincides with the classical vague convergence (convergence against
continuous bounded functionals with compact support) on M(X). However, this gen-
eralized Prokhorov distance is not well-suited to combination with the Hausdorff dis-
tance. Therefore, we will use another approach to compare two Polish metric spaces,
endowed with boundedly finite measures, by first comparing balls of finite radius using
the Gromov-Hausdorff-Prokhorov metric on compact metric spaces carrying finite mea-
sures, then integrating over all radii. The topology on boundedly finite measures we
recover will however be the same as the one defined by dgp.

Definition 2.4. ¢ A rooted weighted metric space X = (X, d, &, 1) is a metric space
(X,d) with a distinguished element & € X, called the root, and a boundedly finite
Borel measure (.

« Two rooted weighted metric spaces X = (X,d,o,u) and X' = (X',d', o', ') are
said to be GHP-isometric if there exists an isometric one-to-one map ® : X — X'
such that ®(@) = @’ and . = /. In that case, ® is called a GHP-isometry.

Notice that if (X, d) is compact, then a boundedly finite measure on X is finite and
belongs to /\/lf(X). We will now use a procedure due to Gromov ([11]) to compare any
two compact rooted weighted metric spaces, even if they are not subspaces of the same
Polish metric space.
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2.2 Gromov-Hausdorff-Prokhorov metric for compact spaces

For convenience, we recall the definition of the Gromov-Hausdorff metric, see for
example Definition 7.3.10 in [4]. Let (X, d) and (X’,d’) be compact metric spaces. The
Gromov-Hausdorff distance between (X, d) and (X', d’) is given by

EH((X’ d)a (X/v d/)) = @igil’fZ dg(‘)p(X)a (p/(X/)), (2.5)
where the infimum is taken over all isometric embeddings ¢ : X < Z and ¢’ : X' < Z
into some common Polish metric space (Z,d%). Note that equation (2.5) actually defines
a metric on the set of isometry classes of compact metric spaces.
Now, let us introduce the Gromov-Hausdorff-Prokhorov metric on the class of com-
pact metric spaces. Let X = (X,d, g, ) and X' = (X', d’, @', /') be two compact rooted
weighted metric spaces, and define

Grp(X, &) = inf (d7(®(2), () + dg (P(X), ¥'(X")) + dg (Pups, D)), (2.6)
where the infimum is taken over all isometric embeddings ® : X — Z and &' : X' — Z
into some common Polish metric space (Z,d?).

Note that equation (2.6) actually defines a semimetric, since dgp(X, X’) = 0if X and
X' are GHP-isometric. Therefore, we will consider KK, the set of GHP-isometry classes of
compact rooted weighted metric spaces and identify a compact rooted weighted metric
space with its class in K. Then the function dyp is finite on K2

Theorem 2.5. (i) The function dg, defines a metric on K.
(ii) The space (K, d%p) is a Polish metric space.

This metric (the compact Gromov-Hausdorff-Prokhorov metric) extends the Gromov-
Hausdorff metric on compact metric spaces, see [4] section 7, as well as the Gromov-
Hausdorff-Prokhorov metric on compact metric spaces endowed with a probability mea-
sure, see [12]. See also [10] for another approach.

We end this section by a pre-compactness criterion on K.

Theorem 2.6. Let A be a subset of K, such that

(i) We have sup x g, )e diam (X) < +oo.

(ii) Foreverye > 0, there exists a finite integer N (¢) > 1, such that for (X,d, @, u) € A,
there is an e-net of X with cardinal less than N (g).

(iii) We have sup x g z e H(X) < +00.

Then, A is relatively compact: every sequence in A admits a sub-sequence that con-
verges in the dgyp topology.

Note that we could have defined a Gromov-Hausdorff-Prokhorov metric without ref-
erence to any root. However, the introduction of the root is necessary to define the
Gromov-Hausdorff-Prokhorov metric for locally compact spaces, see next section.

2.3 Gromov-Hausdorff-Prokhorov metric for locally compact spaces

To consider an extension to non-compact weighted rooted metric spaces, we will
consider complete and locally compact length spaces.
We recall that a metric space (X, d) is a length space if for every x,y € X, we have

d(z,y) = inf L(7),
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where the infimum is taken over all rectifiable curves « : [0,1] — X such that v(0) = z
and v(1) = y, and where L(v) is the length of the rectifiable curve v. We recall that
(X,d) is a length space if and only of it satisfies the mid-point condition (see Theorem
2.4.161in [4]): foralle > 0, z,y € X, there exists z € X such that

2d(z, z) — d(x, y)| +[2d(y, 2) — d(z,y)| <e.

Definition 2.7. Let IL be the set of GHP-isometry classes of rooted, weighted, complete
and locally compact length spaces and identify a rooted, weighted, complete and locally
compact length spaces with its class in IL.

If ¥ = (X,d,o,u) € L then for r > 0 we will consider its restriction to the closed
ball of radius r centered at @, X(") = (X, d(") @, u(")), where X (") is defined by (2.2),
where the metric d(") is the restriction of d to X", and where the measure (") is
defined by (2.3). Recall that the Hopf-Rinow theorem implies that if (X, d) is a complete
and locally compact length space, then every closed bounded subset of X is compact.
In particular if X belongs to I, then X(") belongs to K for all r > 0.

We state a regularity lemma of dgyp with respect to the restriction operation.

Lemma 2.8. Let X and ) be two elements of I.. Then the function defined on R, by
r = dggp (XM, Y1) is cadlag.

This implies that the following function (inspired by (2.4)) is well defined on L2

deup(X,Y) = / e " (1 A dGyp (X(T)vy(r))> dr.
0
Theorem 2.9. (i) The function dgyp defines a metric on L.
(ii) The space (L, dgup) is a Polish metric space.
The next result implies that dgyp and dgup define the same topology on K N L.

Proposition 2.10. Let (X,,n € N) and X be elements of K N IL. Then the sequence
(X,,n € N) converges to X in (KK, d%yp) if and only if it converges to X in (IL, dgup).

Finally, we give a pre-compactness criterion on IL. which is a generalization of the
well-known compactness theorem for compact metric spaces, see for instance Theorem
7.4.15 in [4].

Theorem 2.11. Let C be a subset of I, such that for every r > 0,

(i) For every € > 0, there exists a finite integer N(r,c) > 1, such that for any
(X,d, @, ) € C, there is an e-net of X (") with cardinal less than N (r,¢).

(i) We have sup x 4 o ,)ec p(XM) < 4o0.
Then C is relatively compact: every sequence in C admits a sub-sequence that converges
in the dggp topology.
3 Application to real trees coded by functions

A metric space (T, d) is a real tree (or R-tree) if the following properties are satisfied:

(i) For every s,t € T, there is a unique isometric map f;; from [0,d(s,t)] to T such
that f5.(0) = s and f, ,(d(s,t)) =t.

(ii) For every s,t € T, if ¢ is a continuous injective map from [0,1] to 7" such that
q(0) = s and (1) = ¢, then ¢([0, 1]) = f,+([0,d(s,t)]).
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Note that real trees are always length spaces and that complete real trees are the only
complete connected spaces that satisfy the so-called four-point condition:

Va1, 2o, 13,74 € X, d(.]?l, l‘g) + d(l‘3, 1‘4) < (d(ml, $3) + d(.ﬁg, .734)) vV (d(]}h $4) + d(l‘g, xg))
(3.1)
We say that a real tree is rooted if there is a distinguished vertex &, the root of T.

Definition 3.1. We denote by T the set of (GHP-isometry classes of) rooted, weighted,
complete and locally compact real trees, in short w-trees.

We deduce the following corollary from Theorem 2.9 and the four-point condition
characterization of real trees.

Corollary 3.2. The set T is a closed subset of I. and (T, dgyp) is a Polish metric space.

Let f be a continuous non-negative function defined on [0, +o0), such that f(0) =0,
with compact support. We set

ol = sup{t; f(t) > 0},
with the convention sup @ = 0. Let d be the non-negative function defined by

d’(s,t) = f(s)+ f(t) =2 inf  f(u).
u€[sAt,sVt]
It can be easily checked that d/ is a semi-metric on [0,07]. One can define the equiva-
lence relation associated with df by s ~ t if and only if df(s,t) = 0. Moreover, when we
consider the quotient space
T =[0,07],.

and, noting again d’ the induced metric on 7 and rooting 7/ at @7, the equivalence
class of 0, it can be checked that the space (T/,d/, @/) is a rooted compact real tree.
We denote by p/ the canonical projection from [0, /] onto T/, which is extended by
p/(t) = @7 for t > of. Notice that p/ is continuous. We define m/, a Borel measure on
T/ as the image measure on T/ of the Lebesgue measure on [0, of ] by p/. We consider
the (compact) w-tree 7/ = (T7/,d’, @/, m/).

We have the following elementary result (see Lemma 2.3 of [7] when dealing with
the Gromov-Hausdorff metric instead of the Gromov-Hausdorff-Prokhorov metric). For
a proof, see [1].

Proposition 3.3. Let f,g be two compactly supported, non-negative continuous func-
tions with f(0) = g(0) = 0. Then

Gup(TH,T9) <6 f — gllo + |0 — 0. (3.2)

This result and Proposition 2.10 ensure that the map f — 7/ (defined on the space
of continuous functions with compact support vanishing at 0, with the uniform topology)
taking values in (T N K, d&yp) or (T, dgup) is measurable.

4 Gromov-Hausdorff-Prokhorov metric for compact spaces

4.1 Proof of (i) of Theorem 2.5

In this section, we will prove that dfyp defines a metric on K.

First, we will prove the following technical lemma, which is a generalization of Re-
mark 7.3.12 in [4]. Let X = (X,d*, 2%, u¥) and Y = (Y,d¥, 2", uY) be two elements
of K. We will use the notation X LI'Y for the disjoint union of the sets X and Y. We
will abuse notations and note X, uX,@% and Y, Y, @Y the images of X, ¥, 2X and of
Y, ¥, @Y respectively by the canonical embeddings X — X UY andY — X UY.
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Lemma 4.1. Let X = (X,d*, 2% uX)and Y = (Y,d",2",uY) be two elements of K.
Then

drp(X,Y) = inf {d(&™, &) + d4(X,Y) + dp(u™, ")}, (4.1)

where the infimum is taken over all metrics d on X LY such that the canonical embed-
dings X — X UY andY — X UY are isometries.

Proof. We only have to show that

inf {d(&™, 2") + dg(X, V) +dp(u™, p¥) } < dgup(X, D), (4.2)

since the other inequality is obvious. Let (Z,d?) be a Polish space and ®* and ® be
isometric embeddings of X and Y in Z. Let § > 0. We define the following function on
(XUY)2:

dZ (@ (z),®Y (y))+6 ifze X, yey,

d(z,y) = { d¥(x,y) ifz,y € X, (4.3)

d¥ (z,y) ife,yeY.
It is obvious that d is a metric on X U Y, and that the canonical embeddings of X
and Y in X U Y are isometric. Furthermore, by definition, we have d(@X ,@Y) =
d?(®X(@X),®Y (@Y)) + 6. Concerning the Hausdorff distance between X and Y, we
get that

(X, Y) < df (X (X), 2V (Y)) + 0.

Finally, let us compute the Prokhorov distance between pX and Y. Let e > 0 be
such that dZ (®X X, ®Y 1Y) < . Let A be a closed subset of X LY. By definition,

pX(A) = pX (AN X) = & p (¥ (AN X))
<®YuY({z €2, d%(2, X (AN X)) <e}) +e¢
=0 Y ({z € ®Y(Y), d?(2, X (AN X)) <e}) +¢
<pX({yeY, dy,AnNX)<e+6})+e
< ({yeXUY, d(y,A) <e+d}) +e.

The same result holds for (X,Y) replaced by (Y, X) and therefore we get d(u~,uY) <
€ 4+ 9. This implies
dp(p™, 7)) < df(@F X el pY) + 0.

Eventually, we get
d(2™,2") + dh(X,Y) + di(u™, 1Y)
< d7(@X (%), 0V (7)) + dif (@ (X), ¥ (Y)) + di (D3 ™, @Y p¥) + 36.
Thanks to (2.6) and since § > 0 is arbitrary, we get (4.2). O

We now prove that dfyp does indeed satisfy all the axioms of a metric (as is done in
[4] for the Gromov-Hausdorff metric and in [12] in the case of probability measures on
compact metric spaces). The symmetry and positiveness of dgyp being obvious, let us
prove the triangle inequality and positive definiteness.

Lemma 4.2. The function d¢y, satisfies the triangle inequality on K.
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Proof. Let Xy, X, and X3 be elements of K. Let us assume that dgyp(X;, Xz) < r; for
i € {1,3}. With obvious notations, for i € {1,3}, we consider, as in Lemma 4.1, metrics
d; on X; U Xs. Let us then consider Z = X; U X5 LU X3, on which we define

. . . 2 .
d(o.y) = {dz(%y) if 2,y € (X; U X,)? fori € {1,3}, @)

inf,ex,{di(x,2) +ds(z,y)} ifzeXi,ye Xs.

The function d is in fact a metric on Z, and the canonical embeddings are isometries,
since they are isometries for d; and ds. By definition, we have

dd (X, X3) = ( sup inf d(wl,xg)) Y% ( sup inf d(xhxg)) .

z1€X,; ¥3€X3 z3€X3 T1€X1

We notice that
sup inf d(xy,z3) = sup inf dy (21, x2) + d3(z2, x3)
z1€X; T3€X3 z1€X, T2€X2, z3€X3

S dgll (Xl,XQ) —+ 1nf d3($2,$3)

T2€X2, x3€X3

< d¥ (X1, Xa) + d¥ (Xo, X3).

Thus, d (X1, X3) < d& (X1, Xa) + d (Xa, X3).
As far as the Prokhorov distance is concerned, for i € {1,3}, let £; be such that
dgi (s, ph2) < ;. Then, if A C Z is closed,

p1(A) = (AN Xy) < o
< peo
< k3
< p3

{reXiUXs, di(z, ANX))<e1})+e1

AN X))+ e

{r € X3U Xo, ds(z, A" N Xy) <e3})+e1 +e3
ATFE) gy + g3,

—~ o~~~

where A° = {z € Z, d(z,A) < ¢}, fore = &1 and € = ;1 + 3. A similar result holds with
(p1, p3) replaced by (us, p11). We deduce that d&(p, u3) < €1 + €3, which implies that

dg(/’[’h /’L3) S dgl (,U/ly /12) + dgs (/.1/2, /,13)
By summing up all the results, we get

d(21, D3) + d5 (X1, X3) + de(p1, pz) < Z A% (24, @2) + df (X, Xo) + dy (p1:, p2).-
i€{1,3}
Then use the definition (2.6) and Lemma 4.1 to get the triangle inequality
dgup(X1, X3) < dgup(X1, X2) + dgpp(Xa, Xs).
O
This proves that d§yp is a semi-metric on K. We now prove the positive definiteness.

Lemma 4.3. Let X,) be two elements of K such that dgyp(X,)) =0. Then X =) (as
GHP-isometry classes of rooted weighted compact metric spaces).

Proof. Let X = (X,d*, %, p*)and Y = (Y,d¥, oY, 1Y) in K such that d5yp(X,Y) = 0.
According to Lemma 4.1, we can find a sequence of metrics (d",n > 1) on X LY, such
that

d"(@%, @) + dy(X,Y) + dp (™, 1) < e, (4.5)
for some positive sequence (¢,,,n > 1) decreasing to 0, where df and d} stand for dfy’
and di". For any k > 1, let Sy be a finite (1/k)-net of X, containing the root. Since X is
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compact, we get by Definition 2.1 that S, is in fact an (% —¢)-net of X for some § > 0.
Let Ni + 1 be the cardinal of S;,. We will write

Sk = {20k = T, T1 ks 0y TNk}
Let (V; x,0 < i < Nj) be Borel subsets of X with diameter less than 1/k, that is

sup  d¥(z,z’) < 1/k,
z,x' €V k

such that U0<i<Nk Vix = X and for all 0 < i,4’ < N, we have V; (Vi = @ and
ik € Vi if Vi # 2. We set

N
i (dw) =3 (Vi) . (d),
i=0
where §,/(dz) is the Dirac measure at z’. Notice that

di (X,5,) <~ and dp (i, p™) <

T =
T =

We set yor = y(ik, = oY, By (4.5), we get that for any £ > 1,0 < ¢ < Ny, there
exists y;", € Y such that d"(xiyk,ygfk) < €,. Since Y is compact, the sequence (yfk,n >
1) is relatively compact, hence admits a converging sub-sequence. Using a diagonal
argument, and without loss of generality (by considering the sequence instead of the
sub-sequence), we may assume that for £ > 1,0 < ¢ < Ng, the sequence (kaa” >1)
converges to some y; , € Y.

For any y € Y, we can choose © € X such that d"(z,y) < &, and i,k such that
d* (x, ;) < + —0. Then, we get

—§ + 2¢,.

> =

d" (y, i) = d™(y, yi) < d™(y, x) + d¥ (2, 2i5) + d" (@i g, Y1) <

Thus, the set {y];,0 < i < Ny} is a (2¢, + 1/k — §)-net of Y, and the set S} = {yi,0 <
i < Ny} isan 1/knetofY.
Ifk, k' >1and 0 <i < N.,0 < < Ny, then we have

A" (Yige, yir ) < A (Yl Yik) + A e Y o) + A (Y s i i)
< dY(y?,m Yik) + dy(y?f,ku Yir k) + 260 + dX(l‘i,k, Ty ),

and, since the terms d(y;';,vix) and d(yj, ;. ¥ k) can be made arbitrarily small, we
deduce

AYi ks Yir o) < d(Ti ks, Tir )

The reverse inequality is proven using similar arguments, so that the above inequality
is in fact an equality. Therefore the map defined by ®(z; ) = (y;x) from Ui>; Sy onto
UkzlS,f is a root-preserving isometry. By density, this map can be extended uniquely to
an isometric one-to-one root-preserving embedding from X to Y which we still denote
by ®. Hence the metric spaces X and Y are root-preserving isometric.

As far as the measures are concerned, we set

Nk Nk
Y.n
=Y (Vig)dyp, and ol = X (Vig)dy, ..
=0 =0
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By construction, we have d{;(ug’”, px) < e,. We get

Y, Y,
dy (pg, 1" = dy (g 1) < dp (g i, ™) +dp (" i) + X (i, 15) + dp (0, 1Y)

1
<y (i ")+ En o+ L T
Furthermore, as n goes to infinity, we have that d%,/(u{, Mz”) converges to 0, since the
y;'x, converge towards the y; . Thus, we actually have

dp (uf, ") < 1/k.

This implies that (u} ,k > 1) converges weakly to x¥. Since by definition p) = @,y
and since ® is continuous, by passing to the limit, we get u¥ = ®, 1. This gives that X
and )Y are GHP-isometric. O

This proves that the function dg,, defines a metric on K.

4.2 Proof of Theorem 2.6 and of (ii) of Theorem 2.5

The proof of Theorem 2.6 is very close to the proof of Theorem 7.4.15 in [4], where
only the Gromov-Hausdorff metric is involved. It is in fact a simplified version of the
proof of Theorem 2.11, and is thus left to the reader.

We are left with the proof of (ii) of Theorem 2.5. It is in fact enough to check that if
(X,,n € N) is a Cauchy sequence, then it is relatively compact.

First notice that if (Z,d?) is a Polish metric space, then for any closed subsets
A, B, we have d%(A, B) > |diam (A) — diam (B)|, and for any u,v € M;(Z), we have
d%(u,v) > |u(Z) — v(Z)|. This implies that for any elements of K, X = (X,d*, 2%, u)
and Y = (Y,d¥, oY v),

Cap(X,Y) > |diam (X) — diam (V)| + |u(X) — v(Y)]. (4.6)
Furthermore, using the definition of the Gromov-Hausdorff metric (2.5), we clearly have
Aeup(X, V) > dgu((X,d¥), (Y, d")). (4.7)

We deduce that if A = (&,,,n € IN) is a Cauchy sequence, then (4.6) implies that
conditions (i) and (iii) of Theorem 2.6 are fulfilled. Furthermore, thanks to (4.7), the
sequence ((X,,d*"),n € IN) is a Cauchy sequence for the Gromov-Hausdorff metric.
Then point (2) of Proposition 7.4.11 in [4] readily implies condition (ii) of Theorem 2.6.

5 Extension to locally compact length spaces

5.1 First results

First, let us state two elementary lemmas. Let (X, d, &) be a rooted metric space.
Recall notation (2.2). We set

X ={z e X; d@* z)=r}.

Lemma 5.1. Let (X,d, @) be a complete rooted length space and r,e > 0. Then we
have, forall 6 >0
X(r+5) c (X(T))€+5.

Proof. Let x € X("+$)\ X(") and § > 0. There exists a rectifiable curve ~ defined on [0, 1]
with values in X such that v(0) = @ and (1) = «, such that L(vy) < d(&,z) 4+ < r+e+90.
There exists t € (0, 1) such that v(¢) € 9,X. We can bound d(v(¢), z) by the length of the
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fragment of 7 joining 7(¢) and z, that is the length of v minus the length of the fragment
of v joining @ to v(t). The latter being equal to or larger than d(@X,~(t)) = r, we get

d(y(t),z) < L(y) —r <e+4.

Since v(t) € X", we get = € (X(T'))EM. This ends the proof. O
Lemma 5.2. Let X = (X,d, &, ) € L. Foralle > 0 and r > 0, we have
%HP(X(T)’X(T-&-s)) <e+ M(X(H-E) \X(T)).

Proof. The identity map is an obvious root-preserving embedding X (7 < X("+¢) Then,
we have
dp(X ), X)) <y (X, X)) 4 dp (), pu9).

Thanks to Lemma 5.1, we have dy (X (), X(+2)) < ¢,
Let A C X be closed. We have obviously ;") (A4) < u("*¢)(A). On the other hand, we
have

P+ (A) < p(A) + p(AN (XN X)) < 0 (4) 4 (X0 X0),
This proves that dp(u(™), u("+9)) < u(X "+ \ X)), which ends the proof. O
It is then straightforward to prove Lemma 2.8.

Proof of Lemma 2.8. Let X = (X,d*, 2% uX)and Y = (V,d¥, @Y, ") be two elements
of IL. Using the triangle inequality twice and Lemma 5.2, we get for »r > 0 and € > 0,

|dGup(X ), V) = dp(X T, YIFN)| < dgp(X T, X)) + g (V) YIF))
< 26+ p X (XCFINXO) 4V (Y HD YO,

As ¢ goes down to 0, the expression above converges to 0, so that we get right-continuity
of the function 7+ d&p (X, Y1),

We write X("~) for the compact metric space X" rooted at @ along with the
induced metric and the restriction of 4 to the open ball {z € X; d¥(2X,z) < r}. We
define Y("~) similarly. Similar arguments as above yield, for r > ¢ > 0,

|dep (X7, Y07)) — dgp(X 72 Yr=e)))|
< dgp(X U, X079) 4+ g (Y, YrT))
<2+ pX{zeX, r—e<d @) <r)+p ({yeY, r—ec<d (@¥,y) <r}).

As € goes down to 0, the expression above also converges to 0, which shows the exis-
tence of left limits for the function r ~ d&yp(X™), Y(). O

The next result corresponds to (i) in Theorem 2.9.
Proposition 5.3. The function dggp is a metric on L.

Proof. The symmetry and positivity of dgup are obvious. The triangle inequality is not
difficult either, since d§yp satisfies the triangle inequality and the map 2 — 1 A z is
non-decreasing and sub-additive.

We need to check that dgyp is definite positive. To that effect, let X = (X, d*, o%, i)
and Y = (Y,d¥, @Y, v) be two elements of I such that dgup(X,)) = 0. We want to prove
that X and ) are GHP-isometric. We follow the spirit of the proof of Lemma 4.3.
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By definition, we get that for almost every r > 0, d&yp(X(™, Y() = 0. Let (r,, n > 1)
be a sequence such that 7, T oo and such that for n > 1, d&p(X™), Y()) = 0. Since
d&yp is @ metric on I, there exists a GHP-isometry ®" : X (™) — Y("») for every n > 1.
Since all the X are compact, we may consider, for n > 1 and for k£ > 1, a finite 1/k-net
of X (™) containing the root:

n o _ n  _ X ,.n n
Si=Aa0, =27, @ gy TRp kT

Then, ifk > 1,n > 1,0 <i < N7, the sequence ((I)j(x;fk), j > n) is bounded since the ®7
are isometries. Using a diagonal procedure, we may assume without loss of generality,
that for every k > 1, n > 1, 0 < ¢ < NJ?, the sequence (@j(xﬁk), j > n) converges to
some limit y7'; € Y. We define the map ® on S :=J,,5; ;> Sy taking values in Y by

(I)(ka) = yznk

Notice that ® is an isometry and root-preserving as ®(@~) = @Y (see the proof of
Lemma 4.3). The set ®(S}) is obviously a 2/k-net of Y (™), so that ®(S) is a dense
subset of Y. Therefore, the map ® can be uniquely extended into a one-to-one root
preserving isometry from X to Y, which we will still denote by ®. It remains to prove
that ® is a GHP-isometry, that is, such that v = ®, .

Forn > 1, k > 1,1et (V/}, 0 <i < N{') be Borel subsets of X (™) with diameter less
than 1/k, such that Jo<,<y, Vi% = X™) and such that for all 0 < i,i’ < N, we have
V.MV, =9 and ) € V] if V) # 9. We then define the following measures:

N7 Ni
//;3 = ZM( i?k)(sl‘?,k and V’? = ZM(Vi?fk)éka.
i=0 =0

Let A C X be closed. We obviously have u'(A) < pu(™)(AY/k), and p(™)(A) < pp(AVF)
that is )

dp (it ") < (5.1)
For any n > 1, k > 1, we have by construction v} = ®, 7 and p(rn) = ¢1u(7-n) for any

j > n > 1. We can then write, for j > n,

dlz—’/(ylrclv V(Tn)) = dlg/(cb*/lz, CI)?';M(T"))
< dy (Rupupt, @Lp) + dy (DLpf, BLu))

< dy (Pupp, ®Lpp) + e

where for the last inequality we used d} (®7puy, ®Lu()) = d (uf, (™)) and (5.1). Since
the two measures ®, ;' and @7y} have the same masses distributed on a finite number
of atoms, and the atoms ®’ (:cgfk) of @ .} converge towards the atoms y;'y of @upy, we
deduce that

lim dY (@, ®Lpp) = 0.

Jj—+oo
Hence, (u,’;,k > 1) converges weakly towards plra), According to (5.1), the sequence
(1}, k > 1) converges weakly to u("»). Since we have v} = ®,u? and ® is continuous,
we get v("n) = &, (™) for any n > 1, and thus v = ®, . This ends the proof. O

We are now ready to prove Proposition 2.10. Note that we will not use (ii) of Theorem
2.9 in this section as it is not yet proved.
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Proof of Proposition 2.10. By construction, the convergence in IKNL for the dgyp metric
implies the convergence for the dfy, metric. We only have to prove that the converse
is also true.

Let X = (X,dX,o,u)and X, = (X,,,d*", @,, u,) be elements of KNI and (g, n € IN)
be a positive sequence converging towards O such that, for all n € IN,

Aéup(Xn, X) < en.

Using Lemma 4.1, we consider a metric d" on the disjoint union X,, L/ X, such that we
have for n € IN, and writing dj; and d respectively for df; and di",

d"(Dn, @) + diy (X, X) + dp (pin, p) < €.

If , € X,(f), by definition of the Hausdorff metric, there exists x € X such that
d™(zp,x) < dj(X,,X). Then

d"(@,x) < dY(D, D) + d" (D, 2pn) + d"(@n,x) < (D, D) +r +dij(Xn, X) <1 +ep.

We get that z belongs to X("*+<) for some gl < &, and thus, according to Lemma
5.1, it belongs to (X())®», since X is a complete length space. Therefore we have
X" ¢ (XM= Similar arguments yield X ¢ (X{)%». We deduce that

dip(X, X <e,. (5.2)
If AC X,,UX is closed, we may compute

P (A) = 1 (AN X)) < (A% 0 (X)) + 2
HO(A) + (X)X D) + e,
HO(A) + p(X U220\ XO) e,

IN

+
+

IN

since (X)) c (X(M)2n ¢ X(r+2e0) | Similarly,

M(T)(A) <u(ANn X(T*QE")) + /i(X(T) \X(T725"))
< pin (AT O (XOT2)E0) 4 (X0 X072 e
< M%r)(AEn) + M(X(T) \X(T—an)) +en,

since (X" "%*"))en ¢ X, Hence, we finally deduce

AR (), 1) < g + p(X )\ X =280y
This and (5.2) yield
Aeprp (X, X)) < 3G (X, X) + p(X H250) \ X (r=260)y

Therefore, if (9, X) = 0, we have lim,_, | o dSup(X\"”, X)) = 0. Since 1 is by definition
a finite measure, the set {r > 0, ©(0,X) # 0} is at most countable. By dominated
convergence, we get lim,,, - dgup (X, X) = 0. O

In order to prove Theorem 2.11 on the pre-compactness criterion, we will approx-
imate the elements of a sequence in C by nets of small radius. The following lemma
guarantees that we can construct such nets in a consistent way. We use the convention
that X" = g if r < 0. In the sequel, if » > 0 and k& > 0, we will often use the notation
A, (X) for the annulus X () \ X(r=2"")
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Lemma 5.4. If ¥ = (X,9,d, u) € L satisfies condition (i) of Theorem 2.11, then for any
k, € N, there exists a 2~ *-net of the annulus Ay« ;,(X) = X2\ X (=127 with at
most N (¢27% 27F=1) elements.

Proof. Let S’ be a finite 2~%~1-net of X“2™") of cardinal at most N (¢£2=%, 2-%=1). Let
5" be the set of elements x in S’ N A_1)2-# 41 (X) such that there exists at least one
element, say y,, in Ay« (X) at distance at most 27%~! of z. The set

(8" N A ) | JH{yer 2 € 9"}
is obviously a 2~*-net of Ayy-« ;(X), and its cardinal is bounded by N (¢27%,27%=1). O

5.2 Proof of Theorem 2.11

Note that we will not use (ii) of Theorem 2.9 in this section as it is not yet proved.

The proof will be divided in several parts. The idea, as in [4], is to construct an
abstract limit space, along with a measure, and to check that we can get a convergence
(up to extraction). Let (X,,,n € IN) be a sequence in C, with X,, = (X,,,d*", @,,, u,,). For
¢,k € N, we will write ¢, for £27%.

5.2.1 Construction of the limit space.

Let £,k € IN. Recall that, by Lemma 5.4, we can consider &y, , a 27%=lnet of the
annulus Ay, 1(X,,) with at most N (¢;,27%~2) elements. In order to have a finer sequence
of nets, we will consider

S;lkk = U (Afk,k(Xn) N 6?&2;&}2,,‘“/,”) .
0<k'<k

By construction S , is a 27%~!-net of Ay, j(X,,) with cardinal at most

k
N(l,2772) = 3" N([6:2 727 27K =2).
k’=0

Let Uy = {(k,£,1);0 < i < N(y,27%"%)} and U = Upengen Ur.k- We number the
elements of Sy, , in such a way that

Si U {@,} =A{xy, u=(k,4,9),u € U x}, (5.3)
where (z1',u € U) is some sequence in X,, and x?um = @,. Notice that S’ ; is empty
for ¢, large if X, is bounded. For u,u’ € U, we set

dﬁ,u’ = dX” (.173, 952')

Notice that the sequence (d&u,,n € IN) is bounded. Thus, without loss of generality
(by considering the sequence instead of the sub-sequence), we may assume that for
all u,u’ € U, the sequence (dj, ,,,n > 1) converges in R to some limit d, ... We then
consider an abstract space, X' = {z,,u € U}. On this space, the function d defined by
(Ty, Ty ) > dy is @ semi-metric. We then consider the quotient space X’/ ~, where
Ty ~ 2y if dy . = 0. We will denote by z,, the equivalent class containing z,. Notice
that dy . = 0 for any v = (k,¢,0) and «' = (k¥',¢,0) elements of U and let @ denote
their equivalence class. Finally, we let X be the completion of X’/ ~ with respect to the

metric d, so that (X, d, @) is a rooted complete metric space.
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5.2.2 Approximation by nets

We set

+
Uék7k_ U Ujo—k i
0<j<e

n,+ n _ n +
S = U Shovp = el ue U 1}
0<j<t
+ +
Sek’k ={z,,u € ng7k}.

By construction 5, is a 2%~ L-net of X\*) and 5"} C S;'",, as wellas S; , € S .,
k) b k/ b ol k/!
for any k < k' and ¢, < ¢,.

Remark 5.5. Also, v € U\Uzrk_k, either 2" = &,, or d*"(2,,z") > {; and either z, = @
ord(&,x,) > . Notice that the former inequality is strict but the latter is not.

A correspondence R between two sets A and B is a subset of A x B such that the
projection of R on A (resp. B) is A (resp. B). It is clear that the set defined by

,+
szk = {(IZa

Ty),u € Ue-:,k} (5.4)

is a correspondence between S;IJC and SZC - The distorsion 4, (¢, k) of this correspon-
dence is defined by

S (L, k) = sup{|d™n (af, 27hy) — d(@o, )]s w0’ € UL L} (5.5)
Notice that for £ < k&’ and ¢;, < ¢,,, we have
O (Ui, k) < 6, (L4 K. (5.6)
Since U[':y,g is finite, for all ¢, k € IN, we have by construction lim,, , ; ~ 9, (¢x, k) = 0.
Lemma 5.6. The set S, , is a 27 "-net of X(*).

Proof. Let 2 € X(*). There exists v = (k',#,j) € U such that d(z,z,) < 27*3. Notice
that d(@,z,) < {, + 2753, We may choose n large enough, so that 4, (¢ V £}, k V
k') < 27k3 As a? € S,Z:j%“kvk,, we have |d*"(@,,2") — d(2,x,)| < 27%~3 and thus
d*X"(2,,2") < €x +27%~2, Thanks to Lemma 5.1 and since X, is a length space, we get
that 2" belongs to (X\*))27" 7", As Sy is a 27"~ 1net of X*), there exists u € Ul &
such that dX» (27, 27) < 27%=1 4+ 27%=2_ Furthermore, we have that 7 and =" belongs
to S;:jz;c,,kvk" We deduce that
d(z,2,) < d(x, ) + d(@e, 2y) <2773 46, (0, V L KV E) + d5n (27, 27) < 278,
This gives the result. O
We give an immediate consequence of this approximation by nets.
Lemma 5.7. The metric space (X,d) is a length space.

Proof. The proof of this lemma is inspired by the proof of Theorem 7.3.25 in [4]. We
will check that (X, d) satisfies the mid-point condition.

Let k € IN and z,2’ € X. According to Lemma 5.6, there exists ¢ € IN large enough
and u,u’ € U, , such that d(z,z,) < 27" and d(z’,z,/) < 27*. For n large enough, we
get that 6, (¢, k) < 27*. Since (X,,,d*") is a length space, there exists z € X,, such that

12d%7 (2, 27) — dXn (a7, 27)| + |2dX7 (2, 27)) — dXn (2, 27)| < 27°F,

EJP 18 (2013), paper 14. ejp.ejpecp.org
Page 16/21


http://dx.doi.org/10.1214/EJP.v18-2116
http://ejp.ejpecp.org/

Gromov-Hausdorff-Prokhorov distance on locally compact spaces

There exists v’ € U, , such that d*~ (a7, z) < 27*. Then, we deduce that

12d (., x) — d(z, ") |+|2d(xyr, 7)) — d(z, 2")]
<4d(z,xy,) + 4d(2, x0) + [2d(2yrr, T) — d(T4yy Ty )|
+ |12d(@yrry T ) — A(Tyyy Topr)|
<8-27F 4+ 66, (L, k) + 2% (2, 2l)) — d¥ (2, 2lh)|
+ [2d%n (27, 2™) — d5n (27, 2|

u''s !
<19-27%.

Since k is arbitrary, we get that (X, d) satisfies the mid-point condition and is therefore
a length space. O

5.2.3 Approximation of the measures

Let (V",u € Uy, 1) be Borel subsets of Ay, 1(X,,) with diameter less than 27* such that
Uuewk,k Vb = Ay, x(Xy) and for all u, v’ € Uy, , we have V)V = @ and 2} € V' as
soonas V) # &. Weset Us, 1, = U sen Ut and we consider the following approximation
of the measure u,:

Hn,k = Z tn (Vi)' )0z

UGUOC,]C

Notice that uﬁf’;) = uev,, , Hn(Vi)0zn. The measures u, j are boundedly finite Borel

measures on X,,. It is clear that the sequence (u, i,k € IN) converges in the weak-#

sense towards 4, as k goes to infinity, since we have for any r € IN, d4" " (ug’i, ug)) <

2%, On the limit space X, we define

Vo= Y (V) and vi%h = N (V..

u€Uco 1 u€Ue, .k

Notice that uﬁ,’;} < u(z’,;') but they may be distinct as ur(f’,;

n,
+
(E+1)g,
Let us show that the sequence (v, i,k € IN) converges, up to an extraction, towards

a boundedly finite measure v on X. For m € 2-FIN, we have

) may have some atoms on 9y, X

which are in S & but not in Sjk i as indicated in Remark 5.5.

V(X)) = 3" 1 (Vi) Laau,oyzmy < > Hn(Va)laxn (on,0,) <messn (mik)}
uEU, i UEU oo,k

< ’un(Xr(lm-i-én(mak)-&-T’“))7 (5.7)

where for the first inequality we used (5.5). Recall that for all /,k € IN, we have
limy, s 400 0n(fi, k) = 0. We define 1, = d,,(k, k). Using a diagonal argument, there
exists a sub-sequence (ng, k € IN) such that

ne <278 (5.8)

By (5.6), we have 6,, (m, k) < n; for k > m. Thanks to property (ii) of Theorem 2.11, we
get that pu,, (X, )™+ (mm+27") js uniformly bounded in k € IN for m fixed. From the
classical pre-compactness criterion for weak-# convergence of boundedly finite mea-
sures on a Polish metric space (see Appendix 2.6 of [5]), we deduce that there exists an
extraction of the sub-sequence (ng,k € IN), which we still note (ng,k € IN), such that
(Uny ks k € IN) converges in the weak-# sense towards some boundedly finite measure v

EJP 18 (2013), paper 14. ejp.ejpecp.org
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on X. This implies the weak convergence of the finite measures (VT(;)‘,C, k € IN) towards

v(") as soon as (8, X) = 0. Since v is boundedly finite, the set
A, ={r>0; 1(8,X) > 0} (5.9)

is at most countable. Thus, we have lim,,_, 4 dp(v",, (") = 0 for almost every r > 0.

ng,k’

5.2.4 Convergence in the Gromov-Hausdorff-Prokhorov metric.

We set X = (X,d,d,v). Notice that X € L thanks to Lemma 5.7. We will prove that
dgup (X, , X) converges to 0.
Let r > 0. For any k € IN, set ¢ = [2¥7] and recall ¢, = 27%[2*r]. We set

i = (S a2, ulY), 2 = (SE . doo i) and W = (X, d, 2,0,
The triangle inequalities give
dup(X, XY < Bl + B2 + B} + B) + BY + BS, (5.10)
with
B’}L = dgnp (Xrgr)»xr(zek)) ) B?«L = dgup (Xr(fk)ﬂyl?) ) Bi = dgup (Vi 21
Bf = i (Z1V0), Bl = digp (Wi, X)), BS = deggp (2, 20))).
Lemma 5.2 implies that

Bl = ey (X0, 2() < 27 (X X00). G0

Since SZCZ isa 2% l.pet of Xf;’c and by definition of p, x,
di " (X, 530y <278 and df " (), gl ) <278
5 Ly .k
By considering the identity map from SZCJ,; to X (), we deduce that

B} = dgyp (Xée’“),y,?) < 9 kHL (5.12)

Recall the correspondence (5.4). It is easy to check that the function defined on
2
n,+ +
(S usi.) by

dXn (y, 2) ify,ze SZ;:;’
dn(yvz) = d(y,z) if Y,z € Szl_mk’
inf{d*" (y,9/) + d(z,2') + $6u(lr, k); (v, 2") € RS} fye Syl z€ 857 ,
(5.13)
is a metric. For this particular metric, we easily have d,,(9,, ) < % On (i, k) as well as
1 1
A (Si s Si0) < 50a (b k) and dg (uy's) vih) < 266 k).
We deduce that 3
BY = i OF 1) < S0l ). (5.14)
Since S , is a 2~ *-net of X, thanks to Lemma 5.6,
B} = déup (2R, W) < 27, (5.15)
EJP 18 (2013), paper 14. ejp.ejpecp.org
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Concerning B>, we only need to bound the Prokhorov distance between I/T{LZ;;} and

n’

uff’;c). Recall that uff,‘;} < u(z’,‘;) and that Vﬁf‘;;) may differ only on 0y, X. If A is closed,

v (A) < w1 (4) and 1 (A) < v (A) + v k(00,20
Recall (5.9). Let p(r) > r 4+ 3 such that p(r) € A, and
en e = 2dp (), 1P0), (5.16)
Since ¢, < r +27F,

Vo k(00 X) < (00, X)) + g < p(X T2 Hona\ X O=2nb)y gy

We deduce that

BS = d&yp (W,?, X“k)) < (X2 e\ X =20y g (5.17)

Lemma 5.2 and the fact that X is a length space gives

BS = d&up (X“k’, X(”) <27F p (xRN X M), (5.18)

Putting (5.11), (5.12), (5.14), (5.15), (5.17), (5.18) in (5.10), we get

dep (X7, X)) <5278 4 (XX
3 _
+ 500 (b ) + p(XOH2 e\ X =260y g 4 (X8 X)) (5.19)

We give a more precise upper bound for ,un(Xffk)\Xr(f)). Using arguments similar to
those used to get (5.7), we find

n(XSNXL) < i (X)) = o (X 270)

<u, k(X(ekJrén(ek,k)Jrz—k)) —u, k(X(eran(ek,k)fz;.z—’“))'

For k > r+ 1, we have 6, (¢x, k) < d,(k, k) thanks to (5.6). Then, using the sub-sequence
(ng, k € IN) defined at the end of Section 5.2.3 with (5.8),

P (Xflik)\X’r(L;)) < Vnk}k(X(zk-"_QQik)) _ Vnk,k(X(ek_s‘Qik))

< V(X(Zk+2'2_k+5"k’k)) _ V(X(fkff)-Q_k*Enk,k)) + 260, k-

Note that the sub-sequence (ny, k € IN) does not depend on r: it is the same for all » > 0.
Using (5.19), we get for k > r + 1:

r
Nk

dE;HP(X( )’ X(T)) <5 9~k + gnk 4 QV(X(ZR:+2_k+5n,,k)\X(‘ek*5'2_k*2€n,k)) 4 35nk,k-
As limy_, oo O, = r and limy_, 4 €5,k = 0, we get using (5.8), that forr ¢ A4,,

lim  dggp(X7, X)) = 0.

k—+o0 e
By dominated convergence, we get that limy_, 1o doup(Xn,,X) = 0. Thus we have a

converging sub-sequence in C.
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5.3 Proof of (ii) of Theorem 2.9
We need to prove that the metric space (I, dgup) is separable and complete.

Lemma 5.8. The metric space (I, dgup) is separable.

Proof. We can notice that the set K N L is dense in (L, dgnp), since for X € L and
for all » > 0 we have X" ¢ K and dGHp(X(T),X) < e™". Every element of K can be
approximated in the dgyp topology by a sequence of metric spaces with finite cardinal,
rational edge-lengths and rational weights. Hence, (K N L, d&yp) is separable, being a
subspace of a separable metric space. According to Proposition 2.10, (K NI, dgup) is
also separable. As KNI is dense in (I, dgup), we deduce that (I, dgyp) is separable. O

Lemma 5.9. The metric space (IL, dgyp) is complete.

Proof. Let (X,,n € N), with X,, = (X,,,d*", 3, u,), be a Cauchy sequence in (I, dgup).
It is enough to prove that it is relatively compact. Thus, we need to prove it satisfies
condition (i) and (ii) of Theorem 2.11.

Assume there exists ry € Ry such that sup,,¢p un(X,(fO)) = +o00. By considering a
sub-sequence, we may assume that lim,,_, 1 o un(Xr(fO)) = +oo. This implies that for any
r > 1o, limy, 100 un(Xr(f)) = +o00. Thus, we have for any m € NN,

+oo
li - (1/\‘nX(T)— (X Dd > e
Jm e pn (X)) = pn (X)) | ) dr = e
Then use (4.6) to get that (X,,,n € IN) is not a Cauchy sequence. Thus, if (X,,,n € IN) is
a Cauchy sequence, then (ii) of Theorem 2.11 is satisfied.
Let gy (r) = sy (XS, dX7), (X5, dX5)). On the one hand, use (4.7) to get

+oo

lim / e " (1A gnm(r)) dr=0. (5.20)
min(n,m)—+oc0 Jq

On the other hand, using (4.7) and Lemma 5.2, and arguing as in the proof of Lemma

2.8, we get that for any r,e > 0,

‘gn,m,(r) - gn,m(r + 5)| S 25-

This implies that the functions g, ,, are 2-Lipschitz. We deduce from (5.20), that for all
7 > 0, iMin(n,m)—+o0 9n,m(r) = 0. Thus the sequence ((Xff), dXv(f)),n € IN) is a Cauchy
sequence for the Gromov-Hausdorff metric. Then point (2) of Proposition 7.4.11 in [4]
readily implies condition (i) of Theorem 2.11. O
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