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Abstract: We consider the critical spread-out contact process in Z¢ with d > 1, whose infection range
is denoted by L > 1. The two-point function 7¢(z) is the probability that = € Z? is infected at time ¢
by the infected individual located at the origin o € Z% at time 0. We prove Gaussian behaviour for the
two-point function with L > Ly for some finite Ly = Lo(d) for d > 4. When d < 4, we also perform a
local mean-field limit to obtain Gaussian behaviour for 7,,(z) with ¢ > 0 fixed and T" — oo when the
infection range depends on T in such a way that Ly = LT? for any b > (4 — d)/2d.

The proof is based on the lace expansion and an adaptation of the inductive approach applied to
the discretized contact process. We prove the existence of several critical exponents and show that they
take on their respective mean-field values. The results in this paper provide crucial ingredients to prove
convergence of the finite-dimensional distributions for the contact process towards those for the canonical
measure of super-Brownian motion, which we defer to a sequel of this paper.

The results in this paper also apply to oriented percolation, for which we reprove some of the results
in [20] and extend the results to the local mean-field setting described above when d < 4.
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1 Introduction and results

1.1 Introduction

The contact process is a model for the spread of an infection among individuals in the d-dimensional
integer lattice Z¢. We suppose that the origin o € Z? is the only infected individual at time 0, and that
every infected individual may infect a healthy individual at a distance less than L > 1. We refer to this
model as the spread-out contact process. The rate of infection is denoted by A, and it is well known that
there is a phase transition in A (see e.g., [22]).

Sakai [26, 27] has proved that when d > 4, the sufficiently spread-out contact process has several
critical exponents which are equal to those of branching random walk. The proof by Sakai uses the
lace expansion for the time-discretized contact process, and the main ingredient is the proof of the so-
called infrared bound uniformly in the time discretization. Thus, we can think of his results as proving
Gaussian upper bounds for the two-point function of the critical contact process. Since these Gaussian
upper bounds imply the so-called triangle condition in [3], it follows that certain critical exponents take
on their mean-field values, i.e., the values for branching random walk. These values also agree with the
critical exponents appearing on the tree. See [22, Chapter 1.4] for an extensive account of the contact
process on a tree.

Recently, van der Hofstad and Slade [20] proved that for all » > 2, the r-point functions for sufficiently
spread-out critical oriented percolation with spatial dimension d > 4 converge to those of the canonical
measure of super-Brownian motion when we scale space by n'/2, where n is the largest temporal compo-
nent among the r points, and then take n T co. That is, the finite-dimensional distributions of the critical
oriented percolation cluster when it survives up to time n converge to those of the canonical measure
of super-Brownian motion. The proof in [20] is based on the lace expansion and the inductive method
of [19]. Important ingredients in [20] are detailed asymptotics and estimates of the oriented percolation
two-point function. The proof for the higher-point functions then follows by deriving a lace expansion for
the r-point functions together with an induction argument in r.

In this paper, we prove the two-point function results for the contact process via a time discretization.
The discretized contact process is oriented percolation in Z¢ x eZ, with ¢ € (0, 1], and the proof uses the
same strategy as applied to oriented percolation with € = 1, i.e., an application of the lace expansion and
the inductive method. However, to obtain the results for € < 1, we use a different lace expansion from the
two expansions used in [20, Sections 3.1-3.2], and modify the induction hypotheses of [19] to incorporate
the e-dependence. In order to extend the results from infrared bounds (as in [27]) to precise asymptotics
(as in [20]), it is imperative to prove that the properly scaled lace expansion coefficients converge to
a certain continuum limit. We can think of this continuum limit as giving rise to a lace expansion in
continuous time, even though our proof is not based on the arising partial differential equation. In the
proof that the continuum limit exists, we make heavy use of convergence results in [4] which show that
the discretized contact process converges to the original continuous-time contact process.

In a sequel to this paper [18], we use the results proved here as a key ingredient in the proof that the
finite-dimensional distributions of the critical contact process above four dimensions converge to those of
the canonical measure of super-Brownian motion, as was proved in [20] for oriented percolation.

1.2 The spread-out contact process and main results

We define the spread-out contact process as follows. Let C; C Z% be the set of infected individuals at time
t € R4, and let Cy = {o}. An infected site = recovers in a small time interval [t,¢ + €| with probability
e + o(e) independently of ¢, where o(e) is a function that satisfies lim._go(g)/e = 0. In other words,
x € C; recovers at rate 1. A healthy site x gets infected, depending on the status of its neighbours, at
rate A>_, c, D(z — y), where A > 0 is the infection rate and D(z — y) represents the strength of the
interaction between z and y. We denote by P* the associated probability measure.
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The function D is a probability distribution over Z¢ that is symmetric with respect to the lattice
symmetries, and satisfies certain assumptions that involve a parameter L > 1 which serves to spread
out the infections and will be taken to be large. In particular, we require that there are L-independent
constants C, C1,Cy € (0,00) such that D(0) = 0, sup,eza D(z) < CL™% and C1L < ¢ < O3, where o2
is the variance of D:

o’ =Y |z[’D(x), (1.1)

T€Z4
where | - | denotes the Euclidean norm on R¢. Moreover, we require that there is a A > 0 such that
> |zPT?AD(x) < CL*TA, (1.2)

x€Z4

See Section 5.1.1 for the precise assumptions on D. A simple example of D is the uniform distribution
over the cube of side length 2L, excluding its center:

{o<llzlle <L}

= = 1.3
(z) 2L+ 1)1’ (1.3)
where ||z||cc = sup; |z;| for x = (z1,...,2q).
The two-point function is defined as
Nz) = PNz € Cy) (x ezl teRy). (1.4)

In words, 7{*(x) is the probability that at time ¢, the individual located at € Z% is infected due to the
infection located at o € Z¢ at time 0.

By an extension of the results in [4, 10] to the spread-out contact process, there exists a unique critical
value A € (0, 00) such that

00 <00, ifA<A =0, ifA<A\
A= [ dt 70 ’ @ O(\) = im PMNC,; # @ ’ =7 1.5
X /0 Tt(){zoo, if A > A, W =fakiC# ){>0, tasa, Y

where we denote the Fourier transform of a summable function f : Z¢ — R by
fRy="Y f@)e** (ke [-mn]%). (1.6)
T€ZY

We next describe our results for the sufficiently spread-out contact process at A = A for d > 4.

1.2.1 Results above four dimensions

We now state the results for the two-point function. In the statements, o and A are defined in (1.1)—(1.2),
and we write || f||oo = supgeza | f(x)] for a function f on Z.

Theorem 1.1. Let d >4 and § € (0,1 A A A %52). There is an Lo = Lo(d) such that, for L > Ly, there
are positive and finite constants v =v(d,L), A = A(d, L), Cy = C1(d) and Co = Cy(d) such that

2
() = Ae™'57 [14 O(k2(1 + 1)) + O((1 + £)~@=9/2)], (1.7)
1 _
— D afre(z) = 0ot [L+O((1+1))], (1.8)
Tt (0) re7d
C1L™ 14 1)" Y2 < |7 oo < €7t + CoL™ (1 4 1)~/ (1.9)

with the error estimate in (1.7) uniform in k € R® with |k|?/log(2 +t) sufficiently small.
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The above results correspond to [20, Theorem 1.1], where the two-point function for sufficiently spread-
out critical oriented percolation with d > 4 was proved to obey similar behaviour. The proof in [20] is
based on the inductive method of [19]. We apply a modified version of this induction method to prove
Theorem 1.1. The proof also reveals that

Ae=1+0(L7%), A=1+0(L%), v=1+0(L"%. (1.10)

In a sequel to this paper [17], we will investigate the critical point in more detail and prove that

o0

Ae=1=Y D*™(0) + O(L%%), (1.11)

n=2

holds for d > 4, where D*" is the n-fold convolution of D in Z?. In particular, when D is defined by (1.3),
we obtain (see [17, Theorem 1.2])

Ae—1=1L dZU*” )+ O(L=4 1), (1.12)

where U is the uniform probability density over [—~1,1]? C R and U*" is the n-fold convolution of U in
RY. The above expression was already obtained in [8], but with a weaker error estimate.
Let v and [ be the critical exponents for the quantities in (1.5), defined as

XA ~ A =N (A< ), ON) ~ (A =X)? (A > Ao, (1.13)

“ ”
~

where we use in an appropriate sense. For example, the strongest form of x(\) ~ (A¢ — A)~7 is that
there is a C' € (0, 00) such that

X(A) =[C +o(1)] (A = A)77, (1.14)
where o(1) tends to 0 as A T Ac. Other examples are the weaker form
301,02 € (0,00) 1 Cr(Ae = A)77 < x(A) < Ca(Ac — A) 77, (1.15)
and the even weaker form
X(A) = (A= x0) e, (1.16)

See also [22, p.70] for various ways to define the critical exponents.
As discussed for oriented percolation in [20, Section 1.2.1], (1.7) and (1.9) imply finiteness at A = A¢
of the triangle function

V(A :/ dt/ ds 7'{\ )y — x) (). (1.17)

,yEZd

Extending the argument in [24] for oriented percolation to the continuous-time setting, we conclude that
V(Ae) < oo implies the triangle condition of [1, 2, 3], under which v and 3 are both equal to 1 in the
form given in (1.15), independently of the value of d [3]. Since these d-independent values also arise on
the tree [29, 34], we call them the mean-field values. The results (1.7)—(1.8) also show that the critical
exponents v and 7, defined as

1 A
——— > e (x) ~ ¥, #(0) ~ 1, (1.18)
7_t (0) ze7d
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take on the mean-filed values v = 1/2 and n = 0, in the stronger form given in (1.14). The result n = 0
proves that the statement in [22, Proposition 4.39] on the tree also holds for sufficiently spread-out contact
process on Z? for d > 4. See the remark below [22, Proposition 4.39]. Furthermore, following from bounds
established in the course of the proof of Theorem 1.1, we can extend the aforementioned result of [3], i.e.,
~ = 1 in the form given in (1.15), to the precise asymptotics as in (1.14). We will prove this in Section 2.5.

So far, d > 4 is a sufficient condition for the mean-field behaviour for the spread-out contact process.
It has been shown, using the hyperscaling inequalities in [28], that d > 4 is also a necessary condition for
the mean-field behaviour. Therefore, the upper critical dimension for the spread-out contact process is 4,
and one can expect log corrections in d = 4.

In [18], we will investigate the higher-point functions of the critical spread-out contact process for
d > 4. These higher-point functions are defined for ¢ € [0,00)" ! and & € Z4"—1 by

(@) =PNz; € Cy, Vi=1,...,r —1). (1.19)

The proof will be based on a lace expansion that expresses the r-point function in terms of s-point
functions with s < r. On the arising equation, we will then perform induction in r, with the results
for r = 2 given by Theorem 1.1. We discuss the extension to the higher point functions in somewhat
more detail in Section 2.2, where we discuss the lace expansion. In order to bound the lace expansion
coefficients for the higher point functions, the upper bounds in (1.7) for £ = 0 and in (1.9) are crucial.

1.2.2 Results below and at four dimensions

We also consider the low-dimensional case, i.e., d < 4. In this case, the contact process is believed not to
exhibit the mean-field behaviour as long as L remains finite, and Gaussian asymptotics are not expected
to hold in this case. However, we can prove local Gaussian behaviour when the range grows in time as

Ly =LT° (T >1), (1.20)

where L1 > 1 is the initial infection range. We denote by o2 the variance of D in this situation. We
assume that
d—4

Our main result is the following.

Theorem 1.2. Letd <4 and 6 € (0, INAA«). Then, thereis a A\r = 1+O(T ) for some p € (0,0 —9)
such that, for sufficiently large Ly, there are positive and finite constants C1 = Ci(d) and Cy = Ca(d)
such that, for every 0 <t <logT,

‘2
() = e~ 57 [14+ O(T") + O(Jk2(1 + Tt) )], (1.22)
1
e S |z (x) = 03Tt [1 4+ O(T ™) + O((1 + T) ™), (1.23)
Tt ( ) x€Z4
CLL7A 1+ TH) ™2 < |17 oo < e Tt 4 CoL70(1 4 Tt) Y2, (1.24)

with the error estimate in (1.22) uniform in k € R® with |k|?/log(2 + Tt) sufficiently small.

The upper bound on ¢ in the statement can be replaced by any slowly varying function. However, we
use log T to make the statement more concrete. The proof of Theorem 1.2 follows the same steps as the
proof of Theorem 1.1.
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First, we give a heuristic explanation of how (1.21) arises. Recall that, for d > 4, V(A.) < oo is
a sufficient condition for the mean-field behaviour. For d < 4, since V(A;) cannot be defined in full
space-time as in (1.17), we modify the triangle function as

TlogT t
Via(Ar) = /0 "t /0 ds 3 () (y — 2) 7 (). (1.25)

x,y€Z

Using the upper bounds in (1.22) for £ = 0 and in (1.24), we obtain

TlogT t
Via(\r) < C? / dt / ds (e7T + CoL7T~%?) < O(T~2) + O(T?* %= 10g% T), (1.26)
0 0

which is finite for all 7 whenever bd > 45¢. We can find a similar argument in [33, Section 14].

Next, we compare the ranges needed in our results and in the results of Durrett and Perkins [8], in
which the convergence of the rescaled contact process to super-Brownian motion was proved. As in (1.21)
we need bd > 454, while in [8] bd = 1 for all d > 3. For d = 2, which is a critical case in the setting of [8],
the model with range L2 = T'logT was also investigated. In comparison, we are allowed to use ranges
that grow to infinity slower than the ranges in [8] when d > 3, but the range for d = 2 in our results
needs to be larger than that in [8]. It would be of interest to investigate whether Theorem 1.2 holds when
L2 =TlogT (or even smaller) by adapting our proofs.

Finally, we give a conjecture on the asymptotics of Ay as T T co. The role of A is a sort of critical
value for the contact process in the finite-time interval [0, 7 log T, and hence A, approximates the real
critical value A¢r that also converges to 1 in the mean-field limit 7' T co. We believe that the leading
term of A\¢ r — 1, say cr, is equal to that of Ay — 1. As we will discuss below in Section 5.4, Ar satisfies a
type of recursion relation (5.41). We expect that, for d < 4, we may employ the methods in [17] to obtain

TlogT ddk‘ R R

Ar=1+[1+ O(T‘“)]/ dt / D2 (k) e~ 1=DPrk)lt. (1.27)
0 [—m,m]¢ (zﬂ)d

where Dy equals D with range L;. (In fact, the exponent p could be replaced by any positive number

strictly smaller than «.) The integral with respect to ¢ € Ry converges when d > 2, and hence we may

obtain for sufficiently large T that

dk D2(k)

. L O(T Y%
e (27r)d 1- DT(k) ( )

A =1+ [1 40T [/[_

—d—Ead=2

=14) Di*o)+O(L," *" %), (1.28)
n=2

where we use (1.20) and the fact that the sum in (1.28) is O(L;%). Based on our belief mentioned above,
this would be a stronger result than the result in [8] when d = 3,4, where ¢ = Y~ , Di"(0). However,
to prove this conjecture, we may require serious further work using block constructions used in [§].

2 OQOutline of the proof

In this section, we provide an outline of the proof of our main results. This section is organized as follows.
In Section 2.1, we explain what the discretized contact process is, and state the results for the discretized
contact process. These results apply in particular to oriented percolation, which is a special example of
the discretized contact process. In Section 2.2, we briefly explain the lace expansion for the discretized
contact process, and state the bounds on the lace expansion coefficients in Section 2.3. In Section 2.4, we
explain how to use induction to prove the asymptotics for the discretized contact process. In Section 2.5,
we state the results concerning the continuum limit, and show that the results for the discretized contact
process together with the continuum limit imply the main results in Theorems 1.1-1.2.
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Figure 1: Graphical representation of the contact process and the discretized contact process.

2.1 Discretization

By the graphical representation, the contact process can be constructed as follows. We consider Z% xR as
space-time. Along each time line {z} x R, we place points according to a Poisson process with intensity
1, independently of the other time lines. For each ordered pair of distinct time lines from {z} x R4 to
{y} x R4, we place directed bonds ((z, t), (y, t)), t > 0, according to a Poisson process with intensity
A D(y — z), independently of the other Poisson processes. A site (z, s) is said to be connected to (y,t) if
either (z,s) = (y,t) or there is a non-zero path in Z¢ x R, from (z,s) to (y,t) using the Poisson bonds
and time line segments traversed in the increasing time direction without traversing the Poisson points.
The law of C; defined in Section 1.2 is equivalent to that of {z € Z¢ : (0, 0) is connected to (z, t)}. See
also [22, Section I.1].

Inspired by this percolation structure in space-time and following [27], we consider an oriented perco-
lation approximation in Z¢ x €Z, to the contact process, where ¢ € (0, 1] is a discretization parameter.
We call this approximation the discretized contact process, and it is defined as follows. A directed pair
b= ((z,t),(y,t +¢)) of sites in Z? x €Z, is called a bond. In particular, b is a temporal bond if x = y,
otherwise b is a spatial bond. Each bond is either occupied or vacant independently of the other bonds,
and a bond b = ((x,t), (y,t + €)) is occupied with probability

1—c¢, ifx =y,
—x) = 2.1
pely =) {AED(y—w), if z # y, 2

provided that ||p|lc < 1. We denote the associated probability measure by P2. It is proved in [4] that
P2 weakly converges to P* as ¢ | 0. See Figure 2.1 for a graphical representation of the contact process
and the discretized contact process. As explained in more detail in Section 2.2, we prove our main results
by proving the results first for the discretized contact process, and then taking the continuum limit when
el 0.

We also emphasize that the discretized contact process with € = 1 is equivalent to oriented percolation,
for which A € [0, || D||3}] is the expected number of occupation bonds per site.

We denote by (x,s) — (y,t) the event that (z,s) is connected to (y,t), i.e., either (x,s) = (y,t) or
there is a non-zero path in Z¢ x £Z, from (x,s) to (y,t) consisting of occupied bonds. The two-point
function is defined as

Tt);\a('r) = P?«Ov 0) — (x7 t)) (2'2)
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Similarly to (1.5), the discretized contact process has a critical value A satisfying

g T, ’ ) hmP)\C > 5 < s 9.3
teszz:+ ! {:OO’ if 3> A, Hte(C 7 ){>0, i A > AL, 23)

The main result for the discretized contact process with € € (0, 1] is the following theorem:

Proposition 2.1 (Discretized results for d > 4). Letd >4 and § € (0, INAA %). Then, there is an
Lo = Lo(d) such that, for L > Ly, there are positive and finite constants v'® = v (d, L), A® = A (d, L),
Ci(d) and Cy(d) such that

(e) —(d—
o (J%UQ) Ae” [1+0(|k! (1+6)7%) +O((1+ )@=/, (2.4)
Z \:E|27'tA€(E) =02t [1 +O((1+ t)_5)], (2.5)
7%5 ( zeZd
C1L™4(1 + )72 < HTt Hoo <(1—e) 4+ oL~ 1 41)"%2, (2.6)

where all error terms are uniform in & € (0,1]. The error estimate in (2.4) is uniform in k € R% with
|k|?/1og(2 + t) sufficiently small.

Proposition 2.1 is the discrete analog of Theorem 1.1. The uniformity in € of the error terms is
crucial, as this will allow us to take the limit £ | 0 and to conclude the results in Theorem 1.1 from the
corresponding statements in Proposition 2.1. In particular, Proposition 2.1 applied to oriented percolation
(i.e., € = 1) reproves [20, Theorem 1.1].

The discretized version of Theorem 1.2 is given in the following proposition:

Proposition 2.2 (Discretized results for d < 4). Let d <4 and 6 € (0,1 AN A A«). Then, there is a
Ar =14+ 0O(T™#) for some p € (0,0 — &) such that, for sufficiently large Ly, there are positive and finite
constants C1 = C1(d) and Cy = Cy(d) such that, for every 0 <t <logT,

2
\

%z&-( ) =B L O )+ O(RP(L+T1) )], 27)

A%T 0) Z |2 ’2 Tta x) = 07Tt [1+O(T “)+O((1+Tt)_5)], (2.8)
tie x€Z4

QL1+ 102 < [l < (1= 2™ 4+ CoLy (1707, (29)

where all error terms are uniform in € € (0,1], and the error estimate in (2.7) is uniform in k € R with
|k|?/log(2 + Tt) sufficiently small.

Note that Proposition 2.2 applies also to oriented percolation, for which € = 1.

2.2 Expansion

The proof of Proposition 2.1 makes use of the lace expansion, which is an expansion for the two-point
function. We postpone the derivation of the expansion to Section 3, and here we provide only a brief
motivation. We also motivate why we discretize time for the contact process.

We make use of the convolution of functions, which is defined for absolutely summable functions f, g
on Z¢ by

(fxg)@) =D fly (2.10)

yezZd
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We first motivate the basic idea underlying the expansion, similarly as in [20, Section 2.1.1], by
considering the much simpler corresponding expansion for continuous-time random walk. For continuous-
time random walk making jumps from z to y at rate AD(y — ) with killing rate 1 — A, we have the partial
differential equation

047 (x) = A (D * ) (2) — ¢} (), (2.11)

where ¢}(z) is the probability that continuous-time random walk started at o € Z¢ is at = € Z% at time
t. By taking the Fourier transform, we obtain

gy (k) = —=[1 = AD (k)] @ (k). (2.12)
In this simple case, the above equation is readily solved to yield that
GMk) = e BAPKRNE (2.13)

We see that A = 1 is the critical value, and the central limit theorem at A = A\ = 1 follows by a Taylor

N

expansion of 1 — D(k) for small k, yielding

_ k2

0 () = 27 [L+0(1)], (2.14)

where |k|? = Z‘;:l k? (recall also (1.1)).
The above solution is quite specific to continuous-time random walk. When we would have a more
difficult function on the right-hand side of (2.12), such as —[1 — AD(k)] g} ;(k), it would be much more
involved to solve the above equation, even though one would expect that the central limit theorem at the
critical value still holds.
A more robust proof of central limit behaviour uses induction in time ¢. Since time is continuous, we
first discretize time. The two-point function for discretized continuous-time random walk is defined by

setting q())‘;g(m) = ¢, and (recall (2.1))
@(2) = p(@)  (teeN). (2.15)

To obtain a recursion relation for qg\;a(x), we simply observe that by independence of the underlying
random walk

Gre(2) = (e * g ) (@) (t€eN). (2.16)

We can think of this as a simple version of the lace expansion, applied to random walk, which has no
interaction.

For the discretized continuous-time random walk, we can use induction in n for all ¢ = ne. If
we can further show that the arising error terms are uniform in e, then we can take the continuum
limit € | O afterwards, and obtain the result for the continuous-time model. The above proof is more
robust, and can for instance be used to deal with the situation where the right-hand side of (2.12) equals
—[1=AD(k)]G} , (k). This robustness of the proof is quite valuable when we wish to apply it to the contact
process.

The identity (2.16) can be solved using the Fourier transform to give

qt):e(k) _ ﬁg(k)t/s _ [1 — e+ Aeﬁ(k)]t/e _ e—[1—Aﬁ(k)]t—i—O(ts[l—ﬁ(k)]Q)' (2‘17)

We note that the limit of [gr.c(k) — Gi—cc(k)]/€ exists and equals (2.12). In order to obtain the central
limit theorem, we divide k by v o2t. Then, uniformly in € > 0, we have

~ _ﬂ 242A4—A 4,-1
qtl;g( i%) — ¢~ 20 TO(IKl t=2)+O0(elk*t) (2.18)
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Therefore, the central limit theorem holds uniformly in & > 0.

We follow Mark Kac’s adagium: “Be wise, discretize!” for two reasons. Firstly, discretizing time
allows us to obtain an expansion as in (2.11), and secondly, it allows us to analyse the arising equation.
The lace expansion, which is explained in more detail below, can be used for the contact process to
produce an equation of the form

t
077 (k) = =[1 = AD(R)] 77" (k) + / ds 73 (k) 77 5(k), (2.19)
0
where 42 are certain expansion coefficients. In order to derive the equation (2.19), we use that the

discretized contact process is oriented percolation, for which lace expansions have been derived in the lit-
erature [20, 24, 25, 26, 27]. Clearly, the equation (2.19) is much more complicated than the corresponding
equation for simple random walk in (2.11). Therefore, a simple solution to the equation as in (2.13) is
impossible. We see no way to analyse the partial differential equation in (2.19) other than to discretize
time combined with induction. It would be of interest to investigate whether (2.19) can be used directly.

We next explain the expansion for the discretized contact process in more detail, following the expla-
nation in [20, Section 2.1.1]. For the discretized contact process, we will regard the part of the oriented
percolation cluster connecting (0,0) to (z,t) as a “string of sausages.” An example of such a cluster
is shown in Figure 2. The difference between oriented percolation and random walk resides in the fact
that for oriented percolation, there can be multiple paths of occupied bonds connecting (0,0) to (z,t).
However, for d > 4, each of those paths passes through the same pivotal bonds, which are the essential
bonds for the connection from (o0,0) to (x,t). More precisely, a bond is pivotal for the connection from
(0,0) to (z,t) when (0,0) — (z,t) in the possibly modified configuration in which the bond is made
occupied, and (0,0) is not connected to (x,t) in the possibly modified configuration in which the bond
is made vacant (see also Definition 3.1 below). In the strings-and-sausages picture, the strings are the
pivotal bonds, and the sausages are the parts of the cluster from (o0,0) in between the subsequent pivotal
bonds. We expect that there are of the order ¢/e pivotal bonds. For instance, the first black triangle
indicates that (o0, 0) is connected to (o0, ¢), and this bond is pivotal for the connection from (o,0) to (x,t).

Using this picture, we can think of the oriented percolation two-point function as a kind of random
walk two-point function with a distribution describing the statistics of the sausages, taking steps in both
space and time. Due to the nature of the pivotal bonds, each sausage avoids the backbone from the
endpoint of that sausage to (z,t), so that any connected path between the sausages is via the pivotal
bonds between these sausages. Therefore, there is a kind of repulsive interaction between the sausages.
The main part of our proof shows that this interaction is weak for d > 4.

Fix A > 0. As we will prove in Section 3 below, the generalisation of (2.16) to the discretized contact
process takes the form

t—e

Te(@) = ) (Mo ¥ pe # ) (@) + T (x)  (t€eN), (2.20)
s=0

where we use the notation >_° to denote sums over ¢Z; and the coefficients Wée(l') will be defined in
Section 3. In particular, ﬂéa(m) depends on A, is invariant under the lattice symmetries, and 7r{)\;a(x) = log
and 7'['?;6(1‘) = 0. Note that for t = 0,¢, we have ch\;g(x) = 0o, and TéE(JU) = pe(z), which is consistent
with (2.20).

Together with the initial values 7['())‘;5 () = b0 and ﬂég(az) = 0, the identity (2.20) gives an inductive

A
t;e

(2.20), it will be crucial to have a useful representation for Wéa(w), and this is provided in Section 3. Note
that (2.16) is of the form (2.20) with wlg\;s(az) = 00,200,¢, 50 that we can think of the coefficients ﬂ'ée(l‘) for
t > 2e as quantifying the repulsive interaction between the sausages in the “string of sausages” picture.

definition of the sequence 77 (z) for t > 2¢ with ¢ € €Z,. However, to analyse the recursion relation
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Figure 2: (a) A configuration for the discretized contact process. Open triangles A denote occupied
temporal bonds that are not connected from (o,0), while closed triangles A denote occupied temporal
bonds that are connected from (0,0). The arrows denote occupied spatial bonds, which represent the
spread of the infection to neighbouring sites. (b) Schematic depiction of the configuration connecting
(0,0) and (z,t) as a “string of sausages.”

il
i

Our proof will be based on showing that 27Tt 5( ) for t > 2¢ is small at A = A\ if d > 4 and both ¢
and L are large, uniformly in € > 0. Based on thls fact, we can rewrite the Fourier transform of (2.20) as

A\ A t—e A\ ~ A\
Ti: (k) Ti— (k) (k;) -1, * T, (k) ~ A T, (k)
e = — A (k) e Z_: 5 De(R) Ty (R) + = (2.21)

Assuming convergence of E%frg,\e(k:) to 72 (k), which will be shown in Section 2.5, we obtain (2.19). There-
fore, (2.19) is regarded as a small perturbation of (2.12) when d > 4 and L > 1, and this will imply the
central limit theorem for the critical two-point function.

Now we briefly explain the expansion coefficients 7Tt);6 (z). In Section 3, we will obtain the expression

() = 3 ()Y (@), (2.22)
where we suppress the dependence of Fég) (x) on A. The idea behind the proof of (2.22) is the following.
Let

e (2) = P2((0,0) = (a,1)) (2.23)

denote the contribution to 7'{}5 (x) from configurations in which there are no pivotal bonds, so that

Tt’}a(:c) = 7rt<°€> (x) + ZIP’;‘ (b first occupied and pivotal bond for (0,0) — (z,t)), (2.24)
b

where the sum over b is over bonds of the form b = ((u, s), (v, s +¢)). We write b = (u, s) for the starting
point of the bond b and b = (v, s + ¢) for its endpoint. Then, the probability on the right-hand side of
(2.24) equals

IP?((O, 0) => b, b occupied, b — (,t), b pivotal for (0,0) — (z,1)). (2.25)
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We ignore the intersection with the event that b is pivotal for (0,0) — (z,t), and obtain using the
Markov property that

t—e
@) =72 + 37 S w0 w) pe(v — ) miyee( — ) — RO2), (2.26)
s=0 y,veZd
where
Ri?g(m) = ZP?((O, 0) => b, b occupied, b — (z,t), b not pivotal for (0,0) — (z,1)). (2.27)

b

We will investigate the error term Réoe)(:c) further, again using inclusion-exclusion, by investigating the
first pivotal bond after b to arrive at (2.22). The term ﬂéla)
pivotal does not exist. Thus, in W,Eog (z) for t > ¢ and in 771515) (x) for all t > 0, there is at least one loop,
which, for L large, should yield a small correction only. In (2.22), the contributions from N > 2 have at
least two loops and are thus again smaller, even though all NV > 0 give essential contributions to 7725 ()
in (2.22).

There are three ways to obtain the lace expansion in (2.20) for oriented percolation models. We
use the expansion by Sakai [26, 27|, as described in (2.23)—(2.27) above, based on inclusion-exclusion
together with the Markov property for oriented percolation. For unoriented percolation, Hara and Slade
[11] developed an expression for ﬂ'ég(l‘) in terms of sums of nested expectations, by repeated use of
inclusion-exclusion and using the independence of percolation. This expansion, and its generalizations to
the higher-point functions, was used in [20] to investigate the oriented percolation r-point functions. The
original expansion in [11] was for unoriented percolation, and does not make use of the Markov property.
Nguyen and Yang [24, 25] derived an alternate expression for Féj? (z) by adapting the lace expansion of
Brydges and Spencer [7] for weakly self-avoiding walk. In the graphical representation of the Brydges-
Spencer expansion, laces arise which give the “lace expansion” its name. Even though in many of the lace
expansions for percolation type models, such as oriented and unoriented percolation, no laces appear, the
name has stuck for historical reasons.

It is not so hard to see that the Nguyen-Yang expansion is equivalent to the above expansion us-
ing inclusion-exclusion, just as for self-avoiding walks [23]. Since we find the Sakai expansion simpler,
especially when dealing with the continuum limit, we prefer the Sakai expansion to the Nguyen-Yang
expansion. In [20], the Hara-Slade expansion was used to obtain (2.22) with a different expression for
Wé?(x) In either expansion, Wég) (x) is nonnegative for all ¢,x, N, and can be represented in terms of
Feynman-type diagrams. The Feynman diagrams are similar for the three expansions and obey similar
estimates, even though the expansion used in this paper produces the simplest diagrams.

In [20], the Nguyen-Yang expansion was also used to deal with the derivative of the lace expansion
coefficients with respect to the percolation parameter p. In this paper, we use the inclusion-exclusion
expansion also for the derivative of the expansion coefficients with respect to A, rather than on two
different expansions as in [20].

We now comment on the relative merits of the Sakai and the Hara-Slade expansion. Clearly, the
Hara-Slade expansion is more general, as it also applies to unoriented percolation. On the other hand,
the Sakai expansion is somewhat simpler to use, and the bounding diagrams on the arising Feynman
diagrams are simpler. Finally, the resulting expressions for Wéjz)(x) in the Sakai expansion allow for a
continuum limit, where it is not clear to us how to perform this limit using the Hara-Slade expansion
coefficients.

In [18], we will adapt the expansion in Section 3 to deal with the discretized contact process and
oriented percolation higher-point functions. For this, we will need ingredients from the Hara-Slade ex-
pansion to compare occupied paths living on a common time interval, with independent paths. This
independence does not follow from the Markov property, and therefore the Hara-Slade expansion, which
does not require the Markov property, will be crucial. The “decoupling” of disjoint paths is crucial in

(x) is the contribution to Réog () where such a
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the derivation of the lace expansion for the higher point functions, and explains the importance of the
Hara-Slade expansion for oriented percolation and the contact process.

To complete this discussion, we note that an alternative route to the contact process results is via
(2.19). In [5], an approach using a Banach fixed point theorem was used to prove asymptotics of the two-
point function for weakly self-avoiding walk. The crucial observation is that a lace expansion equation
such as (2.19) can be viewed as a fixed point equation of a certain operator on sequence spaces. By
proving properties of this operator, Bolthausen and Ritzman were able to deduce properties of the fixed
point sequence, and thus of the weakly self-avoiding walk two-point function. It would be interesting to
investigate whether such an approach may be used on (2.19) as well.

2.3 Bounds on the lace expansion

In order to prove the statements in Proposition 2.1, we will use induction in n, where t = ne € €Z. The
lace expansion equation in (2.20) forms the main ingredient for this induction in time. We will explain
the inductive method in more detail below. To advance the induction hypotheses, we clearly need to have
certain bounds on the lace expansion coefficients. The form of those bounds will be explained now. The
statement of the bounds involve the small parameter

g=L"1 (2.28)
We will use the following set of bounds:
A 24 2 A2 - KB
74 (0)] < K, [V2,0(0)] < Kos, 1D falh < o (229)
where we write ||f[; = f[—mr]d % |f(Kk)| for a function f : [-m, @)% — C. The bounds on the lace

expansion consist of the following estimates, which will be proved in Section 4.

Proposition 2.3 (Bounds on the lace expansion for d > 4). Assume (2.29) for some g and all
s <t. Then, there are By = Bo(d, K) > 0 and C = C(d, K) < oo (both independent of €, L) such that, for
A< Ao, B<Po, s€ely with2e <s<t+e,q=0,2,4 and A" € [0,1 A A], and uniformly in € € (0, 1],

e2Coip
2] |7 ()] € gt (2.30)
. . a(k) . e2CBa(k) T~
7'(';\75(]{3) - Tr;\,s(o) - ? v2ﬂ-§\;5(0) < (1 + S)(d—Z)/Z—A” (231)

e2Cp

AN I
|OAT 5 (0)] < (1)@

(2.32)

The main content of Proposition 2.3 is that the bounds on 7y, for s <t in (2.29) imply bounds on
is;e for all s <t +e. This fact allows us to use the bounds on 7. for all arising s in (2.20) in order to
advance the appropriate induction hypotheses. Of course, in order to complete the inductive argument,
we need that the induction statements imply the bounds in (2.29).

The proof of Proposition 2.3 is deferred to Section 4. Proposition 2.3 is probably false in dimensions
d < 4. However, when the range increases with 7" as in Theorem 1.2, we are still able to obtain the
necessary bounds. In the statement of the bounds, we recall that L, is given in (1.20).

Proposition 2.4 (Bounds on the lace expansion for d < 4). Let o > 0 in (1.21). Assume (2.29),
with B replaced by By = L7 and o2 by o2, for some \g and all s < t. Then, there are Ly = Lo(d, K) < oo
(independent of €) and C = C(d, K) < oo (independent of €, L) such that, for A < Xo, L1 > Lo, s € €Z4
with 2e <s<t+e,¢=0,2,4 and A’ € [0,1 A A], the bounds in (2.30)—(2.32) hold for t < TlogT, with
B replaced by By = Ly and o® by o2.
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The main point in Propositions 2.3-2.4 is the fact that We need to extract two factors of . One can
see that such factors must be present by investigating, e.g., m,. €( x), which is the probability that (o,0) is
doubly connected to (z,t). When ¢t > 0, there must be at least two spatial bonds, one emanating from
(0,0) and one pointing into (x,t). By (2.1), these two spatial bonds give rise to two powers of €. The
proof for N > 1 then follows by induction in N.

2.4 Implementation of the inductive method

Our analysis of (2.20) begins by taking its Fourier transform, which gives the recursion relation
(k) = > N (k) (k) g (B) + AN(K)  (tEeN) (2.33)
7—z‘, ;€ T, De Ti— s—€;e Trt;s elN). .

As already explained in Section 2.3, it is possible to estimate 73 (k), for all s < ¢, in terms of [|72.||1 =
ez Toe(x) = 7')‘ -(0) and ||7g E||Oo < | €H1 with s <t —e. Therefore the right-hand side of (2.33)
expllCltly involves S)‘E(k) only for s < t — . This opens up the possibility of an inductive analysis of
(2.33). A general approach to this type of inductive analysis is given in [19]. However, here we will
need the uniformity in the variable €, and therefore we will state a version of the induction in Section 5
that is adapted to the uniformity in & and thus the continuum limit. The advancement of the induction
hypotheses is deferred to Appendix A.
Moreover, we will show that the critical point is given implicitly by the equation

1 e () ©
A?:l—gz 22 (0) p2 (0), (2.34)
s=2¢

and that the constants A® and v® of Proposition 2.1 are given by

. Z 290 G Z V2 [ (k AA(E)(kﬂk:o

A — 5=2¢ B . e = = 2 o , (2.35)
14 = Zs“ P2 (0) 1+ = Zs“ P2 (0)
s 2¢e s 2e

where we have added an argument A\ to emphasize that \ is critical for the evaluation of 775\;5 on the
right-hand sides. Convergence of the series on the right-hand sides, for d > 4, follows from Proposition 2.3.
For oriented percolation, i.e., for € = 1, these equations agree with [20, (2.11-2.13)].

The result of induction is summarized in the following proposition:

Proposition 2.5 (Induction). If Proposition 2.3 holds, then (2.29) holds for s < t+e¢. Therefore, (2.29)
holds for all s > 0 and (2.30)—(2.32) hold for all s > 2e. Moreover, the statements in Proposition 2.1
follow, with the error terms uniform in e € (0, 1].

There is also a low-dimensional version of Proposition 2.5, but we refrain from stating it.

2.5 Continuum limit

In this section we state the result necessary to complete the proof of Theorems 1.1-1.2 from Proposi-
tions 2.1-2.2. In particular, from now onwards, we specialize to the contact process.

Proposition 2.6 (Continuum limit). Suppose that A& — X and A\© < A for  sufficiently small.
Then, for everyt >0 and x € Z%, there is a m(x) such that
1

1 ¢
161&’)1 22 Wt)\e (z) = 7'['?(1/‘), lalﬁ’)l 22 [8Z7Tf;s(x)]£:)\(5) = 8)\7[-?(:5) (2.36)
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Consequently, for A < Ac and ¢ =0,2,4,

Cp Cp
DREIEAE —(1 TH@an > oz —1 @I (2.37)

z€Z4 recZd
and there exist A =1+ O(L™%) and v =1+ O(L~%) such that

hﬁ)l A = A, hﬁ)l v = . (2.38)
3 )

Furthermore, Ozmi}(x) is continuous in .

In Proposition 2.3, the right-hand sides of (2.30)—(2.32) are proportional to e2. The main point in the
proof of Proposition 2.6 is that the lace expansion coefficients, scaled by €2, converge as ¢ | 0, using the
weak convergence of P2 to P [4, Proposition 2.7].

In Section 6, we will show that = 7@&( ) and e%ﬁvrg\;a(:n) both converge pointwise. We now show that

this implies that the limit of 8>\7Tt)‘5( ) equals Oy (z). To see this, we use

Lrh(a) = / AN oy (a), (2.39)
0
where we use %W? -(x) =0 for t > 0. By the assumed pointwise convergence, the left-hand side converges

to m(x), while the right-hand side converges to the integral of the limit of 2 Oxwt "(x), denoted f (z)
for now, using the dominated convergence theorem. Therefore, for any A < /\c,

7T>\.f: N .
Ma) /OdA (@), (2.40)

which indeed implies that f(x) = o 7 (z).

Proof of Theorems 1.1-1.2 assuming Propositions 2.1-2.2 and 2.6. We only prove Theorem 1.1, since the
proof of Theorem 1.2 is identical. By [4, Proposition 2.7], we have that, for every (z,t) and A > 0,

11&)17’3‘6( z) = (). (2.41)

Since 77 (z) is continuous in A (see e.g., [22, pp.38739]), we also obtain lim,|g Tt);‘a(s) () = 7 (x) for any

)
A — A, Since A\ — A, [27, Section 2.1], Tt c (z) also converges to (). Using the uniformity in & of
the upper and lower bounds in (2.6), we obtain (1.9).

()
Next, we prove lim.|o %t/;\g (k) = #(k) for every k € [—m,m]¢ and t > 0. Note that the Fourier

transform involves a sum over Z¢, such as

(e) () .
i (k) =Y mpe (x) €™ (2.42)

x€Z4

()
To use the pointwise convergence of Tt);; (z), we first show that the sum over z € Z% in (2.42) can be
approximated by a finite sum. To see this, we note that

t/e
() < pit(a) =) (tfl E) (1 — )= (\e)" D*" (). (2.43)
n=0
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For any fixed t, we can choose d; > 0, which is e-independent and decays to zero as R T oo, such that

Y. Tie(@) < on (2.44)

T€Z%:||z]| 0o >R
()
Therefore, the same holds for 7;*(x), and hence we can approximate both %é‘g (k) and 77°(k) by sums
()
over z € Z% with [|z]|o < R, in which we use the pointwise convergence of Tt/}; (). Taking R T oo, we
(e)
obtain #*(k) = lim. o 75 (k).

Using the above, we obtain

R NG
Tg\c(\/%) = lelﬁ)th/\s (

) = lim 7 (LD k)

vo?t

o(8) | .
= lim A9 e~ (14 (k1 +)) +O((1+ 1) )]

el0
= A 14+ O(KE(1 +6)70) + O((1 4+~ @0/2)], (2.45)
which proves (1.7). Similar argument can be used for (1.8). O

Proof of (1.14) assuming (2.19) and Proposition 2.6. We now prove that, in the current setting, x(\) =
Jo~© dt 7(0) satisfies the precise asymptotics in (1.14), assuming (2.19) and Proposition 2.6.
Let A < A. Since 73(0) = 1 and 72,(0) = 0, using (2.19) we obtain

—1:/Ooodtaﬁ,3(0):/ dt [( /dsw ) #4(0)

= [)\— 1+ /0 T s ﬁ?(@)} /0 dt 72(0), (2.46)

so that

x(A\) = [1 - /OOO ds frg(o)] _1. (2.47)

y (2.34) and Proposition 2.6, A\ must satisfy

oo
Ae =1— / ds w2<(0), (2.48)
0
so that we can rewrite (2.47) as

XN = [f(he) = FN] T (2.49)

where f(A) = A+ [;° ds#2(0), since, by (2.48), f(Ac) = 1. By the mean-value theorem, together with
the fact that |0,72(0)] is integrable with respect to s > 0, there is a A\, € (), \¢) such that

X(A) = [e =) F()] (2.50)

By the continuity in A of dy7m(z) and its summability in (z,t) € Z¢ x Ry for A < A, due to (2.37),
' (A) =1+ [;° ds 0x7M(0) is also continuous in A < Ac. Therefore, we obtain (1.14) with C' = f/(Ac) ™.

Finally, we note that the above proof, where the integral is replaced with a sum over n € Z, also
shows that the stronger version of v = 1 holds for oriented percolation. O

The proofs of Theorems 1.1-1.2 are now reduced to the proof of Propositions 2.1-2.2 and 2.6. Propo-
sition 2.6 will be proved in Section 6. The proof of Propositions 2.1-2.2 is reduced to Propositions 2.3-2.5,
which will be proved in Sections 4-5. The advancement of the induction hypotheses is deferred to Ap-
pendix A. We start in Section 3 by deriving the lace expansion (2.20).
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3 Lace expansion

In this section, we derive the lace expansion in (2.20). The same type of recursion relation was used
for discrete models, such as (weakly) self-avoiding walk in Z? [7, 12, 15, 19, 21, 30, 31, 32] and oriented
percolation in Z% x Z, [19, 20, 24, 25].

From now on, we will suppress the dependence on ¢ and A when no confusion can arise, and write,
e.g., m(x) = W;\E(@ In Section 3.1, we obtain (3.28), which is equivalent to the recursion relation in
(2.20), and the expression (3.26) for m(z). In Section 3.2, we obtain the expressions (3.34)—(3.35) for

O ().
3.1 Expansion for the two-point function
In this section, we derive the expansion (3.28). We will also write A = Z% x €Z,, and use bold letters

0,x,... to represent elements in A, such as o = (0,0) and & = (z,t), and write 7(x) = 7(z), 7™ (x) =

7™ (z), and so on.

We recall that the two-point function is defined by
7(x) = Plo — x). (3.1)
Before starting with the expansion, we introduce some definition:

Definition 3.1. (i) For a bond b = (u,v), we write b = w and b = v. We write b — = for the event
that b is occupied and b — .

(ii) Given a configuration, we say that v is doubly connected to x, and we write v => x, if there are
at least two bond-disjoint paths from v to x consisting of occupied bonds. By convention, we say
that € = « for all x.

(iii) A bond is said to be pivotal for v — @« if v — x in the possibly modified configuration in which
that bond is made occupied, whereas v is not connected to « in the possibly modified configuration
in which that bond is made vacant.

We split, depending on whether there is a pivotal bond for o — x, to obtain

7(x) = Plo = x) + Z]P)(O — b, b occupied & pivotal for o — x). (3.2)
b

We denote
79(z) = P(o = x), (3.3)

so that we can rewrite (3.2) as

r(z) = 79(x) + ZIP’(O = b, b — x, b pivotal for 0 — x). (3.4)
b
Define
RO(z) = ZIP’(O = b, b — @, b not pivotal for o — x), (3.5)
b

then, by inclusion-exclusion on the event that b is pivotal for o — @, we arrive at

(@) =70(x) + > Plo==b, b — x) — RO (x). (3.6)
b
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The event 0 = b only depends on bonds with time variables less than or equal to the one of b, while the
event b — x only depends on bonds with time variables larger than or equal to the one of b. Therefore,
by the Markov property, we obtain

P(o = b, b — x) = P(0 = b) P(b occupied) P(b — ) = 7 (b) p(b) T(x — b), (3.7)

where we abuse notation to write

Therefore, we arrive at

7(x) = 7(x) + (7 %px7) () — RO (2), (3.9)

where we use “+” to denote convolution in A, i.e.,

(f+9)(@) =D fy) glx —y). (3.10)

yeA

This completes the first step of the expansion, and we are left to investigate R®(x). For this, we need
some further notation.

Definition 3.2. (i) Given a configuration and @ € A, we define C(z) to be the set of sites to which x
is connected, i.e., C(z) = {y € A : x — y}. Given a bond b, we also define C?(z) to be the set of
sites to which @« is connected in the (possibly modified) configuration in which b is made vacant.

(ii) Given a site set C, we say that v is connected to @ through C, if every occupied path connecting v
to @ has at least one bond with an endpoint in C. This event is written as v ISy Similarly, we
write {b <, x} = {b occupied} N {b <, x}.

We then note that

S
{v — b, b— @, bnot pivotal for v — x} = {v — b, b Co), x}. (3.11)
Therefore,
©) C’(o)
RO(z) =) Plo=>b, b—> ). (3.12)

b

The event {v L, x} can be decomposed into two cases depending on whether there is or is not a pivotal

bond b for v — z such that v = b. Let
E'(v,y;C) = {v <, y} N {#b pivotal for v — y s.t. v <, b}, (3.13)
E(b,y; C) = {b occupied} N E'(b,y; C). (3.14)

See Figure 3 for a schematic representation of the event F (b, ; C). If there are pivotal bonds for v — «,

then we take the first such pivotal bond b for which v <, b. Therefore, we have the partition

{v <, z} = E'(v,z;C) U U {E'(v,b; C) N {b occupied & pivotal for v — @} }. (3.15)
b

Defining

D (y) =Y P({o = b} N E(b,x;C"0))), (3.16)
b
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b=

Figure 3: Schematic representation of the event E(b, z; C).

we obtain
R (z) =7V (x) + Z ({o == by} N E(b1,by; C” (0)) N {by occupied & pivotal for by — x}).
b1,b2
(3.17)
To the second term, we apply the inclusion-exclusion relation
o
{b occupied & pivotal for v — @} ={v — b, b — x} \ {v —b, b AANY (3.18)
We define
RO() = 3 P({o = b} 0 E(b1, by; & (0)) 1 {by 20, 5}, (3.19)
b1,b2
so that we obtain
RO(z) = 7" (x) + Y P({o = by} N E(b1,by; € (0)) N {br — x}) — RV (w), (3:20)
b1,b2
where we use that
E'(v,b;C)N{v —b, b — x} = E'(v,b;C)N{b — x}. (3.21)

The event {0 == b, } N E(b1, by; C" (0)) depends only on bonds before by, while {bs — 2} depends only
on bonds after b,. By the Markov property, we end up with

RO (z) = 70 () + Z 7@ (b Y7(x — by) — RY ()
(@) + (2 eper(a) - FO), (3.22)
so that
7(x) = 7(x) — 7 (x) + ((7'((0) — ﬂ(l))*p*T)(il}) + RW (x). (3.23)

This completes the second step of the expansion.
To complete the expansion for 7(x), we need to investigate R™ (x) in more detail. Note that R (x)

b
involves the probability of a subset of {bg & az}
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7O () 7 () 7 (x) U

Figure 4: Schematic representations of 7@ (z), 7™ (x) and 7 ().

For this subset, we will use (3.15) and (3.18) again, and follow the steps of the above proof. The
expansion is completed by repeating the above steps indefinitely. To facilitate the statement and the

proof of the expansion, we make a few more definitions. For by = (b1,...,by) with N > 1, we define
~ N-1 o o
E;;Z) () ={o=10} N m E(bi,b;y1;CY%(bi—1)) N E(by, z; C¥ (by 1)), (3.24)
i=1

where we use the convention that b, = o and that the empty intersection, arising when N = 1, is the
whole probability space. Also, we let

Eé.o) () ={o= x}. (3.25)
0
Using this notation, we define

™ (2 EIP U ( (3.26)
and denote the alternating sum by

m(@) =Y _ (- (). (3.27)

N=0

Note that the sum in (3.27) is a finite sum, as long as ¢ is finite, where ¢, denotes the time coordinate
of @, since each of the bonds by, ...,by eats up at least one time-unit €, so that 7™ (x) = 0 for Ne > t,.
The result of the expansion is summarized as follows.

Proposition 3.3 (The lace expansion). For any A > 0 and x € A,

T(x) = 7(x) + (T+p+7) (). (3.28)
Proof. By (3.22), we are left to identify R™ (x). For N > 1, we define

R™( ZIP’ by) 0 {by SXOvD, oy, (3.29)
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We prove below
RM(z) = 7N () + (7™ 5px7)(x) — RN (). (3.30)

The equation (3.28) follows by repeated use of (3.30) until the remainder R™*Y (x) vanishes, which must
happen at least when Ne > t,. To complete the proof of Proposition 3.3, we are left to prove (3.30),
which is a generalization of (3.22).

CPN (b
First we rewrite by & x in (3.29). Asin (3.15), this event can be decomposed into two cases,

— -  C'N(by_
depending on whether there is or is not a pivotal bond b fog bN_—> x such that by M b. The
contribution where there is no such a bond equals E(by, x; C*N (by_,)). If there are such pivotal bonds,
then we take the first bond b among these bonds and obtain (cf., (3.15))

{by Mm} E(by, 2 C (by_,))

U U {E(by, b; C" (by_,)) N {b occupied & pivotal for by — x}}. (3.31)
b

By (3.26), the contribution from E(by,a; C*N (by_,)) in the right-hand side is 7 (), which is the first
term in the right-hand side of (3.30). For the contribution from the remaining event in (3.31), we use
(3.18) to arrive at

Z P E(N) ) N {b occupied & pivotal for by — x}) ZIP’ E<N) )N {b— x}) — RV (x). (3.32)
va bN b
The last term in the above expression is the last term in the right-hand side of (3.30). Again by the
Markov property and (3.26), the first term in the right-hand side of (3.32) equals the second term in the
right-hand side of (3.30). This completes the proof of (3.30) and thus the proof of Proposition 3.3. [

3.2 Representation for the derivative

In this section, we derive a formula for O \m(x). To state the result below, we define

piv[v, x| = {b: b pivotal for v — x}. (3.33)
Proposition 3.4. For A >0 and x € A,
LS~ ()
Oam(w) = 5 Nz_l(—m ™ (x), (3.34)

where TIN) (x) = ZnN:1 ™) () with

TN () = IP’(E;;Z)(:B) N{b € {bu} U piv[bn,b,iq]}), (3.35)
I;N,b:
b spatial
and where by, is defined to be x.

By the same reason as in (3.27), the sum in (3.34) is a finite sum. We prove (3.34) by differentiating
the expression (3.28) for 7(x) and comparing it with the expression for 9,7 (x) obtained by using Russo’s
formula, rather than differentiating dym;(x) directly. Possibly, one can also use direct differentiation of
the expressions (3.26) for m(x), but this is cumbersome because of the complex combination of increasing
and decreasing events consisting of 7V (x), where an increasing (respectively, decreasing) event is an
event that is more (respectively, less) likely to occur as A increases. We note that, instead of a difference
of two terms due to the pivotals for the increasing and decreasing events, we only obtain a single sum
over pivotals. Thus, an intricate cancellation takes place. This is further demonstrated by the fact that
there is no contribution from N = 0. In particular, it is not true that Oy7®(z) = 11V (x).
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Proof. In the proof it will be convenient to split
o™ () = [N () + TV (), (3.36)

where II'V*D(z) is the contribution from b = b, in (3.35), whereas IV (z) is the contribution from
be in[bn,Qn+1].
To obtain an expression for d\7(x), we use Russo’s formula [4, 9]. Let E be an increasing event that
depends only on finitely many spatial bonds. Then
1 o
OP(E) = X Z P(E occurs, b is pivotal for E), (3.37)

b spatial

where we use the fact that only spatial pivotal bonds for F are responsible to the differentiation with
respect to A. Let Oy = [~ R, R]*NZ4. We apply (3.37) to E = Ex(z) = {0 — x in O x [0,t,]}, which
is the set of bond configurations whose restriction on bonds (u,v) C Oy x [0,t,] are in {0 — x}. Note
that imp_,oc P(Eg(x)) = 7(x), and that, for any Ao € [0, 00),
1
lim O\P(Eg(x)) = X Z P(o — @, b is pivotal for o — x), (3.38)

R—o0 .
b spatial

uniformly in A € [0, \g], which we will show at the end of this section. Therefore, we can exchange the
order of limg_,o, and 0y, and obtain

1
IT(x) = X Z P(o — @, b is pivotal for o — x). (3.39)

b spatial

We follow the same strategy as in Section 3.1 to obtain a recursion relation, now for 0\7(x) rather
than for 7(x). Then, (3.39) equals

1
O\T(x) = X Z [P(o = b, b occupied & pivotal for o — x)
b spatial
+ Z P(o = by, b1 and b occupied & pivotal for o — ) |, (3.40)
bi1<b

where ), _, is the sum over bonds by with ¢, < #,. The first and second terms in the brackets of
the right-hand side correspond respectively to when b is or is not the first element of piv[o,x]. The
contribution from the first term is the same as (3.2), apart from the factor % and the restriction that b
has to be a spatial bond. Thus, the first term equals

1 & 4 ‘
(7 %eD«7)(x) + 3 Z ()N IV () + (TN par) ()], (3.41)
N=1
where we abuse notation to write
D((y, 5)) = D(y) 65,5- (3'42)

For the second term in (3.40), we use

{b1 and b occupied & pivotal for 0 — x}

= {b; occupied & pivotal for o — x} N {b € piv[by, x|} (3.43)
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We ignore the condition that b; is pivotal for 0 — @ and use inclusion-exclusion in the form (3.18) to
make up for the arising error. Using the Markov property, the contribution from the second term in (3.40)
is

1 —
3 g Plo = by, by — @, b e pivib,x]) — QW (x) = (7 ¥ «p«Oh7)(x) — QW (), (3.44)
b1,b:
b spatial

where we define Q™ (x) by

. 1 o G (b, _1) -
Q™ (x) = 3 > P é.n_?(z_)n) N {b, Crenn), x} N {b € piv[b,, z]}), (3.45)
l;n,b:
b spatial

and we recall that E©®(b;) = {o = b} and by = o. Note that Q™ (z) is similar to R™(x) in (3.29),
except for the factor %, the sum over spatial bonds b, and the extra condition b € piv[b,,x|. Therefore,
by (3.40)—(3.41) and (3.44), we have

WT(x) = (7 %eD«7)(x) + (7 % pxOr7) () — QW ()

+% 3 (—D)N I () + (TN wpur) ()] (3.46)
N=1

Below, we will use inclusion-exclusion to prove that, for n > 1,

Q" (z) = (1" xeD+7)(@) + (1 s psOr7)(x) — Q" ()
FT OO OV ) + (1 ) )]
N=n+1

+ % Nz_:n(_l)Nn [H(N;n,2>(w) 4 (H<N?”’2>*p*7)(x)]. (3.47)

Before proving (3.47), we complete the proof of (3.34) assuming (3.47). By repeated applications of (3.47)
to (3.46) until the remainder term Q™ (x) vanishes, we obtain

O\T(x) — (mxeD»7)(x) + (mxpxO\T) ()

— % (_1)N [H(N;l,l)(m) + (H(N;l,l) *p*T)(a:)]
N=1
FIIEDT DT ()N IO @) 4 ([ ) @)
n=1 N=n+1
+ % DD (DN I (@) + (TN spar) ()]
n=1 N=n
= % DDV AN (@) + (TN wpar) ()] (3.48)
N=1

I (x) + (Oamxp«7)(x) = % Z ()N [N (z) + (I «ps7)()]. (3.49)



Using this identity, we prove (3.34) by induction on t5/e. Since 7((,0)) = o, and I ((2,0)) = 0
for all N > 1, we obtain (3.34) for t/c = 0. Suppose that (3.34) holds for all t;,/¢ < m. Then the
contribution from the second term in the brackets of (3.49) equals the second term on the left-hand side
of (3.49), and thus (3.34) for tz/¢ = m + 1 holds. This completes the inductive proof of (3.34).

CPn (b,
In order to complete the proof of Proposition 3.4, we prove (3.47). Because of the condition b,, Crlna),

@ in (3.45), either the event E(bn_, x; Cbr (by_1)) occurs or there is an occupied bond by, 1 € piv[b,, ] for
which the event E(by, b, 1; C(b,—1)) occurs. The contribution from the former case to Q™ (z) is

— 1
A Z E{ ™ (by) N E(by, @ € (by—1)) N {b € piv(by, 2]}) = XH(”""’Q)(:E). (3.50)
b spatlal
The contribution from the latter case is, as in (3.40),
1 ~ _
X [P(El%") (b) N {b occupied & pivotal for b, — x)
E7L,b: .
b spatial
+ Z 12 '(by11) N {bn+1 and b occupied & pivotal for b, — x})
b1 <b bn
+ Z P(EY (b, 1) N {b and by, 41 occupied & pivotal for b, — z}) |, (3.51)
beb

where the first, second and third terms in the brackets correspond respectively to when b,,4+1 = b, when
bp+1 is between b, and b, and when b, is between b and . The first term is similar to that in (3.40),
and its contribution equals, as in (3.41),

1 oo
(7 weDar)(@) + 5 Y (DN I (@) - (O pr)(@)]. (3.52)
N=n-+1

_ For the second term in (3.51), we apply (3.43), with by and o being replaced respectively by by,+1 and
by, and use the inclusion-exclusion relation (3.18) and the Markov property. Then, the contribution from
the second term equals, as in (3.44),

1 _ ‘ ‘ _ o
X Z ]P’(Eén) (bpy1) N {bns1 occupied & pivotal for b, — @} N {b € piv[by41,x]})

bpt1,b:
b spatial

Z P(ES (byiq) N {bns1 — 2} 0 {b € piv[byi1,z]}) — Q" ()
bn+1,b
b spatial
= (x e peda)(@) — QU (@), 55
For the third term in (3.51), we use

{b and b, ;1 occupied & pivotal for b, — =}
= {b € piv[by, b, 1]} N {bn+1 occupied & pivotal for b, — x}. (3.54)
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By the inclusion-exclusion relation (3.18), the contribution from the third term equals

)\ Z Ex (bpy1) N {b € pivibn, by yq]} N {bps1 occupied & pivotal for b, — z})
bn+1:b "
b spatial
A Z |: E':) n+1) N {b € pr[bn, bn—i—l]} n {bn+1 m})
n+1 b:
b spatial
_ bt (By)
- IP)( l(;n>(bn+1) {be Plv[bnv bn+1]} oy —— )] (355)

where the first term equals, by the Markov property,

1
X(H("#"’Q) *p*T)(:B). (356)
For the second term in (3.55), we use the same argument as above (3.31). Because of the condition

Cbn+1 (5, . .
bn+1 Lot bn), x, either the event E(bn+1,cc CPn+1(b,)) occurs or there is an occupied bond by, o €

piv[byi1, 2] such that E(byi1,b,.0; Ct+1(b,)) occurs. By repeated use of inclusion-exclusion and the
Markov property, as above (3.31), the contribution from the second term in (3.55) equals

% S (C)N I () 4+ (T2 7 ()], (3.57)
N=n+1

Combining (3.50), (3.52)—(3.53) and (3.56)—(3.57), we obtain (3.47). This completes the proof of
Proposition 3.4, assuming the uniformity of (3.38). O

Proof of the uniformity of (3.38). Given A € [0,00), we prove that O\P(Ex(x)) converges to the right-
hand side of (3.38), uniformly in A\ € [0, Ag].

Recall that Ex(x) = {o — x in Ok x [0, t5]}. The difference between 0\P(Ex(x)) and the right-hand
side of (3.38) is bounded by

1
X Z ]P’(b occupied & pivotal for Egx(x), but not pivotal for o — :I:)

b spatial
bCDRX[O,tm]
1 : .
+X Z P(b occupied & pivotal for o — x). (3.58)
b spatial
bz UR x[0,ts]

First, we bound the second term, using {b occupied & pivotal for o — x} C {0 — b} N {b — =} as
well as the Markov property and (2.43), by

te /e
e > pE)DO-b)prleT (@ - <) (I-—e+re)= T Y priTl(y),  (3.59)
b7 O x[0,ta] J=1 YELY|lyllo >R

where we take the sum over the spatial component of & to obtain the bound. Similarly to (2.44), this
is further bounded, uniformly in A and e, by ¢d}, where ¢ = ¢(X\o,tz) and &), = §7,(A\g) are some finite
constants satisfying limp .~ d7, = 0.

Next, we consider the first term in (3.58). Note that, if b is pivotal for Fx(x), but not pivotal for
o — x, then there must be a detour from some y € Oy x [0,ty] to another z € Oy X [t;, tz] that passes
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through (Z4\ Oz) x [0, t5] without traversing b. Therefore, the event in the first term of (3.58) is a subset
of

U {fo—ytn{{y—b b—z}o{y —u, (u,v) — 2z}}N{z — =z}, (3.60)
y,z,uclr x[0,tz]
w¢Op %[0,

where (u,v) is the first bond along the detour that crosses the boundary of Oy x [0, %5, so that it is a
spatial bond, and F; o Es is the event that F; and FEs occur disjointly, i.e., there is a bond set B such
that E7 occurs on B and F»s occurs on the complement of B. By the Markov property, the three events
joined by N are independent of each other. For the middle event, we use the van den Berg-Kesten (BK)
inequality [9], which asserts that P(E; o Fy) < P(E;)P(E2) when both E; and Ey are increasing events,
i.e., By and E5 are more likely to occur as A increases, as in (3.60). Sometimes, we also make use of the
van den Berg-Kesten-Reimer (BKR) inequality [6], which proves P(Ej o E2) < P(E;)P(Es) for any events
E; and E,. Then, we use (2.43) as in (3.59) and obtain that the first term in (3.58) (even when we sum
over the spatial component of &) is bounded by 87, where ¢ = ¢/(Ao, tg, ) and 87, = §7,(N\o) are some
finite constants satisfying limpr_.o 0% = 0. This completes the proof of the uniformity in A of (3.38).

In the above proof, we did not care about the uniformity in e, since it has been fixed and positive in
this section. In fact, the above constant ¢’ is of order O(¢~2) and diverges as ¢ — 0. This is because the
contribution from (3.60) involves the sums over t3(= tp + €), 1y, t2, to(= to +€) € €Z4 that give rise to
the factor e~*. However, the factor e 2 is cancelled by the bond occupation probabilities of the spatial
bonds b and (u,v), and therefore ¢/ = O(¢72). We could improve this to ¢ = O(1) by using the ideas in
Section 4.1, and hence obtain the uniformity in € as well, though this is not necessary here. O

4 Bounds on the lace expansion

In this section, we prove Propositions 2.3-2.4. By (3.26)—(3.27) and (3.34)—(3.35), it suffices to prove the
following bounds on 7{"(z) and TI{""(z) in order to prove these propositions.

Lemma 4.1. Suppose that (2.29) holds for some Ao and all s < t.

(i) Let d > 4. Then, there are By > 0 and Cx < oo such that, for A\ < Ao, B < Po, s € €Z4 with
2¢ <s<t+e, and ¢q=0,2,4,
62 C ﬁ 1\/NJqu/2
Z ‘x|q7réN)($) < <(1K_|_)S)(dq)/2 ) fOT N > 07 (41)

ZHgN;n) (x) EQ(CKﬂ)N

11 5)@72
(ii) Let d < 4 with o = bd — 4§—d >0, u€(0,a) and t <TlogT. Then, there are fy > 0 and Cx < 00
such that, for A < Ao, B1 < Bo, s € €Z4 with2e < s<t+e¢, andq=0,2,4,

D x|t aM(x) < e2Cuer(Cuc o)™ N Vo N/

IN

for N >n>1. (4.2)

2 (1 s) @07 , for N >0, (4.3)
. €20 B (Cre Br)N 1
ST () < (’; J:i){;_;)ﬂ : for N>n>1, (4.4)

where Br = ST~ and By = BT H.

Proof of Propositions 2.53-2.4 assuming Lemma 4.1. The inequalities (2.30) and (2.32) follow from (3.26)—
(3.27), (3.34)—(3.35) and (4.1)-(4.2), if § is sufficiently small. The proof of (2.31) is the same as that of
Proposition 2.2(ii) in [20, Section 4.3], together with (2.30). This completes the proof of Proposition 2.3.

Proposition 2.4 is proved by using (4.3)-(4.4) instead of (4.1)-(4.2), if (3 is sufficiently small. O
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Lemma 4.1 is proved in Sections 4.1-4.3. In Section 4.1, we first introduce certain diagram functions
P (z) and PV (z) that are defined in terms of two-point functions, and prove that these diagram
functions are upper bounds on 7;"(x) and TI{"™ (z), respectively. Then, we bound these diagram func-
tions assuming the bounds in (2.29) on the two-point function, for d > 4 in Section 4.2 and for d < 4 in
Section 4.3. Finally, in Section 4.4, we use these diagram functions to obtain finite-volume approximations
of ™ (x) and ™™ (z), which will be used in Section 6 to prove the continuum limit | 0.

4.1 Bounds in terms of the diagram functions

In this section, we prove that 7" (x) and II{"*"(x) are bounded by certain diagram functions P ()
and P\ (z) that are defined below in terms of two-point functions.

The strategy in this section is similar to [20, Section 4.1] for oriented percolation in Z? x Z,, where
bounds on 7T§N) () were proved by using some diagram functions arising from the Hara-Slade lace expan-
sion. Since the expansion used in this paper is somewhat simpler, we can use simpler diagram functions.
However, to consider the case ¢ < 1 as in [27], extra care is needed to obtain the factor 2 in (4.36)—(4.54).

4.1.1 Preliminaries

Before defining the diagram functions, we start by some preliminaries. For v = (v, s) € A and a bond b,
we write vy = (v, s+¢) and {v — b} = {v — b} N{b occupied} (cf., Definition 3.1(i)). For convenience,
we will also use abbreviations, such as

{fv—b—zx}={v—0N{b— x}. (4.5)

Let I'(v,z,x) = {v — x}, and define, for y # x,

I’(v,y,a:)—{ U {U—>b—>w}}u{ U {v—>(b,b+)—>w,boccupied}}. (4.6)

b spatial: b sPatial:
b=y b=y

We note that I'(v,y,x) for y # x equals I'(v,x,x) with an extra spatial bond b being embedded (or
added) along the connection from v to . Denoting

I(b,y,x) = {b occupied} N I'(b,y, ), (4.7)
we define
M, vz, y) = {I(by,x)o{v — x}} U{{b—x}oI'(v,y,x)}. (4.8)

Note that, when neither b nor v is @, the event M (b, v;x,y) equals {b — =} o {v — =} with an
extra spatial bond being embedded either between b and x due to I(b,y, ), or between v and z due to
I'(v,y,z). In addition, we define M*(b,V',v;x,y) to be M(b,v;x,y) with the connection from b to x
being replaced by b — b’ — . For example, the second event {b — x} o I'(v,y,x) in (4.8) is simply
replaced by {b — b — x} o I'(v,y, ) in the definition of M*(b,b,v;x,y). Replacing the first event
I(b,y,z) o {v — «} in (4.8) is more complicated, due to the three possibilities of embedding b" into
v — b — x in (4.6) and the other three possibilities of embedding b’ into v — (b,b,) — « in (4.6),
and therefore we refrain from giving a formula for M*(b,V/, v; x,y).

Recall (3.26) and (3.35) for the definitions of 7™ (x) and 11" (x) that involve the event Eéz) (x).

Our first claim is that EéN)(:c) satisfies the following successive relations:
N
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Lemma 4.2. For N > 1,

BN (@) € BV (by) 0 M (by by-ai @, ), 9
N—1
E(z ?(l_)N) mM(bN,BNfl;x’y>
U {HEY by ) 0 M (b1 By aiby )} o M(by, i) . (4.10)
vEA
B (8,) 0 M by By 159 1 (b € pivins b}
c LGJA{{EZ 2 (by_) N M(by 1,y 3by, 0)} 0 M (b by v, ) | (4.1)

and for N >n > 1,

ELN_I)(QN) N M(bNaENfl; z,y)N{be in[En,bn_H]}

< {{E<N Dby ) N M (by—y, by by, ) N {b € pivlbn, byy1]}} 0 M(by, vs y)} (4.12)
veEA

where by = b_1 = 0, M(by,b_1;b;,v) = {0 = by} N I'(0,v,b;), E(O)( 1) = {0 = b} and E< 1)(bo)
equals the whole probability space.

_ We note that the left-hand side of (4.12) is the same as that of (4.11), except that b is pivotal for
b, — b,y with n < N.

Proof. The relation (4.9) follows immediately from (3.24) and
E(by,z;CN(by_,)) C {by — x} o {by_y, —> x} = M(by,by_,; T, ). (4.13)

~ We only prove (4.10), since (4.11)-(4.12) can be proved similarly. First, we use (4.9) to obtain
EI%N_U(bN) C EéN_Q)(bN ) N M(by_1,by_s;by,by). Since E'éN_Q)(l_)N_l) depends only on bonds before
N-1 N-2 N_2

by_,, it suffices to prove

M (by1,byva3 by ) N M (b, byors,y) C | {M(byo1,by—siby, v) 0 M(by, v; ) }. (4.14)
vEA

Recall that M (by_1,by_2;by,by) = {by_1 — by} o {by_, — by }. The event in the left-hand side of
(4.14) implies existence of v € C(bN,l) such that v — b, and M (by,v; x,y) occur disjointly. Therefore,

(bN 1abN 27b b )mM(bNaBN—ﬁxay)
c U {{tbss — v —byofbus — b))

vEA
U{{bx_1 — by} o{byo—v— QN}}} o M(by,v;x,y). (4.15)

We investigate the vicinity of v € A in (4.15), where there are two disjoint connections, v — b, and
v — . Since there is at most one temporal bond growing out of each vertex in A, at least one of the
two connections has to use a spatial bond at v. Therefore,

{'v—>QN}o{'v—>a:}C U {{{b—>QN}O{b—>$}}U{{(b,Q+)—)bN}O{b—>m}}} (4'16)
b spatial:
b=v

Substituting this relation into (4.15) and relabelling b = v in the latter event {(b,b,) — by}o{b — =},
we obtain (4.14), and thus (4.10). This completes the proof. O
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4.1.2 Diagrammatic bounds

Inspired by the successive relations (4.9)-(4.12), we inductively construct the diagram functions P ()
and PV (x) as follows. For b = (u,v) with u = (u,s) and v = (v,s + ¢), we abuse notation to write
p(b) or p(v —u) for p.(v —u), and D(b) or D(v —u) for D(v — u). Let

o —u) =0yqz+ (px7)(x — u), (4.17)
and
L, ;) = {cp(a: — ) (T AeD) (@ — v) + (pxAeD)(z — u) T(z — v), furto. g
(Dsx7)(x —u) (T+XeD)(x —u) + (Dx7xXeD)(x —u) 7(x —u), ifu=o.

We define
POx) = 6oz + AeL(0, 0; ), (4.19)

and define the zeroth admissible lines to be the two lines from o to @ in each diagram of A\eL(o, 0;x).
With lines, we mean here (AeD«7)(x) and (7« AeD)(x) for the contribution from the first term in (4.18)
with uw = v = 0, and (AeD«7+AeD)(x) and 7(x) for the contribution from the second term in (4.18)
with u =v = o.

Given an admissible line ¢ from v to @ of a diagram function, say 7(x — v) for simplicity, and given
y # x, Construction B .. (y) is defined to be the operation in which 7(z — v) is replaced by

spat
T(y —v) (AeD«7)(x — y), (4.20)
and Construction Bfemp(y) is defined to be the operation in which 7(x — v) is replaced by
> (b=v) XeD(0) P((bby) — ). (4.21)
b:b=y

We note that (4.20)—(4.21) are inspired by (4.6). The sum of the results of Construction ngat(y) and

Construction Bt (y) is simply said to be the result of Construction B*(y). We define Construction B(s)

temp
to be the operation in which Construction B%(y, s) is performed and then followed by summation over

y € Z%. Construction Bﬁpat(s) and Construction Bﬁemp(s) are defined similarly.

We denote the result of applying Construction B(y) to a diagram function f(x) by f(z, B*(y)), and
define f(x, B ,.(y)) and f(x, B, (y)) similarly. We construct P®™) (x) from P™-Y(z) by

spat temp

PO(@) =22e 3" PAY(@) Lwvix) + Y S PU (0, Bl(y) Liv,ygsa), (4.22)
veEA J4 QLZSA
vEY

where Y, is the sum over the (N — 1)** admissible lines in each diagram. We define

> PN (v, BY(v)) = 2PN (v). (4.23)
l

Then, (4.22) equals

PY@) =3 Y PO (v, Bl(y)) Liv,y;@). (4.24)

¢ v,yeA

We call the newly added lines, contained in L(v,y; ), the N admissible lines.

738



Figure 5: Graphical representations of P”(z), P{"(z) and P (x). Lines indicate two-point functions,
and small bars indicate a convolution with p.. Spatial bonds that are present at all vertices in the
diagrams are left implicit.

Finally, for N > n > 1, we define

PV (g ZZP(N) (z ngat( ), (4.25)

¢ yeA

where Y, is the sum over the n'® admissible lines.

Thanks to the construction in terms of two-point functions, the diagram functions can be estimated
by using (2.29), and this will be done in Sections 4.2-4.3. The following is the main statement of this
section:

Lemma 4.3. For A>0and N >n>1,
m V(@) < PV (), Y™ (@) < B (). (4.26)

Proof. We begin with proving 7 (x) < P®(x). The first term in (4.19) is the contribution from the
case of o = x. If 0 # x, there are at least two nonzero disjoint occupied paths from o to . As explained
below (4.15), at least one of two nonzero disjoint occupied paths from o has to use a spatial bond at o
That is,

0@ < Y P{b—a}ofo—az})= Y PMboz,x)). (4.27)

b spatial: b spatial:
b=o0 b=o

We use the same observation at x: at least one of the two nonzero disjoint connections, b — x and
o0 — x, has to use another spatial bond at @. Therefore, we can bound the right-hand side of (4.27) by
AeL(o, 0; z) using the BK inequality. This completes the proof of 7 (z) < P©(x).

Next, we consider 7™ (x) for N > 1. Let

7™ (z,y) ZIP 50D (b)) O M (b, bn—15 2, Y)) - (4.28)

By the convention in Lemma 4.2, 7°(x,y) = P({o = =} N I'(0,y,x)). We prove below by induction
that

7 (@,y) < (2Ae) %=v Y~ P™(x, B'(y)) (4.29)
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holds for all n > 0, where >, is the sum over the n' admissible lines. The inequality =) (x) <

P (z) for N > 1 follows from (4.9) and (4.29) for y = x, together with the convention in (4.24), i.e
22e PN (z) = Y, P™(z, BY(z)).

For n = 0, we can assume y # x, since 79(x) = 79 (x,x) < P®(x) has already been proved. By
the equivalence {o = x} N I'(0,y,x) = {0 — x} o I'(0,y,x) and by (4.6), we obtain

m(@,y)< > P{o—az}ofo—b— x})

b spatlal

+ Z AeD(b) P({o — x} o {o — (b,b,) — =}), (4.30)
b:b=y

where we use the BK inequality to derive AeD(b) in the second sum.

We only prove that the first sum in (4.30) is bounded by »~, P (x, ngat( )), by investigating the

vicinity of o and x in the diagram functions, as in the proof of 7 (x) < P©®(x). The second sum in
(4.30) can be proved similarly to be bounded by Y, P (x, Bleyo(y)). In the first sum in (4.30), there

temp -
are three contributions: (i) y = o, (ii) b = (y,«) and (iii) y # o and b # x. The contribution due to
y = o is bounded by

XeL(o,0;x) ZP(O) T, Bat (0)) — 2(AeDx7) () (AeDx7+AeD)(2), (4.31)

while the contribution due to b = (y, x) is bounded by

P{o — z}ofo— y}) AeD(x —y) < [(AeDx7)(x) 7(y) + (AeD+7)(y) 7(2)] AeD( — y)
= Z PO(x ngat y)) — [(AeD«7)(y) (TxXeD)(x) + (AeDx1xAeD)(x) 7(y)] AeD(x —y). (4.32)

We can estimate the case (iii) similarly, and obtain a bound which is AeL(o,y;x) with one of the two
7’s in each product 7 - 7 in (4.18) replaced by (4.20). Summarizing these bounds, we conclude that the
first sum in (4.30) is bounded by ), P («, ngat( )). This completes the proof of (4.29) for n =0, and
initializes the inductive proof for n > 1.

To advance the induction hypotheses, we assume that (4.29) holds for n = N — 1, and that

> P(M(bv;m,y)) < (2Xe)’0%v > " L(u, v;z, B (y)) (4.33)

bib=u ¢

holds, where we write >, L(u, v; x, B(z)) = 2\eL(u,v;z), similarly to the convention used in (4.24).
We will prove (4.33) below. By (4.10) and the BKR inequality, together with (4.24), (4.29) and (4.33),
we obtain

™) (2, y) <Z7T(N—1)uv) Z P(M(by,v;z,y))

bn:by=u
(2Xe) %= YN PN (u, B (v)) Llu,vi 2, B (y))
Ll u,v
= (2Xe) v Y~ PY(z, Bl (y)). (4.34)

l

This advances the induction hypotheses, and hence completes the proof of (4.29), assuming that (4.33)
holds.

It thus remains to prove (4.33). We only consider the case of u = v and x = y, since it explains why
the factor 2)Ae is in the definition of the diagram functions. The case of u = v and @ # y can be proved
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similarly to (4.29) for n = 0, and the proof of the remaining case is simpler because extracting the factors
of € at u # v is unnecessary. Let u = o in (4.33), by translation invariance. Then, the left-hand side of
(4.33) equals the rightmost expression in (4.27), except for the condition that b is a spatial bond. By the
same observation at o as in (4.27), we obtain

> P(M(boiz,x) = Y P(Mboiz,x) +PM((0,04), 0w, ))

b:b=o0 b spatial:
b=o
< Z ]P)(M(b7 0; w7w)) + Z ]P)({(Oa O+) - .’.U} ° {b - 113})
b spatial: b spatial:
b=o0 b=o0
<2 > P(M(b oz, x)) < 2)eL(0, 0;T). (4.35)
b s(ljaatialz
b=o

This completes the proof of (4.33), and hence the proof of the first inequality in (4.26).

To prove the second inequality in (4.26), we recall that II"") (z) = TI®™Y () + TI@™2) (), where the
first and second terms are the contributions to (3.35) from b = b,, and from b € piv{by, b, ], respectively.
There are two n'' admissible lines terminating at b,, 11, one from b, and the other from some vertex w.
We can bound IIV:™Y(x) by P™)(x) with the nonzero admissible line from b, say (p+7)(b,11 — bn)s
replaced by (AeD«7)(b, 1 — b,); if w = b,, we replace the factor p in one of the two admissible lines
by AeD as above, and add both contributions. For ITI™:™? (), we use (4.11)—(4.12) to obtain the bound
D0 bz, P (2, ngat (b)), where 3, is the sum over the n'" admissible lines. Together with the bound
on II™m™ (), we obtain (4.25). This completes the proof the second inequality in (4.26), and hence the
proof of Lemma 4.3. O

4.2 Estimate of the diagram functions above four dimensions

In this section, we bound the diagram functions for d > 4 as follows:

Lemma 4.4. Let d > 4 and suppose that (2.29) holds for some Ao and all s < t. Then, there are Sy > 0
and Cx < 0o such that, for A < Ao, B < (o, s € eZy with2e <s<t+¢, and q¢q=0,2,4,

_ 82(CKﬁ)1VNJqu/2

E q p(N)
= B ) < 1+s) @02 for N 20, (4.36)
o e2(Ce N

Lemma 4.1(i) is an immediate consequence of Lemmas 4.3-4.4. To prove Lemma 4.4, we will use the
following three lemmas.

Lemma 4.5. Assume (2.29) for s <t =mne and X\ € I,,. Then, there is a Cx = Cx(d,\) < 0o such that
the following bounds hold for s <t, ¢ = 0,2 and for that \:

> J2]? (74 % D)(z) < Cro?(1 + )92, (4.38)
Crolp
Sgp 2|7 (15 % D)(z) < mv (4.39)
s Cxoip
Sl;p ‘$|q7's<l') S (1 — 6) /Edq,o + u_’_;w (440)

Lemma 4.6. Assume (2.29) for s <t. Let fi(z) be a diagram function that satisfies ), fi(x) < F(t) by
assigning ly or loo norm to each diagram line and using (2.29) to estimate those norms. Then, there is a
Cx = Cx(d, \) < oo such that Y fi(z, B‘(s)) < eCi F(t) for every s <t and every admissible line (.
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Lemma 4.7. Let a,b € R, and let k be a positive number if a or b is 2, and zero otherwise. Then, there
exists a C' = C(a,b, k) < 0o such that

t
° £ o g C
_— < . .
Z (1 + Sl)a Zt: (1 + Sz)b - (]_ + t)a/\b/\(aerfQ)fﬁ (4 41)

s1=0 so=t—s1

Lemmas 4.5 and 4.6 correspond respectively to Lemmas 4.3 and 4.6(a) in [20], and Lemma 4.7 cor-
responds to [19, Lemma 3.2]. The result of applying Lemma 4.7 is the same as [20, (4.26)] when d > 4
(see also the proof of Lemma 4.6(b) in [20]), but Lemma 4.7 can be applied to the lower dimensional
case as well. We will use Lemmas 4.5-4.6 again in Sections 4.3—4.4, and Lemma 4.7 in Section 4.3 and
Appendix A.

First, we prove Lemma 4.4 assuming Lemmas 4.5-4.7, and then prove these lemmas. We will use ¢ to
denote a finite positive constant whose exact value is unimportant and may change from line to line.

Proof of Lemma 4.4 assuming Lemmas 4.5-4.7. For (4.36), we only consider ¢ = 0, since the other cases
in (4.36) are proved along the same line of argument as in the last paragraph of [20, Section 4.2].
For s’ < s < t, we use Lemma 4.5 to obtain

sup > L((u,5), (v, 8); (1)) < cpe (4.42)

uv (]‘ + t— Sl)d/2 '

Since P (x) = XeL(0, 0; (

obtain 3,3 P\”(x, B¢(s)
n (4.19).

For N > 1, we note that, by (4.24) we have

S PRY@) < Y [ZZPW V((u,s), B (v, 5) HSUPZL w o), (v (@ 0) ], (443)
T { uw

s,s’

8

,t)) for t > 2¢, this implies (4.36) with ¢ = N = 0. By Lemma 4.6, we also
< ce[dos + €23 (14 t)~Y2], where &y is the contribution from the first term

~—

where Y, is the sum over the (N — 1)** admissible lines in P{" " (u). Therefore, > P’ () satisfies
(4.36), and >, > PV (x, BY(s)) is bounded by ce3Cy 3 (14 ¢)~%2. This initializes the inductive proof of
(4.36) for N > 1 with ¢ = 0. Suppose that >  P" "V (z, B(s)) is bounded by ce?(Cie3)N71(1 + ¢)~9/2.
Then, by (4.42) and Lemma 4.7, " P\ (z) is bounded by £2(Cy )N (1 +1)~%? if Oy is sufficiently large.

Note that the factor €? is used in applying Lemma 4.7, to approximate Z;€€Z+ by the Riemann sum.

Using Lemma 4.6, we then obtain Y P (z, BY(s)) < ce®(Cx3)N (1 + t)~%2. This completes the proof
of (4.36).
To prove (4.37), we first use Lemma 4.6 to obtain > P/™(z, B

spat

(s)) < ce®(Cx BN (1 +1)~%2 for
every s < t, where £ is an n'" admissible line. Then, we sum the bound over s € [0,¢]NeZ to obtain the
desired bound in (4.37). Note that the factor € is used in an approximation by the Riemann sum. This
completes the proof. O

Proof of Lemma 4.5. The inequality (4.38) immediately follows from (2.29) and the properties of D. To
prove (4.39)—(4.40), we use

s/e
(rs % D)(z) < (1 —2)**D(z) + Ae Y (1 — ) (D # 74_jc x D)(x), (4.44)
j=1
and

s/e
To(x) < (1= €)¥%600 + As(1 — €)*/* " D(x +>\25Z j—1e(l—e)/ 2(D* 7 jex D)(z).  (4.45)
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where (1 —¢)™ is the probability that (o, 0) is connected to (o, ne) along the temporal axis. Since the first
term in (4.44) and the second term in (4.45), multiplied by |z|9, are both bounded by co?4 (1 + s)~(4=9)/2
for any = € Z%, we only need to consider the last terms in (4.44)—(4.45).

We fix 7 € (0,1) and use (2.29) to bound the second term in (4.44) by

rs/e s/e

KB(1—¢)~! KB(1—¢)~t cf3
e A < . 4.46
Z (I+s— je’-jd/2+ P (1+s—3je)¥2 = (1+5)4/2 (4.46)

j=rs/e

By the same argument, the third term in (4.45) can be bounded by ¢ (1 + s)~%2. This completes the
proof of (4.39)—(4.40) for ¢ = 0.
For |z|? times the second term in (4.44) or the third term in (4.45), we have

|2*(D 75 % D)(w) <23 (Jy* + & = y[*) (D # 742) (y) (Te/2 * D) (@ — )
Y

< 4D * Typalloc Y [af* (742 % D) (). (4.47)

Applying (4.44) to || D * 74 /9/|c0, using (2.29), and then separating the sum over j as in (4.46), we obtain
(4.39)—(4.40) for ¢ = 2. This completes the proof of Lemma 4.5. O

Proof of Lemma 4.6. By the convention used in (4.24), for s =t we have

thxB y,t th:vB (x,t)) <ZthxB£:vt 22)\5]‘} ) < 2XeF(t), (4.48)

where >, is the sum over the admissible lines arriving at (z,t). For s < ¢, Construction B*(s) replaces
the diagram line ¢, say 7(z), by Ae(7s * D * 7y_s_¢)(z) + Ae(1 — €)(7s * Tt—s—c)(x). By Lemma 4.5 and
(2.29), we obtain

Xel||Ts % D s Tp—g—c||1 = Ae|7s % D)1 || Tt—s—c|l1 < AeCosK, (4.49)
2420, . K

T (4.50)

)‘EHTS * D x Tt—s—sHOO < )‘5H7_5V(t—s—£) * DHOO HTs/\(t—s—a)Hl < Ae
where C, 5 is the constant in Lemma 4.5, and we use s V (t —s — ) > t/2 to obtain the last inequality.
The [ and lo norms of Ae(1 — &) (7 * 7y—s—c)(x) can be estimated in the same way. Therefore, the effect

of Construction B*(s) is to obtain, at worst, an additional constant Cye = 21+d/2¢y, \e in a bound. This
completes the proof. O

Proof of Lemma 4.7. We prove (4.41) for a Ab > 0 and for a A b < 0 separately.
Let a Ab > 0. Separating the sum over s; into Z(.J§31§t/2 and Z;/2<51§t, and using so >t —s1 > t/2
in the former sum, we can bound the left-hand side of (4.41) by

t/2

+th D _Z ; T (4.51)

2

where the first term is bounded by ¢/ (1 + t)~0=(@=2)A0+%a where £, is an arbitrarily small but positive
number if a = 2, otherwise k4, = 0. Also, the double sum in (4.51) is

t

¢ t
b 3 ° c c
> o < Y=< L5
590 (1 82)b Z € = 822:0 (1 82)17—1 — (1 t)(b72)/\07”b’ ( 5 )

Slzt/2V(t—82)
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where kyp is an arbitrarily small but positive number if b = 2, otherwise x; = 0. This completes the proof
of (4.41) for a Ab > 0.

Next, we consider the case a A b < 0. Due to the symmetry of the left-hand side of (4.41) in terms of
51, 89, we suppose b < a A 0. Then, we use the trivial inequality (1 + s2)™° < (1 +¢)~°. The remaining
term equals £ Y 6., <, 51 (1 + s1)7® and is bounded by ¢ (1 + ¢)~(@=2"\0+%a_ This completes the proof of
(4.41) for a A b < 0, and hence the proof of Lemma 4.7. O

4.3 Estimate of the diagram functions at and below four dimensions

In this section, we bound the diagram functions for d < 4 by using their inductive construction in (4.19)
and (4.24)—(4.25) as well as Lemmas 4.5-4.7, as in the proof of Lemma 4.4 in Section 4.2, but we replace
o and (3 in Lemma 4.5 by o and [, respectively.

Lemma 4.1(ii) is an immediate consequence of Lemma 4.3 and the following lemma:

Lemma 4.8. Let d < 4 with o = bd — % >0, u€ (0,a) andt <TlogT, and suppose that (2.29) holds
for some \g and all s <t. Then, there are By > 0 and Cx < 0o such that, for A < Ao, B1 < Bo, s € €Z4
with 2¢e < s <t—+¢, and ¢g=0,2,4,

€ CKﬁT(CK/BT)OV Uqun

> 2| PN (x) < 01 o) . for N >0, (4.53)
~(Nin £ CKﬁT(CK/BT)N !
ST R(a) < 01 @2z for N >n>1, (4.54)

where Br = ST~ and By = BT H.

Proof. The proof is almost the same as that of Lemma 4.4. The only difference arises when we apply
Lemma 4.7. Let N > 1 and suppose that the quantity in the first brackets in (4.43) is bounded by
ce®Ch Br(CB N1 (1 + ¢)=42, where By = S1T~* with p € (0,). Then, by Lemma 4.7 and (4.42) with
g replaced by [, the right-hand side of (4.43) for d < 4 is bounded by

(4—d)/2+k 6QCK6T(CKBT)N71

= CﬁlT_bd(]- + t) (1 + t)d/2 ;

CE2OKﬁT( ) (455)

(1+¢)2M@=2)=n

where k is an arbitrarily small but positive number if d = 4, otherwise x = 0. Since t < T'logT and
—bd + % = —a < —pu, the factor in front of the fraction in the right-hand side is bounded by CKBT if
Ck is sufficiently large, and thus we obtain (4.53) with ¢ = 0.

For (4.53) with ¢ = 2 and (4.54), we use Lemma 4.7 as in (4.55), with (a,b) = (£, %52), to obtain the
factor

~

Br B ﬂlT_bd(1+t)(4_d)/2+H _ cBr
<1+t)(d—2)/2/\(d—3)—n - (1+t)(d—2)/2 = (1+t)(d—2)/2'

To prove (4.53) for ¢ = 4, we apply Lemma 4.7 as above, with (a,b) = (%, %) and (%, %) This
completes the proof. O

4.4 Finite containment

In this section, we prove that 7T§N> (z) can be approximated by

7™ (x| R) = ZIP M (2) N {Cppy € Or}), (4.57)
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where z = (r,t), Oz = [~ R, R]*N Z% and

C[O,t] = U Cs(0)7 Cs(y) = {Z S z* Yy — (278)}' (4'58)
s=0

We will also use the abbreviation C3 = C4(0). More precisely, we prove below that
m(x) = m (x| R) + o(1) €%, (4.59)

where o(1) is independent of € and decays to zero as R — oo, by using the estimates for the diagram
functions in Sections 4.1-4.3. This is a refined version of the finite containment argument used in proving
the uniformity of (3.38), and will be useful in dealing with the continuum limit in Section 6.

Proof. First, we note that

0<m™(x) - <N>a:|R<ZZ 2 (@) N {Cloe—e] € Ory Cs ¢ Or})

< Z Z >op E<N> )N {o — ((u,s —e), (v, 3))})- (4.60)

s=e wuelpr

v¢lp
Note that ((u,s — €),(v,s)) is a spatial bond, since u € Oy and v ¢ Og. The event in the rightmost
expression is included in the union of two events: (i) 0 — ((u,s—¢), (v,s)) — @, or (ii) there is a vertex
(w,r) € Ok x [0,s) such that 0 — (w,r) — @ and that (w,r) — ((u,s — ¢), (v, s)) disjointly from
~;;z) (x). The contribution from the case (i) and from the case (ii) with (w,r) = (u, s —¢) can be bounded
by >, > > vgOn P™(x, BY(v,s)), where Y, is the sum over all admissible lines (i.e., the sum over
n=1,...,N of the sum over the n'® admissible lines), and where we modified Constructlon BS at (U, 8)
by fixing the second endpoint (v, s), instead of fixing the first endpoint (u, s —¢) as defined in (4. 20) This
bound, divided by €2, decays as R — oo uniformly in e, since the sum over z € Z¢ of the unrestricted

sum y_, > s PM(x, Bg( ) is bounded, by using Lemma 4.6, by cet (1 +t)~%2.
The contribution from the case (ii) with (w,r) # (u,s — €) can be bounded by

Z Z Z > PM(@, B (w,r)) Y (Te—cr ¥ AeD) (v — w), (4.61)

s=¢ r=0 welp v¢Opr

where we relabelled the second endpoint of the spatial bond in (4.21) as (w,r). For w € Op/,, we use

Z P™(z, BY(w,T)) Z (Ts—e—r * D) (v — w) (4.62)

’LUEDR/Q v¢DR
< P (2, BYr)) sup Y (re—emr * D)(w—w) < PV (2, BY(r)) Y (reeeeyx D)(2),
UJEDR/Qvng Z¢D3/2

and for w € Oy \ Og/s, we use
> PY@,B'(w,r) Y (TeerxD)v—w) < |TserxDli > PY(x,B(w,r). (4.63)
w¢DR/2 vglR w¢DR/2
By Lemma 4.5, we have ||7s—c—, * D||1 < Ck, so that ZZ¢DR/2(TS_€_T * D)(z) decays to zero as R — 00,

independently of ¢. In addition, by Lemma 4.6, we have >, P™ (z, B‘(r)) < c3(1 + t)~%2, so that
o0 Ew%ﬂa/z P™(x, BY(w,r)) < o(1)e3(1 +t)~%2. Since there is another factor of ¢ in the summand of

(4.61), while there are two summations over eZ in (4.61), we conclude that (4.61) is o(1) e2t2(14t)~%/2.
This completes the proof of (4.59). O
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5 Inductive argument

In this section, we prove Proposition 2.1 by applying the inductive method of [19] for self-avoiding walk
in Z¢ and for oriented percolation in Z% x Z. , to the recursion equation (5.1) for oriented percolation in
7% x €Z,. To consider the case of ¢ < 1, we will modify the induction hypotheses to incorporate the
dependence on . We expect that a similar method could be used for continuous-time weakly self-avoiding
walk above its upper critical dimension.

First, we consider d > 4 in Sections 5.1-5.3. In Section 5.1, we give the modified version of the
induction hypotheses. In Section 5.2, we show several consequences of the induction hypotheses, mainly
the bounds in (2.29). In Section 5.3, we prove Proposition 2.1. We complete this section by proving the
results for d < 4 in Section 5.4. Since a similar strategy applies to the lower-dimensional case, we only
discuss the necessary changes.

5.1 Induction hypotheses

5.1.1 General assumptions

In Section 3.1, we derived the recursion equation (3.28) for the two-point function. Taking the Fourier
transform with respect to the spatial component, we obtain (2.33), i.e.,

t

Froc(k) = 3 (k) De(k) Foms (k) + e (R). (5.1)
s=0

The probability distribution D : Z? — [0, 1] satisfies the assumptions in Section 1.2. In addition, we
assume that there exists 7 > 0 such that

= L2k, if ||kleo < L1,

- i [kl > L a(k) <2—-n Vke |- % (5.2)

a(k) =1— D(k) {

where a =< b means that the ratio a/b is bounded away from zero and infinity. These assumptions
correspond to Assumption D in [19].
If we replace t by ne, and write

fn(k) = 7A'na(k)’ en(k) = ﬁ'n&(k)a 9n+1(k) = ﬁ'na(k) ﬁs(k), (5'3)

where the dependence on A is left implicit, then (5.1) equals

f?’H‘l(k) = Z gm+1(k) fn—m(k) + en+1(/€), (5-4)
m=0

with fo(k) = 1. This is equivalent to the recursion relation (1.1) in [19]. The only difference is
fi(k) = g1(k) = p(k) =1 — e + AeD(k), (5.5)

whereas in [19], fi(k) = g1(k) = AD(k). This change leads to a modification of the induction hypotheses
n [19], the main reason being that we need to prove uniformity in €. Further technical changes are
explained in Section 5.1.2.

5.1.2 Statement of the induction hypotheses
Fix v, 6 and p according to

—24p)<0<$—(2+p) <y<y+I<IAANLE (5.6)
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We define \,, recursively by Ag = A1 = 1 and, for n > 2,
1 n
An=1-— > 91(0; An 1), (5.7)
=2

where we explicitly write the dependence on \,,_1 of ¢;(0). Let

KI/B [
(1 + ne)@ D2
and define v,, = v,(A) by vg = v1 = X and, for n > 2,

A— %25 ZZTL:Q VQQZ(O)

Iy = A+ ~1,1], (5.8)

Uy = = . 2.9
TS, D al0) )
Let K1,..., K5 be some positive and finite constants that are independent of 3 and €, and are related by
Ky> K> Ky > 1, Ko, K5 > Ky. (5.10)
The induction hypotheses are that the following (H1)-(H4) hold for all A € I,, and m =1,...,n.
(H1)-(H2)
EKlﬂ €K2ﬁ
)\m_>\m— S 1 . N\Nd/9? m — Um— S ) 5.11
(H3) Forke Ay ={k:a(k) < ’Ylog1(_2$$6)} fm(k) can be written in the form
fun(k) = Tt — evia(k) + e (k)] (5.12)
I=1
where 7;(k) obeys the bounds
KSﬁ Kgﬁ a(k:)
< k) — < = 1
()] = (1+l5)(d—2)/2’ (k) —ri(0)] < (1+l€)5 (5.13)
(H4) For k ¢ A,,, fm(k) obeys the bounds
Kya(k)=2=r eKsa(k)=1=7
(k) < =22 (k) — Fa (k) < =2 5.14
Instead of (5.12), we can alternatively write f,,(k) as
H [1—evalk) + e si(k)], (5.15)
=1
where
- ev 1(0) a(k) 4 [ri(k) — r1(0)]
0 =TT 0)], k) = : 5.16
fo(®) = [[11+<r(0) su(k) ) (516)
The induction hypothesis (H3) implies
k k) — 1 K. k
] < SrOla) £ (k) = r(O)] __(1+ ) KB (k) _

1 —elr;(0)] T (1-eK3B)(1+1e)°"
In some cases, we will use (5.15)—(5.17), instead of (5.12)—(5.13). Moreover, by (5.15) and spatial sym-
metry, we obtain

V2 fm(0) = fm(0) €Y _[~vi0® + V25,(0)]. (5.18)
=1

The advancement of the induction hypotheses is a small modification of that in [19], which we add to
keep this paper self-contained. The advancement is deferred to Appendix A.
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5.2 Consequences of the induction hypotheses

We assume 3 < 1 and use ¢ to denote a positive and finite constant that may depend on d,~,d, p, but
not on K;, k,n,,e. The value of ¢ may change from line to line.

The following four lemmas, corresponding respectively to [19, Lemmas 2.1, 2.2, 2.4, 2.3|, are conse-
quences of the induction hypotheses (H1)-(H4) for d > 4.

Lemma 5.1. Assume (H1) form=1,...,n. Then, Iy D11 D --- D I,.
Lemma 5.2. Let \ € I, and assume (H2)-(H3) form =1,...,n. For k € A,

’fm(k” < echﬁe—ms[l—c(K1+K2+K3),8} a(k:). (5‘19)

Lemma 5.3. Let A € I, and assume (H2)-(H3) for m =1,...,n. Then,
V2 fm(0)] < [1+ ¢(K1 + Kz + K3)Blo*me. (5.20)
Lemma 5.4. Let A € I, and assume (H2)-(H4) for m =1,...,n. Then,

c (1 + K4)ﬂ

Dl < LT KOS
L I

(5.21)

The bounds (2.29) for s < ne follow from Lemmas 5.2-5.4, if K > K4. The proofs of Lemmas 5.1-5.4
are almost identical to those of [19, Lemmas 2.1-2.4], and are deferred to Appendix A.
By Lemma 5.1, if A € I,,, for some m > 0, then A € Iy and hence, by (5.8),

IA—1] < Ki8. (5.22)

It also follows that In, = (\,._qIm is a singleton A. As discussed in [19, Theorem 1.2], we obtain

Moo = AL, Moreover, it follows from the second inequality of (5.11) that, for A € I,,,,

m m
eKsyp3
om — 1 <3 o — vima] + oo — 1] < Z i 2d 573 + 1A= 1 < (cKa + K1)B. (5.23)
=1 =1

We note that the factor € in the numerator is necessary to approximate the sum by the Riemann sum
when ¢ is small. The factors of € in (5.11)—(5.14) are incorporated for the same reason.

5.3 Proof of Proposition 2.1

Fix A = A\, so that the induction hypotheses (H1)-(H4) and Lemmas 5.1-5.4 hold for all m € N. From
now on, we suppress the dependence on ¢ and write Ae = A&, A = A® and v = v©.
Note that, by (5.11)—(5.13), we have that, for n < m,

n m CKgﬁ

| fn(0) — ll:Il +er(0 ‘1_1_111[1‘1‘577(0)]’ Sma (5.24)
K

Vn — V| < Z oy — v 1|_A (5.25)

CENYPR
I=n+1 (14 ne)d=4/

so that {f,(0)}>2, and {v,}2; are Cauchy sequences. Therefore, the limits A = lim,_, f,(0) and
v = lim,_, o v, exist, and satisfy

cK3p3
(1 + ne)ld=4/27

cKy 8

|vp, —v| < (5.26)
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In particular, by Lemma 5.2 and (5.23), both A and v are equal to 1 + O(f).
~ ~ 2
Let t =ne and k= —E= € A, By (1.2), a(k) = 475+ O(JkF224¢7172). Using (5.15), (5.17), (5.26)

2dvt
and § < 1A %, we obtain

fulk) = _A + O

t/e _
—‘le+O(|]€|2+2At7A)+O(E|k‘|4t71) |: O(,B’k"Qt 1):|
2d l+e E e
(

¢ 1+ 1e)?

=1

gl o(B) - _1y , OIKP)
= Ae [1+ 5 0)@07 + O(|E[*22472) + O(elk[*t™1) + 010 ] (5.27)

where the last error term follows from

t/e

62 a + lg ot H[a+n 0 —1]=0(1+1t)7°), (5.28)

log(2+t)

for § < 1. Using @ for small k € A, and § < 1 A A, we have

1og(2+t)]A - O(|k|?)

1+t —(1+t)9

log(2 +t) - O(e|k|?)
1+t = (1+¢)°°

O([K*#22472) < O(IkP)| (5.29)

O(elkl't™") < O(elk[*)

(5.30)

By (5.27)—(5.30), we obtain (2.4).
Let ey, ...,eq denote the standard basis vectors in R?. Then, by (5.17),

d

hm
h—0 h2

d

. a(he;)
2 Jm =
i=1
Since § < 1 A 452, it follows from (5.18), (5.26), (5.28) and (5.31) that

V2a(0)
fn(0)

_ Ko™ (5.31)

V25,(0)] = ey

he;) — s;(0 cK.
alhe) i) ¢ K

i=1

=va?t[1+0(B8) (1 +)7], (5.32)

which is (2.5).
The upper bound in (2.6) is an immediate consequence of (4.40). For the lower bound, we consider
the case of ¢ > 1 and the case of t < 1, separately. When ¢ > 1, we follow the proof of [19, Corollary 1.4]

for oriented percolation. In this case, we use (2.4) and obtain the lower bound of the form c¢L~%~4/2,
When ¢t < 1, we use the trivial inequality
Imelloe 2 llpell85 = [(1 =€) v (AellDlloo))"%, (5.33)

which can be bounded from below by an e-independent multiple of L=%(1 + ¢)~%2. This completes the
proof of Proposition 2.1. O

Finally, we derive the expressions (2.34)—(2.35) for Ac, A and v. Recall (5.3). The expressions for
e and v immediately follow from (5.7), (5.9) and the fact that Ac = As. To derive the expression for
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A = limy, . fn(0), we follow the same strategy as in [19, p.424]. Let Fy = 521]1\7:0 fr(0), which can be
approximated by ANe as N — oco. Summing the recursion equation (5.4) with £ = 0, multiplied by ¢,
over n =0,...,N —1, and using fo(0) =1, e1(0) =0, g1(0) = 1+ (Ac — 1)e and the expression for A, we
have

N N
Fy = g1(0) Fy-y+ ) gn(0) Fy- +2 ) en(0) + ¢
n=2 n=2

oo N N
=Fya— Y gn(0) Fyoi+ D gn(0) Fyou 42 en(0) +e. (5.34)
n=2 n=2 n=2
Taking the limit N — oo of fy(0) = %, with the help of the bound (2.30), we obtain

A=-A i(n —1)gn(0) + i en(0) + 1. (5.35)

which, with the help of (5.3), gives the expression for A in (2.35). This completes the derivation of
(2.34)-(2.35). O

5.4 Discussion on changes below and at four dimensions

In dimensions d < 4, the induction analysis in Sections 5.1-5.3 no longer works as long as the infection
range is fixed, and we need to incorporate the factor L, = L;T? into the induction hypotheses.

Recall @ = bd — 4%”! >0, and let w € (§,1 A av) and By = B T~* with € (0, —w). We again define
An = M(T') and v, = v, (A) by (5.7) and (5.9), respectively, where we emphasize the dependence on T' of
An. However, we replace (5.6), (5.8), (5.11) and (5.13), respectively, by

—24p)<0<$—(2+p) <y<V+SI<WAA, (5.36)

I, =X+ %[—1, 1], (5.37)

Do — Amot] < % |0 — U1 | < % (5.38)
)] < s ) 1m0 < T ), (5.39)

The induction hypotheses are that (H1)—(H4) hold for all A € I,, and m = 1,...,n, where we assume that
ne < T'logT. It suffices to prove the main statement for sufficiently small 5; > 0, i.e., for sufficiently
large initial infection ranges L.

We now discuss the induction hypotheses. One of the key ingredients in the induction is the fact that
the intervals I,, are decreasing in n < %log T. This implies that we can use the bounds following from
(H1)-(H4) in the advancement of the induction hypotheses. One would expect that one could choose
I, = A + K1 8r(1 + ne)~(@=2/2[-1,1], i.e., by simply replacing 3 in (5.8) by 8. However, to obtain a
decreasing sequence of I,,, it is required for the power exponent (d —2)/2 in the width of I,, to be greater
than 1, and it is not the case when d < 4 (cf., the proof of Lemma 5.1 in Appendix A). To satisfy this
requirement, we transfer some power exponent of S, as

Br BT~ (1 4 ne)d-d/24e T+

- = 4
(1 + ne)(d=2)/2 (1 + ne)ltw = (11 ne)lte’ (5.40)

for T > 1, where we use ne < T'logT and —bd + 4%‘1 +w = —(a —w) < —p. This is the motivation of
the changes in (5.37)-(5.39).
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By the above changes, (5.22)—(5.23) are modified by replacing 8 with 3;. We have that A and v, ())
are both 1+O(BT) for A€ I, and m =1,...,n with ne <TlogT. Similarly, we replace § in Lemmas 5.2—
5.3 and Lemma 5.4 by BT and [, respectively, although the proofs of these lemmas remain unchanged.
However, the proof of the main result does change, due to the fact that the constants A and v for d > 4
are replaced by 1, and the fact that there is no unique limit of (", _; I,

Proof of Proposition 2.2. Let n < % logT and X\ € I,,. In particular, the following results hold at A = A,
which is defined as

% logT

1
)\T = A%logT(T) = ]‘ - g Z gl(o’ )\% longl(T))' (54]‘)
=2

By (5.39), we can bound |f,(0) — 1| by

n
K 5 €€ Li=m+1 1 (0)] .
’H[l—i—arm _1’<€zyrm [T 12+ <l <€Z e — < b, (.22

m=1 I=m+1

which proves that the asymptotic expected number of infected individuals is 1. Also, using (5.23) and
(5.38), we have v, =1+ O(f;), which means that the asymptotic diffusion constant is 1.

. 7 7 k
Let n = Tt/e with ¢ < logT and k = \/_T € An. By (1.2), a(k) = L5 4 O(|k2+22 (1) —1-2).

Therefore,
fulh) = 11+ 00301 [1 - 1+ 0y LB
= 55 [14-0(32) + ORI+ (T1)2) + O(eli(Tt) ™). (5.43)

By (5.29)-(5.30) for small k, the last two error terms can be replaced by O(|k|?(1 + T)~%). This proves
(2.7).

Using (5.18) and (5.31) as well as v,, = 1+ O(fBr), we obtain (2.8). The proof of (2.9) does not depend
on d, and is the same as in Section 5.3. This completes the proof of Proposition 2.2. O

6 Continuum limit

In this section, we compute the limit of the lace expansion coefficients as € | 0, and prove Proposition 2.6.

We prove below convergence of 2T E( ) for t/e € [2,00) N Z4+ with a ﬁxed A < A¢, and then extend
this to 50 \mA.(x). The proof of the continuity in A of dym(z) = lim.|g 5077 (%) is more or less
immediate from its finite containment property that is similar to the one for the discretized contact
process in Section 4.4, and this will be discussed briefly at the end of this section. These statements
imply convergence of = 7Tt>‘£(_:)( ) whenever A& — X such that A© < A for ¢ sufficiently small. Indeed,
for any Ag < A < A¢, we can write

1, @

S (@) w0 (@) < Il (@) - @) + | pmee) - 7o) (6.1)

82 t7E

The second term in (6.1) converges to zero by assumption, while we estimate the first term by

A
)\(6) A 1 N
S @ @l < [ v Flowm),
0

(6.2)

where we use \g < A for sufficiently small e, which is due to the fact that A\ converges to A > Ao.
Since the integrand is uniformly bounded (even when we sum over z) by CS(1 + t)~(*=2)/2_ the limsup
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of the integral when ¢ | 0 is bounded by a multiple of A — \g. By taking the limit A\g T A and using the
fact that Oy (x ) is continuous in A, the first expression in (2.36) follows. Therefore, we are left to prove
convergence of 27rt ~e(x) and 6%6)\7@;8(:(:) for every A < A and the continuity in A of dym(x).
We prove below that, for every N >0, A < X\ and (z,t), there is a w{"’(2) such that
(N)

1
lim -, (z)

€10 2 = WEN) (‘T)7 (63)

where we suppress the dependence on A\. That is, we will deal with pointwise convergence, rather than
the uniform bounds in Section 4 which are valid for all (z,¢) and € < 1, and hence all terms which are
o(1) as € | 0 will be estimated away. By this pointwise convergence, together with the uniform bounds in
Section 4 and the dominated convergence theorem, we have
1 [e.e] oo
lim 7. (z) = lim » (-1)Y wg? Z DVrM(z) = 7} (z). (6.4)

2 2
0¢€ 0 €
el el N=0 =0

ThlS completes the proof of the pointwise convergence of Qﬁf‘e(:v). The proof of the convergence of
= 8>\7rt;€ (x) is similar, and we will only discuss the necessary changes.
The proof of (6.3) is divided into several steps.

Statement of the induction hypothesis. Given a site set C C Z? (which may be an empty set), we
define

ﬂ'gl\;) ZIP’)‘ SN) (z,t) N {Cy(by) \ {2} =C}), (6.5)

where we recall E~(°>(x t) = {(0,0) = (z,t)}, by = (0,0) and the notation (4.58) for C;(by). We will use
induction in N to prove that, for every ¢t > 0, there is a 7" (x;C) such that

1
lim 2 (@:0) = m™ (@:0). (6.6)

The claim for 7T(N)( ) in (6.3) then follows by summing over C C Z%, together with the fact that the main
contribution comes from C C [y by the finite containment property in Section 4.4.

Initialization of the induction. First, we investigate N = 0. For S1,S2, A C Z% x Z,, we denote

{S1 — S2} = U {s1 — s2}, {S1 =Sy} = U {81 — sa} o {s] — 85}, (6.7)
S1€S, 5178/1681
82€S>2 52,8,E€S2
and define
Ci(A)={zez": A— (z,t)} = | Cila), C(A) =[Jcu(A). (6.8)
acA t>0

Using the Markov property at time ¢, we arrive at

w0~ Y| [In)]| [1-reta)]

ACZA:|A|>2 ~acA agA

y(3ad(#a) € A:{(a.e) — (2.0)} o {(d€) — (.1))
XP&( ColA x {e)\ {a} = C ) (6.9)
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Since every p.(a) for a # o gives rise to a factor of &, we immediately see that the main contribution
comes from A = {o,y} for some y # o. Therefore, we obtain

17r<0> {(o, ) (x,t)} o {(y,¢) —>( )} .
1= 3 a0 w2 (10 B 26 ) + o)
2(100) = @ 0)e {(w,0) — (.0}
- %ﬁD PE( Co({(0,0), (5,00} \ {} =C )+o<1>
= y( {(0,0),(y,0)} = (2,1)
—y%d/\D(y) PE( Ci({(0.0) (4.0} \ {ar} = c> o(1), (6.10)

where the second equality is due to the fact that ((o,0), (0,¢)) or ((y,0), (y,€)) is vacant (with probability
(2 — ¢)e) in the symmetric difference between the events on both sides of the equality, and the third
equality is due to the fact that the double connection from (o,¢) or (y,e) gives rise to an extra factor of
€.

We repeat the same observation around (z,t) and obtain that, for every y € 7% and C C Z¢,

P {(0,0), (y,0)} = (z,1)
2 (oot )

_ —_ )P {(0,0), (y,0)} = {(z,t),(2,t)} )
_Z;Zdw(x )P€< C:({(0,0), (y,0)}) \ {z} =C >+ (1). (6.11)

Substituting (6.11) into (6.10) and using the weak convergence of P towards P as formulated in [4,
Proposition 2.7], we obtain

1 {(0,0), (5,0)} = {(x, 1), (z,1)}
lglin —7Tt€ z;C) Z A2D (x —z) P ( Co({(0.0). (5. 01\ (2} — C > ) (6.12)

y,2€Z%

Here and in the rest of this section, we use “—” and “=" to denote connections in Z? x R, via the
graphical representation in Section 2.1. This completes the proof of (6.6) for N = 0, with 7\” (z;C) for
t > 0 defined to be the right-hand side of (6.12).

Preliminaries for the advancement. To advance the induction hypothesis, we first note that, by
using the finite containment property of Section 4.4 and the Markov property at the time component of
by, we have

éng? z: 622]}“( ES Y (by) N Eby, (2,£); € (by_1)) N {Ci(bx) \ {2} = c})

LYY Y S R 901Gl =)

s=¢ Y€ pn:by=(y,5—¢) C'cOgr:C'3y
x P> (E(bN, (2,1); PN (C x {5 — £})) N {Cy(Bx) \ {} = c}) +o(1), (6.13)
where, similarly to (6.8), we write C*~ (C’ x {s —€}) = ,ccr C*¥ (v, s — €), and o(1) is independent of ¢

and decays to zero as R — co. We now investigate the second probability in (6.13) when C’ = {y} and
when C' D {y}, separately.
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When C’' = {y}, we recall the definitions (3.13)-(3.14) and use the Markov property at time s, similarly
to the discussion around (6.9)—(6.10), to obtain that

S BBl (18 s~ ) N {Culbw) \ {2} = €})

bn:by=(y,5—¢)

= ). D - {P? (' (). (2. €0/, 9)) N {Culy, 9) \ {z} = C})

y' €2\ {y}

+ P2 (E'((¢/,5), (2.1); Cly, 9)) 0 {Culy, )\ {a} = c})} +o(1), (6.14)

where o(1) decays to zero as £ | 0, and the first probability in the brackets is the contribution from the
case in which by is the temporal bond ((y,s — ¢), (y, s)), while the second probability is the contribution
from the case in which by is the spatial bond ((y,s —¢), (v/, s)). In (6.14), we also use the fact that, with
probability 1 —o(1), C*V (y, s — ) N (Z% x [s,00)) equals C(y/, s) when by = ((y,s —¢), (y,5)), and equals
C(y, s) when by = ((y,s —¢), (y/? s)).

When C" 2 {y}, we again use the Markov property at time s, and then we use the fact that, with
probability 1 — o(1), every temporal bond growing from each site in C' x {s — ¢} is occupied, and all the
spatial bonds growing from the sites in C' x {s — ¢} are vacant. Therefore, with probability 1 — o(1), the
subset of C'V(C’ x {s — €}) after time s equals C((C"\ {y}) x {s}), and we have

S B(E(ba. (2,6 € (C x {5 — =) N {Ciba) \ {2} = C})
by:by=(y,5—¢)
= B2 (E'((5.5). (2, 0: C((C'\ {9}) x {})) 1 {Culw ) \ {2} =€} ) +0().  (6.15)
To deal with the event E'((y, s), (x,t); A x {s}) for A C Z%\ {y} in (6.14)-(6.15), we introduce some

notation. We define the set of sites that are connected from (y, s) via a path which does not go through
v by

Co(y,5)= [ Cly,s). (6.16)
b=(-,v)

We also define
Esit(y,z; A) = U {{v ¢ C(A x {s})} N {(y, s) — v = (z,t) € C(A x {s}) \ C”(y, s)}}, (6.17)

v

Rst(y,x; A) = U {{A x {s} — v} o {(y, s) —v=— (x,t)}} (6.18)

v

By this notation, it is not hard to see that E'((y, s), (z,t); A x {s}) is rewritten as
El((yv 5)7 (357 t)v A X {8}) = gs,t(yv Z; A) U Rs,t(yv Z; A) (619)

The contribution from Rs:(y, z;.A) has an extra factor of €, due to the fact that there are at least two
spatial bonds at v (one before and one after v), which leads to an error term as ¢ | 0. Therefore, we only
need to focus on the contribution from & +(y, x; A), i.e.,

P (Est(y, z; A) N {Cyly,s) \ {z} =C}). (6.20)
Generalizing the definition (6.17) from a single end (z,t) to a pair {(z,?), (z,t)} with x # z as

gs,t(yv {337 Z}; A) (621)
=U{{v ¢ cax (sh}n{(,5) — v = {(@,), (1)} € C(Ax {sh) \ C¥(y )} },
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and following the argument in (6.11) (see also the discussion around (6.9)—(6.10)), we obtain

2B (£l 25 A) N {Culy, )\ (o) = €))
=Y AD(z — 2) P2 (Eaily, {z, 2}; A) N {Culy, s) \ {z} =C}) + o(1). (6.22)

z€Z4

Advancement of the induction hypothesis. Now we advance the induction hypothesis in N > 1
by using (6.13)—(6.15) and (6.22).
First, we consider the contribution from ¢’ = {y} in (6.13), which equals

> X mlwe) éPé(E(bN,w);ébN(y,s—e>>m{Ct@N)\{:c}:6})

s=¢€ yEDR bN:('v(yz‘S*E))

—ova S E%P?(E(b (2,1); €"(0)) N {Cu(B) \ {z} = C}) (6.23)
b—(o-)
+€2Z Z _ﬂéNsls) y> ) Z ?P?(E(b (33 t) Cb(y75_€ N {Ct {.7)} C})
s=2¢ yEDR b=((y,s—¢),")
(N-1)

where we use . ' (y;9) = 6,1 0o,y to obtain the first term in the right-hand side. We note that, by
using the induction hypothesis, as well as (6.14) and (6.22), the second term is O(g) = o(1). Therefore,
the first term is the main contribution. By using (6.14) and (6.22) again, as well as the weak convergence
of P2, the limit in R T oo of the continuum limit of (6.23) equals

ona Y. AD(y) D — 2) [P (Eoa(0, {, 2} {y}) 0 {Ci(0) \ {a} = C})

y,2€Z4
P (€04(y: {z. 2} {o}) N {Ci(y. 0) \ {2} = €})]. (6:24)

Next, we consider the contribution from C’ 2 {y} in (6.13), which equals

t

o 1

S SRS DRE LT
s=2¢ yelr AcOgr\{y}:A#>
X Y AD(w = 2) PX(Esuly {z, 2} A) N {Cily, s) \ {z} = C}) +o(1), (6.25)
2€74

where we use (6.15) and (6.22), as well as ﬂéﬁi_l)(y;A) = 0 for A # @ (so that the sum over s starts
from s = 2¢). By the dominated convergence theorem, as well as the induction hypothesis and the weak
convergence of P, the limit in R | oo of the continuum limit of (6.25) equals

/ ds Z AD(xz — 2) Z TN (y; A) P (Es iy, {z, 2} A) N {Coly, s) \ {z} =C}). (6.26)
y,2€7.2 Acfjé\éy}

Therefore, the limit (" (x;C) for ¢ > 0 exists and equals the sum of (6.24) and (6.26). This advances
the induction hypothesis.
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Bounds on 7} in (2.37) and convergence of A and v®. The bound on Y, za |z|?7}(2) follow

immediately from the pointwise convergence of E%ﬂ'és (z), together with the uniform bounds in Proposi-
tion 2.3 and dominated convergence for the sum over z.

To prove convergence of A©) and v®, we first note that by [27, Section 3.1], A\Y> — \.. Convergence of
A® and v follows by dominated convergence, together with the identification of A and v® in (2.35).

Thus, we obtain that
0 -1 oo
A 1 =2 A
A= [1+/ dttﬂ'tc([))] , v:A{)\C—E/ dt V 7rt°(0)] (6.27)
0 0

Convergence of Eig(%ﬁg\;e(x) and the bound on )7} in (2.37). The only difference between 6%8,\7@;5 (x)

and S%Wt’\s(a;) is the occurrence of the sum over spatial bonds b and the indicator of the event b €
{bn} Upiv(by,b,, ). Clearly, the main term in the above comes from b € piv[b,, b, ,]. The extra in-
clusion of this event gives rise to an extra integral over the time variable ' and an indicator that the
arrow ((w,r’), (w',r")) is pivotal for the connection from b, to b, ; (see [22, p.61] for the definition of
a pivotal arrow). Apart from this minor modification, the proof remains unchanged. The bound on
> weza |OAT ()| in (2.37) follows immediately from the pointwise convergence of I\, (), together

with the uniform bounds in Proposition 2.3 and dominated convergence for the sum over = € Z.

Continuity in A of d\7* (). Following the same strategy as above, we may obtain an explicit expression
for Oym(z), similar to the expression obtained for 7\ (z) from (6.12), (6.24) and (6.26). Let 7} (z | R)
be equal to dym () with the extra condition {Cjpy C Oz} being imposed, as in (4.57) for the discretized
contact process. Note that, as explained above, d\7} (z) = 97\ (z | R) + o(1), where o(1) decays to zero
as R — oo, and that 9\7;) (| R) is continuous in \ since it depends only on events in the finite space-time
box Oy x [0,t]. Therefore, dy7 () is also continuous in A. This completes the proof. O

A Advancement of the induction hypotheses

In this appendix, we prove Lemmas 5.1-5.4 and we advance the induction hypotheses. We discuss the
case of d > 4 in Appendix A.1, which is quite similar to the argument in [19]. The main difference is due
to the required uniformity in €. We will explain in detail how to use the factors of ¢ contained in the
induction hypotheses and in the bounds (2.30)—(2.32), in order to obtain this uniformity. The argument
for d < 4 is almost identical, except for modifications due to the factors 3, and 3; in (4.53)(4.54) and
(5.37)—(5.39). We discuss the necessary changes for d < 4 in Appendix A.2.

A.1 Advancement above four dimensions

A.1.1 Proofs of Lemmas 5.1-5.4

Recall the induction hypotheses (H1)-(H4) and the definitions of A, I, and v, in Section 5.1.2. We now
prove Lemmas 5.1-5.4 using the induction hypotheses.

Proof of Lemma 5.1. We prove A € I, assuming \ € I,,,. By (5.8) and (5.11),

1+(m—|—1)5< K3

A= Amt1] <A = Am| + [Am — Aot | < K < ,
| 1| > | |+| 1| 13 (1—|—m5)d/2 [1—1—(m—1)6](d’2)/2

(A1)

where the last inequality is due to the fact that f(e) = (c+¢)(c — &)? is decreasing in € > 0 if ¢ > 0 and
a > 1, so that f(g) < f(0) = ¢!*? (in the above inequality, ¢ = 1 +me and a = %5%). This completes the
proof of I, C I,,_1. O
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Proof of Lemma 5.2. By (5.12)—(5.13) and the trivial inequality 1+ x < e®,

(@) =TT+ 67“1(0)]‘ < e R Ol < e, (A.2)
=1
By (5.15)—(5.17) and (5.23), |fm(k)/fm(0)| is bounded by
H [1—evalk)+e sl(k)]' < e~ Xitamalk)~lsi(k)ll < g=mell—c(Ki+K2+K3)bla(k) (A.3)
=1
This completes the proof. O

Proof of Lemma 5.3. This is an immediate consequence of (5.18), (5.23), (5.31) and (A.2).

Proof of Lemma 5.4. Recalling A, = {k : a(k) < fylogl(i#e)}, we define

Ri={ke Ay :|kle <L}, Ry={ke Ay : |kl > L7},
Ry ={k & Ay : |[kllo < L7}, Ry={k ¢ Ap: |kl > L7},

where Ry is empty if m > 1. Then,

1D? finlh = k)?| fin (k)] (A.4)

On Ry, we consider the cases of me < 1 and me > 1 separately. If me < 1, we use Lemma 5.2 and
obtain

ddk: ~ ddk‘ . Cﬁ
Dkak</ D)< —L AL
If me > 1, we use the inequality ]_A)2(k:) < 1, Lemma 5.2, and then the assumption a(k) < L2|k|? for
|klloc < L71, and obtain

Ak d?k 2|72 cf
D(E)?|fm(K)| < / —emeLTRT < A6
/Rl (27)d (k)7 fm(k)| < ¢ 2 (2m)d € = (1 + me)d/2 (A.6)
Summarizing both cases, we obtain the desired bound on the contribution from R;.
On Ry, we use Lemma 5.2 and the assumption a(k) > 7 for ||k||cc > L~! to conclude that there exists
an r > 1 independently of 3 such that

dy d. .
| Gy DU < [ Dy < e (AT

Since r~"¢ < ¢ (1 4+ me)~%2, we obtain the desired bound on the contribution from R.
On R3 and R4, we use (H4). Then, the contribution from these two regions is bounded by

ddk D
1 + m€ d/2 Z/ 2+p (AS)

It thus suffices to bound the integral by ¢8. On R3, we use the inequality D(k)2 < 1 and the assumption
a(k) < L?|k|? for ||k||co < L™!. Since d > 2(2 + p) (cf., (5.6)), we obtain

d’k  D(k)? c dk
< — < cf3. A.
/Rg (2m)d a(k)2te = LA+2p /IlklloosLl k[i+2e = cB (A.9)
On Ry, we use the assumption a(k) > n for ||k|joc > L~! and the fact that [ g ])“d D(k)? < $3, to obtain
the desired bound cf on the integral over R4. This completes the proof. ]
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A.1.2 [Initialization and advancement of the induction hypotheses

First we verify that the induction hypotheses hold for n = 1.
(H1)-(H2) By definition, |[A\; — Ag| = |v1 — vg| = 0.

(H3) By (5.5) and (5.12), r1(k) = A — 1 and thus |ri(k) — r1(0)| = 0. Together with A € I, we obtain
Ir1(0)| < K18/(1 + €)@2/2 Therefore, (H3) holds, if K3 > K.

(H4) By (5.5), |fi(k)| <1+ 3c and |f1(k) — fo(k)| < 3e for <« 1. Together with the trivial bound
a(k) <2, (H4) is proved to hold, if Ky > (1 + 3¢)22+°(1 + &)%? and K5 > 3-2'*°(1 4 )¥/2.

Next we advance the induction hypotheses for A € I,,4; under the assumption that (H1)—(H4) hold
for all m < mn. As mentioned below Lemma 5.4, this assumption implies (2.29) for all s < ne if K > Ky,
and thus implies (2.30)—(2.32) for all s < ne +&. By (5.3), these bounds are translated into the following
bounds for all m < n + 1: there is a Cx < 0o such that

£2C, 3 e?CrBa(k)
|€m(k)| < W? |€m(k‘) - em(o)’ < (1 + m{;‘)(d_Z)m’ (AlO)
ZCK 2CK 2
e e Vi) € T K (A
k QCK k 1+A
9 (F) — 9 (0) — "B 92, 0)| < = mf)‘zf,l) M (A.12)
2
D39 (0)] < — (A.13)

(1 + me) @72

We note that Cx depends on K and that, by Lemmas 5.2-5.4, K depends only on K4 when § < 1.
Therefore, we can choose Cx large depending only on K4 when § < 1.

Advancement of (H1). By (5.7) and the mean-value theorem,

1 1 ¢
Antl = An = = gn+1(03 An) — < D 19 (03 M) = gin (05 A1)
m=2

A= Al —
fl Z IMgm(0; As), (A.14)

m=2

1
= ——3gn 0; An) —
89 +1( )

for some A\, between A\, and \,_1. Since \,_1 € I, (cf., (5.8) and (5.11)), A, is also in I,,. By (A.11),
(A.13) and (H1),

eCy 3 - Ci 3 eCx (1 + cK13)3
A1 — An| < Ao — Ao < : A15
ot =S g Pk 2 e S g A
Therefore, (H1) holds for n + 1, if 8 < 1 and K; > Ck. O

Advancement of (H2). Let 1+ M, be the denominator of (5.9), and let N,, be the numerator of
(5.9). Then,

—1 72
=Y n 0 Nn n
Uptl — Up = g% v 9 +1(0) — " gnt1(0) . (A.16)
1+ Mpyy (L4 Myr)(1+ M)
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By (A.11), we obtain that, for m <n+ 1,

(I = 1)eCxf3 = Ck 3
‘Mm‘ SE;W < cCrf, |Nm_)“ Sgém < cCr 3, (A-17)
and
eCk 3 ne2Cy 3
- < i1 (0)] < . A.18
’ Vg )‘ S+ (n+ D@72’ I gn1(0)] = 1+ (n+ 1)e)é2 (A-18)
Therefore,
eCk (A + cCx B)neCy 3
n — Un S A.19
[Vt = vl (1 —cCuB)[1+ (n+1)e]ld=2/2 "~ (1 — cCiB)2[1 + (n + 1)g]4/2 (A.19)
_ - cCx B+ (A + cCx B) 5512 eCi 3 1+ eCi 8
(1 — cCx)? [1+ (n+1)eld=2/2 = (1 — cCxB)? [1 + (n + 1)e](d=2)/2"
Since A € I, 41, (H2) holds for n + 1, if § < 1 and Ky > 2Ck. O

Advancement of (H3). First, we derive expressions for ry,41(0) and rn41(k) — rp41(0). By dividing
both sides of (5.4) by f(k) and using ¢g1(k) =1 — ¢ + AeD(k),

fn+1( fnfm(k) €n+1(k)
Fuk) )+ Z R 7 N ()
=1—cvpalk) +¢ [vn+1a(k) — 1+ AD(k) + émzl gm+1(k)fnf;Tk()k) + e;‘;ll((k’?]. (A.20)

Therefore, 1,41 (k) equals the expression in the above brackets. In particular,

B 1 <& fnfm(o) En 1(0)
P (0) = —L4+ A+ > gmr1(0) OB Jn(o)

n+1 n+1
g SRR YOI E WAL = i R B

m=1

m=2
= (0) + 72, (0) + %), (0),

where we denote the first, second and third terms in (A.21) by rf;jrl(O), Tfjrl(()) and rffjrl(O), respectively.

Similarly, we can obtain an expression for r,1(k) — r,41(0). To do so, we note that, by (5.9),

n+1 n+1
Un+1 = A= —— Z VQ.gm — Un+1 Z - 1 gm (A22)
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Using this identity, we obtain

n+1
i1 0) = Pr12(0) = (tng1 = N a(k) + £ 3 (o) - g O}
m=2 n
| frovimm(k)  far1—m(0)]  1[ens1(k)  ent1(0)
+ ngzgmm)[ fak) — £a(0) ] _[ Fak) — Fa(0) }
1A frr1—m(k)  a(k)

n+1
fn+1 m(k) _ fn+1—m(0) —ev m—1)a
! Z i@ Iueen® 1y age]

1 n+1(k) _ en41(0)
e [ Fuk)  Fal0) ] (4.23)
= Ar")

a1 (k) + Arnﬂ(k:) + Arnﬂ(kz)

where we denote the first, second and third terms in (A.23) by Arnﬂ(k:) Arfjrl(k:) and Arff’il(k:),
respectively.

Therefore, to advance (H3), we are left to investigate r, +1(0) and Ar(?) 1

(k) for i =1,2,3.

Advancement of the first inequality in (5.13). We recall that r,41(0) has been decomposed, as in (A.21),
i)

into rnH(O) for i = 1,2, 3. First, we investigate Tn+1(0)' By (5.7) and the mean-value theorem, we have
1 n+1
O < A= Al + = Al At = 1+ 2 3 0 03)
m=2
1 n+1
= ’)‘n - )\n-I—l’ + A — An’ + ‘g Z [gm((); A)— gm<0§ )\n)]
m=2
1 n+1
< Do = A+ A=l 1237 019 00| (A.21)
< m=2

for some A\, between A\ and \,,. Since A € I, 41 C I, A\, is also in I,,. By (5.11), (5.8) and (A.13),

cK\f Klﬁ ) +’§ =Cic3 ]< cK1f

[1+ (n+ 1)e]4/? * (1 +ne)

(1) 0)| < .
I (O < At me) @D | =[5 (n1 ) @D

(A.25)

Therefore, we need K3 >> K.
Next we 1nvest1gate T +1(0)' We will use the following results of Taylor’s theorem applied to h(t) =
[1,(1 + cit)~! with |¢;| < 1 for all 4

lejl

leil ¥t
h(1) — h(0)| < sup |W(t)| < — eI el A.26
1) = HO) < sup WO < 3 5 (4.26)
1 ’Cz| 2 Zlfij‘
h(1) — h(0) — A'(0 — sup |h'(t S( >e“cy, A.27
1) = 1(0) = KON < 5 s (1760] < (32770 (A.27)
By (5.16), (A.11) and (A.26),
n+1 n n+1 C ﬁ
(2) 1_ K Dm
Tpg1(0 E |9 (0 l n+| 2| m[1+5rl(0)] 1‘ §m§::2 (1 + me)d/? Gm €™, (A.28)
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where, by (5.13),

b = Zn: e} Zn: oKl (A.29)

- d—2)/2"
L2 Ten(0)] © 2 (A1) @)

and thus e?m < e°%38 for all m < n + 1. Substituting (A.29) into (A.28) and using Lemma 4.7 with
(a,b) = (4, 42), we obtain

RO < A (A.30)
Finally, we investigate '’ ( ). As in (A.28), | £,(0)~! — 1] is bounded by
ﬁ[l Fer(0)] 1 = 1| < g e < K. (A.31)
=1
Using (A.10), we obtain
K (0)] < Sl E cRsP) (A.32)

[+ (n+ D22
The advancement of the first inequality in (5.13) is now completed by (A.21), (A.25), (A.30) and
(A.32), if <« 1and Kz > KV Cgk. O

Advancement of the second inequality in (5.13). Recall that k € A,41, and that rp41(k) — r,41(0) has
been decomposed, as in (A.23), into Ariﬂ_l(k) fori=1,2,3.
First, we investigate Arﬁll (k), which is bounded as

1 S (k) S fot1-m(0)
A= 23 fan ()~ g 0) = 57 Fan(0)| + 2 3 lan(4) — (@) P
n+1
fnJrlfm(k) o fn+1m(0)‘ A
+2 Z 19 (k) = 9 O)]| =25 RO (A.33)
y (A.12) with 6§ < A’ < %2, the first sum is bounded by
n+1 ’ A/
)1+A log[2 + (n + 1)¢] cCxBa(k)
SZ 1—|—m5 d 2)/2-A1 —CCKﬁa(k)[ 1+ (n+1)] ] = 1+ (n+1)g?’ (A.34)

while the second sum in (A.33) is first bounded similarly to (A.28), and then bounded, by using (A.12)
d—2
2

with A’ =0 and (A.29), as well as Lemma 4.7 with a = b = %=, by
% 2eCicBa(k) Z’"‘: ecKsB cC K33%a(k) _ _CiKsB%a(k) (A.35)
(14 me)d=2/2 (1+1e)@=2/2 = [1 4 (n + 1)e](d=2)/2Ad=4) = [1 + (n + 1)e]?®’ ‘

l=n+2—m
where we use % A(d—4)= ‘12;4 +1A % > 25. By using (A.12) with A’ = 0 again and (A.26), the
third sum in (A.33) is bounded similarly to (A.28) by

n+1 n

2 CKIB (k) fn 7m(0) B
232 (1 i mg)Zlfz)/z J};(O) l:nlg_m[l —eva(k) +es; (k)1 -1
n+1 9 CK i
< Z {a _i mf)?d(g)ﬂ (1 + om e¢m) Uy (k) eiﬁm(k)’ (A.36)
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where ¢, e?m < cK3f as discussed below (A.29), and

N elva(k) + |si(k)|]
Vi (k) _lg;_ml—ﬁ[”la( SERpiSTIE (A.37)

By (5.17) and (5.23),

(1+ev)K3p
(1= eKaB)(1 1 =)

Since k € Ap11, ¥m(k) is bounded by
(m —1)ega(k)

va(k) + [s1(k)| < |v +

]a(k) <[1+4c¢(Ki+ Ky + Ks)fla(k) =qa(k). (A.38)

m(k) < < k -1 k), A.
o) < B < 14 e alb)(m = Dega(h (439
which is further bounded by vg[1 + 05%] log[2 + (n + 1)¢], and hence

e¥mlk) < ceraloslHntlel < 011 4 (n 4 1)e]9. (A.40)

Substituting (A.39)—(A.40) into (A.36), and using a(k) < 'y% and yq +6 < 1 A %52 for B < 1
(cf., (5.6) and (A.38)), we can bound (A.36) by

log[2 + (n + 1)¢] o™= (m—1)e cCx B a(k)
CoeB ) Gy el © 2o [T me @D < [T (nt DeP (A.41)
y (A.33)-(A.35) and (A.41), if 8 < 1 and K3 > C, we obtain
L K38a(k)
(€] 313
|Arp (R < Tt (nt P (A.42)

Next, we investigate |Ar”) (k)|, which is bounded, by using (A.11) and (A.28), as

2) 1 &= M - — o1- -
ArZa®l< 2 lonO)=Fmm=|| 1 L —ewal®) +es®]™ =1 = (m —Devnia(k)

m=2 " l=n+2-m
n+1

41 Z |gm fn}l(sn)(o) . 1' (m _ 1)5un+1a(k)

. ”icKﬂ (1 + Pme’™) ﬁ [1— eva(k) + esy(k)) ™" =1 — (m — 1) (k)‘
€ (1 + me) /2 i eva 5] m EUn+10Q

R CBupsralk) (m — 1)e m

Te Z (14 me)d/? dme’™. )

Using (5.23), (A.29), Lemma 4.7 with a = b = % and § < 1 A %, we can bound the second sum by
cCrxBa(k)[1 + (n + 1)e]~2°. The first sum in (A.43) is bounded, by using (A.27), by

n+1 CCK n . .
emzz2 ﬁ [ l:nl;z[_m[l —eva(k) +es(k)) ™t —1— l:n;_ms[vla(k) — sl(k)]‘

+ Y ello —vnrn)ak) = si(k)] ]
l=n+2—m
n+1 CCKB 2 (k) n+1
< 5mZ::2 Tt me)i? [%(k) em +Z_n§;—m Lzl;l v — vj_1|a(k) + p,(k);” (A.44)
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Similarly to (A.41), the contributlon from v, (k ) 2e¥m (k) is bounded by cCy Ba(k)[14(n-+1)]7°. By (5.11),

(5.17) and Lemma 4.7 with a = § and b= 6(< %2), the other contribution is bounded by
n+1 n
cCy 3 cKsBa(k) cKspBa(k) cCx (K2 + K3)3%a(k)
< . A.45
X it 3 lwven t Crir) < i 0 )
Therefore, if 8 < 1 and K3 > Ck, we obtain
1
3K38a(k)
A < S A4
‘ Tn-i—l( )‘— [1+(n_’_1)5]5 ( 6)
Finally, we investigate |Ar" +1(l<:)|, which is bounded as
ent1(k) ‘ fn(0) ‘ en+1(k) — ent1(0)
ATn < — 1|+ A .47

| > 1—cK38. As in (A.36), f"(o - 1} is bounded, by using (A.39)-(A.40), by

By (A.31), |fn(0)
Ynp1(k)e¥n 1) < ¢[1 + (n + 1)e]"t19a(k). Therefore usmg (A.10) and taking [ sufficiently small such
that vq + 6 < &2 (cf., (5.6) and (A.38)), we obtain

CiBa(k) ceCicfa(k) 3 K3pBa(k)
Ar® (k)] < o < <3 A4
|TM4(”“U+(n+1k%k3ﬂ4W“U+mn+1kﬁ+1—[1+0r+ndw (A-48)
lf K3 >> CK-
The advancement of the second inequality in (5.13) is now completed by (A.42), (A.46) and (A.48),
if 6«1 and K3z > Ck. O
Advancement of (H4). To advance (H4), we rewrite (5.4) as
n+1
fn—l—l( |: + Z gm :| -l- Wn+1(k) + €n+1(k), (A49)
where
n+1 n+1 n
Wiy (K Z G (K )+ frirm(B)) =D gm(k) D> [fiea(k) = filk)). (A.50)
m=2 l=n+2—m
Furthermore, using g1 (k) = 1 — e 4+ AeD(k) = 1 — Aea(k) + (A — 1)e, we have
n+1 1 n+1 n+1
95 3 0nh) =1 A= 32 3 Fioni0)cath) 422 =1+ 13 0000
m=2 m=2
n+1
a(k) oo
m m - T 9 m A. 1
£ 3 |4~ 0 0) = 500 0) (A51)

= 1= Noprza(k) + e (0) + X1 (k),

where we recall N,, and 7}, (0) in (A.16) and (A.21), respectively, and denote the last sum in (A.51) by
Xp+1(k). Therefore,

fasr (k) = fu(k) [1 = Nugrca(k) +ery (0) + Xopr(B)] + Woia (k) + enia (k). (A52)
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We have already obtained |Nyi1 — A| < ¢Cxf3 in (A.17) and |r(),(0)] < cK1B[1 + (n + 1)e]~(@=2)/2
in (A.25), while X,,1;(k) equals € times the first sum of (A.33) and is bounded, by using the leftmost
expression of (A.34) with A’ < %, by ceCr 3 a(k) 2. We prove below that, for k ¢ A, 11,

cCyx (1 + K38+ K5)Ba(k)~1=°
[1+ (n+1)e]4/?

(Wi (k)] <e (A.53)

Assuming (A.53), we first advance the second inequality in (5.14), and then advance the first inequality
in (5.14). To advance these inequalities, we will use the first inequality in (5.14) for m = n in the extended

region A, = AS U (A, \ Ang1). We now verify the use of this inequality for k& € A, \ Apy1. When
ne < T for some large T, we can choose K4 > 1 (depending on T') such that, for all k € [—, 7],

220K,  Kya(k)~2"
()] < lrmells < 2" = (1= de)" < P70 < o < SR

(A.54)

When ne > T', we use Lemma 5.2 and k € A, \ Ap41 (so that yw <a(k) < fylog(2+n€)) to obtain

1+(n+1)e 1+ne
ne log[2+4(n+1)e]
‘fn(k” < ce—neqa(k) < ¢(2 + ne)” THODE %OQgJ(rQ-&-Ial) el
/ 1 2+p Kya(k)=2=P
<ec(l+ne)¥r=—° (1 +ne) < Kaalk) (A.55)

(1 +ne)¥2 (1 4 ne)?r-l5-@+] = (1+ne)¥/2”

if Ky > 1, where we use ¢’y > % — (24 p) for B < 1 and T>> 1 (cf,, (5.6) and (A.38)).
Therefore, by using the first inequality in (5.14) with m = n for k ¢ A, 11, together with (5.22) and
(A.52)—(A.53), we obtain

Kya(k)=2=° cK
7(14anl)d/g (A + cCxB)a(k) + 0T (nt ll)i](d—Q)/Q
cCx (1 + K38+ K5)Ba(k)~1=° 2Cw 8
[1+ (n+ 1)e]4/2 [1+ (n + 1)e]4/2
LcKall + O(B)] a(k)~'=° ) a(k)~'° 2 00) a(k)~'=°
- 14 (n+ 1)g)d/2 14 (n+ 1)g)d/2 [1+4 (n+ 1)g]4/2’

’fn-&-l(k) - fn(k)‘ <e + CCK,Ba(k)H_A/

(A.56)

where we use [1+ (n41)e]~(4=2)/2 < q(k)4-2)/2 < 2(d=4/24(k) to obtain the first term, and use 27177 <
a(k)~1=7 for the third term. This completes the advancement of the second inequality in (5.14), if 8 < 1
and K5 > Ky, under the hypotheses that (A.53) holds for k ¢ A, 41.

Since (A.54) holds for n < T'/e independently of k, it remains to advance the first inequality of (H4)
for n > T'/e. Similarly to (A.56), we have

Kya(k) 2P K /
fma(B)] < % 1= Nnaea®l + 1y (nc—i 1f](d2)/2 + ceCica(k) =
C€CK(1 + K30+ K5)ﬂa(k)_1_p 620Kﬁ
Tt (it D2 (ot D (A7)

Again, by a(k) < 2, the sum of the last two terms is bounded by €O(3) a(k)~2~*[1 + (n + 1)e]~%¥2. To
prove the first inequality in (5.14) with m = n + 1, it thus suffices to show that

C€K15
[+ (n+ 1)e)@2/

[m 3 +eeCicfa(k) 4| < 1. (A.58)

d/2
1+ ne :| |:|]. — Nn+15a(k)‘ +

To achieve this inequality uniformly in £ < 1, we consider the case in which a(k) < 1/2 and the other
case in which a(k) > 1/2 separately.
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When a(k) < 1/2, since Npp1 = 14+ O(0) (cf., (5.22) and (A.17)), we have |1 — N, yiea(k)| =
1 — Nypyiea(k) for B < 1. Using a(k)® < 22" and then a(k) > VM, we can bound (A.58) by

1+(n+1)e
ce cel
(1 L ns) [1 — (1= cB)ealk) + [+ (0t 1)8](d—2)/2] (A.59)
vlog[2 + (n + 1)¢] c ce cf
< 1—6[(1—65) Tttt 1tne (l—i— 1+n5) [1+(n+1)5](d—2)/2] <1,

ifg«land T > 1.

Since the above argument also applies to the case in which 1 —ea(k) >1—(2—n)e >0 (and 8 < 1,
depending on 7), it thus remains to consider the other case in which 1 — (2 —n)e <0 and a(k) > 1/2. In
this case, since € < 1, we have

|1—5a(l<:)|g[(2—n)a—1]\/(1—%)gl—(n/\%). (A.60)

Since Np4+1 =14 O(5), (A.58) is bounded by

(1 + 1 jsns) [1 B (77 " %) + cefa(k) + 1+ (n fslﬁ)g](dZ)/z]
s1- [(77/\ %) 1 —Ic—gne B (1 + 1 _{C_Ene)ceﬂ] <1 (A.61)

if 3 < 1and T > 1, depending on 1. This completes the proof of (A.58), and hence the advancement of
the first inequality in (5.14), if 5 < 1, T > 1 and K4 > 1, under the hypotheses that (A.53) holds for

k¢ Apyi.

Proof of (A.53). Given k ¢ A1, let p = p(k) = max{l € N: k € A;}. For Il < p, f; is in the domain
of (H3), while for u < 1 < n, f; is in the domain of (H4). We separate the sum over [ in (A.50) into two
parts, corresponding respectively to | < p and p < [ < n, yielding W,11(k) = Wn§+1 (k)+ W, (k), where

wemle S SO0 S - ) (A.62)
Wi (k)] < —— Ji—1(k) — fi(k)], .62
! m=n+2—pu (1 + mg)d/2 l=n+2—m 1
n+1 2CK n
DTS SE e PR SR STCEY (O] (A.63)
m=2 I=pV(n+1—m)+1

By (H4) and Lemma 4.7 with a = b = %, we easily obtain

n+1 n 11— 11—
W (k)] < "; % l:g;m dg’i(i)) d; "< ec[(lj’jr Kg’nﬂ j(f))g]; /;. (A.64)
It remains to consider [W, (k)| By (5.13), (5.23) and Lemma 5.2, we have
[ (B) = filk)] = fia (B)] |1 = [1 = cvia(h) +lri(k) = r(0)] + 2r(0)]|
< ce~(-Dzqalk) o {a(k) + M:;gm} : (A.65)

where ¢ =1 — O(8). We fix a small 7 > 0 and separate the sum over m in (A.62) into 3, -, (,41) and
ng(n 1) (the latter sum may be empty depending on p). The contribution due to the former sum is

765



bounded by

£2C, 3 sy a K30
E E ( —(U=Degalk) o (k) 4 —3
ce gla
(14 (n+ 1)e /2 m=r(nt+1)+1 l=n+2-m (1+1e)@=2/2

EQCKﬁ % 7(n+17m)5qa(k)(1 + K ﬂ)
T L+ (n+1)ed? “ ’
m=r(n+1)+1

cCx (1 + K3f3)Ba(k) " _ cCx(1 + K3p)Ba(k)”'~*
ST NI+ )d? =% A+t nge?

(A.66)

To investigate the contribution from ) we use the inequality

m<r(n+1)>

- Ksp c(1+ K3B)a(k)=1=7
(I-1)eqa(k) k 3 <
c [a( )+ (1+l€)(d—2)/2] =T (tier

(A.67)

which we will prove below. Assuming this inequality and using Lemma 4.7 with a = b = g, we obtain
that the contribution from ngr(n +1) I8 bounded by

r(n+1)

3 20y 3 Z“: c(1+ KsB)a(k) 0 _ cCie(1 + K3B)Ba(k) ' ~*
menio_, (L F me)d/2 (1 + le)d/2 - [1+ (n+ 1)e]4/?
This, together with (A.64) and (A.66), completes the proof of (A.53) for k ¢ Ap41.

It remains to prove (A.67). First, we note that, by m <r(n+1) and n+2—m <1< pu < n, as well

as a(k) > 'y%

(A.68)
l=n+2—m

, we have

(1+12)"@D/2 < [1 4 (1= ) (n+ 1)e]-@22 < 1= W I ca(k) (A.69)
: = © =Tt (u+ 1)eir@ a2 = C80 '

Therefore, the left-hand side of (A.67) is bounded by ¢(1 + K38)a(k) e~ (—Deae®) - Similarly to (A.55),
we have

(i—1)eqy log[2+(pu+1)e]

e~ (mDeaalk) < (9 4 [g) T TH e desrn) 1 < (1 4 ls)—q’v7 (A.70)

where ¢ = %q. To bound (A.70), we fix 7' > 1 and consider the case in which ne < T and the

other case separately. When ne < T, since [ <n, a(k) <2 and 2+ p > 0, (A.70) is bounded as

(1 + 1)1/~

(14 T)%? _ 2 + T)/2

< 2

(1+1e)d2 = (1+1e)¥2 = (14 1e)4/? alk) ' (A.71)

When ne > T, since a(k) < vlogl(i;;lg), (A.70) is bounded as

1 (1+1e)*tr c o

< k p A.72
(1+l5)d/2 (1+l€)q/7_[%_(2+p)} — (1+l5)d/2 a( ) ) ( )
where we use ¢’y > % —(2+4+p) for <1, T > 1and r < 1. This completes the proof. O
Finally, we summarize the relations among the constants K7,..., K5 that have been necessary in

advancing the induction hypotheses. We have taken 8 < 1 and have chosen the constants Ki,..., K5
such that

K1 > Cy, Ko > 2Ck, K3 > K, K5 > Ky, (A.73)

where, as stated below (A.13), Cx depends only on Ky (when § < 1). This gives (5.10).
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A.2 Advancement below and at four dimensions

The proofs of Lemmas 5.1-5.4 and the advancement of the induction hypotheses for d < 4 remain almost
unchanged, except for the factors S and fr in (4.53)(4.54) and (5.37)(5.39). We simply replace 3 by
Br in the proofs of Lemmas 5.1-5.3, and by Br in the proof of Lemma 5.4 (we also replace d/2 by 2 + w
in the proof of Lemma 5.1). In the advancement of the first inequality in (5.38), we use (A.14) together
with (A.11) and (A.13) with 3 replaced by (r. Since ne < T'logT, we obtain

|)\n+1 - )\n‘ <

eCxBr €KIBT i eCxBr < CCK(l + KlBT)ﬁAT (A.74)

14+ (n+1)eld2 -~ (1+ne)?te 2= (14 me)ld-2)/2 ~ c 14 (n+ 1)e)>te’
where we use p € (0, —w). Similarly, we can advance the second inequality in (5.38) and the first
inequality in (5.39).

We need a little more care in advancing the second inequality in (5.39) and the inequalities in (5.14).
The second inequality in (5.39) is rewritten as in (A.23), and each term is bounded as in (A.42), (A.46)
and (A.48) when d > 4. We can follow the same line when d < 4, except that, e.g., the factor 32 in
(A.35) is replaced by 3783z, and that we use Br to control the convolution in (A.35), where the power of
1 + le is replaced by 1+ w. If we have only one factor § as in (A.41), then we use ¢ = 1 + O(BT) with
51 :Lfd<< 1, as well as v+ 0 < w and p < @ — w, to obtain

log[2 + (n + 1)¢] 6-d
ey Gy el DD
< [1cf szf(lk);)e]éde”[l + (n+ 1)l 7 T log[2 + (n + 1)e]
_Cicfhralk) (o) o _CucbBralk)

A similar argument applies to the advancement of the inequalities in (5.14). However, since —p >
4%‘1 > 0 (cf., (5.36)), we cannot use the trivial inequality a(k) < 2 to obtain, e.g., the low-dimensional
version of (A.66). To overcome this difficulty, we use the factor S; in the bound on ¢, (k) and a(k) <

log[2+(nt1)e] 5, (A.66), as well as p < a —w =bd + %52 —w and ¢ — (2 + p) < v < w, to obtain

1+(n+1)e
< gt W T g paebg () e < of T Nak) P < chra(k) P, (ALTO
/BT = 61 10g[2+(n+1)€] = CBT CL( ) = C/BT (l( ) = C/BTG’( ) . ( . )
T1r(ntle
This completes the advancement of the induction hypotheses for d < 4. O
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