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1. Introduction.
If {W;;t > 0} is a planar Brownian motion with density p;(z), for x € R? set
Y1,(t,z) =t and for k > 2 and x = (z2,...,7;) € (R?)F1 let

k
Ve,e(t, ) = / HpE(Wti — Wiy —x)dty - - - diy.
0<t <---<tp <t i=2

When z; # 0 for all ¢ the limit
'Yk(ta ZC) = Ghi% ’Yk,E(t7x)

exists and for any bounded continuous function F(x) on R2*~1 we have

/F(xm(t,x) da = / F(Wi, — Wi, W — Wi )ty ---dte. (1)
0<ty < <tp<t

(Here we may arbitrarily specify that vx(¢,z) = oo if any z; = 0.) When z; # 0 for all 4
define the renormalized intersection local times as

Bultr) = Y DM TT = toa(1/laih) )it )

AC{2,....k} icA

where T4c = (2, ..., %4, ,) With i1 <ig <.+ <ip_|4 and i; € {2,...,k} — A for each
Jj, that is, the vector (za,...,xx) with all terms that have indices in A deleted. (When
A ={2,...,k} so that k — [A] =1 and A° = () we set v,_|a|(t,2ac) = Y1,(t) = 1). It is
known that the (¢, z) have a continuous extension to all R x RF~1; see [3].

Renormalized self-intersection local time was originally studied by Varadhan [20] for
its role in quantum field theory. In Rosen [18] it is shown that 7 (¢,0) can be characterized
as the continuous process of zero quadratic variation in the decomposition of a natural
Dirichlet process. Renormalized intersection local time turns out to be the right tool for
the solution of certain “classical” problems such as the asymptotic expansion of the area of
the Wiener sausage in the plane and the range of random walks, [5], [9], [10]. For further
work on renormalized self-intersection local times see Dynkin [7], Le Gall [11], Bass and
Khoshnevisan [3], Rosen [17] and Marcus and Rosen [14].

Let &; be i.i.d. random variables with values in Z? that are mean 0, with covariance
matrix equal to the identity, and with 2+ moments. Let us suppose the £; are symmetric
and are strongly aperiodic. Let X,, be the random walk, that is, X, = > " | &. Let
p(n, x,y) be the transition probabilities. Let By(n,z) = n and for = € Z? set

BQ(”?'I) = Z l(Xi2=Xil+CE)'

0<iy<iz<n
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More generally, for = (za,...,23) € (Z%)*~1 let

k
By(n,z) = Z H L =X,y )

0<i1<i9<...<ipx<n j=2

Note that Bg(n,x) =0 for all n < k — 1.
With e; = (1,0), let

Z (n,0,2) — p(n,0,e1)],

and set G, (z) = G(z) — G(y/ney). Let

Bi(nz)= Y (_1)|A|<HGn(asi))Bk_W(n,xAc). (1.2)

Ac{2,...,k} icA

In particular we have

By(n,z) = By(n,z) — Gy (x)n. (1.3)

Finally we define the renormalized intersection local times for our random walk by

@(n,x) = %Ek(n,x\/ﬁ) (1.4)

In particular we have
~ 1
Bo(n,x) = EBg(n,x\/ﬁ) — Gp(zv/n). (1.5)

We note from P12.3 of [19] that for x # 0

lim Gy (zv/n) = lim G(zvn) — G(vner) = 1Og(1/|w|) (1.6)

n—oo

We know we can find a version of our random walk and a Brownian motion W; such
that

sup | X" — Wn| = o(n™°), a.s. (1.7)
s<1
for some ¢ > 0 where X" = Xp,4/v/n and W' = Wy;/\/n; see, [6], Theorem 3, for
example. Let v, (1,2,n) and %(1,z,n) be the intersection local times and renormalized
intersection local times up to time 1 of order k, resp., for the Brownian motion W;*. In
this paper we prove the following theorem.
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Theorem 1.1. Let X,, = & + -+ + &, be a random walk in Z?, where the §; are i.i.d.,
mean 0, with covariance matrix equal to the identity, with 2 + 6 moments for some § > 0,
symmetric, and strongly aperiodic. On a suitable probability space we can construct
{X,,; n > 1} and a planar Brownian motion {W;; t > 0} and we can find n > 0 such that
for each k > 2

18k (n,0) — 7,(1,0,n)| = o(n™"), a.s.

For related work see [4], [5], [16]. In fact, [5] provided much of the motivation for
this work; in that paper we proved a strong invariance principle with respect to the L2
norm.

We give a brief overview of the proof. There is an equation similar to (1.1) when 4
is replaced by 7k, and also when it is replaced by E}k Since by (1.7) we have X7 close to W[
for n large, we are able to conclude that [ F(z)3(1, ) d is close to [ F(x)G(n, ) dz for
n large. If F' is smooth, with integral 1 and support in a small neighborhood of the origin,
then by the continuity of 3 (¢, z) in , which is proved in [3], we see that [ F(z)3x(1,z) dx
is not far from 7(1,0). If we had a similar result for 3, we would then have that
i F(z) B (n, x) dz is not far from B(n,0), and we would have our proof. So our strategy
is to obtain good estimates on |By(n, ) — Bx(n,0)|. Because of the rate of convergence
in (1.7), it turns out we are able to avoid having to find the sharpest estimates on the
difference, which simplifies the proof considerably.

Our main tool in obtaining the desired estimates is Proposition 3.2. This proposition
may be of independent interest. It has been known for a long time that one way of proving
LP estimates for a continuous increasing process is to prove corresponding estimates for
the potential. It is not as well known that one can do the same for continuous processes
of bounded variation provided one has some control on the total variation; see, e.g., [1] or
[3]. Proposition 3.2 is the discrete time analogue of this result, and is proved in a similar
way. Unlike the continuous time version, here it is also necessary to have control on the
differences of successive terms.

Section 2 has some estimates on the potential kernel for random walks in the plane,
while Section 3 has the proof of the stochastic calculus results we need. Theorem 1.1 in
the case when k = 2 is proved in Section 4, with the proofs of some lemmas postponed to
Section 5. We treat the case k = 2 separately for simplicity of exposition. The description
of the potentials of intersection local times of random walks in the k > 2 case is a bit
different than in the £ = 2 case and this is described in Section 6. Theorem 1.1 in the
k > 2 case is proved in Section 7, with the proofs of some lemmas given in Sections 8 and
9. Finally in Section 10 we give an extension of our results to L? convergence, and more
importantly, make a correction to the proof of one of the propositions in [3]. An Appendix
contains the detailed proof of that correction. Throughout this paper we use the letter ¢
to denote finite positive constants whose exact value is unimportant and which may vary
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from line to line.

2. Estimates for random walks.

In this section we prove some estimates for the potential kernel of a random variable.
See the forthcoming book by Lawler [13] for further information. Let G be the potential
kernel for X. Recall that in 2 dimensions, since X is recurrent, the potential kernel is
defined somewhat differently than in higher dimensions, and is defined by

WK

é(aj) = [p(n,O,az) _p(nvovel)]’

3
I
o

where e; = (1,0). (Note e; can be replaced by any fixed point.) For us it will be more

convenient to work with

K

G(aj) = [p(n,O,:z;) _p(nv()?el)]’

S
I
_

which, since p(0,0,0) = 1 and p(0,0,e;) = 0, differs from G(x) by l10}(z). By Spitzer
[19], p. 75, we have
p(n,0,z) < c/n. (2.1)

By [4], Proposition 2.1, if the &; are strongly aperiodic, then

clz —yl

|p(n,0,ac) _p(na()?y)' S n3/2

(2.2)

Proposition 2.1. Suppose the &; have 2 + § moments. Then G(z) exists and |G(z)| <
c(1 +log™ |z|).

Proof. Using (2.2), we have that

oo

GOI<Y —

n=1
is finite. The rest of the assertions follow from

il clr — eq]
—e1
7)| < Z Z
e n3/2
|z

S C"— Clog‘x’ + Cw.
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Proposition 2.2. For some ¢ < 00

lz —yl 2/3 2
G -6l < (rpprarmy) 0 ove

Proof. By [19], P7.10,
. c
p(4,0,2) < e (2.3)

Since p(7,0,0) < 1, then we have

p(j,0,2) < (2.4)

1+ |22

Suppose 0 < |z| < |y|. Let us set R in a moment. Using (2.4) for j < R and (2.2) for
j > R, we have that

R
G~ CWI <Y 7

If we select R so that

_|_

clr —yl _ _cR clz —yl
Z j3/2 1+]9:|2 R/2

j=R+1

R |z—yl

: 3/2 _ 2
1+ 22 RYZ’ ie,  RY?=(1+|z")(|lz —y)),

the result follows. Since G(0) is finite and |G(x)| < clog(1 + |z|) < |z|?/3, the result holds

when either z or y is 0, as well. O

Lemma 2.3. For some constant k and any p < §/2,

G(z) = k + L1og(1/|z]) + O(|z| "), x €72

Proof. Let us begin with the proof of Proposition 3.1 in [2]. We have for § > 0

2
m'x/\/ﬁ—l—a x |a m| ‘ ‘a x|2+0
T <

So if ¢ is the characteristic function of a random vector with finite 2 + § moments, mean
0, and the identity as its covariance matrix, then

dla/v/n)=1—— +E1(a,n),

with

|B1(a,n)| < c(al/vn)**. (2.5)
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Applying this also for the characteristic function of a standard normal vector,
2/2 a ’
elol™/2n —q _ 2—+E2(a n),

where Fs(a,n) has the same bound as Fi(a,n). If we use this in place of the display in
the middle of page 473 of [2], we obtain

Il(n) < en~9/2 (log n)(4+5)/2.
So if E(n,z) = |p(n,0,z) — (2rn)~te~1*I*/2n| following the proof in [2] we obtain

sup E(n,z) < en™ 1= /2) (log n)(4+9)/2,

Let us choose ¢’ < . We then have

sup E(n,z) < en~170'/2), (2.6)

T

Recall G(z) = > [p(k,0,2) — p(k,0,e1)]. It is shown in the proof of Theorem
1.6.2 in [12] that for some constant &

[&.9]

> la(k,0,2) = q(k,0,e1)] = & + Llog(1/|z]) + O(lz|7"),

k=1

where q(k,x,y) = (27rk)*16*|”5*y|2/2k. Thus, to prove the lemma, it suffices to prove

> Ip(k,z,0) = g(k, 2,0)| = O(|z|~*) (2.7)
k=1

for any p < /2.

To establish (2.7), use [15], p. 60 to observe that
‘Xk|2+5 k1+5/2
2+ = g2

p(k,z,0) <P(|Xk| > |z]) <

and a similar estimate is easily seen to hold for ¢(k, z,0). Therefore, using (2.6) and setting
= |,

[e'S) R
Z|p(k,m,0) (k,z,0)| Z (k,z,0) + q(k,z,0)]
k=1

+ Z |p(k§,$,0) - Q(k7$70)|

& k1+5/2 < 1
Z |x|2+5 it /2
k=R

R2+5/2 1
=¢ |z [2+0 + “Ri/2
< clz|7”.
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3. Stochastic calculus.

We will use the following propositions; these may be of independent interest. Propo-
sitions 3.1 and 3.2 and their proofs are the discrete time analogues of Propositions 6.1 and
6.2 of [3].

Proposition 3.1. Let A, be an adapted increasing sequence of random variables with
Ao =0 and A = sup,, A, finite. Suppose that

Y = sup(A, — Ap1)

and W is a random variable such that
E[Ax — A, | Ful <E[W | F,]
for all n. Then for each integer p larger than 1 there exists a constant c¢ such that

EAZ < epP(Wllp + (Y1)

Proof. Since A,, is increasing,
pART! > AR H AP A, A AR+ AR
Multiplying by A,, — A,,_1, we obtain
(An = An_1)pAL~! = AL — A7y

Summing over n we obtain
pz — n 1A;D 1>Ap (31)

On the other hand, applying the general summation formula

Z B—Bnl ZA_Anl n—1

with B, = AP we obtain

oo

> (Ap— Apoy) AR = AT — Z An (AT — AR (32)

n=1

= (Ao — AW (AT = AT A AT
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Here we used the fact that
f: (ATS — ArY) = A7, — A AT
Combining (3.1) and (3.2) we obtain
AP < pz W) (AP — AP 4 pA AT (3.3)

Now suppose for the moment that Y is bounded and A,, = A,, for all n > ng for
some ng. We have

D (Aso — Ap) (AL — AT (3.4)
n=1
:Z(Aoo_An+1)(An+1 Ap 1 Z n+1l = Ap 1 AITJL_I)'
n=1 n=1
and -
S (Ausr = An) (4273 — A7) < VAR,
n=1

But, A1 < A, and also A; <Y so that
A AP <y APt

We write
Z — Ap ) (AP — ALY =E Y E[As — Appa | Fara](A037 — 457

<E ) E[W | Foa)(Ahy — A5
n=1

=E Z W(AZJrll Aﬁ_l)

n=1

<E[WALS1.

oo

Therefore using Holder’s inequality,
E A%, < p(|W |, + 2]V [|,) (E AZ)' 5.

Our temporary assumptions on A allow us to divide both sides by (E Ago)l_% to obtain
our result in this special case.
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In general, look at
n

A=Y (A — A1) AK)

j=1
and apply the above to A, = A] ., ; note that A" will satisfy the hypotheses with the
same W and Y. Then let K T oo and next ng T co and use monotone convergence. O

Proposition 3.2. Suppose Q. and Q? are two adapted nonnegative increasing sequences.
Suppose Q,, = QL — Q?, H,, + Q,, is a martingale that is 0 at time 0,

Z = sup |Hy,|,

Y = sglp[(Qi — Q1)+ (Q) — Qo))

and
W= Qo + Q%

Then there exists ¢ such that for p > 1
E sup |@Qn|* < Pp"? |E Z°7 + (B Z°P) 2 (EW?P)!/? (3.5)

+(E Y2p)1/2(E sz)l/z] .

Proof. There is nothing to prove unless EW? < oco. Since sup, @, < W, all the
random variables that follow will satisfy the appropriate integrability conditions. Let us

temporarily assume that there exists ng such that Q?, = Q%O ifn>mng,t=1,2.
Let

Note that Vo, = 0, M,, is a martingale, and Q.,, = M,, — V,,,. In fact, in view of our
temporary assumption, V,,, = 0 if m > ny.
Our first observation is that since

Vm:E[Qoo_Qm|~7:m]:E[Hm_ OO|~Fm]a

then
Vin| < 2E[Z | Fonl. (3.6)

By Doob’s inequality,
E sup VP < cE ZP. (3.7)

We will use
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Lemma 3.3.

E (i(Mn+1 - Mn)2>p < Pp?(E[ZW + YW]? +E Z22P). (3.8)

n=0

This lemma will be proved shortly. We first show how Proposition 3.2 follows from
this lemma. By the Burkholder-Davis-Gundy inequalities, we obtain

E sup |M,|*? < ep(E[ZW + YW]P +E Z%P). (3.9)

Combining with (3.7) and the fact that Q,, = M,, — V,,, and then using Cauchy-Schwarz
completes the proof of Proposition 3.2 in the special case where the Q" are constant from
for i = 1,2, obtain (3.5) for Q,, = @i—@i,

let ng — oo, and apply monotone convergence. O

— :
some ng on. In the general case, let Q,, = Q) 1,

Proof of Lemma 3.3. We now prove (3.8). Simple algebraic manipulations show
that

V2-V2=> (Vap1 = V)2 +2 Y Va(Vigr — Vi) (3.10)

(Note that the sums are actually finite because V;,, = 0 if m > ng.) Recalling Q = M —V
and V, = 0, we have

Z (Mpy1 — M,)* <2 Z (Vg1 — Vo)? +2 Z (Qni1 — Qn)?

n=m

=—2V2 =4 VaVas1 = Vi) +2 ) (Quit — Qn)’?

n=m

<4 Z Vn<Vn+1 - Vn) +2 Z (Qn—l—l - Qn)2
=: —4857 + 252. (3.11)
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We now take the conditional expectation with respect to F,,.

oo

ELS | Fnl =B 3 Va(Vasr = V) | ol
~E| i E[Vas1 = Vo | FalVn | Fn
- -E| i E Qi1 = Qu | FalVa | Fon
= —E| i Val@uis = Qn) | Fon|
- -E| i Vi1 Qs = Qu) | F
+E| i (Va1 = V) @ur = Q) | Fon
S hth
Since Vj41 < 2E[Z | Fnia] by (3.6), and recalling that Q,, = Q1 — @2, we have
1| < 2E | i Z|Qus1 — Qul | Fin| < 2E[ZW | Fpl.

Recalling that V,, = M,, — Q,, and setting Ss = > >~ (My41 — M) (Qni1 — Qn)
we see that
I, = -E|[Sy | Forul + E[S3 | Finl-

Since -
Z Qnit — Q)2 <YW (3.12)
we have
E[Sy | Fr]l K EYW | Fpl.
Let J=E[Y07 (My+1 — My)? | Fn]. By Cauchy-Schwarz and (3.12),

1/2
B[S | Full < T2 (ENW | Ful)
We therefore conclude
1/2
J<CE[ZW + YW | Fp] + c1JY? (E YW | fm]> . (3.13)
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Using the inequality A'/221/2 < (A +2)/2 with 2 = J and A = R [YW | F,,], we see
that

J< R[ZW +YW | Fon] + <]E YW | fm])/z +J/2 (3.14)
and therefore
J=E [ S (M1 — My)? | Fm] < CE[ZW +YW | Fpnl. (3.15)

We have [Q,4+1 — Q| <Y for all n and so

E sSup ’Qn-l—l - Qn|p < EY?P. (316)

Using (3.7), (3.16) and the fact that Q,,, = M,, —V,, and Y < (YW)'/2 we then have that
E sup ‘Mn-i-l - Mn‘Qp S c’E sup |Qn+1 - Qn‘Qp + c’E sup |Vn+1 - Vn|2p
< P(EZ* +E(YW)P). (3.17)

(3.8) then follows using (3.15) and Proposition 3.1 with A, =37 | (M; — M;_1)% 0

4. The k = 2 case.

Proposition 4.1. If

then

Mn - UQ(’R,.T) + §2(n7x)

is a martingale with My = 0.

Proof. If

n—1

Us(n,z) =) G(X, — X; —x),

i=0
we have Uy (n, z) = Us(n, z) — nG(e1y/n) so that
M, = Us(n,z) + Ba(n,z) — nG(x).
Abbreviating B,, = Bs(n, ) — nG(x) we have
B B n—1
Bn — Bn—l = Z 1(Xn=Xi+LB) — G(ZL‘)
i=0
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So

= (4.1)
=) p(1,0, X, 1 — X; — )
=0
Abbreviating U,, = Us(n,x) we have
n—1
Up = Up-1— G(z) = [G(Xp - X; — 1) — G(Xp1 — X; — 7).
i=0
Now for any ¢ < n —1
E [G(Xn — Xl — (E) | fn—l] = E [G(Xn - Xn—l + Xn—l — Xl — ZL‘) | fn—l] (42)
=) G+ Xp1— X —2)P(Xy, — Xy =y | Fur)
y
= Gly+Xp1—X; —2)P(Xp, — X1 =)
y
= Z Gy + Xn—1 — X; —2)p(1,0,y)
y
= PlG(Xn_l — X@ — ill')
where P; is the transition operator associated to p(j,z,y). Hence
n—1
E([Up = Up1—G(@) | Faca] = D [PIG(Xpn1 — Xi — 2) = G(Xp1 — X; — ).
i=0
Comparing with (4.1) and using
PG(z) — G(2) = —p(1,0, 2), z € 72, (4.3)
we see that
E[Mn - Mn—l | -/Tn—l] =K [Un - Un—l + Bn - Bn—l | fn—l] =0
as required. O

The key to proving Theorem 1.1 in the k = 2 case is the following proposition.
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Proposition 4.2. We have
E|B2(n,x) — Ba(n,a')|P < c(p)(logn)Pnlz — ' [P/® (4.4)

for each integer p > 1 and z,z' € Z*/\/n with |z|, |2'| < 1.
Let
Wa(n) = |Ba(n, )| + |Ba2(n,2')],

Ys(n) = max{|Bz(i,x) — Ba(i — 1,2)| + | B2(i,2") — Ba(i — 1,2")[},

i<n
and
Z3(n) = sup|U2(j; 2) = Ua(y, ).
isn
In the proof of Proposition 4.2 we will need the following three lemmas, whose
proofs are deferred until the next section.

Lemma 4.3. For any x,z’ with |z|, |z < \/n

EW5(n)? < c¢(logn)PnP. (4.5)
Lemma 4.4. For any x,2’ with |z|, |z < \/n

EY2(n)P < en(logn)P. (4.6)

Lemma 4.5. For any x,2’ with |z|, |z < \/n

2p/3
, (4.7)

r—x

E Zy(n)P < cn?

n

Proof of Proposition 4.2. Converting from B’s to B’s, estimate (4.4) for k = 2 is
equivalent to

|z — 2| )p/3
Vn

for z,x’ € Z? with |z|,|z'| < /n. We want to apply Proposition 3.2. We fix an n. We use

the notation f*(z) = max(f(x),0), f~ (z) = max(—f(x),0) so that f(z) = f*(z)—f (2).

Take for 1 <n

E|By(n,z) — Ba(n,z')|P < c(p)(log n)pnp+1( (4.8)

Qi = Ba(i,z) + (G (2') + G~ (2))i,  QF = Ba(i,a") + (G (2) + G (a"))i,  (4.9)

so that Q! and @2 are increasing and Q; = Q} — Q? = By (i,2) — By (i,2"). For i > n and
j=1,2,set Q) = QJ. We set H; = Us(i,z) — Us(i,2’). By Proposition 4.1, Q; + H; is a

martingale.
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From Proposition 2.1, Lemmas 4.3 and 4.4, and the fact that |z|, |z'| < /i, we see
that

E[(@Qn + Q)] < c(logn)Pn” (4.10)
and
E [(max{[Q; — Qi 1] +[Qf — Q71]})"] < cn(logn)”. (4.11)
Combining (4.10), (4.11), Lemma 4.5, and the fact that ﬁ < |x\;g/| < 2 unless z = 2/
with Proposition 3.2, we obtain
~ ~ — 2/|\p/3
E sup Bu(j.2) — Ball ') < clp)logmyn+1 (£ 21) (4.12)
j<n Vn
for z, 2" € Z* with |z|, |2'| < \/n, which implies (4.8). This is the bound we need. O

Proof of Theorem 1.1, the k = 2 case. Let f : R? — [0,00) be a nonnegative C'*
function with support in {y : 2+ < |y| < 1}, and with integral 1. Let f,(z) = 772f(z/7).
The gradient of f. is bounded by a constant times 7—3. Set 7, = n~¢/%. Then recalling
(1.7),

1 t
/ / o (X = XTY — o (WP — W) |ds dt < er®n < enS/4, (4.13)
0 0

We also have by Lemma 2.3 that for some 6 > 0

<cn” (4.14)

S @GV~ Y fr ) loa(l/la])
x€Z?/\/n z€Z?/\/n

and it is easy to see from the support properties of f, (x) that

‘/fm )Llog(1/[axl)dz — Y  fr(x log(l/\x|)% <en°, (4.15)

T€Z2//n
On the other hand, recalling the notation X}* = Xp,4/v/1

S @BV = S @) Y lex v

x€Z2/\/n x€Z2/\/n 0<i1<iz<n
2 Tn
n 0<i1<ia<n \/ﬁ

_ //an S]>dsdt

:/O /0 o (X7 — X™)ds dt (4.16)
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so that

Z an 62 n x)n / / fT Xn Xn ds dt — Z an \/_>

x€Z2/\/n x€Z2/\/n

By [3],

/f,n 21, 7.m d:v—/ / £ (W — W) dsdt—/f% Liog(1/[z)) dz. (4.17)

(This conforms with the definition given in Section 1 above; the definition in [3] is very
slightly different and would yield | 01 fol fr, (W]'—W) ds dt instead.) Combining the above,

=0 Y +0(n"%).  (4.18)

Z fr, ( 527”611 ——/an Y2(l,z,n)dx| =
x€Z2%/\/n

Recall [ f;, (z)dz = 1. Without loss of generality we may assume ¢ < 1 /2 is small enough
so that ¢, =: >, cze/ m [r, (2 z)1 =140(n™%) for some 6 > 1/4. (If ¢ were too large, then
7, would tend to 0 too quickly, and then the above estimate for v,, might not be valid. In
general one has 1, = 1+ O(n~"27;3). ) Jensen’s inequality and estimates (4.4), (4.5)
imply that

p
> fr(@)Bs nx)——¢n52(n,0) (4.19)
z€Z2//n
p
<cE| Y fr @) Baln )~ Baln, 0| + o)t — 1P Baln, 0)
T€Z2/\/n
) S fe @B Ba(n,2) — Ba(n, 0)P = + c(p)n P (log n)”
xez2/f "

< e(p)(log n)Pn(ry)P"°.

If we take p big enough, then using Chebyshev’s inequality

~ /3
—¢/24 (log n)Pn (1 )P c
(] E/jfffn 0)Ban,2) - — Y a(n, 0] 2 /) < LEIIIE < O
TEZ?
By Borel-Cantelli, we conclude that
Z Fr (2)B2(n x)— — P f2(n,0) = O(n=¢/?%), a.s. (4.20)

T€L?/\/n
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Using (4.10),
E [|B2(n, 0)7]] < c(logn)Pn?,

SO
~ - 1 p
B(|Ba(n,0)| > n?/?) < “UoE™)”
nop/2

Y

and if we take p large enough, Borel-Cantelli tells us that
g?(”? O) = O(ng/2>7 a.s.

So then ~
52 (TL, O) - wnBQ(na 0) = O(n_5/2)7 a.s. (421)

A very similar argument to the above also shows that we have
/an(:L‘)%(l, z,n)dz —F2(1,0,n) = O(n~%/?4), a.s. (4.22)

the analogue to estimate (4.4) is in [3]. Combining (4.18), (4.20), (4.21) and (4.22) we
conclude that

Ba(n,0) — Fa(1,0,n) = O(n=¢/*) + O(n /%),  a.s.

Remark 4.6. To see the importance of renormalization, note that if we also had the
estimate (4.8) for By(n,x) — Ba(n, '), this would imply that uniformly in n

|x—:c'\>1/3

G(x) — G(a")| < e(p)(logn) n'/? ( =

which is impossible if p > 6 and n is sufficiently large.

5. Proofs of Lemmas 4.3-4.5.

Proof of Lemma 4.3. We have
E{(Ba(n,z))P}

<SE{() Lx,-xi=0)"}
i,j=0 (5.1)

2p
- Z Z Z Hp(ij —j—1, Z5(j—1) T Te(j—1)s Zs(j) + Te())

s€S 0<i1 < igp<n Zl,...,ZPGZQ j=1
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where s runs over the set of maps S from {1,...,2p} to {1,...,p} such that s~1(j) = 2 for
each 1 < j <p, c(j) = 2] Lis(iy=s(j) and 1 = 0,22 = x. Here we use the conventions
io = 0,29 = 0,¢(0) = 0. Setting

gn(x) =Y _p(i,0,7) < clogn (5.2)
=0

for © < y/n by Proposition 2.1, and using the obvious fact that

> gn(@) =D p(i,0,2) =n+1

T €72 reZ? 1=0

we can bound (5.1) by

2p
Z Z H In(2s(5) + Te(j) = Zs(j—1) — Te(j-1))

SES z1,...,2p €02 j=1

5.3
< ¢(logn)” Z Z H gn(Zs(j) + Te(j) = Zs(j—1) ~ Te(j-1)) (5:3)
SES z1,...,2p€L% j: c(5)=1
< ¢(nlogn)P.
[l
Proof of Lemma 4.4. Let
m—1
C(m,z) = [By(m,x) = Bo(m = 1,2)] = > 1(x,,—x,+a):
i=0
We show that for any 1 < m <n
EC(m,x)? < c(logn)P; (5.4)

using

we are then done.
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But
m—1
E{(D 1x=x42)"}
i=0

P
<p Z Z Hp(ij — 151, 2j-1, 2 ) L iy=z, 42)P(M — ip, 2, Y)

0<i1<ip<m—121,...,2p,y€L2 j=1

p
:p' Z Zp(zhovy_m)l—[p(l] _ij—laoao)p(m_i;mo?x)
j=2

0<is <...ip<m—1y€Z2

p
= p! > [ pG; —i;-1,0,0)p(m — iy, 0, )
0<i1 < iy <m—1 j=2

< c(log m)?

which gives (5.4). O

Proof of Lemma 4.5. We begin by estimating
E(1+|X,[%)~"?

with 0 < b < 2.
First

E[(1+ X)X =0l = 1-P(X; = 0) < ¢/i < i/,

Next, using (2.1)

E[(1+[X:*)7"20 < |X;| < Vi] < > || ~°p(i, 0, z)
{zez2,0<|z|<Vi}

<s Y el

{z€22,0<|z|<Vi}

= Si-b/2 b/,
1
Finally,
E[(1+]X°) "% Vi< X < (1+0)"PP(Vi < | X)) < i/, (5.5)
We conclude that for any 0 < b < 2
E[(1+|X]?) 7Y% < eimb/2, (5.6)
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Using the estimate

y|2/3 y|2/3

clx n clx
(51X, + 2B (5 X, + g )17

G(Xi+2) - G(Xi+y)| <

of Proposition 2.2, the fact that symmetry tells us that E[(1 + |X; + z|?)~/3] is largest
when z = 0, and the estimate (5.6) above, we obtain

E> |G(X;+12)— GX;+y)| < cloe—y[*?Y i <en(lz — yl|/v/n)*?.

i=1 i=1

So by independence, using X;,E to denote an independent copy of X; and its expectation

operator,
E[ Z G(Xi +z) — G(X; + )] |fm] (5.7)
i=m-+1
SN (% g |z — y[\?/3
gEZ\G(Xi+Xm+x)—G(Xi+Xm+y)|gcn< ) .
p v
If |x| < +/n, by Proposition 2.1 and Doob’s inequality
E sup|G(X; + 2)|P < cE sup(1 + log™ | X; + z|)P (5.8)
1<n i<n
c(logn)PP(sup | X; + 2| <n)+c Z mPP(e™ < sup |X; + x| < ™)
i<n m=[log n] i<n
= LE|Xn +2?
cllogn)’ +c D ml———
m=|[log n]
< ¢(logn)?.

If z # y, then |x —y| > 1 and (5.8) then implies that

|z — y|\2/3\P
: — . 1P P < .
E§1§15|G(Xz+m) G(X; +y)” < c(logn) _C(n( N > )

Using Proposition 3.1 with 4; = ]An LIG(X; + ) — G(X; +y), if ||, ly| < V/n, then
| 1606+ 2) - Gx 4wl | < enllo— ol vy (5.9)
=1

Replacing x and y by —z and —a’, resp., and using the fact that Y ., G(X; — x) is equal
in law to >\, ' G(X,, — X; — x) yields the L? estimate that we want. O
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6. The martingale connection: k£ > 2.
Let B1,m(j,z) = j and for k > 2 define

BimGi) = > (=) T] Gnw)) Booya G vac). (6.1)

AC{2,...,k} icA
Note that By, (n,z) = By(n, z).
If x = ($2, ey Th—1, ilﬁk), let xpc = (x2’ . 7xk—1)-

Proposition 6.1. Let k > 2. If

Urm(n,2) = > G(Xp = X; = 28)[Bre1,m (i, Tre) — Beo1,m (i — 1, e )],
i=1

then for each m
My m = ﬁk’m(n,x) +§k,m(n,x), n=0,1,2,...

is a martingale with My ,, = 0.
Proof. We will show that for each k

Nim(n) = Ugm(n, ) + Bem(n, ) — G (k) Be—1,m (N, Tpe), n=0,1,2,...

is a martingale where

n

Ukm(n, ) =Y _[G(Xn — Xi — 2x) — Gler/m)][Br—1(6, xpe) — Be1(i — 1, w40 )]

= Z G(Xn - Xi - xk)[Bk_l(i, :L'kc) — Bk_l(i — 1,a:kc)]

i=1
— G(erv/'m)Bi—1(n, xye).
This will prove the proposition since, with the notation Dy = D U {k},

ﬁk,m(n, x) + Ekvm(n, x)

=1

Z (—1)lP! ( H Gm(%)) [Bk—Dy.|;m (i ¥De) = Br_|py|,m (i — 1,2 pe )]

Dc{2,....,k—1} leD

+ Z (-l ( H Gm(xi)>Bk—|A|(na$A°)
AC{2,....,k} €A

= Y )P Gmla)
DC{2,...k—1} leD

[Uk—1D<|,m (1, @De) + B pe|,m (M pe) — G (Tk) Br— | pe|—1,m (7 T g )]
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If we set

n

Uk(n,x) = ZG(Xn - Xi - xk)[Bk,l(i,xkc) — kal(i - ]_,xkc)]
i=1

we have that
Nim(n) = Ug(n, x) + Bi(n, ) — G(xx) By—1(n, wxe).

Abbreviating U,, = Uy(n,z) and B,, = Bi(n,z) — G(21)Bi_1(n, i), we have that

Nk,m(n) = Un + Bn.

Setting
k—1
Hz' = Bkafl(i, xkc) — kal(i - 1,$kc) = Z H 1(Xij:Xij71+wj)
0<i1<i9<...<lp_1=1 j=2
we have
n—1
Bp—Bn1=Y 1(x,=x,+an) Hi — G(xx)Hy.
=1

So using (4.1)

E [Bn - Bn—l + G(xk)Hn | fn—l]

nt (6.2)
=> p(1,0,Xn 1 — X; — 2) H;.
=1

From the definition of U,, we have
(_]n - _n—l — G(xk)Hn

n—1
=1

Recalling (4.2)
E [Un - Un—l - Gn(xk:)Hn | fn—l]

n—1
= Z[PlG(anl — Xz — CUk) — G(Xn,1 — Xz — :L‘k)]HZ
=1

Comparing with (6.2) and using (4.3)
PIG(:U> - G(CI]) = —p(l,O,l’),
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we see that
]E[Un - Un—l + Bn - Bn—l | fn—l] =0

as required. O

Remark. The statement of Proposition 6.1 is not an exact analogue of that of Proposition
4.1. Consider the summands in the definition of Uy, (n, x):

G (X — Xi — 23)[Br—1.m (is xe) — Br—1.m(i — 1, z1e)]. (6.3)

When k£ = 2 and ¢ = n, this is nonrandom, whereas this is not the case when k > 2 and
i = n. On the other hand, recalling that By_1(i,x) = 0if ¢ > k — 1, it is natural to define
Bji_1(—1,z) to be 0. It is also natural to define El,m(i,x) = ¢ for ¢ > 0. Then (6.3) will
be 0 if i = 0 for all £ > 2, but the ¢ = 0 term in the statement of Proposition 4.1 is not

Z€ero.

7. The case of general k.

The key to proving Theorem 1.1 for the case of general k is the following proposition.

Proposition 7.1. For any k > 2 we have
E |Bx(n, ) — Bi(n, 2')F < c(p)(log n)? =Dk |z — 2|8 (7.1)

for each integer p > 1 and xz, 2’ € (Z?)*=1/\/n with |z|, |2'| < 1.
Let
Wi(n) = |Bi(n, )| + | Bk(n, z')|,
Wi(n) = | B(n,z)| + | B(n,2)],

Yi(n) = nil§a5<{|Bk(i,x) — Bi(i — 1,2)| + |Br(i,z") — Br(i — 1,2")|},

Yi(n) = max{| By (i, ) = Bin(i = 1,2)| + | Ben(i,2') = Bpali —1,2)[},

and

Zi(n) = 5up (Ui (j 2) = Uy 2")].
isn

In the proof of Proposition 7.1 we will need the following three lemmas, whose
proofs are deferred until the next two sections.
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Lemma 7.2. For any x,z’ with |z|,|z| < /n
E Wi (n)P < c(logn)P*—Dnp (7.2)

and
EWi(n)P < c(logn)PF=Hnp. (7.3)
Lemma 7.3. For any x,2’ with |z|,|z| < /n
E Yy (n)? < en(logn)PE—Y (7.4)
and
E Y (n)P < en(logn)P*—1D), (7.5)
Lemma 7.4. For any x,z’ with |z|,|z| < /n

T — x’|>8_k2p
- = )

E Zi(n)? < c(log n)p(k_l)nzﬂ'k(‘ (7.6)

vn

Proof of Proposition 7.1. Converting from 3’s to B’s, estimate (7.1) is equivalent to
|z — 2| >8’“p
vn

for z,2" € (Z*)*~! with |z|,|2’| < \/n. We want to apply Proposition 3.2. We fix an n.
Let

E |§k7n(n, x) — Ekm(n, )P < e(p)(log n)p(kfl)npﬂg( (7.7)

Ay (z) = {A c{2,...,k} () ] Ga(zi) > o}

€A
Brn+Gow) = > (D[] Gu@) By G wac). (7.8)
AcA, (z) i€A
By, (o) = > (=) [] Gul)) Bioya G wac). (7.9)
A€AS (x) icA

For i < n set
Q'} - Bk,n,—k(i; :I;) - Bk,n,—(ia IL'/), Qz2 - Bk,n,—i—(iwx/) - Ek,n,—(i7'x)7

so that Q' and Q? are increasing and Q; = Qi — Q% = Ek’n(i, x) — ék,n(i, x'). Fori >n
set Q7 =Q7, j=1,2. Weset H; = Uy ,(i,x) — Uk (i,2"). By Proposition 6.1, Q; + H; is
a martingale. Using Lemmas 7.2-7.4 and Proposition 2.1 to bound the right hand side of
(3.5) in Proposition 3.2 and using the fact that ﬁ < % < 2 unless x = x’ we obtain

|z — ']

= )Erkp (7.10)

E sup | Bin(j, ©) — Brn (4, 2)|P < c(p)(log n)p(k_”n“k(
j<n
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for z, 2" € (Z%)*~! with |z|,|2’| < /n, which implies (7.7). This is the bound we need. O

Proof of Theorem 1.1, the general case. The proof is quite similar to the k = 2
case. Let f : R? — [0,00) be a nonnegative C™ function with support in {y : % <
ly| < 1}, and with integral 1. Let fr(x) = 772f(x/7). Set 7, = n=/* . Set g,(f) =
D owez2)ym f(@)Gn(zy/n): and I(f) = L [ f(z)log(1/|z|)dz. As in (4.14), (4.15)
1 _
gn(fr.) — ;l(fm)’ < c(tnv/n) " (7.11)
Using (1.1) and setting F (za,...,25) = Hf:g fr, (x;) we have
k—1 ,
~ k—1 , J
[T S G ISV ()
§=0
. (7.12)
x/ I . We, = Wi, )dty - -ty
0<ty <<t <1 ;5
On the other hand, as in (4.16), it is easily checked that we have
k—1 i
x€Z2(k=1) /\/n Jj=0 (7 13>
k—j ’
X / I f- (x7 = X7 Dty dty;.
0<t <<ty ;<1 =2

Since the gradient of f, is bounded by a constant times 73

k—j
fr. WS =W ) — || fr.(XE — X3 )| dty - - - dtg—j
/O<t1< <tg_;<1 ‘ H t biea) ZZI_IZ (X fi-) ! (7.14)

< Cng_Z(k_j_Z)n_C < en~¢/4,

Combining (7.11), (7.14), and the fact that both |g,,(f-,)| and |I(f;, )| are bounded
by clogn we see that

~ 1
‘ / Fy (@k(tan)yde— Y Fy (@)Bi(t2) ——
vez2 (k-1 )/ n (7.15)

< er 2 (1, /) 7P + c(logn)F it < en~¢/8

if we take ¢ > 0 sufficiently small.
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Since [ F, (z)dx = 1, we have vy, =: > wezzt-n ) ym Fr, ()5 =1+ O(nfg),
provided we assume, as we may without loss of generality, that ( is sufficiently small.
Jensen’s inequality and estimates (7.1), (7.2) imply that

E‘ Z F,, (JJ)Bk(n»x)% - ¢k,n5k(n;0) ’

z€z2(k=1) /\ /7

<clp) Y. Fr(@E|B(n, ) - Bi(n, 0P 5= +c@)(Wrn — 1)
z€z2(k=1 /\/n

< c(p)(logn)P =~V n?(r,)¥ 7. (7.16)

If we take p big enough, then

~ 1 . L
PQ 2 Fr, (@) Br(n, 2) =5 = Yrnbr(n, 0)| 2 n 8 </8k>
x€z2(k=1) /\/n
(log P Vn2(r )57 ¢

< ——
n—8"“p</8k — n2

By Borel-Cantelli, we conclude that

Z F., (l')gk(n,x)% — B (n,0) = O(n_sfkg/gk), a.s. (7.17)
wez2(k—1) / /7 "

We use (7.3) and the same argument as in the k = 2 case to show
Bi(1,0) — YrnBr(n,0) = O(n™°?),  aus.

for some & > 0. This with (7.17) yields

~ 1 ~ _ -
S F@)Bna) g — Bu(n,0) = 0~ ) 0, as. (T18)
zez2(k=1) /\/n n

A similar argument shows that we have (7.18) holding with the fj(n,z) replaced
by (1, z,n); the analogue to estimate (7.1) is in [3]. Combining, we conclude that

Bi(n,0) = F(1,0,n) = O(n™> "/*F) £ O(n™°/?),  as.

8. Proofs of Lemmas 7.2-7.3.
These are again similar to the k = 2 case.
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Proof of Lemma 7.2. Using Proposition 2.1 it suffices to prove (7.2) for all .
We have

E{(Bk(n,z))"} (8.1)

n

k
<E{( Z Hl(xijzxijflﬂj))m}

i1,e0sip=07=2

km
= > > Yo TG =51, 20-1) + Be(i-1)s 205) + Ze)

Ses(k7m) 0<i1 <. vigm <N z1,...,2m €22 j=1

where s runs over the set of maps S(k,m) from {1,...,km} to {1,...,m} such that
_1( ) =k foreach 1 < j < m, C(j) = Zgzl 1{3(1)250)}7 T; = Z?:z x; and 1 = 0. Here
we use the conventions ig = 0, 29 = 0,¢(0) = 0. Setting

gn(z) = Zp(i,O,x) < clogn (8.2)
i=0

and using the obvious fact that Y > gn(z) = > cp2 i P(4,0,2) = n+1 we can bound
(8.1) by

km
Z Z H gn(Zs(j) + Te(j) = 2s(j—1) — Le(j-1))

s€S(k,m) z1,...,z2m€L? j=1

<c(logn) BN N T 9nlza) F Te) — Zs(—1) — Fe(i—1))
s€S z1,..., 2L€Z2 j:c(j)=1

< en™(logn)k—Dm,
(8.3)
|
Proof of Lemma 7.3. Using Proposition 2.1 it suffices to prove (7.4) for all k.
Let
k
Cr(n,z) = [Bg(n,z) — Bi(n — 1,2)] = Z H Lixy, =xi,  +ay)-
0<i1<ig<...<ip=n j=2
If we show
E Cy (i, z)P < c(logn)*=VP < n, (8.4)
then using

p<z p)Cr (i, 2)P
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we are done.
But

e{( X ﬁhxz-j:xij_ﬁ%))m}

0<ii<ig<...<ip=n j=2
s€S(k—1,m) (i1, i(k—1)m)ED(S) 21,...,2m,yEL2
(k—1)m
H plij —ij-1, 25(j—1) T Te(j—1), Zs(j) T Te())
j=1

(8.5)

11 1<y=z3(j>+xk>)p(n — U(k—1)m T Th—1, Zs((k—1)m)» Y)
jie)=k-1

where S(k —1,m),c(j),Z; are defined in the last section and for each s € S(k —1,m)

D(s) = {(i1,. -, ige—1ym) : 0 <1 <o <d(g—1)m < nand

ij—1 < i; whenever s(j — 1) = s(j)}.

We can then see that (8.5) equals

2. 22

s€S(k—1,m) (i1,..., i(k—1)ym)ED(s) y€Z?
(k—1)m
p<ila 05 Yy — jk‘) H p(lj - ij—lv j.c(j—l)a*,Z’C(J)>p<n - i(k—l)'n’m 07 l'k)
j=2

< c(logn)F—Hm

which is (7.4). O

9. Proof of Lemma 7.4.
This proof is substantially different from the proof of Lemma 4.5.

Proof of Lemma 7.4. We use induction on k. We already know (7.6) for k£ = 2. Thus
assume (7.6) has been proved with k replaced by i for all i < k — 1. Then as explained
above in the proof of Proposition 7.1 we will have that (7.10) holds with k replaced by i
foralli <k -—1.

We will show that

—_ 2\ 8 *2p
|2 x|) (9.1)

vn

E [|Ug(m, z) — Ug,n(m, 2)|P] < c(log n)(k_l)pnPJfk—l(
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for m < n. This and the inequality
I < P = Pl < p
E[ﬁl?ﬂcm' |<E 2_:1|Cm| Z_IE[|Cm| ] —”HﬁgﬁEHCM ]

yields (7.6).
Abbreviating A;By_1 (4, Zge) := Br_1,5(4,Tke) — Br—1,n(i — 1, xge ), where zpe is

the same as (x3,...,T_1), we have
[T (2, 2) = U (m, ) (9.2)
<Y (6K = X = ap) = G(Xn = Xi = 24) ) (AiBr1.nlir5) )y
i=1
+ || Z (G(Xm - Xz' - x;c) - G(el\/ﬁ)> (Aigkflm(i,xkc) - Aigkflm(i,x;{:c)) ||p
i=1

Then with m <n
I (G (X = X = a4) = G(Xn = Xi = 21)) (AiB1,nir2pe) )y
=1

<Y IG(Xim = Xi — @) — G(X — Xi — 23)| l2p Vi1 (m)[|l2p— (93)
=1

x—a )2/3

< cn‘ n/?P(logn) k=2,

n

by (5.9) and (7.5).

After interchanging =’ and z for convenience it remains to bound

HZ: <G(Xm - X; —xp) — G(elx/ﬁ)) (Aiék_l,n(z’, Zre) — AiBi_1. (i, x@) H

p

< Hi (X = Xi = 21) (DB 10y 5) = AiBi1nisfe) ) | (9.4)
=1

p

+ [ Gvmen) By lm. zi) — Bioy ulm. o)

p

Using Proposition 2.1 and our inductive hypothesis concerning (7.10) we see that

HGWq)[Ek*M(m, o) = Byt (m, o} )] )
g—k+1 (9'5)

< c(log n)F=Dp1+E=1/p <M)

NLD
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To complete the proof of (9.1) it therefore suffices to show that

1Y "G(Xm — Xi — 2))[Ai Bre1,n (i, 2he) — DBt (i, 25 )]l
i=1 (9.6)

(log n) k=D L+ (E=1)/p o — af[\87"2
< c(logn)\*"'n - (7>
NG

By Propositions 2.1 and 2.3, G(z) is bounded above (but G(z) — —o0 as |z| — o0).
Let
J(z) = G(x) vV (=9logm), H(z) =G(x) — J(x).
Let K; = J(X,, — X; —x) for i =0,...,m and let K; = J(X,, — ) for i < 0. Let

B be a small positive real to be chosen later and let

 Ki+--+Ki_Bnm

L;
Bm

We see that

‘Z(K}- — L)[AiBy—1,0(i, x1c)]

=1

< ?k_l(n)z |K; — L. (9.7)

Since J is bounded in absolute value by clogm, the same is true for K; and L; for
any 1, i.e.
sup [K; — L;| < clogm. (9.8)

Note that L; and K; are independent of F}, for « > h + Bm, and thus

E [Z Ki — Li| | fh} <E Y |K - L +cBmlogm. (9.9)
i=h i=h+2Bm

Now by Proposition 2.2
ElJ( Xy —Xi—2) = J( Xy — X; — )|
<E|G(Xy —X; —z) - G(X,, — X; —2)|

c|X; — X[/ o| Xi — X[/
5 X~ X 2P (5 X~ X, — 2P

<E|

By (5.6) and symmetry
E (141X = X =2 72) <E((1+ X = X)) 7V2) S 1Ae(m—a) 72
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Then using Holder’s inequality in the form |E (fg)| <[/ f||3[/g]l3/2 we obtain from the last
two displays that

ElJ(Xm—X;—2) — J( X — X; — 2)| (9.10)
cli —j|'/* cli —j|'?

S 1IVIm—d B 1V m— 3

Thus for ¢ > 2Bm, summing over j from ¢ — Bm to ¢ and dividing by Bm shows

E|K; — Li| < e(Bm)Y3(1V |m —i])~1/3.

Therefore,
ks m Bm)1/3
E Z |K; — L;| < Z c(Bm) 173 < emBY/3.
i=h+2Bm i=h+2Bm (1 [m — )

Recalling (9.8)—(9.9) and then using Proposition 3.1 we have that

E’i’Ki_Li|
i=1

for n large. Combining with this with (9.7), (7.5) and Cauchy-Schwarz, the left hand side
of (9.7) is bounded in LP norm by

p
< ¢(logm)P + ecmPBP/® < ¢(log n)PnP BP/® (9.11)

c(logn)k—1npi+(1/2) gl/3, (9.12)

We use summation by parts on
> Li[AiBi—1n (i, wke) — AiBp_y (i, 7e )] (9.13)
i=1

and we see that it is equal to
Lm [Ek—l,n(ma xkﬂ) - Ek—l,n(ma x;qc)]

— Y [Br-im(i = 1,25e) = Beo1n(i — 1, @he)] [Li — Li—1]. (9.14)
1=1

Write w = |xge — z).|//n < 1. Using the fact that L,, is bounded by clogm and our
inductive hypothesis concerning (7.10), we can bound the LP norm of the first term of

(9.14) by

c(log n)k—1n1+(k—1)/pw8_k+1 ‘

155



Since K; is bounded by clogn, then L; — L;_1 is bounded by clogn/(Bn). Hence using
once again our inductive hypothesis concerning (7.10)

I[Br—1n(i — L,xge) = Br—1(i — 1,2%e)] [Li — Lia] |l

clogn, ~ . R ) —
< g HBk Ln(z— 1,£I§'kc) Bk—l,n(Z 1ax;cC)HP
lo - N
< C gnn(logn)k; 2n1—|—(k 1)/pw8 k 1‘

Since there are n summands in the sum in (9.14), we bound the LP norm of the left hand
side of (9.13) by
%(log )R It (h=1)/py 875 (9.15)

Notice that

]Z H(Xp — Xi — 2)[AiBorn(iy )] | < mYi_i(n) sup |H(Xpm — X; — ). (9.16)
=1

1<i<m

By Proposition 2.3, H(z) is 0 unless |z| > e®°8™. By hypothesis we have |z| < /n.
Therefore using |H (2)|?? < c|log z|?P < ¢|z| for |z| > eBlos™

E |H(Xm - X; - l‘)|2p < C(p)E HXm - X; — ;L’l; |Xm - X, - :L,l > 6810gn]

< c(p)e_glong | X — X — I|2

26—810gm —6.

IA
o

(p)m = c(p)m

Hence E sup;,, |H (X — X; — 2)[* < ¢(p)m™°. Since w > 1/4/n, then this estimate,
(9.16), (7.5) and Cauchy-Schwarz imply that the left hand side of (9.16) is bounded in L?
norm by c(logn)*¥~2n1/2P < c(log n)k—2n1+1/2Pw? < ¢(log n)k—1nl+1/2py8 "

Combining our estimates (9.12), (9.15), and our last estimate for (9.16), we have

m

I G(Xm = Xi = 2))[ABr1,n i @) = AiBro1,n (i, 25l
i=1 (9.17)
< ¢(log n)(k71)n1+(k71)/p[ws—k+1 + BY3 4 ws_kHB’l].

If we take B = w5 "), we obtain (9.6). Together with (9.2)—(9.5) we obtain (9.1). 0

10. Other results.

A. L? norms. By Section 3 of [5] we see that we can choose W; and X,, such that

Isup | X7 = W[ ]|z = o(n™)
s<1
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for some ¢ > 0. If we then use this (in place of (1.7)), our proof shows that we obtain
1Bk (n, 0) = Fk(1,0,n) |2 = o(n™") (10.1)

for some n > 0.

B. A correction. We take this opportunity to correct an error in [3]. In the statement
of (8.3) in Theorem 8.1 of that paper, G¥ := max;j<j<x_1 |G(z;)| should be replaced by
NV :=maxi<j<g—1|zj|7'. The term G also needs to be replaced by NV throughout the
proof of (8.3).

Proposition 9.2 of that paper is correct as stated. Where the proof of this proposition
says to follow the lines of the proof of (8.3), it is to be understood that here one uses GV
throughout.

For the convenience of the interested reader we give a complete proof of that propo-
sition in the following Appendix.

Appendix. Proof of Proposition 9.2 of [3].

The proof of Proposition 9.2 in [3] is perhaps a bit confusing due to an error in the
statement of (8.3) in Theorem 8.1 of that paper. This Appendix provides a complete proof
of Proposition 9.2 of [3].

Write g(y) = Llog(1/|yl), 31(t,x) = t, and for * = (z2,...,71) = (Tge, 7)) €

(R2)F~1] set

\ f— .
g'(x) = Jax lg(x;)]

and .
Uk(t,.%) = / g(Wt — Wr — xkﬁk_l(dr, :Ij‘kc).
0

Proposition A.1. Let M > 1, let z,2’ € (R?)*~! with |x;|,|2}| < M fori = 2,... .k,
and let gt = g¥(x) + g¥(2') + 1. There exist ay, and vy such that for k > 2

(a) E|Uk(t,2) = U(t, 2" )P < c(g")" | — 2'|**.

(b) EUk(t,x) = Uk(s, 2)|" < c(g™)"*P[t — 5|2

Except for the restriction on the size of x,z’, this is Proposition 9.2 of [3] translated to
the notation of this paper. Using the argument of [3] this is sufficient to prove the joint
continuity of Jx (¢, z) over t € [0,1],2 € (B(0, M))*~! for each k and M. For almost every
path of Brownian motion, {Wj : s € [0, 1]} is contained in B(0, M) for some M (depending
on the path), and hence for |z| > M we have (¢, ) = 0. The joint continuity of (¢, z)
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over t € [0,1],z € (R?)*~! follows. For the purposes of this paper we only need the case
M =1.
Note that renormalization allows us to use Uj(t,x) in place of

Up(t,z) = /0 [g(Wy — W, — x) — g(—xp)|Ve—1(dr, xe).

If one were to try to use Uj (t,x) in Proposition A.1, the right hand sides of (a) and (b)
would have to have g™ replaced by NV, which is not a good enough bound for the joint

continuity argument.

Proof. Since g* is infinite if any component of z or x’ is zero, we may assume that no

component of either is 0.
Let A € (0, %] be chosen later and let

ga(@) = (9(x) A 1 log(1/A)) v (- 1 log(1/4)),

ha(z) = [g(x) — ga(®)]1(jz|<a), ja(x) = [ga(z) — g(m)]1(|x|>A—1)7

s0 g =ga+ha—ja. With C, = CU{k} set

Lite)= > ([Tl re-roieit.ac).

cc{2,...k—1} i€C

The proof is by induction. We start with £ = 2. In preparation for general k
we retain the general notation, but note that when k = 2, we have Lo(t,x) = t, Tge is

superfluous, and we have Jx_1(dr, vxe) = dr.

Uk(t,x) — Uk(t,.’lil) (Al)

"
= / [ga(Wy = W, — x) — ga(Wy — Wy — x3) k-1 (dr, zxe )
0
t
+ / ha(Wy — Wy — x)Yk—1(dr, xe)
0
t
— / hA(Wt — Wr — xﬁc)%_l(dr, .ijc)
0
t
— / Ja(Wy = Wy — xp)k—1(dr, Txe)
0

t
+ / Ga(Wy = Wy — 2)Fk1 (dr, zpe)
0
=. Il+12—13—14+l5.
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If we connect z, 2’ by a curve I of length c|z — z'| that never gets closer to 0 than |z| A |z'|,
use the fact that |[Vga| < A1, and use inequality (8.1) of [3] (this is only needed for k > 2)

E|L|P < cA™P|lx — &'|PE Ly (t,2)P < cA™P(g)"P|x — 2/ |P.
By Proposition 5.2 of [3], for some constants by and v}
E I[P < cA"P(gh) 1P (4.2)

and similarly for I3.

We next turn to I;. Standard estimates on Brownian motion tells us that

P( sup |Wy—W,|>)\)< ce N (A.3)

0<r<t<1

Since || < M, it follows that

E[ sup [log(1/|W; — W, —xk|)|"] < c(p, M) (A4)
0<r<t<1

for each p > 1. If |A| < (2M)~1, then |W; — W, — x| > A~ only if |[W, — W,.| > (24)~L.
So by Cauchy-Schwarz, (A.3), and (A.4),

E[ sup [ja(Wy—= W, —x)["]

0<r<t<1

<cE[ sup |log(1/[Wi—W, — $k|)|p1(sup0<r<t<1 |Wt—Wr—$k|2A71)]
0<r<t<1 srsts

<c(E[ sup |log(1/|W; = W, —z)PP)V?(P( sup [W, — W, > (24)71)"/?
0<r<t<1 0<r<t<1
< cAP

for each p > 1. Using the fact that

‘14‘ < ( sup ’]A(Wt - WT‘ - $k)|)Lk(t,$),
0<r<t<1

another application of Cauchy-Schwarz shows that
E |7 < (g+)ﬁlpAp.

I5 is handled the same way.
Combining shows the left hand side of (A.1) is bounded by

C(g+)V2p[A_p|x_x’|p+Ab1p+Ap]
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for some constant vs, and we obtain (a) for k = 2 by setting A = |z — 2/|'/2 A (2M)~?
Next we look at (b) for the k = 2 case. We write

Up(t,z) — Ug(s,x) (A.5)

S

:/ [ga(Wy = W, — 1) — ga(Ws — Wy — x) |71 (dr, Tke)
— 2 )Yk—1(dr, xge)

+ hA —$k)’7]€ 1(d7‘ iljkc)

hA W W —:L‘k)’yk 1(d7’ l’kc)

]A(Ws Wr - Llfk)ik_l(d’l“, mkc)

S

+ Ja(Ws = Wy — 3) k-1 (dr, zie)

hhc\c\\

=:Ig + I7 + Ig — Ig — 10 + I11.

Using Cauchy-Schwarz, for s,t < 1 we have for some constant v’

1/2 1/2 ”
Bl < cA™?s” (E|W, = W,[2) (B L(s, o)) < cA™(g") 7]t — s/,

We bound I7 by

E|I7|P < c(log(1/A))P|t — s[P(¢gT)" P,
We bound Ig and Iy just as we did I and bound I;¢ and I1; as we did I4. Combining, the
left hand side of (A.5) is bounded by

c(g+)”2p[A_p\t _ S‘p/2 + Abip + AP],

and (b) follows by setting A = |t — s|'/4 A (2M) 71

We now turn to the case when k& > 2. We suppose (a) and (b) hold for £ — 1 and
prove them for k. We prove (a) in two cases, when zy. = x}. and when =, = x7; the
general case follows by the triangle inequality. Suppose first that zze = x}.. Using the

induction hypothesis, the proof is almost exactly the same as the proof of (a) in the case
k= 2.
Suppose next that z, = ). Let

Va = {|Wepn — Wa| > ul/*/A for some s,u € [0,1]}.
Standard estimates on Brownian motion show that
P(Va) < cre~c2/A%,
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We write
Ui(t,z) — Up(t, z") (49

=1y, /Ot ga(Wi = Wy — 23 ) k-1 (dr, zpe)
— 1y, /Ot ga(Wy = W, — xp)Yg—1 (dr, e )
+ /Ot ha(Wy = Wy — 2p)3k—1(dr, Txe)
— /t ha(Wy = Wy — 2p)3k—1(dr, ).

Ot

_ /0 Ja(Wy = W, — zg)Yk—1(dr, 2},
+ /OtjA(Wt — W, — 23 )Vk—1(dr, )

¢
+ 1y / ga(Wy = Wy — ap) [Ye—1 (dr, wxe ) — Fp—1 (dr, e )]
0
=: I1g — I13 + I1y — Iis — I1e + I17 + I1s.

Since |ga| < log(1/A), for some constant vg_;

E|hs|" < c(log(1/A))PE [Lk(t, 2)"; Va]

< ¢(log(1 /A))p<E Li(t, x)Qp)l/ ’ (IP(VA>)

1/2
< ¢(gt) 1P AP,

and similarly for I13. We bound I14 and Iy5 just as we did Iy and bound I14 and I;7 as

we did 4.
We turn to I15. Let f(r) = ga(Wy — W, — x) and

1 4+ A2
=g [ fwade

On V§ we have

1f(r) = f(s)| = lga(Wy = W, — xp) — ga(We — Wy — )|
< ATHW, — W < A7 2)r — 5|14,

and therefore
f(t) = fa(t)| < AT2(A?)V4 = A
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Using integration by parts, we write

ILig = 1vg /0 [f(r) = fa(r)Ak—1(dr, zpe)

g [ 10~ Sae s (ot

+ Lvg fa(®) -1t ze) — Fo—1(t, e )]

1z [ Brearnie) = s () a ()
=: 19 — Isg + I3y — Ios.

We bound
E|Lo|P < cAP(gt)"k-1P

for some constant v;_, and similarly for Iyy. By the induction hypothesis and the fact
that |fa| is bounded by log(1/A) < cA™P |

E|In|P < cAP(g7) 1P zpe — ahe| 2P,
Finally, since |f/] < [|falloccA™12 < cA™13,
E|al? < c(gt)H P A= 19|gye — ol |ohar,
If we combine all the terms, we see that the left hand side of (A.6) is bounded by
c(gh)PIAPP 4 ATUP | — o |1 4 AP,

Setting A = |& — 2/|*-1/%) A (2M)~1 completes the proof of (b) for k > 2.
The proof of (b) for k£ > 2 is almost identical to the k = 2 case. O
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