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Complex Brownian motion representation
of the Dyson model

Makoto Katori* Hideki Tanemura'

Abstract

Dyson’s Brownian motion model with the parameter § = 2, which we simply call
the Dyson model in the present paper, is realized as an h-transform of the absorbing
Brownian motion in a Weyl chamber of type A. Depending on initial configuration
with a finite number of particles, we define a set of entire functions and introduce a
martingale for a system of independent complex Brownian motions (CBMs), which is
expressed by a determinant of a matrix with elements given by the conformal trans-
formations of CBMs by the entire functions. We prove that the Dyson model can be
represented by the system of independent CBMs weighted by this determinantal mar-
tingale. From this CBM representation, the Eynard-Mehta-type correlation kernel is
derived and the Dyson model is shown to be determinantal. The CBM representation
is a useful extension of h-transform, since it works also in infinite particle systems.
Using this representation, we prove the tightness of a series of processes, which con-
verges to the Dyson model with an infinite number of particles, and the noncolliding
property of the limit process.
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1 Introduction and Results

Dyson’s Brownian motion model is a one-parameter family of the systems of one-
dimensional Brownian motions with long-ranged repulsive interactions, whose strength
is represented by a parameter 5 > 0. The system solves the following stochastic differ-
ential equations (SDEs),

g dt .
dX;(t) =dB;(t) + = -, 1<i<n, te€]0,0), 1.1
1<j<n:
J#i
where B;(t)’s are independent one-dimensional standard Brownian motions [3, 19]. In
the present paper we consider the case with 8 = 2, since in this special case the system
is realized by the following three processes [8, 9],

(i) the process of eigenvalues of Hermitian matrix-valued diffusion process in the
Gaussian unitary ensemble (GUE) [3, 16, 5],
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Complex Brownian motion representation

(ii)) the system of one-dimensional Brownian motions conditioned never to collide
with each other [6],

(iii) the harmonic transform of the absorbing Brownian motion in a Weyl chamber of
type Anfl [6],
Wﬁ:{$€RnZ$1<1’2<"'<xn}v

with a harmonic function given by the Vandermonde determinant

h(x) = H (x; —x;) = det [m;_l} . (1.2)

- 1<i,j<n
1<i<j<n

In the family of particle systems (1.1), the case with 5 = 2 plays the role which is
similar to that of the three-dimensional (v = 1/2) Bessel process in the family of Bessel
processes with parameter v > —1 [13]. We call the case with § = 2 of Dyson’s Brownian
motion model simply the Dyson model in this paper.

Let .# Dbe the space of nonnegative integer-valued Radon measures on R, which is
a Polish space with the vague topology. Any element £ of .# can be represented as
£(-) = X ;c1 92, (-) with a countable index set I and a sequence of points in R, & = (2;)icr
satisfying £(K) = #{x; : ©; € K} < oo for any compact subset KX C R. In this paper the
cardinality of a finite set S is denoted by #S. We call an element £ of .# an unlabeled
configuration, and a sequence x a labeled configuration. We write the restriction of
configurationin A C R as (§NA)(-) = >_;cy..,ea 0z, (+), a shift of configuration by u € R as
7u€(") = 3,1 0,+u(+), and a square of configuration as {2 (-) = -, 4 6,2 (+), respectively.
The set of .#-valued continuous functions defined on [0, c0) is denoted by C([0,c0) —
), which has the topology of uniform convergence on any compact sets. For £ € .#
with {(R) € IN = {1,2,...}, we introduce a one-parameter family of entire functions of

z € C[15] parameterized by u € C, {@g(z) :u € C}, in which

_ g U
diz)= ] <1 j_Z) (1.3)

resupp EN{u}e

with supp £ = {r € R: £({r}) > 0}. The zero set of the function (1.3) is supp £ N {u}°.

With the SDEs (1.1), we consider the diffusion process Z(t) = >, ; dx,(+) in .# and
the process under the initial configuration{ = ), d,, € .# is denoted by (Z(t), P¢). We
write the expectation with respect to P; as [E;. We introduce a filtration {7 (t)}+c[0,00)
on the space C([0, c0) — .#) defined by F(t) = 0(E(s), s € [0,]). Let Co(R) be the set of
all continuous real-valued functions with compact supports. For any integer M € N, a
sequence of times t = (t1,ta,...,ty) With 0 < t; < -+ <ty <T < o0, and a sequence of
functions f = (fi,, fts,---» fta;) € Co(R)Y, the moment generating function of multitime
distribution of (E(t), P¢) is defined by

eXp{Zl/thm (x)E(tm,dx)}] . (1.4)

We put #y = {£ € # : £({z}) < 1foranyxz € R}. Since any element & of . is
determined uniquely by its support, it is identified with a countable subset {z;};c1 of R.
When £ = . ., € A, (1.3) gives

vlif] = E

i€l
fbg(u]) =65, t,j€ll (1.5)
For a finite index set I and w = (u;)ien, w; € R, let Z;(¢),t > 0, i € I be a sequence of

independent complex Brownian motions (CBMs) on a probability space ({2, F, Py,) with
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Z;(0) = u;. We write the expectation with respect to Py, as Eq,. The real part and the
imaginary part of Z;(¢) are denoted by V;(t) = ReZ;(t) and W;(¢t) = ImZ;(t), respectively,
¢ € I, which are independent one-dimensional standard Brownian motions. For any

sequences (u;)icr and v € R, if we set £ = >, 0y

®Z(Zi()), i € I are independent conformal local martingales, (1.6)

since <I>f is an entire function. Each of them is a time change of a CBM [18]. When
§ = ic1Ou; € .o, combination of (1.5) and (1.6) gives, for0 <t < T < oo,

Eq [P (Z;(1)] = Eu[®(Z;(0))] = @' (u;) = 6ij, 0,5 €L (1.7)
A key observation for the present study is that the equality

det [@gi(zj)] - 28 (1.8)

1<i,j<&(R)
holds for any & = 53506, with {(R) € N, u = (uy,...,ugw)) € Wiy and 2z =
(215, 2¢(m)) € C¢®)_ This is proved as follows. Let £(R) = n and

_ .. n
H(u,z) = 1§o}3t£ﬂ [Kkl_[k#v(uk zj)}, u,z € C".
<k<n:k#i

Since H is a polynomial function with degree n(n — 1) satisfying the conditions that
H(u,u) = (=1)""=Y/2h(u)2, and H(u,z) = 0, if u; = u; or z; = z; for some i,; with
1 <i<j<mn, wefind H(u,z) = (—1)"""V/2h(u)h(2z). (It is a special case of the
determinantal identity given as Lemma 2.2 in [14].) Since the LHS of (1.8) is equal to
(=1)"=1/2H (u, z)/h(u)? by definition (1.3) for ¢ € .#,, we obtain (1.8). This equal-
ity implies that from a harmonic function h(-) given by (1.2), we have a martingale
for a system of independent CBMs {Z;(-) : 1 < ¢ < ¢(R)} in the determinantal form,
deti<i j<e(m) [P (Z;(1))]-

Let 1(w) be the indicator function of a condition w; 1(w) = 1 if w is satisfied and
1(w) = 0 otherwise, and I, = {1,2,...,p} for p € IN. The main theorem of the present
paper is the following.

Theorem 1.1. Suppose that £ = Z“R) Ou, € My with E(R) € N. Let0 <t < T < oo.
For any F(t)-measurable bounded functwn F we have

E(R)
Be [F(E0)] = Bu |F | Y v | | _ det @z, |- (1.9)

1<d,j<¢(R)

In particular, the moment generating function (1.4) is given by

-5 > [, e o [ T1 T v W) et [s2 2] |

P=0 (J,,)M_ m=1jm€lm
(1.10)
where y;, (-) = eftm() —1,1 < m < M, and the second summation in the right hand side
M
of the above equation runs over all J,, Jo, ..., Jpr C I, with U I =1,.
m=1

We call the above results the complex Brownian motion (CBM) representations of
the Dyson model. In order to show the simplest application of this representation, we
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consider the density function at a single time for (Z(¢),P¢) denoted by p¢(t,z). It is
defined as a continuous function of x € R for 0 < t < T < oo such that for any x € Co(R)

E {/}R X(:c)E(t,dx)} :/]Rdxx(x)pg(t,x). (1.11)

By (1.7), the equality (1.9) gives the following expression for (1.11)

| v, [xvieperzm)] = [ s@) [ deposto.w) [ dop0.u)px@oiay=To).

o (y—2)?/2(t—5)
where p; ((x,y) = ﬁ 0<s<tuzy€cR,since V(0) = ReZ(0) = v € supp ¢
w(t—s
and W(0) = ImZ(0) = 0. Then, if we define the function

G 1(z,y) :/Rf(dv)poys(v,x)/Rdw p0,t(0, w)®¢ (y + vV—1w) (1.12)

for (z,y) € R?,(s,t) € (0,T)? we obtain the expression for the density function
pe(t,x) =% (z,2), z€R, 0<t<T <00

for any initial configuration £ € .#(. The above calculation will be fully generalized and
the following formula can be derived from our CBM representations.

Corollary 1.2. Suppose that { € .4, with {(R) € N. Let
]KE(sv X ta y) = ggs,t(xa y) - :U_(S > t)pt,s(yv x) (113)

Then the moment generating function (1.10) for the multitime distribution is given by a
Fredholm determinant

\Ilg[f] = Det , 050 (y) + ]Kg(s,x;t,y)xt(y)]. (1.14)
(S,t)e{tl,tg,...,tju} s
(z,y)€R?

By definition of Fredholm determinant (see, for example, [5]) the moment generating
function (1.14) can be expanded with respect to x;, (-),1 <m < M, as

- 3 o T T () ot

Ny 20, N'rn m=1
1<m<M
(1.15)
with
(1). (M) (m),y  .(n)
pg(tl,le,... tar, acNM) 1<i<N,ilelt<j<Nn []Kg(tm,xim tn, jn )] (1.16)
T i<min<M

where mg\, ™) denotes (z\™, ..., (m))

and da:(m) Hfi"i dﬂcgm), 1 < m < M. The functions
pe’s are multitime correlation functions, and \I/E[ f] can be regarded as a generating
function of them. The function K, given by (1.13) with (1.12) is thus called the corre-
lation kernel [11]. In general, when the moment generating function for the multitime
distribution is given by a Fredholm determinant, the process is said to be determinan-
tal [9, 11]. The results by Eynard and Mehta reported in [4] for a multi-layer matrix
model can be regarded as the theorem that the Dyson model is determinantal for the

special initial configuration ¢ = £(RR)dy, i.e., all particles are put at the origin, for any
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&(R) € IN. The correlation kernel is expressed by using the Hermite orthogonal polyno-
mials [17]. The present authors proved that, for any fixed initial configuration £ € .#
with £(R) € NN, the Dyson model (Z(t),P¢) is determinantal, in which the correlation
kernel is given by

1
Ke(s, 23 t, = d s\, d ,—v—1
ity = g dema(ee) [ dwpw, Ty
1 vV—lw —z
X — H (1—)—]1(s>t)pt7s(y,x), (1.17)
_1w_zr€supp§ r—z

where I'(€) is a closed contour on the complex plane C encircling the points in supp £ on
the real line R once in the positive direction (Proposition 2.1 in [11]). In order to derive
(1.17), we used the integral representations of multiple Hermite polynomials given by
Bleher and Kuijlaars [2].

In the present paper, we assume { € .#, preventing the initial configuration from
having any multiple points. This restriction is only for simplicity of calculation. (Note
that, if £ € .4, the Cauchy integrals in (1.17) can be readily performed and the expres-
sion (1.13) with (1.12) is obtained.) The fact that we would like to report here is that,
although the theory of (multiple-)orthogonal functions are very useful to analyze deter-
minantal processes [11, 10, 12], it is not necessary to deriving the Eynard-Mehta-type
determinantal expressions for multitime correlation functions. The essential point may
be the extension of h-transform to the conformal martingale of CBMs in the determi-
nantal form det; <; j<¢(w)[®¢* (Z;())], which we have named the CBM representation. In
other words, the proof of Corollary 1.2 will provide a probability-theoretical derivation
of the Eynard-Mehta-type correlation kernel.

We gave useful sufficient conditions of £ in [11] so that the Dyson model is well
defined as a determinantal process even if {(R) = oco. For L > 0,a > 0 and £ € .# we

put ,
1/«
§(dz) £(dz)
M L = Ma ,L == 3
(55 /[L,L}\{O} z &5 </[L,L1\{0} |$|a>

and M(§) = Lh_)n;o M(E, L), My (&) = Lh_{r;o M, (€, L), if the limits finitely exist. Then

(C.1) there exists Cy > 0 such that |[M (£, L)| < Co, L >0,

(C.2) (i) there exist a € (1,2) and C; > 0 such that M, (§) < C4,
(ii) there exist 8 > 0 and C; > 0 such that

Ml(T—a2£<2>) < OQ(HI&X{|CL|, 1})7ﬁ Va € supp 5

It was shown that, if £ € .#, satisfies the conditions (C.1) and (C.2), then for ¢ € R and
2€C, 9¢(z) = Lh_)ngo P¢rja—r,qa+1)(2) finitely exists, and

a

£({0})
| g (2)] <Cexp{c(|a0+z|9)}‘z’ , a€suppé, z€C, (1.18)

a—z

for some ¢,C > 0 and 0 € (max{«, (2 — ()}, 2), which are determined by the constants
Co, C1,Cs and the indices «, 3 in the conditions (Lemma 4.4 in [11]). We have noted that
in the case that { € .# satisfies the conditions (C.1) and (C.2) with constants Cy, C1, Cs
and indices « and 3, then £ N [—L, L],VL > 0 does as well. Hence we can obtain the
conver f i i t ¢ i
gence of moment generating functions Ve, ; [f] — Y¢[f] as L — oo, which
implies the convergence of the probability measures P¢~_r 1) — P¢ in L — oo in the
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sense of finite dimensional distributions. Moreover, even if £(R) = oo, K, given by
(1.13) with (1.12) is well-defined as a correlation kernel and dynamics of the Dyson
model with an infinite number of particles (Z(t),P¢) exists as a determinantal process
[11].

The CBM representation is indeed a non-trivial extension of h-transforms, since it
works also in infinite particle systems.

Corollary 1.3. Suppose that the initial configuration ¢ € .4, satisfies the conditions
(C.1) and (C.2). Then the expression (1.9) is valid also in the case with {(R) = oo, if F
is represented as

FEW))=G (/R qﬁl(x)E(tl,dx),/]R¢2(;v)5(t2,dx),...7/]quk(x)5(tk,d:r)>

with ¢; € Cy(R), 1 <4 < k and a polynomial function G on R*, k € IN.

In order to demonstrate the usefulness of the CBM representations to characterize
infinite particle systems, we show that the following estimate is readily obtained from
the expression (1.9). Let C;°(R) be the set of all infinitely differentiable real functions
with compact supports.

Proposition 1.4. Suppose that the initial configuration £ € .#, satisfies the condi-
tions (C.1) and (C.2) with constants Cy, C1,C5 and indices «, 3. Then for any T > 0
and ¢ € C;°(R) there exists a positive constant C = C(Cy,C1,Cs,«, 3,T, ), which is
independent of s,t, such that

Ee|| [ ooz - [ ez

4
1 < C|t—s]?, Vs, t€][0,T). (1.19)

By a criterion of Kolmogorov (see, for example, [7, 1]), Proposition 1.4 implies that
the sequence of the process (=(t), P¢n—r,1)), L € N is tight in C([0,00) — .#). Then we
can conclude the following.

Theorem 1.5. Suppose that £ € .#, satisfies the conditions (C.1) and (C.2). Then the
process (Z(t),P¢n—1,1)) converges to the process (Z(t),P¢) weakly on C([0,00) — %)
as L — oo. In particular, the process (=(t), IP¢) has a modification which is almost-surely
continuous on [0, co) with Z(0) = &.

Finally in the present paper, we show that the noncolliding property of the Dyson
model with an infinite number of particles is obtained by using the CBM representa-
tions.

Proposition 1.6. Suppose that the initial configuration £ € .4 satisfies the conditions
(C.1) and (C.2). Then P¢[E(t) € My, t > 0] = 1.

In the following five sections, we give the proofs of Theorem 1.1, Corollary 1.2,
Corollary 1.3, Proposition 1.4, and Proposition 1.6, respectively.

2 Proof of Theorem 1.1

For the proof of Theorem 1.1, it is sufficient to consider the case that F'is given as
F(E()) = Hf\ilgz(X(tl)) for M e N, 0 < t; < --- < tyy < T < oo, with symmetric
bounded measurable functions g; on RE®), 1 < i < M. We give the proof for the case
with M =2, ie., foré =5 6, u = (u1,...,ugm) € Wi,

Fe (X ()X (12)] = Bu | (V)n(V(e) _det  [a2(zm)] [ @)

ECP 18 (2013), paper 4. ecp.ejpecp.org
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The generalization for M > 2 is straightforward.

We use the fact that the Dyson model is obtained as an h-transform of the absorbing
Brownian motion in the Weyl chamber W, [6]. Put 7 = inf{t > 0: V(t) ¢ Wi},
then the LHS of (2.1) is given by

h(V (t2))

Ey |1(7 > t2)91(V(t1))g2(V (t2)) h(u

(2.2)
For a finite set S, we write the collection of all permutations of elements in S as $(S).
In particular, we express $(I,) simply by $,,p € IN. We put o(u) = (Us1),- -, Us(e(R)))
for each permutation o € S¢(r). We introduce the stopping times

iy = nf{t > 0:Vi(t) = Vi(t)}, 1<i<j<ER). (2.3)

Let 0;; € S¢(r) be the permutation of (i, j). Note that if 0;;(u) = u, the processes V()
and o;;(V(t)) are identical in distribution under the probability measure Pq,. Then by
the strong Markov property of the process V'(t) and by the fact that & is anti-symmetric
and g1, go are symmetric,

Eu 17 =3y < (Y (0)aalV (1) " 2] 0
Since P’u,(Tij = Ti/j’) =0if (’L,]) 7é (i/,j/), and 7 = 1<i$i<n§(]R) Tijs
Eu 17 < ta)on (V()on(Ve2) " 2] <o
Hence, (2.2) equals
Eu [91<V<t1>>g2<v<t2>>’“(hv<ff§”} | (2.4)

Then we use the equality (1.8) in (2.4). Note that V;(¢),1 < i < £(R) and W;(t),1 <
i < &(R) are independent. We can regard the probability space (2, F,Py) as a product
of two probability spaces (1, F1,P1) and (Q9, F2,P2), and V;(¢),1 < i < {(R) are Fi-
measurable and W;(¢),1 < i < £(R) are Fp-measurable. We write E,, for the expectation
with respect to P,, a = 1,2. We see

Bl = B |, 36k A0 = e P2 AT

where the independence of Z;(t), 1 < j < ¢{(R), is used in the last equality. By bino-
mial expansion, Ey[Z;(t)""!] = G(V;(t)) with G(z) = ZZ ; (Z HE, [(\/ 1W;(t ))i’l’p} P,
Since G(z) is a monic polynomial with degree i — 1, E;[h(Z(t))] = h(V (t)). Combining
the above results and the fact (1.6), we have (2.1).

For the proof of (1.10) with M = 2, we first prove that for any N;, N» € IN

oo B [T I xew X5, (tm)

J1, J2Clemy: m=1j, €l
fJ1=N1,§J2=N>

N1+Na
-y % / ek | T] T . (1) det [0 (2,(7))]
p=1 J1,J2CI,: m=1j, €EJm A
fJ1=N1,iJ2=
J]1UJ]2:]IP
(2.5)
ECP 18 (2013), paper 4. ecp.ejpecp.org
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Applying (2.1) with g,, () = > II xt.(zj.), m = 1,2, we see that the
T Clg(ry I m=Nm jm EJm
LHS of (2.5) equals

> Eu| ] T (Vi (tw)), det [0y (Z,(T))]

. 1,j€lg(r
J1,J2Clg(ry: Mm=1jm€Jm £
gJ1=N1,§J2=N>

N1+N> 2
Z > Eu|J] T xWinta)), det [o(z;m)] |,
— . 1,5€J1UT2
= J1, J2Clg(my: m=1j, €EJm
$(J1UT2)=p

ﬁJh:NhﬁJz:Nz

where we have used (1.7). We see the RHS of the last equation coincides with the RHS
of (2.5). By using relation

2 &(R) 2 &R 2
expd S fn@i) o= IT IT @) +1f = 3 T TT ew(@in),
m=1j,=1 m=1j,=1 ‘]]17‘]]2C]I§(JR) m=1j, €l

the equality (1.10) with M = 2 is readily derived form (2.5). By the similar argument,
(1.10) is concluded from (1.9) for any M > 2. O

3 Proof of Corollary 1.2

Since the Fredholm determinant (1.14) is explicitly given by (1.15) with (1.16), (1.10)
in Theorem 1.1 implies that, for proof of Corollary 1.2, it is enough to show that the
following equality is established for any M € IN, (Ny,...,Ny) € NM

M
(m) (m) (m)., _(n)
/M W H {dwN HX ( )}Kz'gzvjﬁtgjgzvm []Kg(tm’xi v 2 )1

=1 1<m,n<M

B> / vy |11 11 Xt (Vi (100)) et [@4(Z5(T)

p=1 wmme, m=1jm €lm
<M:

(3.1)

If we take the summation of (3.1) over all 0 < N,,, < {(R),1 < m < M, the LHS gives
(1.15) with (1.16) and the RHS does (1.10). In this section we will prove (3.1). So in the
following, we fix M € IN, (N4, ..., Ny) € NM,
m M
Let I = Iy, and I'™ = Iyp  n, \Igm-1 5,2 <m < M. Put N =3, | Ny, and

T, = Zﬁf:l tm1(i € I'™), 1 < i < N. Then the integrand in the LHS of (3.1) is simply
N

written as H Xr; (24) d?t N[]Kg (7i, x5 7;, )], and the integral fH W Hm L dx%”)( D)
i=1
can be replaced by {[[¥_, N,,!} ! Jg~ dx (-). The determinant is defined using the
notion of permutations and we note that any permutation ¢ € $5 can be decom-
posed into a product of cycles. Let the number of cycles in the decomposition be
/(o) and express o by 0 = ciCz--- Cy,), Where cy denotes a cyclic permutation ¢\ =
(ex(D)ea(2) -+ -en(gn)), 1 < gxn < N,1 <A < /(o). For each 1 < X\ < {(0), we write the set
of entries {c, (i)}, of ¢, simply as {c,}, in which the periodicity c)(i + ¢») = cx(4), 1 <
i < g is assumed. By definition, for each 1 < A < £(0), ex(i),1 < i < g, are distinct
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indices chosen from Iy, {ca} N{cy} =0 for1 < X # XN < {(s), and Zf\(g gn» = N. The
determinant 1<c_1e_t< N[]Kg(n, x;;Tj, ;)] is written as
ESEZW IS

L(o) qa
> DN T TT e (Ter s Ten )i Ten (i41)s Ten (141))
oESN A=11i=1
L(o) qa
N—4(o
= Z (_1) (@) H H {gTC)\(i)7Tck(i+1)(xck(i)’ZCC)\('L-JFI))
oESN A=1i=1
_]]'(Tck(i) > TCA(i+1))p7'c>\(7,+1),7'6>\(71) (mck(i—&-l%xc)\(i))}a (32)

where the definition (1.13) of the correlation kernel KK, is used. In order to express
binomial expansions for (3.2), we introduce the following notations: For each cyclic

permutation c,, we consider a subset of {c\}, C(cy) = {c,\(z’) e {ea} ey > Tck(iﬂ)}.

Choose M, such that {c)} \ C(cx) C My C {c,}, and define M§ = {c,} \ M. Therefore
if we put

ax
T(ex(2)eMS
Glen,My) = /]R{CA} H {dmcx(i) Xey (5) ($CA(i))pTcA(z:+1)»TCA(¢> (xck(i+1)7wc>\(i)) (ex(DeM3)
i=1
XgTCW)vTcA(Hl)(xcx(i%xCA(i-*-l))ﬂ(m(i)EMA)}’ 53

the LHS of (3.1) is expanded as

L(o)
1 C
oD I A I S (MG M), (B4
A=1

m=1""M" geSn = M,:
{ea}\Cex)CTMAC{en}

From now on, we will explain how to rewrite G(cy,M,) until (3.8). We note that if we
set

F({ze,(j) : ea(y) € M3})

= /]RM/\ H {dwc)\(i) X7ey (i) (xC,\(i))gTC)\(i)vTcA(i-#l)(xck(i)7xc/\(i+1))}

iiey (1) EMy

X H pTcA(j+1),TcA<J‘)(wcx(j+1)>$cx(j))> (3.5)
Jiea(§)EMS

which is the integral over RM*, then (3.3) is obtained by performing the integral of it
over RMA = Riax}\ RM»,

G(CA’MO:/RMK II {d%u)mm(%u))}F({%(j)icx(ﬂ')EM‘i})- (3.6)

jrea(3)EMS
In (3.5), use the integral representation (1.12) for chw,) e (i41) (@ey (i) Tex (i+1)) by putting
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the integral variables to be v = v, ;) and w = w,, (;+1). We obtain
F({zeyj) s ex(d) € M5})

= / H E(dUC)\(z / H dch(i)pO,TCA(i) (IUC)\(i)7IC)\(’L'))XTC/\(i)(JCC)\(i))}

’LC,\ )EM/\ lC)\( EM)\

X /]R " 11 {dw(:)\(z+1)p0 o oo (05 Wey (141)) @A (e, 141y + V_lwcx(iJrl))}

iex (1) EMy

X H pTcx(j+1)7Tz:)\(j)(xck(j+1)7‘/EC)\(.]-))'
Jiex () eM§

/ H (dve, (i) Ev

iicx (i) EMy

H {XTcw) (‘/C/\(i)(TCA(i)))

iex (1) EMy

X ‘I)ECAM (Zey (i41) (Tey (z‘+1)))ﬂ(ck(i+1)eMA)

x (I)ECAM (e (i4+1) + V=IWey (i11) (Tey (141))) (A CTDEMD }

L(ea(j+1)EM
X H {p"—c)\(J*l)’TC)\(j)(‘/Ck(j"'l)(/rck(j"rl))?'CECA(].)) (ex(Hi)er)

Jiea(§)EMS
) L(ea(G+1)eMy)
prcmﬂwcw)(xCA(JJrl)vxCA(J)) A :

Using Fubini’s theorem, (3.6) is given by

/}RMA H &(dve, (1)) Ev

i:ex (1) EMy

H XTC)\(i) (‘/CA(’L)( cx(?,)))

iz (1) EMA

X H (I)fg\(i) (ZC)\(’L-"-l)( c>\(z+1)))
i:ex(3),ex (+1)EMy

/MC H dxCA(j)XTu,\(j)(xCA(j))}
Ve

C)\ EMC

X H pTc/\(j+1)vTc/\(j)(‘/C)\(]"Fl)( cx(]-i—l)) C)\(j))
Jiea(§)EMS e (§+1)EMy

X H pTC)\(j+1)7TCA(j)(mck(j"'_l)’x(”)\(j))
giexn(d),exn(i+1)eMs

X H ‘I’z”m (Tey(irr) + V=1We, i1y (Terirn)) |- (3.7)

i:ex (1) EMy,ca (7;+1)EM§\

For each 1 < i < ¢, with ¢)(i) € M), we define ¢ = min{j > i : c\(j) € M,} and
i = max{j < i:cx(j) € My}. Then we perform integration over x., ;s for c\(j) € M§
before taking the expectation Ey. That is, integrals over z., (;)’s with indices in intervals
i< j<iforalli s.t. cx(i) € M, are done. For each 4, s.t. ¢)(i) € My, ifi <i—1,

XTC/\(i)(‘/cA(i)(TCA(i))) /dxc/\(.])x’rc)\(])(xc/\(,]))p’rc)\()Tc)\(l 1)(%;(1)(7-0)\(1)) Ty (i— 1))

J=i+1
1—1
Vex (i) /1
X H pTc/\(k)vTcA(k—l)(xC)\(k)"rc/\(kfl))(bg>\ (xCA(1'+1)+ _IWCA(2+1)(TCA(1+1)))
k=i+2
ECP 18 (2013), paper 4. ecp.ejpecp.org
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coincides with the conditional expectation of

Vey (3
1T X (Ver ) Ten )™ (Vs () (Ten 1)) + V=IWe, (101) (Te, (141))) -
j=it1

with respect to Ey[-|V,, i), We, (i+1)]. Since W;(-),i € {cx} are i.i.d. random variables
which are independent of V;(-),i € {ca}, Ve, (i) (Teyir1)) + V—=1We, (i41) (e, i41)) has
the same distribution as V., (;)(7¢, i+1)) + V—1We, (i) (Ter(i+1) = Zey(5)(Teyi+1))- Since

Ve, (i Ve, (4
Iiesiemy @™ (Zeay(Ten@r1) = Tiesyemy @e ™ (Zey 3y (Teriv1))), (3.7) is equal
to

/RA T &@aveiEu | ]I H Xre, ) Ver () (Tex )@ (2, (3 (Teri41)))

d:cx (1) EMy iiex (1) EMy J=i+1

Using only the entries of M, we can define a subcycle ¢y of ¢, uniquely as follows:
Since c) is a cyclic permutation, ¢, = fM, > 1. Let iy = min{l < i < gy : ea(i) €
M,}. If G > 2, define i;+; = 7,1 < j < g3 — 1. Then Gy = (GG (2) (@) =
(ex(ir)ea(iz) - - - cligz)). Moreover, we decompose the set M) into M subsets, M, =
Un]\lejﬁl, by letting

1 =1 (e, M) = {g(z’) EMy:i<?j<i ste()e ]I<m>}, 1<m< M.
Note that by definition J), NJ, # 0,m # m’ in general, and J} = Iy, "M, = Iy, N{c»},
];\n C ]IZZ;l N, for2 <m < M, qu‘q NIE ¢ ]2‘ for 1 < k < m < M. Finally we arrive at
the following expression of G(cy, M),

M ax
/ T @) Bo [T] T XtwVin o) [[ 277 (Zisny (M) | 38)
=1

dex (1) €My m=1j.€J),

where the martingale property (1.6) is used. Let M = Ue(a) M,. Since N — Zag) iMS =
fM, the LHS of (3.1), which is written as (3.4), becomes now

Z(U

1
TR > > Dl /R E(dvey3))

m=1""M"* ogcBy . M: A=14:ex( )GMA
Ix\USY) Clex)cMCcIy

L(o) M

o
xEv | T[S TT II xtw Vi) TT 2 (Zasaeny(T) ¢ |- 3.9
=1

A=l m=1jn€J},

We define ¢ = €165+ Cy(p) @and J,,, = Ui(gjf‘ml < m < M. Note that ¢(c) = {(0).
The obtained (J,,,)}_,’s form a collection of series of index sets satisfying the following
conditions, which we write as 7 ({ N, }*_,):

€D Ji=1In,. J,,, CIym N, for2<m <M, ]mﬂ]I CJyforl1<k<m<M,and
8], = N, for 1 <m < M.

For each (J,,,)M_, € J({Nn}}_,), we put Ay = 0and 4,, = ﬁ(]mﬁllzkm;l n) = EJm0

Uk,:1 Ji),2 < m < M. Then, if we put M = Um 1T tM = Zn]\f 1( — Ap,), which
means that from the original index set Iy = [J_, 1™ with $1(™ = N,,,,1 < m < M,
we obtain a subset M by eliminating A4,, elements at each level 1 § m g M. By this
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reduction, we obtain ¢ € $(M) from ¢ € $y. It implies that, for all ¢ € $(M), the number
of 0’s in Sy which give the same & and (J,,,)}_, by this reduction is given by H%Zl Ayl
where 0! = 1. Then (3.9) is equal to

Z Z nglAm! Z (—1)M-((@)

|
s (N <apr<y Jr) M= CT (INm 1L ): [l Nont 550

m= IJm_M
@
xﬁM!/ M (dv)E H IT X Vi o)) TT TT 2 (Zas o) (T))
Win m=1jn €], A=1i=1
> 5 T 2
M: M M
maxo, { Now } <gM< N Tm)m= ;,C{;ifv Ni”" ok
EM(gp) det [@”i Z,(T } . 3.10

X/Wg v) }IHJ XV (0)) det, [22(2,(T)) (3.10)

Assume max,, {N,,} <p< N,0< A, <N,,,2<m < M and set A; = 0. Consider

m—1

Al = {(Jm)nL 1 c j({Nm}m 1 U Jm pau(.]m N U Jk) = Am:72 S m S M}v

M
Ay = {(Jm)%l 80 =N, 1 <m < M, | I =15,

m=1

8(Tm 0 JIk):Am,2§m§M}.

k=1

Since the CBMs are i.i.d. in Py, the integral in (3.10) has the same value for all
(J,)M_, € Ay with U _1J,, =M and it is also equal to

eraBo | TT TT xon Vi tn) des |2y (2;(1))]

i,j€L
wg m=1jm €lm IS

for all (J,,)M_, € As. In Ay, for each 2 < m < M, A,, elements in J,, are chosen from
U7 3., in which #(U7' T) = S0 1(N x — Ay), and the remaining N,, — A4,, elements
in J,, are from I(") with $I(™) = N . Then

M m—1
= (Ng — Ag) N,
A — k=1 (V& = Ay mo)
ﬁ ! 71;[2 ( Am Nm - Am
In As, on the other hand, IV; elements in J; is chosen from I, and then for each 2 < m <
M, A,, elements in J,, are chosen from UZ’:_Il Jy. with #( Z' 11 Je) = Y00 ll(Nk — Ap)
and the remaining N,,, — A,,, elements in J,,, are from I, \ |, J]k with #(L, \ U;—, LI =
p— 37 (Ny — Ay). Then

e () FL ) S

m=2

Since Zfr/le(Nm — A,) = p, we see Ay /fA = p! Hn]\le Ap!/Np,!. Then (3.10) is equal
to the RHS of (3.1) and the proof is completed. O
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4 Proof of Corollary 1.3

We consider the case that £k = 1 and G(x) = 27, ¢ € IN. (The argument will be easily
extended to general polynomials of order ¢q.) We introduce a map = form .., R™ to
@,-, W} such that

(Wi, wa,...,w,) = (v1,02,...,0p), where {w;}; = {v;}}_;.

We also introduce the functions p(w) = #{w;}}_;, and a;(w) = #{j : w; = (7w);},i €
I, (w). Then in case {(R) < oo the CBM representation (1.9) gives

E(R) !
Ee [F(E()] =Eu | | Yo oa(Vi(t) | |_det [@F(2,(T))]

1<d,j <E(R)

p(W)

[ et | TT o)) | et [ (z,1))

=1 LIl aw)
q
=1

P

[Torvict)™ det [oy(z,(1))]

i=1 i€l

< I ) P (dv)Ey
a1,02,...,0p wa

a;€Ni€l,:
o1 ai=q

(4.1)

Here we used the fact that for v € WA a; € N, 1 <i <p, Zl 10; = ¢,

!
jj{wE]Rq Tw = v, al(w):a“lglgp}:qi q 3
arlag! - - ap! a1,0az,...,0p

and the equality in the measure £%7(dv)
p

[Tty _det [op(z,(1))]

. 1<, j<&(R
=1

Ey

P

[To:1(vit)™ det |0 (2,(1)]

i,j€I,
i=1 oJ

=Eyp , (4.2)

which holds for any p < {(R) by (1.7). Note that the equality (4.2) is valid also in the
case that {(R) = oo under the conditions (C.1) and (C.2).
By the bound (1.18) obtained from the conditions (C.1) and (C.2), we can prove

P
the uniform integrability of the functions H¢1(%(t1))aiﬂ(|vi| <L) chlg% {@?(Zj (T))}
i=1 R
L € N, with respect to the measure §®p(dv)Pv. Then from (4.1) we conclude that

_ q
li E :
Jm e rE =2 > (L0 )

p=1a;EN,i€l,:

> ai=q
®P(dv)E (t1))% det |®Y(Z;(T 4.3
X/WAf v) 'ULI_[l% 1) Jgp[g(J( ))] (4.3)

.. . . R
This is a realization of the RHS of (1.9), when F(Zfil) Sv,(y) = (25( ) d1(Vi(t1)))?. If ¢
is finite, ¢ € N, the sizes of matrices for the determinants in (1.9) can be reduced from
&(R) to p with 1 < p < g as in (4.3). Then, even if {(R) = oo, we needn’t deal with
infinite-dimensional determinants. Generalization for k > 2 is straightforward. O
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5 Proof of Proposition 1.4

Suppose that the initial configuration ¢ € .# satisfies the conditions (C.1) and (C.2)
with constants Cy, C1, Cy and indices «, 8. From the proof of Corollary 1.3 given in the
previous section, we see that the LHS of (1.19) is given by

4
€27 (dv)E
,;/ws o

with Fy(z1) = 2}, Fa(xa) = 62323 + 4x129(23 + 23), F3(x3) = 12012073(71 + 22 + 73) and
Fy(x4) = 24x1292324. Then Proposition 1.4 is concluded from the following estimate.

B (o) - o), ) et 0225000

Lemma 5.1. Let {a;}}_, be a sequence of positive integers with length p € N. Then for
any T > 0 and ¢ € C§°(R) there exists a positive constant C = C(Cy,C1,Ca, 0, 5,T, ),
which is independent of s, t, such that

P

IT (o) - otitsn) | et [02(2,(1)

. 1<i,j<p
i=1

f®p (d’U)EfU
wp

< Ot — s|Zi=%/2 s t e [0,T). (5.1)

Proof. Choose L € IN so that supp ¢ C [-L, L], and put 1,(z,y) = 0, if || > L and
ly| > L, and 1(z,y)=1, otherwise. By the Schwartz inequality the LHS of (5.1) is
bounded from the above by

~1/2

/WS €28 (dv) By [H COE som-(s)))m

[ oaam) ]

Since V;(¢), i € N are independent Brownian motion/s, Ey| Zzl(gp(Vi(t)) —p(Vi(s)))?@] <
|t — s|2%=19 and By [[[2_, 11(Vi(s), Vi(t))] < cae™2 Zi=1 %" Vs ¢ € [0, T7], with positive
constants ¢y, ¢a, ¢, which are independent of s, t. And from the estimate (1.18) we have

XE/U

1/4

[, frm]) ] comfa o)

i=1

with positive constants ¢z, ¢ and 6 € (max{«, (2—0)},2). Combining the above estimates
with the fact that, for any c,c’ > 0, f]Rg‘(clv)ed”‘g‘CW2 < 00, which is derived from the
condition (C.2) (i) and the fact 8 < 2, we obtain the lemma. O

6 Proof of Proposition 1.6

Let 7 = inf{¢t > 0: E(t) ¢ .#,} and 7;; be defined by (2.3). From the CBM represen-
tation (1.9), for any £ € .#, with £(R) € N,

Pefr<T| < Bu| > Amy<7) _det [00(2(1)]
.= 1<4,5<¢(R)
1<i<j<E(R)
= ©2 < [ ci(Z; } : :
[ e e [1rn <) e fopzm)] ] 6
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Since 6 in (1.18) is strictly less than 2, and the constants and the indices in the condi-
tions for the configurations £ N [—L, L] can be taken to be independent of L > 0,

lim B2, )(Z2(0) = ¢(Zi(1)  in THQ,P,)

holds for any & € IN. Hence, the inequality (6.1) holds for £ € .#; under the conditions
(C.1) and (C.2). By the strong Markov property of CBM started at v € W

Eov [11(712 <T) det [cpgi(zj(T))H

— Ey [n(m <T)Eg.,, [ det [@gi(zj(T - m))m .

1<i,j<2

By the martingale property of <I>§1 (Z;(T)) we can apply the optional stopping theorem
and show that the RHS of the above equation coincides with

<i,j<2 1<4,5<2
V-1 H 1
(r—v1)(r —vq)

Ey [n(m <T) det [@gi(zj(m))ﬂ =E {11(712 < T)E; { det [¢>gi(zj(m))m

resupp {\{vi,v2}

xEy |1(r12 < T)Eg | (Wi(712) — Wa(T12)) H G (Vie(m12), Wi(m12)) | |
k=12

where G(v,w) = [] cqupp e\ (01,00} (7 — v — V—1w), and the fact that Vi(ri2) = Va(712)
almost surely was used in the last equality. Since Wy (712),k = 1,2 are i.i.d. under P,
we have Eo |:(W1(T12) — Wa(712)) [Tizi G(Vk(le),Wk(Tlg))} = 0. This completes the
proof. O
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