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Abstract. Consider an embedded hypersurface M in R3. For ®; a stochastic flow
of differomorphisms on R3 and x € M, set x; = ®;(z) and My = ®;(M). In this
paper we will assume ®, is an isotropic (to be defined below) measure preserving
flow and give an explicit descripton by SDE’s of the evolution of the Gauss and mean
curvatures, of M; at x¢. If A\1(¢) and A2(t) are the principal curvatures of M; at z;
then the vector of mean curvature and Gauss curvature, (A1 (t) + A2(t), A1(t)A2(2)),
is a recurrent diffusion. Neither curvature by itself is a diffusion. In a separate
addendum we treat the case of M an embedded codimension one submanifold of
R™. In this case, there are n—1 principal curvatures A1 (¢),..., An—1(t). If Py, k =1,
n — 1 are the elementary symmetric polynomials in Ay,..., A\,_1, then the vector
(Pr(A1(t), -5 An=1(t), -+, Poc1(A1(t), ..., Ap—1(t)) is a diffusion and we compute
the generator explicitly. Again no projection of this diffusion onto lower dimensions
is a diffusion. Our geometric study of isotropic stochastic flows is a natural offshoot
of earlier works by Baxendale and Harris (1986), LeJan (1985, 1991) and Harris
(1981).

1991 Mathematics Subject Classification. 60H10, 60J60.

Key words and phrases. Stochastic flows, Lyapunov exponents, principal curvatures.

Research supported by NSA and Army Office of Research through MSI at Cornell. Submitted
to EJP on February 19, 1996. Final version accepted on February 12, 1998.

Typeset by ApS-TEX



2 M. CRANSTON AND Y. LEJAN

§1 Isotropic Flows and Geometric Setting.

We begin with a nonnegative measure F'(dp) on [0, +00) with finite moments of
all orders. The pth moment of F' will be denoted by p,. To F' we can associate a
covariance

(1.1) Cye) = [ [ 08 - £0)a, s (@0 F (),

where o,_1 is normalized Lebesgue measure on S"~!. By a result of Kolmogorov,
to C; is associated a smooth (in x) vector-field valued Brownian motion Uy (z) such
that

(1.2) EU!(2)U!(y) = (tAs)CY(z —y), 1<i,j<n.

A Brownian flow on R" is constructed by solving the equation

(1.3) Dy(z) =z + /0 OUL(D,())

(O denotes Stratonovich differential.) Existence and uniqueness of such flows was
proved in Baxendale (1984), LeJan and Watanabe (1984). Then if T, is translation
by a € R™, T, ®,T_, and ®; are identical in law so ® is stationary. If R is unitary,
R®;R~! and ®; are identical in law. When these two properties hold we say ® is
isotropic. These properties both follow from the nature of Cj; so our @ is isotropic.
The field U;(x) is smooth so we differentiate it writing

V[f’i 8 %
% 82 %
(L5) Bt = grioni ¥

Then we have as direct consequence of (1.1) and (1.2) (using (,) to denote both
Fuclidean inner product as well as quadratic variation for martingales, d will denote
the It6 differential.)

(1.6)  (dWit,y), dWE(t,y)) = ﬁ[(n +1)5560 — 516k — Siok]dt
(1.7) (B (¢, ), dWE(t,y)) = 0

and for vectors u,v € R™,

(1.8)
({(dB(u,u),v), (dB(u,u),v)) = BRI

e L L LI S R [T G
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By isotropy, (1.6), (1.7) and (1.8) remain valid under any unitary change of coor-
dinates. We define,

ik 7 i k\ K2 oY i ok i sk
Clgdt = (de,dWZ ) = m[(n + 1)5k5§ — 650 — 5£5j]dt

where both de, dW} are evaluated at (¢,y), and

Clzcjépth = <dBi (ek7 65)7 dB’ (6P7 eq»
again both dB terms are evaluated at (¢,y). A quick calculation shows
E (Z?:l de)Q = 0 so div U = 0 and therefore ® is a measure-preserving flow.
1 nn nn nn n+3)pa
Also, it’s rather easy to check that C7{i; = 3C1{4, and C{{s, = m.

The most general form of (AW, (t,y),dW/ (t,y)) = C}’gdt for isotropic flows is
C’J’:"C = ad"*§; 0 + b5§-5§ + 0525;? where a + ¢, a — ¢, a + ¢ + db are nonnegative (see
LeJan (1985) and the references therein). We retrict our attention to the present
covariance structure; a = (n—l—l)n—(%, b= —H—(T%Q), c= —H—(T%, as computations
are massively simplified by the fact that certain Ito correction terms vanish. The
works of Baxendale and Harris (1986) and LeJan (1985) focused on first order
properties of the general isotropic flows in Euclidean space. That is, on properties
of the derivative low D®;(z). Perhaps the most fundamental information about
the derivative flow is its Lyapunov spectrum. To describe the Lyapunov spectrum,
first extend D®; to p-forms a = v1 A --- A v, (we're in Euclidean space so we can
identify forms and vectors) by defining D®;(z)ac = D®¢(z)v1 A --- A DPy(z)vp.
Then if vy,...,v, are linearly independent, a.s.

1
Jim ~log [D®i(z)al =y +- 4
is the sum of the first p Lyapunov exponents. In the case of the isotropic, measure-
preserving flow on R", Y+t = % (see LeJan 1985) The problem
dealt with in this work involves second order behavior of the flow. The evolving
curvature of a submanifold moving under the flow would depend on the properties

of the second order flow,
(z,u,v) = (P¢(x), DOy (x)u, D*®4(z)(D®s(x)u, DO:(z)u) + DPs(z)v).
In particular, our results rely on the properties given by (1.6), (1.7) and (1.8).

Initially, we will consider M an embedded hypersurface in R™, later specializing
to the case n = 3. Take II; : T,,R" — T,,M; to be the orthogonal projection
and V to be the canonical connection on Euclidean space. Then S, the second
fundamental form of M; at z;, is defined for u,v € Ty, My by S¢(u,v) = (I —1II;) Vv
where v is extended in an arbitrary but smooth manner in a neighborhood of z;.
Now S; induces a linear map from the exterior algebra A*(T}, M) — A*(T,, M)
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for k = 1,2,... ,n — 1. This arises as follows. First observe that since we are
in Euclidean space we can identify vectors and forms. Next take vy € T :CltMt to
be a unit vector (there are two choices and we may select the process v; to be
continuous in ¢.) Now in the case k = 1, u — (S¢(u, -), ;) is a map from A} (T}, M;)
to A'(T,,M;). When k > 1 we need to introduce the index set

Ik:{ﬁle{l,...,n—l}k:m1<m2<---<mk}

and for o € S, the set of permutations on k letters, define (—1)7 to be the sign of
o. Then for uy,... ,ug,v1,... ,vx € Ty, My, set

k
S(k)(ul A ANug,v1 A=+ Avg) = Z "H (St(uo(j),v5), vt)
j=1

oESk

This gives rise to the linear map
U A Aug —>S(k)(u1/\---/\uk, )

from AF(T,, My) — A*(T,, My).

The object of our study will be the trace of S*), TrS®*) for k=1,2,... ,n—1.
This is obtained via contraction on indices (see Bishop and Goldberg (1980)). Take

{ui,... ,un—1} to be any basis for T, M;. For k € {1,... ,n — 1}, { € Iy, set
| 0| =01+ + lg,

az =Up, NUgy, N+ N\ Ug,
af = (DR y A Al A A igy A A Uy
(© indicates the indicated vector is omitted from the wedge product)

a=uy N+ NUnp_1.
Define an inner product

(a?, a=) = det(ug,, Umg).
Then we may express TrS*) as

(1.9) Trs® = 5o az)a’ o) ol 2

N

where the sum (Einstein’s convention) is over £, m € Ij,. Now this is invariant under
change of basis so we may select {u1,...,un—1} to be the unit principal directions
of curvature (see Spivak (1975).) Namely, the eigenvectors of SV : AY(T,, M;) —
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AY(T,, My;). Let A\i,...,\,_1 be the corresponding eigenvalues, otherwise known
as the principal curvatures. Now the u; are orthonormal so

N

L

(@’ a™lal|7* ="

and as (S¢(uj,v),ve) = Aj(uj,v)
k
Z a' H St UgU(J), ), l/t> = )‘51 .o )\gk = )\Z\
oESk =

j=1

Thus
(1.10) Trs™ = Y A = Pi(Mooo s An):

L el

Py is the elementary symmetric polynomial of degree k.

The process & = (x¢, Iy, vp, Pr(A1y.. oy An—1)y- - Poc1(A1, ..oy Ap—1)) will) in
our case be a diffusion. By the translation invariance part of isotropy, it is clear
that z; is not needed, i.e., (I, vy, PL(A1y.. 3 An—1)y -+ s Puc1(A1,. .., An—1)) has
the Markov property. By the invariance of the law of the flow under unitary actions,
it follows that II; and v; are also superfluous. Thus, for isotropic flows the vector
(Pr( A1y s A1),y Puc1(A1,. .., An—1)) is a diffusion. The point of the present
article is to describe this diffusion explicitly in the measure-preserving isotropic
case. We can derive consequences about the behavior of this diffusion from the
explicit description. These properties suggest what sort of behavior one might have
with more general flows. What we expect for more general flows is that the process
of curvatures for a k-dimensional submanifold evolving under a general flow will be
recurrent (though not necessarily a diffusion) if 45 > 0. That is, generically the k
dimensional tangent space T}, M; will ‘see’ only stretching directions and this will
tend to smooth out the curvatures. This condition may even be too strong.

§2 Preliminary Results.

Recall the correlations of dWW given by (1.6). The flow ®; : R” — R™ is a C'* dif-
feomorphism whose first derivative satisfies the Stratonovich stochastic differential
equation, where x € M,

(2.1) dD®(x) = OW (x4)DP(x)
Given u € T, M, D®;(z)u = u(t) € T,, M, satisfies
(2.2) du = OWu

where we have suppressed the variable (x;) in OW. In fact, due to the choice of C

n (1.1)
(2.3) du = dWu,
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that is, the It6 corrections vanish. Furthermore, if we select a basis {u1,... ,up—_1}
for T, M, then {ui(t),...,un—1(t)}, where u;(t) = D®;(x)u;, forms a basis for
Ty, M. We will write u; for u;(t) for simplicity of notation.

We now proceed to derive a Stratonovich equation for the second fundamental
form S; of M; at z;. Given vectors u,v € T, M move them via the flow, u(t) =
D®;(x)u,v(t) = D®:(x)v. Extend v to a smooth vector field V' in a neighborhood
of 2. Set Vi(y) = D®:(®; ' (y))V (®; *(y)) so that V; is a vector field near x; such
that Vi(z¢) = v(t). Then if Z; = V) Vi(2¢) we claim

(2.4) dZ(u,v) = OW Z(u,v) + 0B(u,v).

For proof of (2.4), take v to be a curve on M with v(0) = z,~7'(0) = u and define
vt = ®+(7) so that v;(0) = u(t) = D®u. Then,

Vi Vi = lim s~ (Vi(u(9) — Vi(n(0))
= lim (DB, (7(5))V (+(5)) — D@(x)u())
= lim 57 [(DB4(1(5)) — D2(2)V (+(5))

+ D& (2)(V(v(5)) —v(@))]
= D?*®(x)(u,v) + D¢ (x)V v

z) ::c—l—/ oU (@, (z))

D®,(z) _I+/ OW (@4 (2)) DB, (z)

Since

D2, ( / OB(® D, (x), DD, (x))
* / OW (B4 () D2 D (2)(-, )

(2.4) follows. A word about notation: OW;Z is an abbreviation for 8W;(‘1>t(:c))(Zg )
and 9B (u,v) is short for (9B, (¢ (x))u, (t)vk(t).

Next we need an equation for II; : 7,,R"™ — T, ,M,;. For any & € T, M, let

{u1,... ,un—1} be the moving frame mentioned above, set & = u3 A -+ A up—1 and
defining
(2.5) o = (=) ug A AU A Ay
we have
n—1
(26) M = 3 (€ Aot a) ol ~2us
i=1

The next two lemmas are elementary but crucial.
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Lemma 2.1. If & is a Ty, Mi-valued continuous semimartingale, then

(I —11,) - W& = OILE,.

Proof. Suppose 11;:£; = &; is as in the statement of the lemma with & = :c;uz

(I —1II;)oW ¢ — 01L& = OW &, — ILLOW &,

Oay,
L
(& /\aiaaaﬁu. (& Aaai,aﬁu
||| |? ||| |?
0
— _ILOWE, + o {00, ar) |’O‘t’|?;t>gt
(677
i (g, Oa) {ui A O,y o)
T s — &L i
e IR

Since . .
doy = —u; N O’ + 0Wu; Ao

the last term becomes

i

(OWu; Al ay)
||| |

7

= <(T|at’|(|l;>§t + IL,OW ¢,

From this we get the conclusion of the lemma.
O
Lemma 2.2. Ifn, € T, M;" is a continuous semimartingale, then

8Ht7]t = Hﬂ?W’/}t

where W is the transpose of W.

Proof. Recalling that

0
OIL, (v) = —2%@; + OWTLw
¢
(v/\ai,@aﬁu. (vAdaf,ar)
loel[> o[>

Then
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we see that since II;n; = 0,

But
ooy = OWug A af
SO
(e N o, OWug A of)

Ol ="

(OW e, un(t)) orf (1), oof (8))us (t)
la ()2
<8W7lt A aia at>
[lat[[?

= IL,0Wn

and the lemma is proved. [J

7
t

Using S = (I —II)Z together with Lemmas 2.1 and 2.2 we obtain the following.

Proposition 2.3. For u,v € T, M, u(t) = D®(z)u,v(t) = DP¢(z)v,
(2.7) dS(u,v) = (I —)dB(u,v) + WS (u,v) — II(OW + OW)S(u,v)
where W denotes the transpose of W.

Proof. We shall abbreviate by suppressing the dependence on u and v. So,
dsS = (I -1)oZ — ollZ
= —-1)dB+ (I —I)oW Z — 911Z, by (2.4),
={I —-1)dB+ (I —I)oW S
+ (I —II)OoWR —0IIR — 011S ,IIZ =R
( _
( _

I —1)dB + (I —II)oWS — 0ILS, by Lemma 2.1
[—10)

I)dB + OW S — I1(0W + OW)S, by Lemma 2.2.

OJ

The equation (2.7) can be simplified. Set
dP = (I —II)dw
(2.8) dQ = TIdW
and define A and u so that
(I —IIOW = dP + dA
(2.9) TOW = dQ + dp.
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Lemma 2.4.

(2.10) dIl = dPII + dAII + dQ(I — II) + dpu(I — II).

dS(u,v) = (I —)dB(u,v) + (dP — dQ)S(u,v) + %(dP —dQ)*S(u,v)
(2.11) +d(A — p)S(u,v)

Proof. Let (; be an R™-valued semimartingale. Then
(2.12) dIl = (I — IOWTI + TIOW (I — II)
holds since

Oy = O (11 Ce) + OIL (1 — IL¢)Ce)
= (I — I)OWiILe, + W, (I — 0, )C,

by Lemmas 2.1 and 2.2. Thus, we have the following quadratic variations,
d\ = %(—(I — INdWIIdW — IdW (I — II)dW)
_ %(—dPHdW — dQ(I — W),
dp = %((I — I dWTIdW + IIdW (I — IT)dW)
= %(dPHdVV +dQ(I — II)dW).
Consequently, performing Itd corrections on (2.12), we get
dIl = dPII 4 dAII + dQ(I — II) + du( — 1I)
which proves (2.10). In order to derive (2.11), rewrite (2.7) as
dS(u,v) = (I — M)dB(u,v) + (I — IHOW S(u,v) — HOW S (u, v).
Then (2.11) follows from the definitions of dP,dQ, d\ and du in (2.9).

O

Lemma 2.5. If ¢; is a Ty, M;--valued semi-martingale, then

(2.12) A = %gdt
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(n = 1)+ Dpo

2.13 du¢ = dt
1 (n — 1)npue
2.14 ~(dP — dQ)*¢ = ——————=-(dt
Proof. Select an orthonormal basis {ey,... ,e,} for Ty, M; such that e, € Ty, M;-.
Then,

2d\ = —dIdW ¢ — dPTIAW ¢ — dQ(I — T)dW ¢
—(I = I)dWIIdW ¢ — TdW (I — 1) dW ¢

Zcm ¢dt, since (AW, dW") =0,1<i<n-—1,

_ (n—Dps
_mgdt by (1.6)

2du¢ = dPHdWC +dQ(I —IN)dW¢

Z C¥ \¢dt

_ (n —D(n+ps
=y vdb by (1.6).

Thus,
%(dP —dQ)*¢ = 5 (dP — dQ)((I — IdW ¢ — TIdW ()
n—1

(AP — dQ)(dWy¢ = > dWei((, en))

=1

[\')Ir—l [\')lr—l

(dW"dW"g nZ AW dW]¢)

= (e~ (Y o)

e

= m((n —1) = (n—1)(n+1))¢dt, by (1.6),
(n—1)po

- 2(n+2) Gdt.

[ORecall that we have selected an initial basis for T, M with u,, € T, M+ and
ui(t) = D®y(z)u; gives a basis for T, My when i runs through {1,...,n — 1}.
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Theorem 2.6. If v(t) denotes the unit vector v = % perpendicular to M;
at xy, then
(n? — Do
dv = —dQv — —————vdt.
Y Qv 2n(n+2) Y

Proof. Set v, = (I —II)u,. Then by Lemmas 2.2 and 2.3,

dvp, = —TIOW v, + (I — I)OW v,
1
= (dP — dQ)vy + 5(dP — dQ)*v,, + (dX\ — dp)vy,

(n—1)p2

= (dP - dQ)vn - (n I 2)

vpdt, by Lemma 2.5

Then, applying

d||va||? = 2{vn, dvy) + (dP — dQ)vy,)

2(n — 1)po 2
= 2(vy, (dP — dQ)v,) — —————||v,||“dt dP — dQ)v,,
(vn, ( Q)vn) F) |[vn|[7dt + (( Q)vn)
n_ 2(n—1)ps (n — D)po
= 2||va|PdW) — = oal[Pdt + =] |vn||*dt
(n+2)
—1 -2
— o 2wy — DO D e
n(n + 2)
and so
_ _ —1(n+1)pe _
d n 1:_ n 1de (n n 1 )
o7 = Il +
Consequently, as v = m,

(n—1)(n + Dpo
2n(n+2)

(n—1)po
(n+2)
—{((dP — dQ)v,dW,)

—1)? —1
Oy — (=1 , (=Du

vdt

dv = (dP — dQ)v — vdt — (I — I)dWv +

2n(n + 2) n(n + 2)
o D D |
= dQv 2n(n +2) vdt, as desired.

O

We can now derive the equation for (S(u,v),v).
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Theorem 2.7. Suppose u(t) = D®iu, v(t) = D®v and v is as in Theorem 2.6.
Then

(n—1)%u>

A4S (), v) = (dB(u,0),v) + (S(a,0), w){dW,v) = S

(S(u,v),v)dt.

Moreover, if u;(t) = D®yu;, then
<d<S(ui7 uj)7 V>> d<S(uk7 Ue), V>> = Cf?ﬂ[(“ﬁ uj> <uk7 Ue>
+ (ui, ur) (g, we) + (us, we) (uy, ug)de

pa(n —1)
n(n+2) (S(wisug), v)(S(ug, ue), v)dt.

Proof. From Lemmas 2.4 and 2.5 we have

(n—1)po
(n+2)

dS(u,v) = (I —II)dB(u,v) + (dP — dQ)S(u,v) — S(u,v)dt.

Also
—((dP — dQ)S(u,v),dQv) = (dQS(u,v), dQv)

n—1

= (S(u,v),v) Y _ Ch dt

=1

_ (0® =D
= 12 (S(u,v),v)dt.

So,
d(S(u,v),v) = (dS(u,v),v) + (S(u,v),dv) + (dS(u,v), dv)
_ n (n - 1)/1’2
= (dB(u,v),v) + (S(u,v),v)dW, — (n+2) (S(u,v),v)dt
(n? — Dpo

— W(S(u,v), vydt — ((dP — dQ)S(u,v),dQv)

(n—1)(n—1)%ps
2n(n +2)

= <dB(uav)7V> + <S(U7U)7V>dWrTLL - <S(U7U),V>dt

For the quadratic variation term, since B and W are independent and C7Y; =
3C 152,
(dS(us, uj), v)(dS(uk, ue), v) = ((dB(u;, uj;), v){(dB(ug,ur), v))
+ (S (wi,uj), v){(S(ug, ue), v)Crrdt
= Cria[(us, uj) (ur, we) + (us, ur) (uy, we)

+ (ui, Ue><u]', uk>]dt

(n —1p2
+ m<5(ui,uj), U)(S (ug,up), v)dt.
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O

We now split the exposition. The case of a hypersurface in R? will be developed
below. The case of a hypersurface in R", n > 3, will be treated in an addendum.
The latter involves lengthy computations together with combinatorial arguments,
whereas the former is more readable.

Theorem 2.8. Let u,v € T, M with u and v linearly independent and define
u(t) = D®u, v(t) = DPv, (however in our computations we shall suppress the t

dependence). The process (Tr S™M), Tr S?)) satisfies the equations

dTr S = [(dB(u,w),v)[[v]|* + (dB(v,v), v)||ull* — 2(dB(u, v),v)(u, v)]||a]| ">
+Tr SO AW3 — 2dW} + dW2))
+ 2[S(u, u){(dWwv,v) + S (v, v){dWu,u) — S(u, v)(dWu,v) + (u, dWo))]||a| 2
+ 41L52Trs<1>dt

dTr8® = [S(v,v)(dB(u,u),v) + S(u,u)(dB(v,v), v) — 28 (u, v)(dB(u, v), v)]|| || =2
+2Tr S® (AW3 — (W} + dW2))

4dpo 2
22 rrs®@ gt .
T

(1
Ona B2 a(rr M2 — 24 7r S(Qﬂ dt

Tr Sy —
(dTr S5 35 15

(dTr S@) = 23%(3(% SMY2 _ 47r S 4 ?’%(TT s<2>)2} dt

841

1
(dTr SN, dTr §®) = o5 I sw 4 100

- Tr SMTy 8(2)} dt .

Proof. Recall we have selected an orthomal basis {e1,e2,e3} for Ty, M; such that
v = e3. Then with a = u A v, from LeJan (1986) we have

dl|c 72 1 2 2p2
= —2(dW dws) — —/—= dt.

(2.15)

Using (1.6), it follows that

10,&2
15

(2.16) d{u,v) = (dWu,v) + (u,dWv) + (u,v)dt .

Now by (1.9), the mean curvature is

(2.17) TrSW =[S (u,uw)|[v]|* + S (v, v)|[ul|* — 25 (u, v)(u, v)]||af| 2
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so by Ito’s formula,

dTr SN = [||v]|2dS(u, ) + ||[ul|?dS(v,v) — 2(u, v)dS(u,v)

+ S(u,u)d||v||2 + S(v,v)d||u||2 — 25(u, v)d(u, v)

+ (dS(u,w), d|[v]|?) + (dS(v, v), d|lul|?) — 2(dS(u,v), d{(u, v))][|al| >
dlal—2
fledl| =2

= [(dB(u, u), v)||[v[|* + (dB(v,v), v)|[u]* = 2(dB(u,v), v)(u, v)] |||
+Tr SWaws — %TT SMat

+7Trs®

+d(Tr SWlall*), dllal|~?)

+ [S(u, w){(dWwv,v) + S(v,v){(dWu,u) — S(u,v)({(dWu,v) + (u, de))]||oz||_2

10 2
+ B2 g gy ZH2
15 15

2
—2Tr SO (AW} +dW2) — 1L52Tr St |

Tr SMdt

using Theorem 2.7, (2.15), (2.16) and the fact that

(d(Tr SW|al?), dllal|72) = =2[lal| 2 [(|ll*Tr SV aWs, dW] + dW3)
+ 2(S(u, u){dWwv,v) + S(v, v){dWu,u)
— S(u, v)((dWu, v) + (u, dWv)),dWi 4+ dW2)]
- _9 |:_2p'2 202

—+

} Tr S at
15 15

=0.
Thus,

(2.18)
dTrSW = [(dB(u, u),v)|lv|* + (dB(v,v),v)||u]|* - 2(dB(u,v),v) {u,v)] || >
+ Tr SV AW3 — 2(dW L + dW2))
+ 2[S(u, w)(dWv,v) + S(v,v)(dWu,u) — S(u,v)((dWVu,v)
+ (u, dW))] o~

4o
—_— (1) .
+ 15 Tr S'Ydt

Consequently, the quadratic variation of Tr S is given by

(2.19)
(@Tr SM) = [(dB(u,u),v)|[v]|* + (dB(v,v), v)[|ul®* — 2(dB(u,v),v) (u,v)][|e]| ~*
+ (Tr SN2 (AW — 2(dW} + dW2))
+ 4[S(u, u)(dWv,v) + S(v, v){dWu,u) — S(u,v)((dWu, v) + (u, dWv))]||a| =2
+4Tr SO (AW3 — 2(dW} + dW2), S(u, u)(dWv, v) + S(v, v)(dWu, u)
— S(u,v)((dWu,v) + (u, dWo)))||al 2

Setting : 3)
n—+ 3)Ua
n(n+2)(n+4)

__mn
n — - C11122
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and if u;, uj, ug, ue are all orthogonal to v, then

(2.20)
<dB(ui7uj)7 V> <dB(uk7u€)7 V> = Qn[<ui7uj> <uk7u€> + <u17uk> <Uj,Ug>
+ (ui, ug) (uj, ug))dt .
Then
(2.21)

({dB(u,u), v)|[vl* + (dB(v,v), v)|ul* — 2(dB(u, v),v) (u,v))||la] ~*
= gs[3l|ull*|v]|* + 3ol *flull* + 4(2(u, v)* + lull*[Jv]]*) {u, v)?
+2(fJul ol + 2w, 0))ull*[v]|* — 46 lwl* (w, v)|[0]* (u, v)
— 4030l (u, v)) [l (w, v[l] o]t
= gs[8l|ull* — 16]Jul|*[v]* (u, v)* + 8(u, v)*]| || ~*dit
= 8qsdt .

Next, observe

(W3 — 2(dW} + dW2)) = (dW3) — 4(W3, dW] + dW2) + 4(dW} + dW3)

18,&2
= dt
15

and

(W, v)) = 22 o d
(AW, ) W, ) = 22 3, )2 — o]t

((dWu,v), (u,dWv)) = %(3(u,v>2 — ||v||*)dt

M2
{(dWu,v), (dWu,v)) = B(4HuH2HvH2 — 2(u,v)?)dt
2,[1,2

((dWu,v), (dWwv,v)) = E(u,vaHth
(AW o, u), (AW u, u)) = %(u,v}”uHth

2
(dWo,u) (v,0) = 2, o) o]t
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Thus,

[S(u, u)(dWv,v) + S(v, v){dWu,u) — S(u,v) (dWu,v) + {(u, dWwv))]
= %[25(U7U)2||U||4 +28(v,0)?||ul*
+ 25 (u, ) Bllul ?[Jv]l* + (u,0)?) + 25 (u, w)S (v, ) (3w, v)? — [Jul|?[|v]|?)
— 25 (u, w)S (u, v) (L(u, V) |ul|® + 2(u, v)[|ul/?)||v]/?
—25(v, v)S (u, v)(2(u, v)[|ull? + 2(u, v)||u|?)[|ul[?]dt
= %[2{5(U7U)2||U||4 + S(v,0)?|ul|* + 25 (u, u)S (v, v) |ul*||v]|?
— 45 (u, u)S (u, v) ||| Jv]|* (u, v)
— 45 (v, v)S(u, v)[[ul||[v]1? (u, v)
48 (u,v)?(u,v)?}
—6(S(u, u)S(v,v) — S(u,v)?)||a|*]dt
= %[Q(TT SMY2 _ g7r SO]||al*dt

It’s easy to verify that
(dW3, (dWv,v)) = 2ot
(AW (dWu,v)) = (dW3, (u, dWv)) = —E2 (u, v)dt

(dWE + dW2, (dWu, v)) = %(u,v}dt

SO

(dW3, 8 (u,u)([dWv,v) + S, o) {dWu,u) — S(u,v)((dWu,v) + (u, dWv)))

— (5 ol + 50,0l — 25, o) )l

= 2 g2
= 15T’I‘S |af|=dt ,
(AW} 4+ dWZ S (u, u){dWv,v) + S(v,v)(dWu,u) — S(u,v)((dWu,v) + (u,dWov)))

= L2 (S(u,w) o) + S (o, v) Jull® — 25 (u, v)(u, ) dt

_ M2 (D)) |2
—15T’I‘S ||| “dt .

Therefore

4Tr SO o) ~2(dW3 — 2 dWi 4+ dW3), S(u, w)(dWv,v) + S(v,v){dWu,u)
3
(2.23)
— S(u,v)((dWu,v) + (u, dWwv)))
_ ()2 |_H2 242
4(Tr S'Y) { TR ] dt
_12,[1,2

== (Tr SWH2qt .
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Combining (2.20), (2.21) and (2.22) we arrive at

1
1004 5y | b2 2 [14(Tr S — 24 Tr St .

2.24 TrSsWy =
(2.24) (dTrSY/) = 3% T

Turning now to the Gauss curvature, by (1.9) we have,
(2.25) Tr 8@ = [S(u,u)S(v,v) — S(u,v)?]||al 2.
So, by It6’s formula,

dTr8® = (S(v,v)dS(u,u) + S(u,u)dS(v,v) — 28 (u,v)dS (u,v)
(dS(u, u),dS(v,v)) = (dS(u,v), dS(u, v))] ol

S(v,v) = S(u,v)*|d]la] 7
,0)dS (u,u) + S(u,u)dS(v,v) — 25 (u,v)dS (u,v), d||a| ~2)
= [S(v,v)(dB(u,u),v) + S(u,u)(dB(v,v),v)

— 25(u,v){dB(u, v),v)][la] 7

+2Tr SPawi — 1“52 Tr S@dt

+[((dB(u, w),v), (dB(v,v),v)) = (dB(u,v),v), (dB(u,v),v))][lal| > dt

219 9
+ %TT S@at
—2Tr SO (AW} + dW2) — %TT S@dt

8,&2

21 SPdt
+ 5 r S dt
Thus,

dTr S = [S(v,v){(dB(u,u),v) + S(u,u)(dB(v,v),v)
(2.26) — 28 (u, v){dB(u, v), V)] ||| 2
+2Tr SO (dW3 — (AW} + dW2)) + %TT S®d,
since ((dB(u,u),v),{(dB(v,v),v)) = ((dB(u,v),v), (dB(u,v),v)) .
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Using (2.20), (2.26) and our remarks above on W correlations, we get

(2.27)
(dTr S@Y = (S(v,v)(dB(u,u),v) + S(u,u)(dB(v,v),v)
— 25 (u,v){dB(u,v),v)) ||| ~* + 4(Tr SP)2(dW? — (AW} + dW3))
= g3[35 (v, v)?||ull* + 35 (u, w)?|[v]|* + 48 (u, v)* ([[u|*[[0]* + 2(u, v)?)
+ 28 (u, u)S (v, v)([|ul®[Jv]* + 2(u, v)?)
—128(v,v)S (u, v) ||u||*(u, v) — 125 (u, u)S (u, v)|v]|*(u, v)]| || 2dt

2
43 1‘5” (Tr S@)2dt

32,[1,2

= 3q3(Tr SW)2dt — 4gsTr SPdt + =22(Tr S@))2dt

32,[1,2

9
= S (3(Tr SW)2 — 4Ty §@)dt + =22 (Tr S22t

35
Finally we need
(2.28)
(dTr SN dTr S@y = 27r SO Tr SV (dW3 — 2(dW} + dW2), dW3

— (AW} + dW3)) + 4Tr S (S(u, u) (dWv, v)
+ S(v,v)(Wu,u) — S(u,v)((dWu,v)
+ (u, dW)), dW3 — (dW{ + dW3))||e] 2
+ llall = (dB(u, u), v)|Jv||* + (dB(v,v), v} [u?
— 2(dB(u,v),v){u,v) , S(v,v){dB(u, u), )
+ S(u,u){dB(v,v),v) — 2S(u,v){dB(u, v), v))

24;% SO 8@ gt — 1“52TTsums@mt+4q3TTs<1>dt

1?*;% SR 5@ gp 4 BF i sWar.

This completes the proof. [

Theorem 2.9. The process (T'r St(l), Tr St(Q)) is a recurrent diffusion with genera-
tor

Lf(x,m) = % (?;(14/1 — 24m) + 16“‘*) %(/{,m)
(B2 320) 2L
- % (32’5” m? + 2;54 (3k2 — 4m)> ;J;(K; m)
22O ) - 200 O

This diffusion never enters the region k?> < 4m at strictly positive times a.s. .
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Remarks.

(1)

In n = 3, the three Lyapunov exponents are (see LeJan 1986) v; = 3, v2 = 0,
v3 = —3. Thus there is always a stretching direction, a neutral direction and
a compressing direction. A curve will always “see” the stretching direction.
This roughly explains the positive recurrence of the curvature of a curve
proved in LeJan 1986. In the case of a surface, the tangent plane will “see”
the stretching and the neutral direction. This also explains recurrence. The
authors plan a complete account of the situation in higher dimensions in a
forthcoming paper.

Since X = Tr S = A+ and Y = Tr S = \; )y, it follows that (X,Y)
stays in the region x? > 4m. The boundary of this region corresponds to
A1 = 2. That is k2 = 4m when the surface in question has an umbilic (i.e.
a point where \; = A3). Thus, z may be an umbilic for M but z;, ¢t > 0,
will never be an umbilic for M;.

One easily checks that the matrix a appearing in the generator for this
diffusion (2" order derivative coefficients) degenerates on the curve x? —
4m = 0. Moreover, the two eigenvectors of this matrix are, respectively,
perpendicular to and tangent to the curve x> — 4m = 0. The eigenvector
perpendicular to this curve has eigenvalue zero. Notice the drift vector
(%/{, %m) points away from the region k2 — 4m < 0. Thus, when the
point z on the initial manifold M is an umbilic point, the diffusion (X, Y;)
has diffusion component only tangential the curve xk? = 4m and drifts away
from this curve never to return.

Neither Tr S nor Tr S®) is a diffusion by itself.

In the case n = 3 one can assert that (X;,Y;) does not spend a lot of time in
the region A = {(k,m) : K > My, m > M} with M; and M> large positive
constants. Recall the following results of LeJan (1986): draw a curve -y on
the initial manifold M with v(0) = . Set 74 = ®¢(y). Then the curvature
71 of v at 4:(0) is a positive recurrent diffusion. Thus, the average amount
of time that 7. spends above a large positive constant is small. Since it
is impossible to draw a curve on M; with zero curvature (or even small
curvature) when (Xy,Y;) € A, (X;,Y:) can not stay for long in A. More
precise statements can be made by referring to the article of LeJan where
the exact form of the invariant measure for 7; is given.

Proof (of Theorem 2.9). The claim that (X;,Y;) is a diffusion follows immediately
from Theorem 2.8. Define h = vk2? —4m. Then with a = £2, b = &2 in (m, h)-
coordinates

157 357

o0 f o0 f
_ 2 2
Lf(k,h) = (4dax” + 3ah” + 8b) o + 146mh8/{8h
> 2 0% f
+ (3ak® + 4ah” + 4b)—=

Oh?
Of 5 1/a 2 2 of
—|—4a/iali—|—h (3ak® + ah +4b)8h .
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We prove the claim regarding lack of umbilics first as it eases a technical point
which might arise in the proof of the recurrence. For this, it suffices to show that
H,; does not hit zero a.s. where (X, H;) is diffusion given in (k,h) coordinates.

First define 7, = 3aX? + 4aH? + 4b and then 7 = [ 4. Then

H. =h+b+ / H;'(3aX? + aH? + 4b)ds
0
t
=h+b + / H_'(3aX2 + aHZ +4b)n; ' ds
0

with b; a one-dimensional Brownian motion. Fix now an € € (0,1/6) and suppose
0 <h<1/6 as well. Set

1 tds
c=h+b — —.
si=nrbr(g+e) [ 5

If o = inf{t > 0: H, > 2 ((1%;1?)2}, then since for h < ((1%;1?)1;’ one has

(% +e) < % for all k. By an elementary comparison theorem (see Ikeda-
Watanabe, 1989), it follows that pf < H,, for ¢t < o.. Since p§ can not hit zero (it

is a Bessel process above the critical dimension), H; can’t hit zero either.

For recurrence, we shall show (X, H) is recurrent which will suffice. Set
f(k,h) = €n(k® + h%). Then

6r° 6h°
Je = 6 1L 16’ frn= % 176
k® + h k® + h
o 30K*h® — 610 P 36K°R° o — 30k°h* — 6R1°
T (6L RS2 T T (g6 p6)2 ) I T (g6 1 p6)2

and

Lf = 6(k® 4+ h®)~2[(4ar® + 3ah® + 8b)(5k*h° — k'°) — 84ar®h®

+ (3ax® + 4ah® + 4b)(5k°h* — h'°) + 4ax'? 4 4ax®h®
+ h*(3ar? + ah® + 4b)(k® + hO)]

= 6(k% + h®) 72 [—a(3x1°h2 — 18x8h* + 39x°h6 — 15k%R8 + 3h12)
— b8k — 24k°n* — 40K*RO)]
Kk = uh

= —6(k% 4+ R%)72h19[3ah2 (u' — 6u® + 13u’® — 5ut 4 1)
+ 8but(u® — 3u? — 5)]

The polynomial P(u) = u!® — 6u® + 13u® — 5u? + 1 > 0 for all u.
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Also, there is a up > 0 such that Q(u) = u% — 3u? — 5 > 0 whenever |u| > uo.
Thus,
Lf = —6(k°% + %) "2h°[3ah?*P(u) + Sbu*Q(u)]

has
{Lf <0} 2{(r,h): k| = uoh} .

Also, denote M = sup,, %, one sees

(Lf<0}D {(n,h):hz 8224}

Consequently, off of the compact triangle

86.M
T:{(/i,h):|n|§u0h}ﬂ{(n,h):h§ % }
we have Lf < 0. Now, define
C(r) ={(k,h) : h > 0,k% + h® < 1}

and select ¢ large enough so that C(r9) D T. Put for R > r

In(k® + h8) —InR
Inrg — InR ’

ur(k,h) =

Then on C(R) \ C(ry), Lur > 0 and uR}@C(ro)ﬂ{h>0} =1, uR}@C(R)m{}»O} = 0.
Thus, if 7 = inf{t > 0: (Xy, H;) € 0C(r)} (recall, H; never hits 0), then as ug is
L-subharmonic and has the same boundary values as P, ) (7r, < TR)

ur(k,h) < P(,ﬁyh)(ﬂno < TR) .

But limpyeo ur(K, h) = 1 which implies the recurrence of (X;, H;) and therefore the
recurrence of (X, Y:). O
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Addendum. Higher dimensional hypersurfaces.

Recall oy = ug, A+ Augy, Qg = Umy A+ A Up,,, for E_;ﬁi € I,. Define

oz =(=1)PTlug Ao A, A Augy, gy = (=D umy Ao Al A At

Then a7 = (—1)p+1ug)/\- --/\ui'k_1 o = (—1)7’+1u%)1 A- --/\ugril)k_1 defines ugp)

and u}), and set SO ) =1.

Theorem A.1l.

k
dS(k)(aZ,a,ﬁ) = Z S(kfl)(agp,a,ﬁi)(dB(ugp,umi),1/>

1,p=1

k(n —k)(n —1)pz
K) (= v VW™ — K) (= v
+ ESY (az, am )dW) on(n +2) SV (o, am )dt

or, in a more synthetic form

(k) _ a(k—1) v (k) _ —k(n—=k)(n—1)
dS;.y =5 NdBY (a) + kS (a)(d(Wv,v) S+ 2) S a)
with (BYu,v) = (B(u,v),v).
Proof. By Theorem 2.7 and Ito’s formula,
kok
5™ (ag am) = > (1) Y [[[S(ue, ;) um,), N (dB e, ) um,), )
oESy i=1 j=1
JF#i
k(n —1)(n — 1us
B (e v n _ ®) (g v
+ kSY (o, am)dWy 3n(n 1 2) S (au, v )dt
K
1
32607 > LT S,y um), B (e gy wm,), dB™ (e, tm,)
€Sy 1<i#p<k j=1
J#{i,p}

+<dBn (uéa(i) ) uﬂ’bp)7dBn (ufa(p) ) um1)> + <dBn (ufo.(i) ) ufa(p) )7 dB™ (U'mi ) ump)>]
k(k—1)(n —1)pg

S5 (a7, oz, )dt.

The first term may be written

k k
>N e [8e, ) umy), N dB (g, um), )
i,p=1 c€S j=1
o(i)=p J#i
k k '
=) P DT [s @ uld) B g, um,), v)
i,p=1 o=S_1 j=1

J#i

k
=) 5% V(az ,am,)(dB(us, um, ), ).

i,p=1
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The third term combines with the fifth term to give

k(n —k)(n —1)ps
a 2n(n+2) St

(a[, Q) dt.

Finally, in the fourth term, notice that given o € S; and i,p € {1,... ,k} there s
exactly one other n € Si such that both {o(7),0(p)} = {n(i),n(p)} and o(j) = n(y)
for j ¢ {i,p}. Furthermore, (—1)° = —(—1)", and

k

[T (S, ) wmy)s B (e, ) tms), dB™ (e, ) s, )
j=1
Jjé¢{i,p}
<dB (uéo,( )7ump) dB (uéo,( )7um7,)> + <dB (uéa(1)7
k
=L I (Stue,qy s wmy)s ) IAB (e, () s m,), dB™ (e, ) s tm, )
j=1
Jé¢{i.p}
+<dB”(uzn(i),ump),dB”(uen(p),umi))
+(dB™(ug, . s ue, ), dB™ (Um;, Um, )]

n(i)? “n(p)

), dB™ (um;, um,))]

Lo (p)

Thus exchanging the sums in the fourth term reveals the cancellation of terms from
these o — 7 pairs and so the whole term vanishes. This finishes the proof. [

From LeJan (1985) we recall the notation
m]B=¢l Ni(e)B

where i(e!)3 = B(—=1)F (B, e!)B1 A+ A Br A - -+ A Bm. The situation for general
n is given by the following Theorem which we prove in the Addendum.

Theorem A.2. For1<k<n-1,

k
dTrS®) = SE=D (s  am, WdB(ug, , tm; ), )] (o, o)l ~2
Zp 7 D T

i,p=1
n—1
+ TrS® kW™ — 2 Z AW]
=1

+ 50 (g, am) (7] ol ™) + (af, 7] a™)dW o] 72
(4 DR — B

T’T‘S(k)dt, or
2n(n + 2)

dTrS™ = d(S®a, a) /|a|?

= (S*D AdB"(a) + ((dWV, V) — 27@’}‘2?;@) S®(a)

(n+ Dk(n — k)ueo
+85® A dW (@), @) /|al? - zn)(n(+2) ) (S8 (a),a)/||al® .
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Proof. For (e I,

—

(A1) d(a’,a™) = ((riaf,a™) + (af, 7l a™))dW?
k+1)(n—1-k ;o
+ ( + )(n )1“’2 <Oé£,0ém>dt
n

dlof[? _ = o (m—2)(n— D
A2 =25 awi - dt
(42) ol 2~ 22 T
(A.3) dl|al|7? = —2||a||2dW] + A;, A; has bounded variation
Since

7,8®) = $®)(az, ) (af, a™)a] 72

by It6’s formula,

dTrS® = (dS™M (az, am))(af,a™)||al| 2

+ 5" (az, an)(dlaf, ™))l lal| 7

+TTS(k)dHOéH*2
||exf| 2

+(dS® (ap am), dlal, ™)) |a]| 2
+(dS® (ap am), dllef” %)(af, a™)
+ 58 (az, am)(d(a, ™), dl|a]|2)

Proceeding in order through the terms, we have using Theorem A.1
(A.4) dS(k)(% a){al, a™)|al| 72

—[‘Z S*(az , am, ) (dB(ur,, um,), )] (e, a™) o] 72

k(2n —k)(n — 1)ps

+ kTrS®awn — TrS®dt.
2n(n+2)
From (A.1) follows,
(A.5) S (az, am)d (af,a™)||al| 2
= 8@ (az am)((raf,a™) + (o, T/ a™))dW}| |||~

PG 1)( — k= Dbz 6 gy,

25
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By (A.2)

d|al| 2 (n—2)(n — V)
A6 Trs®™ 0 — _o7prsk) o e
(A.6) ]2 r Zsz n(n 5 3) rSF) gt

Combining Theorem A.1 and (A.1),

(dS® (az, am), dial,a™))||al| "2
— kS® (az, am) (770l a™) + (af, 7T a™)) (dWE, dW)

= n(:l:_ 2) (k)(o‘gyam)« O/ am> + <Ot T am))[(n + 1)5Z 5J — 51571 _ 5t 5J]dt
k,u2 k "
25 g (a0 + (o ria™ i
_ _2k(n—k =Dz o) gy
n(n + 2)

By Theorem A.1 and (A.3)

(A7) (dS™) (az, am), dlal|2)(af, a™)

= —2kS™ (a, am) (@AW, dWE) (b, a™)|a|| =2
_ 2k = Dp2 o oh) gy
n(n + 2) '

From (A.1) and (A.3) we get

(A.8) S™) (az, au)(d (af, a™), dllall %)
= —25®) (az, ) () 7 o™y 4 (af, ™) (AW, dW ) o |2
:L (k)OtOt O/Otm OtTOzm a—2
1) (o, o ) ({7 )+ MDlled|~=dt
_ _Mr k= D2 g o) g
n(n + 2)

Summing (A.4)—(A.8) shows

k
% - £ m; ; m -
dr,5®) = [ " (—1) L SED (07 a7 (dB(ug, , um, ), v)] (@, ™) || 2
i,p=1
+ TrS®) [kdW — zdwi]
+8®) (az am)(rf o, a™) + (o, 77 a™))dW] - [|al| 72
k(n — K)(n + 1)z

TrS*) gt
2n(n + 2)

—+

and the proof is complete. [J
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Theorem A.3. Forn—1>k>/(>1,

@drrs® , drrs®y = 71(“722 (ke + 2(k + £) + 4)(n — 1)

n+2)
—2(k+2)(n—£—1) =2l +2)n—k—1) —4(n — L —1)(n —k — V)| TrS*® TrsO gt
(n—k—1)A¢
+@Q-8k_) (n4i22) Z d(n, (k, €); ))TrSF+D TrsE=1)q¢
=0
(n—k)A(£—1)
TOM > alm, (k,0); )TrSEHI DTS-I gt
7=0

where

d(n, (k,£);0) =(n—1—k)

j—1
, k=042 k0425,
d(n, (b, 0:) = (= 1=k =) (" J)—;d(n,(k,ﬂ);r)( j_TJ) g>1
b(n, (k,£);0) = (n — k)(n — £+ 2) '
bl (.05 = 3(n =k =) (") SRR

+ (k= £+ 25)(k — £+ 25 — 1)( P

R T S { e s I G}

j—1
tn—k—in—k—j (") >0
a(n, (k, £);0) = b(n, (k, £); 0)
Jj—1 .
arn, (k05 3) = b, (5, 05) = Y atn, (k. ) (1 #)
m=0
nn _ (n+3)/~//4
Cifhy(n® — 1) = 2t A

Proof. We compute the quadratic variation terms in (d7rS *)_ dTrS (£)>, kE >/,
which do not arise from dB. These are

n—1

(Trs® rawyt =2 " awi]+S® (az am)(af,a™) + (af 7]a™))| |l ~2aW ],
=1
n—1

TrsOaw; =2y " aw] + 5O (az, a5)((rfa”, o) + (a7, 75a%))|lal | 2dW)
m=1

unless kK = n — 1 or both £ = k = n — 1 in which case, the term S(k)(az, )
((Tijaz, a™) + (az, Tga'ﬁ>)||a||*2de = 0 or both this and the corresponding S
term vanishes. Thus we get
n—1 n—1
TrSMTrsO (kawyr —2) " dwj, caw;; =2 " aw?)
=1

i=1
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+TrS™ SO (az, ) ((tPa”, ) + (o, 78 o)) ||e|| 72 (1 — 65, _,)
(kAW =2 " AW, dwg)
+TrSYSH) (o, am)((Tha o™ + (af i o™l 72(1 - 65 _))
(Ldw?™ — 2 Z AWy, dwh)

+5® (o, am>s<f> (am az)((rial,a™) + (af, 71, ™)) (1P a”, o)
+ (", 7)) (1 -84 _y)

(L= 8k llal|~ W, dW)

TrS®TrsOk . o(n — 1) 4+ 2(k + £)(n — 1) + 4(n — 1)]dt

n(n+ 2)
771,(”_’_ )TTS(k)S(Z)(aT a—»)(<7-pa a5>+<a Tp s>)||a|| 2(1_5 1) kCTTLLIz))_QZCzp
Trs® g(k) VNN ) m 201 _ TL] . zg
+n(n+2) rSYW S (g, o) ({15 0, )+<a m2a™)|lal| 73 (1 sk_)ecr QZC

n(n+2)s(k)(a am)S( (OtT,Ot )((Tiaé,am>+<aé,7'ia”7‘))(<7-(§’a?7a5>

+ (", m2a) (1 = 6k _ )|l " [(n + 1)5k5} — oheg — opod)dt

We now proceed singly through the last three terms. Using the invariance of our
expressions under a change of basis we may take the u; to be the unit principal
curvature directions. Then

(A.9) S®) (o am) = A5,
SO (o, az) = ApoL
(tPa”, ag)éf = 555? if and only if p € ¥,=0 otherwise,

<7'Za[, am)éfl = 5%553 if and only if j € £,=0 otherwise.

Thus,
(A.10)

M 78 7 3 n ;
mTTS(k)S(Z)(amag)«Tga ;o) + (@, Tha®))(1 — 5fl_1)||a|| 2kCm - QZC P
=iy TS ActrpaT @) (1 = 8L k(nd — 5707) — 2

_ 2D L Dta g0y 500y
n(n + 2)

Similarly,

(A.11)

7n(n+2)TTS(@S(k)(a a—»)(( O/ o >+<a 7] am>)||a|| 2(1_5 1)(£C:§—QZC§§)dt
:—2(£+2)(n—k—1)p,2

TrS®Trs® gt
n(n + 2)
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Finally, the last term is
(A.12)

dp2 j L0 7o j
(1-6k_)) (n+ 5 ATl oW (78, o) (1 — 65 1) [(n + 1)80 63 — 676 — 5’;5;4]dt

Ar[(n + 1)<Tha a2)<7'ia’?, aF) — <7'JJ af, a[) <’T50¢F, aF)

=(1- 1) 2) g

( +
—<7'Zo¢[, o/)('r]hof « )]dt

=(1 —5?1_1)71(:?:? Q)A[AF[n<Tja[,a£)< Jjof ™y —( ja[ a~)<7'po¢ a™)dt

L sk oy Aue _J 1, whenjgg
=(1-165_1) n(n+2) Af [n53€253 5je25p€i“’]dt (5j€[_ { 0, otherwise )
4 4n—k—1 —£-1
=(1-8"_,) (TLTQ))\ i 8Bt — (n n(T)L(:Z 5 H2) 1y )50 .
However, by summing on j we see that
n—~F—1
(A.13) )\ A7 5g€t75J¢F = Z m)\[)\qf
m=0
|7¢N7|=m
which is a symmetric homogeneous polynomial in A1,... ,\,—1 of degree k + £ so
we seek an expansion for (A.13) of the form
(n—k—1)A¢
(A.14) > d(n, (k, £);5)TrS*HITrsED),

j=0
The principal term in TrS*+)Trs¢=7) (which doesn’t appear in
TrSk+m)TrSE=m) for m > j5) is
YRR VR VIS TR DU VS

In Z"Wf 01 mAzAi this term appears (n —1 —k — j)(k €+2J) times.
|en7|=

In TrS*+nTrSE=7) for r < j this term appears (k;.{tQj) times. Thus in the

: —r-1
expansion for 33" ", 2o mAAz
2N |=m

d(n, (k,£);0)=(n—1—k)

. Jj—1 .
dtn, (0i3) = (n =1 =k = (* ) 3 dm s (U F) 2

r=0
Putting (A.10), (A.11) and (A.12) together results in
(A.15)
[7%5(@%5(@ [(k€+2(k +€) +4)(n —1) —2(k +2)(n — £ — 1)
n(n+2)
—26+2)n—k—-1)—4(n—£—1)(n — k —1)]
(n—k—1)A¢
NRYC Y L P - ( + 3 Z d(n, (k, £); /) TrS*+) Trg =) g¢

Jj=0
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The quadratic variation term in (dTrS®*), dTrS®), k > ¢, arising from dB is,

Q(n, (k, £))dt
k
= () 8* Dag am,) ol a™)dB(ug,  um,), v),
i,p=1
¢
Z S (ar,, az;)(@”, @) (dB(ur, s us; ), v))||of |4

Jq=1
k £
=Cli Y Y 8%V (az ,am,)SUY (ar,, a5, [(ue, i, ) (1, s )
i,p=17j,q=1

+ (ugy g ) (um,, usy) + (g, sy ) (urg, um ) (0, ™) (@™, o) |lal|~*dt

and taking advantage of the invariance of this expression under a change of basis,
we take u; to be the ith unit principal direction of curvature. Then

S(k_l)(a[p , ami)<o/, a™) = )\[péﬁﬁéé

gé-1 (i s Otg*j)<OtF, ozg) = Ar, 5?53
= (8;2,850 + 8,287 4 657 674, )8L, 6T

Thus,

k

£
4
Q(n, (k,0) = CTihy > > " Az Ar, (1+28.7)dt

p=1 g=1

ke ke
20?1752(32 Z Ag, Arg +Z Z Ag, Arg)-

p:l q:l p:l q:l
Lp=rq LpF#rq

Since Q(n, (k,£)) is a symmetric homogeneous polynomial of degree k + ¢ — 2 in
Aly... yAn—1, it may be written

(n—k)A(£—1)
Qn, (k,0) =Citba > aln, (k, 0); ) TrSHH=HDpst=i=),

=1

We now employ some elementary counting arguments to compute the coefficients
a(n, (k, £); 7).
In TrS*+ti-DTrSE=i-1) the term

(A.16) AT )\%fjfl)\g,j ... Ak4j—1 appears



GEOMETRIC EVOLUTION UNDER ISOTROPIC STOCHASTIC FLOW 31

but no such term (with ¢ — j — 1 squares) appears in TrSE+tm=Dpg¢t-m=1) for
m > j. However, if r < j,

(A.17) AT )\%fjfl)\g,j ... Ak4j—1 appears
(* JHTQJ) times in TrSF+r =D pgt—r=1),

We now count the number of appearances of (A.16) in Q(n,(k,¢)). From
ko4
3 Z Z A Z Ar, we must fill in the empty spaces in A7 and A

p=1 ¢=1

Lp=rq
(A.18) A=A A — o —
A[:)\l ..)\[_j_l—---_é..._k
with the terms Ae—j, ..., Ag+j—1, Az, Az, where x = ¢, = r,. Notice \; appears

before A, only if ¢ < u. One A; must go in Ax the other in Az If the order is not
to be violated, this forces x > k — 1 + j and A, must end each of the terms Az and
M. There are (n — 1) — (k — 1+ j) = n — k — j such choices for . This leaves

(k:—1+j—j(€—j—1)) _ (kz—é+2j)

remaining possibilities for filling in the empty spaces in (A.18) in Az and A;. Note
that if we interpret (8) =1 this is still correct for k = ¢ and j = 0. Thus

k J4 .
(A.19) 33" 3" Az A, has 3(n—k:—j)(k_é,+ 23)

terms of the form M7 .. )\% G - A1

koL
Z Z Z Az, we must fill in the blanks of
e

A
Az

)\1...)\g_j_1—---—
A

Lo M1 — =g =
with Ag—j, ..., Ag+j—1, Az, Ay With T # y, Az going into Az, A, going into Ay

Ifl—j<z,y<k+j—1,then \; and )\, appear on the list \p—j;,..., Agyj—1.
Since identical terms can’t appear twice in Az or A; the twin of A\; must go in Az

the twin of Ay, must go in A\z. There are thus (kfejt%j 72) ways to fill in the spaces

once A\, and A, are given with £/ —j <z,y <k+j—1. Thereare (k+j—1— (£ —
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j—1)k+j—1—(¢—j—1)—1) choices for the ordered pair (z,y). Notice that
when j = 0 there are no such terms. Thus

(A.20) L—j7j<z,y<k+j— 1 accounts for
— 27 —2
(k—0+25)(k — €+ 2j — 1)(k e+ )
j—1
terms of the form \%... A%ijil)\g,j - Akgj—1 in Q(n, (k,£)) (interpreting (7)) =
0.)

fl—-—j<z<k+j—1<y<n-—1,then A\, must terminate the sequence A

k:—ﬁ—;Qj B 1) ways to fill
in the spaces in (A.18) once such a pair (z,y) is given. We interpret this expression

as 0 when k = ¢ and j = 0. There are (k — ¢+ 2j)(n — k — j) such pairs so we have

and the twin of A, must go into Az There are then (

correspondingto /—j <z <k+j—-1<z<n-—1

(A.21) there are (k:—€+2j)(n—k:—j)(k_e—;%_l)
terms of the form A2 - "A%ijil)\g,j “ o Agyj—1 in

Q(n, (k, 1)) .

Ifl—35<y<k+j—1<azx<n—1, then the twin of A\, must go in A\y. When
k—0+4+25—1
7g—1
in (A.18) once (z,y) is given and (k — £+ 2j)(n — k — j) such pairs so

jJ = 0, this is impossible. There are thus ( ) ways to fill the spaces

correspondingto/—j <y < k+j—-1<z<n-1,
there are (k—£+2j)(n—k—j) (k _i,tij B 1)
terms of the form A2 - "A%ijil)\g,j “o Agyj—1 in
Q(n, (k,?)), for j > 0, (interpreting (fl) =0.)

(A.22)

k—10+2j

J
spaces in (A.18) once (x,y) is given and (n — k — j)(n —k — j — 1) such pairs (z, y).
Thus

Finally, when k£ + 7 — 1 < z,y < n — 1, there are ( ) ways to fill in the

corresponding to k+j —1 < x,y < n—1, there are
. . k—0+2j
== n—k-j-1) (7

form )\% ce )\%,jfl)\é—j ce )\k+j71 in Q(n, (k?, f)),
interpreting (8) =1.

terms of the
(A.23)
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Totalling (A.18)—(A.23), we see

(A.24) Q(n, k) has
b, (k. 09) = 3n— k=) (£ 7)
-+%—€+Zﬂ%—€+2%—n(k_?t?_a)

4%k—€+%ﬂn—k—ﬁ(k €+%_ﬂ>

+w—€+mxn—k—ﬁ(k ét?_1>

4{n—k—ﬁm—k—j—m(k_?+%>

terms with exactly ¢ — j — 1 squares. Notice that we interpret (fl) =0, (Bl) =0,
(8) = 1. Thus, b(n, (k,£);0) = (n — k)(n — k — 2). Upon decomposing Q(n, (k,¥))
into sums of expressions with exactly ¢ — j — 1 squares summed over j, we are lead
to, using (A.16) and (A.23),

(n—k)A(£—1)
QU k) =Cify Y0 aln, (k0 ) Tr 3450 Ty 53D
=0
where
(k=42
a(n, (k,£);7) = b(n Z ( + j) a(n, (k,£);m) ,
m=0

a(n, (k,£);0) = b(n, (k,£);0) = (n — k)(n — £+2) .

From Theorems A.2 and A.3, we get immediately

Theorem A.4. Suppose ®; is the isotropic, measure preserving flow on R" given
by (1.3). Let M be a smooth hypersurface in R™ withx € M. If (A1 (t),..., An—1(t))
are the principal curvatures of ®.(M) at ®.(x), then

%S%%:EZA[

ZGIk

and (Tr SO, Tr S@) ... Tr S™=1) is an (n — 1)-dimensional diffusion. The



34 M. CRANSTON AND Y. LEJAN

generator is given by

1

Lf(xla"wxn*l): §+%(1_5é€)>

1<0<k<n—1 (
{n(nﬂj— 3y (6 + 200+ 0+ 4)(n 1)
—2k+2)n—¢0—-1)—-2(+2)(n—k—1)
—4n—0—-1)(n—k—1))zrx,

(n—k—1)A¢
F=dnan > dln (k,0: )k
§=0
(n—k)A(£—1) 0*f
+C{L1n22 Z a(n, (kag);j)xk+j71xeijil 81;1@8:1;5
§=0
n—1
(n+Dk(n —k))pz  Of
+ 1;1 2n(n + 2) Tk oz,

where, for k> £

d(n,(k,£);0) =(n—1—k)

-1 ,
dn, (k, 0 §) = (n— 1=k — j) (k"j*QJ) =3 dn, (k0 7) (k;’i+2j> g>1
r=0

r

b(n, (, £); ) = 3(n — k — ) (’““}“J) 4 (k— L4 2))(k — £+ 25 — 1) (k_étij_Q)

+ (k—L+425)(n — k —j) Kk—“;?j—1> N (k_gjt?_l)}

kgt xms = (M5 ) o (5) = () ()=

a(n, (k,£);0) = b(n, (k,£);0) = (n — k)(n — £+ 2),

j—1 .

a(n, (k, 0 ) = bln, (5, ) = Y a(n, (k,€); 7) (’“;’3_*;2]> >0
r=0

nn (n +3)ps

CV1122 m )

and x_1 = x¢ = 1.
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Remarks.

(1) Straightforward computations show that for n =3

k=0=1; d(3,(1,1);0) =1

k=20=2  a(3,(2,2);0) =
a(3,(2,2);1) = —4

Thus, when M is a hypersurface in R?, the pair ( Tr S, Tr S?) is a
diffusion with generator

(k,m)

1/ 16p 0% f
Lf(k,m) = 2(1;(14 2 _24m )+ 354> Iz

2
+ (16#2nm+ 8#4/£> il (k,m)

15 35 OkOm
1(32p2 o 244 ., 2
2( 15 M + 3F (3K 4m)>
) 5f 4o of
15 "ok (kym) + J=mm e

2
K,m)

om? (

(k,m)

which agrees with Theorem 2.9.
(2) Forn=4,a="5b=C,, = %,
i
0x?
0 f
(a(44y® — 32x2) + b(8z* — 4y)) —5 052

52

(a752* + b(3y* — 4:1:2))8 {

52 2

o f o f
0xdy + (42522 + b5y) 0x0z
+ (a50yz + b(4dzy — 62)) O f

ab0yz xy — 62 907
of of 15 of

15
x4 al0u2l gl 2t
Ty Ty T Wy, T,

Lf(z,y,2) = =(a(192> — 32y) + 15b) =—

_|_

1
2
1
2
1
T3
+(a

(22zy — 482) + b10x)

(3) For any n, no proper subset of {Tr S, ..., Tr S~ 1} can be a diffusion.
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The authors intend to resolve such issues as transience or recurrence for
higher dimensional cases.

Since x = A1 + A2 + Ag, Y = A2 + A3 + A2 A3, 2 = A1 23, Newton’s
inequalities, Hardy-Littlewood- Polya (1973), imply 2% > 3y, y? > 3zz with
equality if and only if Ay = Ay = A3. As in the case n = 3, the diffusion
matrix degenerates on \; = Ay = A3 and one expects that the process will
not reach this set at positive times.



