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Optimizing a variable-rate diffusion to hit
an infinitesimal target at a set time
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Abstract

I consider a stochastic optimization problem for a time-changed Bessel process whose
diffusion rate is constrained to be between two positive values 1 < r2. The problem
is to find an optimal adapted strategy for the choice of diffusion rate in order to
maximize the chance of hitting an infinitesimal region around the origin at a set
time in the future. More precisely, the parameter associated with “the chance of
hitting the origin" is the exponent for a singularity induced at the origin of the final
time probability density. I show that the optimal exponent solves a transcendental
equation depending on the ratio :—f and the dimension of the Bessel process.
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1 Introduction

Pick a € R™ and positive numbers 7y, o, T with r; < r5. For a Borel measurable
function D : R x [0,7] — [r1,72], let X; € R™ be the weak solution to the stochastic
differential equation

dXj = \/D(|X,|,t)dBY, Xo=a, 1<j<n, tel0,T], (1.1)

for a standard n-dimensional Brownian motion B;. In broad terms the question I ad-
dress in this article is the following: What choice of diffusion coefficient maximizes the
probability that X; lands in an infinitesimal region around the origin at the final time
T given the constraint r; < D(x,t) < ro? Before stating the problem more precisely,
I will switch to a framework that allows for fractional dimensions n € R*. Since the
setup above is spherically symmetric, it is natural to postulate the problem in terms of

the time-changed, n-dimensional Bessel process x; := |X;| € R*, which has transition
densities 73755) € LY(R™) satisfying the forward Kolmogorov equation

d (D) 1d/m-—1 (D) 1 d2 (D)

=P (@) =~ 5@( —D(a,t)P\}; (x)) + 5@(D(a:,t)73y7t (x)), (1.2)

P (@) =0, (),

forz € R*, y = |a|, and ¢ € [0, T]. If the diffusion coefficient is constant, i.e., D(x,t) =
r > 0 for all (z,t), then x; is a Bessel process and the behavior of the final time density

*Michigan State University, USA. E-mail: jtclarl@math.msu.edu


http://dx.doi.org/10.1214/ECP.v19-2846
http://ecp.ejpecp.org/
mailto:jtclarl@math.msu.edu

Optimizing a variable-rate diffusion to hit an infinitesimal target

for + <« 1 will be P;l;)(x) ~ z¢, where ¢ = n — 1; see [14] for an explicit expression for
the transition semigroup of a Bessel process.

It turns out that maximizing the chance of landing in “an infinitesimal region around
the origin" at time T does not merely mean maximizing the coefficient in front of the
asymptotic power z¢, because smaller values of € can be attained through better choices
of D(x,t). Thus the problem shifts to minimizing the exponent of the asymptotic power
law for 73;? (z) at the origin, which I will characterize through the limit

log ( ecl:lcP(D)(gc)
Z(D) = liminf { n — (o1 7,7 ) € (—oo,n).  (1.3)
e\ log(€)

This definition is designed so that I(D) is the improvement of the asymptotic power
over the case in which D(z,t) is constant: If P?S?T) () ~ 2"~ 17" around = = 0 for > 0,
then Z(D) = 5, and, in particular, Z(D) = 0 when D(z, t) is constant by the observation
above. My focus in this article will be primarily on dimensions n € (0,2) since some
of the formulas that I use blow up for n > 2. It is not surprising that a transition in
behavior should occur around dimension n = 2, where Bessel processes transition from
recurrent to transient.

If we think of D(x,t) as the strategy of a random walker x; attempting to maximize
his chance of arriving at the origin at time 7', it is reasonable that he should rush
with the maximum diffusion rate ro when he judges himself to be far given the time
remaining, and he should choose to bide his time with the minimum diffusion rate r;
when he judges himself to be close. Thus it is natural to have D(z,t) rqy as z oo for
eacht € [0,T). Since x; is a time-changed Bessel process with diffusion rates restricted
to the interval [r1, 73], my optimization problem inherits a scale-invariance when viewed
from the origin and the final time 7’; the random walker should make the same choice of
diffusion rate at space-time points (z,t) and (z/,#) in R* x [0,T) for which Tm—jt = ;fi/
Any strategy D(z,t) consistent with the above scale-invariance satisfies

D(m,t):D(m T_t/,t’), t,t' €10,T). (1.4)
T—1
For the above reasons, I will focus my analysis on diffusion coefficients of the form
D(z,t) = R(ﬂ%) for measurable functions R : RT — [rq, 73] with lim, o R(z) = ra. |
denote the set of such R by B, ,,.
Theorem 1.1 is the main result of this article. To state the result we need to define

positive numbers « and 7 solving the pair of equations (1.5), which depend on the dimen-

sion n € (0,2) and the diffusion bounds r1, ro through their ratio V' := , /2. For 5 > 0

and v > —1 define S, (x) := 2 "I, (x) and S, (z) := 27YK,(z), where [, K, : Rt — R™"

are modified Bessel functions of the first and second kind, respectively. Define the func-
224 22

tions V5 : RY — R* by V! () := [ dz2""1S} (z2)e” "5 . Given V € R™ let the

constants n = n(n, V) and k = k(n, V) be determined by

2 2
2—n K - —1, etk
Yg,nﬁ(%) NN i K nfo dayngzm(a) a" e 2 7
¥ Y 2 and v =1. (1.5)
Y77,;27n(v) vz n;z’n(ﬁ)

Note that because K, (x) ~ «~ 1"l for 0 <« < 1 the integrals defining Y5, ., and ;" , .
blow up around zero when n > 2. :
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Theorem 1.1. Fix y € R and positive numbers T, ry, o with ro > 7. Let ’Pﬁ) €

L'(R*) obey the Kolmogorov equation (1.2) with D(z,t) = R(\/%) ForV := /7 the

following equality holds:

' log (f[o,e] deZ(f”T) (x))
nn, V)= max lim{n— . (1.6)
REB, ry €0 log(e)

The above maximum is attained uniquely for R* : Rt — [ry, r] of the form

xT
VT

Remark 1.2. It is instructive to examine the limiting behavior of the exponent n(n,V)
and the cut-off parameter x(n, V') characterizing the optimal solution in the respective
limits V .\ 1 and V' co. One surprise is that for large V the optimal cut-off k(n, V)
approaches a finite value ,, € R solving the equation

R*(z) := rlx(% < n(n,V)) +T’2X<

> k(n, V)). (1.7)
1

Fon a2 w2
1=r2"T" / daa™ ez ",
Jo

n

Note that %, increases over the interval n € (0,2) and has the limiting behavior

Kn, Kn

— — 1 as n\0 and

vn 21n (;1)

—1 as n 72

The values n(n,V), k(n,V) have the following characteristics for each n € (0, 2).

1. n(n,V), k(n,V) increase continuously with the parameter V € (1, 00).
2. AsV \,1,
n(n, V) N\ 0 and k(n, V) \  vn.

3. AsV 1o,
n(n,V) /n and k(n, V) S Rn.

4. Moreover, for large V,

n—n(n,V) o V2 and Fn — k(n, V) ox V72,

By item 3 the exponent n(n,V') approaches its upper limit n as the ratio V = \/\/g
goes to infinity, however, item 4 illustrates that this convergence occurs more slowly as
n gets closer to 2. This is not surprising since, intuitively, the Bessel process becomes
more weakly recurrent as n approaches 2, and a higher value of v, in comparison to rq

is needed to speed up the returns of the random walk to the region around the origin.

1.1 Further Discussion

Borkar [5] and Fleming [7] are reference books for optimization in stochastic set-
tings. The optimization problem described above focuses on maximizing the probability
of certain vanishingly low chance events. In particular there is no penalty for landing
far from the target region. It is a much different problem, for instance, to minimize a
quantity of the form

Z,r(D) = /R P2 @)p(x), (1.8)

ECP 19 (2014), paper 48. ecp.ejpecp.org
Page 3/19


http://dx.doi.org/10.1214/ECP.v19-2846
http://ecp.ejpecp.org/

Optimizing a variable-rate diffusion to hit an infinitesimal target

where P;{DT) is defined as in (1.2) and ¢ : R™ — R™ is a convex function quantifying
the penalty for landing away from the target point at the final time 7. When D(z,¢) is
restricted to the range [ri, 73], the optimal strategy for the penalty problem is simply
to always use the lowest available diffusion rate r;. If the goal is to maximize (1.8)
for a given target function ¢ : R — R¥, e.g., ¢(z) = 1j,1)(z), then the maximizing
strategy can be formally derived from the solution of a nonlinear differential equation;
the optimal, maximizing strategy D*(z,t) should have the form

D*(z,t) = rlx((AnG) (x, T —t) < 0) + rgx((AnG) (x, T —t) > O), (1.9)

n—1

where A, = "= % + % is the n-dimensional spherical Laplacian and G : R™ x [0,T] —
R is the solution to the nonlinear backwards Kolmogorov equation

%G(m,t) - %[rlx((Ana) (z,) < o) n rgx((AnG) (z,t) > o)} (2,G) (1)

with initial condition G(z,0) = ¢(x). The form of the maximizing strategy (1.9) is a
consistency requirement since any strategy not satisfying (1.9) will admit a locally per-
turbated strategy D’ = D* + dD* yielding a small improvement in the value fy_,T(D/ ).

My interest, however, is in the largest possible exponent with which (1.8) decays as
the target function shrinks, i.e., ¢9(z) := 19 (z) for 0 < ¢ < 1. Through a space-
time transformation and some analysis, my optimization problem amounts to finding
the R € B,,,,' that maximizes the principle eigenvalue for differential operators L)
defined over certain weighted L2?-spaces and having the form

d
(B) = — A,,. 1.10
L Idl‘ + R(x) ( )

The maximized principle eigenvalue is )\n r = 1n(n,V)—n and the corresponding eigen-
function is

S0E) =Y ia (}) (o= = <xin V)
RSN e

for v > 0 chosen to make the function continuous at x = ,/r1k(n, V). The maximized
principle eigenvalue also serves as the principle eigenvalue for a fully nonlinear elliptic
operator:

dor n n) 4(n
Fhﬂ“z <£L'7 ¢ L An(b"(”lg)'f?) - )‘7("1)7”2(;57"17)7“2’ (1‘11)

where F,, ,, : RT x R? has the form

x z
F, ,(z,y,2) = 73/ +t3 [rlx(z <0) +rox(z > 0)}

A basic discussion of principle eigenvalues for linear elliptic operators can be found in
Pinsky’s book [11]. Theory on principle eigenvalues for fully nonlinear elliptic operators
is developed in [12, 6, 13, 3, 4, 2]. In particular, the eigenvalue problems studied in [12,
6, 2] are similar in character to (1.11) except with A,, replaced by the second derivative

!Recall that B, is defined as the space of measurable functions from R*t to [rq,r2] satisfying
lim, 00 R(2) = ro.
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(and generalized to arbitrary dimension). The theory in [2] is applied to a problem
suggested in [9] regarding robust asymptotic growth rates for financial derivatives with
unknown underlying volatility rates.

Note that if the problem is to maximize the expected amount of time that the ran-
dom walker spends in the interval [0, €] up to time T, then the problem becomes trivial
and improved exponents can not be attained by using variable diffusion coefficients,
D(z,t) € [r1,72]. The optimal strategy is obviously to linger when in [0,¢] and hurry
when in (¢,00): D(z,t) = rix(z < €) + rax(z > ¢€). Moreover, by thinking of x; as
a stochastic time-change of the Bessel process X; with D(z,t) = r1, I am lead to the
bound

T2

T T2
Ey[A th(Xt < E):| §E9|:/0 1 th(gt < 6):| /\Jen7 < 1. (112)

Thus the shrinking target zone is not interesting for this problem.
The remainder of this article is organized as follows:

e In Sect. 2 I introduce the simple space-time transformation that links the original
time-changed Bessel process to a stationary dynamics generated by operators of
the form (1.10). Except for the proof of Thm. 1.1, all of the remaining parts of this
article concern results for £/,

+ Section 3 establishes the self-adjointness of £(*) in a weighted Hilbert space and
derives some general results for the principle eigenvalue and its corresponding
eigenfunction.

e In Sect. 4 I show that the problem of maximizing the principle eigenvalue for
operators £(') can be restricted to the class of R : R* — [ry, 73] of the form R(z) =
rix(x < c¢) +rox(r > ¢) for some ¢ > 0. In terms of the random walker, this implies
that an optimizing strategy should always switch between the extremal diffusion
rates r; and r,. I also derive that the maximal possible principle eigenvalue is
n(n, V) —n and occurs when the cut-off is ¢ = r1x(n, V).

¢ Section 5 contains the proof of Thm. 1.1.

2 The stationary dynamics

The restriction of the diffusion coefficient D(z,¢) to the parabolic form R( \/%)
for a measurable function R : RT — [r1,72] implies that a solution to the Kolmogorov
equation (1.2) is equivalent under a time-space reparameterization to the solution of a

stationary dynamics (2.2). For (z,t) € R x [0,T) let (z,s) € R* x R" be given by

xT

(z,t) — (z,s)z(m,log(Tjit)). (2.1)

Through the transformation (2.1), we can use P;?T) (z) to define new probability densities

wéfz)(z) = ﬁe‘%spﬁb s (VTe~3°2) satisfying the forward equation

d ®my__1d/ @m, \_1d n—1 (r 14 (R)
ul @) ==z (00 0) - 5 7 (B —ulle) + 5 (R E), @2

where b := % s € [0,00), and z/;éf’))(z) = 0p(2). The backward Kolmogorov generator is

thus 1£5) for LB := 2L + R(z)A,. The diffusion process Z; corresponding to (2.2)
has a repulsive drift that grows proportionatly to the distance from the origin:
Zs -1
dz, = Srds+ R(ZS)”27ds +/R(Z,)dB, Zo = b, (2.3)
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where B, is a copy of standard Brownian motion. When R(z) is a constant function, Z;
is an n-dimensional radial Ornstein-Uhlenbeck process; see [8] or [14] for discussion of
radial Ornstein-Uhlenbeck processes. In the next section, I will show that the genera-
tor %E(R) is self-adjoint when assigned the appropriate domain, which guarantees the
existence of the dynamics.

The trajectories for the processes Z; will undergo an essentially exponential diver-
gence to infinity after wandering near the origin for a finite time period. The state of
the original process x; at the final time 7T is recovered by the limit

TZ, RN —1
xp = lim L = 7, +/ e % (”22 ds + \/R(Zs)st) (2.4)
0 s

S—00 ez

3 Analysis of the generators for the stationary dynamics

Let B(R™,[r1,72]) denote the collection of Borel measurable functions from R* to
[r1,72]. As mentioned in the last section, for a given element R € B(R™,[ry,72]), the
backwards generator for the stationary dynamics has the form %UR) for LB .= ¢ dd +

7,.11.
R(z)A,, where A, is the radial Laplacian, A,, := ";1 % + j—;. The next lemma states

that the operator £(f) is self-adjoint when acting on the weighted L2-space defined
below. Let L?(R™, w(z)dz) be the Hilbert space with inner product

" 1€me v 75y

(flo)r == /R+ dzw(z) f(x)g(z) for weight w(x) := R

The corresponding norm is denoted by || fl2.r := /(f|f)r-

Proposition 3.1. Let R € B(R*,[r,72]). The operator LUV is self-adjoint when as-
signed the domain

D= {f € L*(R", w(z)dx)

HANfHLR <oo and iigbxn_l%(@ = 0} .

Moreover, (L"), D) and (A,,, D) are mutually relatively bounded.

Before going to the proof of Prop. 3.1, I will prove the following simple lemma.

Lemma 3.2 (Closure Property). The space D is closed with respect to the graph norm
l9lla, == llgllz.r + [[Angllz,r-

Proof. Let f; be a Cauchy sequence with respect to the norm || - [|a,. There are f,g €
L*(R*, w(z)dz) such that

Hfj_fHZ,R — 0 and ||Anfj_g||2,R — 0. (31)

To show f € D, I need to verify that g = A, f and lim,\ o x”*%(x) 0.

It will be useful to use a spatial transformation. Define p(z) := p(zﬁ) for arbitrary
(1—-n) ;2
p: RT — C. Notice that (A,p)(z) = (2 — n)2z2zlfn %(2) for z = 227", The equality
~ (d-n) 427 L. .
g = A, f is equivalent to g = (2 — n)22221—n 327{ and, by calculus, this is equivalent to
f: h for
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To see that f: h indeed holds, notice that

~

1(2) = h(2)] <[ F(2) = Fi(2)| + | Fi(2) — h(2))|
2(n—1)

~ &2 a z-n
S|f fj |+‘/ da(a — z (dzj;ﬂ(a)—wg(a)>‘
3(n—1)

~ ~ A, fi — a 2-n 2
SOOI H QfJ—ngH2R< ol =) (a2 ")) 7

where the third inequality follows by Cauchy-Schwarz and a change of integration vari-
ables. Moreover, (3.1) implies that for a.e. z € RT there is a subsequential limit j,, — oo
such that the right side above converges to zero. Thus g = A, f.

I can use similar techniques to show that lim,\ o x"il%(x) = 0. Notice that the

boundary condition lim,\ m"‘l%(m’) = 0 is equivalent to lim,\ Z—J:(z) = 0. Define
h; := f; — f. By calculus, I have
d
/ a sz

Cauchy-Schwarz and changes of integration variables yield

dh, ]. > n—1 f da =2
It follows that % = % — ‘;—f converges to zero uniformly as j — oo, and I have

. df
im0 %(m) =0.
O
Proof of Proposition 3.1. In the analysis below, I will prove the following technical points:

(i). £ sends elements in D to L?(R*, w(z)dz), i.e., L) is well-defined on the space
D.

(ii). For all f € D, there is a C' > 0 such that
1EDF|, o < CU N2+ | Ant 5 p)-
(iii). For all f € D, there is a C' > 0 such that

1A 1]l 5 < C

£, 5)-

Before proving the above statements, I will use them to deduce that (L), D) is self-
adjoint. It is sufficient to show that (L(R), D) is symmetric and has no nontrivial exten-
sion (since the adjoint of a symmetric operator is a closed extension). Two applications
of integration by parts shows that (£(R)7 D) is a symmetric operator since forall f,g € D

n— d’UR dg df
(0l£®f) = [ da1el 7t 5@ S ) = (£ Pgls)

where the boundary terms vanish by the condition lim,\ o x”*%(x) =0foro¢ = f,g.
Suppose that there are f; € D and f,g € L*(R", w(z)dz) such that

Il.fi — flla,r — 0 and ||£(R)fj _g||2}R —0 as i
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Since f; and L) f; are Cauchy in L?(R*, w(z)dz), statement (iii) implies that A,, f; is
also Cauchy. By Lem. 3.2, it follows that f is in D. Thus, (£(Y), D) has no nontrivial
extension and must be self-adjoint.

To complete the proof, I will now prove statements (i)-(iii).

(i) and (ii). Using integration by parts, I have the equality below for all smooth functions
f € L*(RY, w(z)dz) with A, f € L*(RT, w(z)dz):

df

| (@)

2
‘ (3.3)

1053 = IR@ AN = [ doan=teli ot

The equality (3.3) extends to all elements in D and implies that || f||o z < 72||Ay fll2.r
since R(z) < r,. Hence, £(f) maps D into L?(R*,w(z)dz), and (£L(®), D) is relatively
bounded to (A,, D).

(iii). Next I focus on showing that A, is also relatively bounded to LB Combining (3.3)
with R(z) > ry implies that

af

2 2 n— e 2
€01 2 8 = [ o =el | o) @)

With the lower bound (3.4), it will be enough to demonstrate that there isa C' > 0
such that

dxxnflefow dv Rz)v) ﬁ
R+ d.’L'

It is convenient to split the integration over R* into the domains z < L and = > L for
some L > 1 to get the bound

2 2 i 2
@] < CIA8R+ Tl Bnt |l 5 (3.5)

L pegees |df g2 22 dr L pegee |df 2
dex 1 Js dv gy | 2 ‘ < p2r dex1 ’ +/ dex1 S5 VR | L ‘ .

- xax" e dm(x) <e?1 - I —(x) . xa" e dx(x)
(3.6)

For the first term on the right side of (3.6), using integration by parts, Cauchy-
Schwarz, and the inequality 2uv < u? 4 v? yields the first inequality below for any ¢ > 0:
d 2
dmx"il‘—f(x)‘
R+ £

<c dza" | f(z) / dea™ (A f)(z |

R+
<era|l £ n + %Hanfum. 3.7)

The second inequality of (3.7) follows from the relation w(z) > r;l. For the second term
on the right side of (3.6), I have the inequalities

/ dex™ 1 fo d”n(u)
z>L

The first inequality in (3.8) is Chebyshev’s, and the second inequality is discussed below.
By writing £(P) f = x%f + R(z)A, f and expanding the left side of (3.3), I obtain the
following inequality:

47"2
2,R L2

AL <A, e8

e < Bl

o, —2Re(<xif\R<w>Anf>2,R)

S e .
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The second inequality is by Cauchy-Schwarz and R(z) < ro. Thus ||z f||, , is smaller
than 27, HAan2  as required to get the second inequality of (3.8).

3 2
By picking L € Rt with L? > lﬁ# and ¢ € Rt with ¢ > e %, I obtain the inequal-
1 1

2
ity (3.5) for C' = croe? .
0

In the statement of the proposition below, I denote the maximum element in the
spectrum of L(®) by (L), For f : R* — R, I refer to a point where A, f changes
signs as a radial inflection point.

Proposition 3.3. Let R € B(R",[r1,r2]) and f € D.

1. The operator LF) has compact resolvent.

2. The eigenvalues for L) are strictly negative.

3. The principle eigenvalue ¥ (L£®) is non-degenerate, and the phase of the corre-
sponding eigenfunction can be chosen so that the following properties hold:

The values ¢(z) are strictly positive for all z € R*.

An¢ € L*(RT, w(z)dz) and R(z)(A,¢)(x) is continuous.

The function ¢ is strictly decreasing.

The function ¢ has a unique radial inflection point ¢ > 0 at which A, ¢ is

continuous (and thus (A, ¢)(c) = 0).

4. The following equality holds for any b € R™:

(R)
2108 (fe do iV @) @)

5—00 S

=S(L®),
Moreover, the convergence is uniform over compact subsets of RT.

Proof.
Part (1): Define the functions vy : Rt — R* such that v_(z) := 1 and vi(z) :=

v

[ dzzt e Jo RS Notice that g — vy are the fundamental solutions to the dif-
ferential equation

(,C(R)g) (z) = xj—i(w) + R(z)(Ang)(z) =0.

Also, define the functions ¢t : Rt — R* as

n—1

.’L‘nlfzde x fmd'uL o0 1 7‘/‘2de
cy(x) = %e o YR and c_(x) = %e o YR / dzz"""e Jo YR,
x

By the standard technique of pasting together the fundamental solutions, the Green
function G : Rt xR* — R satisfying — (L)) =1 f)(2) = [, d2G(z,2)f() can be written
in the form

G(z,2z) = c_(2)v_(x)x(z < 2) + cx(2)vp(2)x(z > 2). (3.9)

There is a canonical isometry from L?(R*, w(z)dz) to L*(R") given by the map sending
f(z) to w2z (z) f(x). Thus the kernel

Gz, 2) ::w%(m)G(x,z)w_%(z)
:76% Jo dvatey+3 J5 dvﬁer(max(x,z)) (3.10)
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yields the Hilbert-Schmidt norm though the standard formula
(B)-1(2 _— el 2
| (LU HHS —/ drdz|G(z, 2)|".
Rt xRt

However, the quantity f]m SR+ d:z:dz|CA¥(:1:7 z) |2 is finite given the form (3.10). Since Hilbert-
Schmidt operators are compact, the operator £*) has compact resolvent.

Part (2): The largest elgenvalue of £(1) is the negative inverse of the largest eigenvalue
for — (L(R)) . Since — (E(R)) has a strictly positive integral kernel G(z, z), the eigen-

function ¢ associated with the leading eigenvalue of — (£(®) ! is strictly positive-valued

(for the correct choice of phase) and unique. The leading eigenvalue for —(ﬁ(R))fl is
positive and given by the convex integral of values

/ 026 / dzG(z, 2). (3.11)
r+ (9l Jre
Note that I have the following equality:
n_l f[;r dv% o0 a U
/ dzG(z, 2) =L/ daa? e~ Jo Wt (3.12)
R+t R(Z) z

Part (3): As remarked in Part (2), the eigenfunction ¢(z) with leading eigenvalue F :=
S(£M) < 0 must be strictly positive for all z € R*.

By Prop. 3.1 A, is relatively bounded to £, and thus the eigenfunctions of £(% lie
in the domain of A,,. The continuity of R(z)(A,¢)(x) follows from the equality

d
fxﬁ(x) = —FE¢(x) + R(x)(A"qﬁ) (z). (3.13)
since ¢ and j—ﬁ are continuous. Since R(z) > r; is bounded away from zero, A, ¢ must
be continuous and equal to zero at any radial inflection point for ¢. In terms of the

function ¢ (y) := d)(y?%) the equation (3.13) can be written as

1 21-n) d?
~2 =y ) = ~Bul) + (2~ PRy

(y)- (3.14)

G-n) 4
Since (2 — n) y221 n 21’/’

#(y) = (Ano)(x) for y = 2>, a radial inflection point for ¢
occurs at the fn power of an inflection point for v. Thus it is sufficient to work with .
From (3.14) and F < 0, we can see that %(y) is negative in a region around the

origin, y < ¢, where ¢ > 0 denotes the inflection point closest to the origin over the
interval (0, c0). An inflection point for ¢ must exist since 1) is positive continuously dif-

ferentiable, and decaying at infinity. By my remark above, ‘%ﬁ(y) =y R ( n®) (Y= =
must be zero at inflection points. Recall that ¢ has a Neumann boundary condition at
zero. Since dw - (0) = 0 and the derivative of %’(y) is negative over the interval (0, ¢), we
must have that dl/’ - (y) is negative over the interval (0, c]. It will suffice for me to show

that d“’ and d d’ are nonzero for y > ¢. Suppose to reach a contradiction that there is
some pomt u 6 (¢, 00) such that either

(i). dy() 0 or (ii).d—yQ(u):O. (3.15)
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I will let v denote the smallest such value. Notice that I can not have both %’(u) =0

and %ﬁ(u) = 0 since the term —E(y) in (3.14) is strictly positive. For the cases (3.15),
the following reasoning applies:
7 2(1—n)
i). If %(u) = 0, then the continuous function R(yﬁ)yzin fl;jﬁ must be positive
over the interval [c,u]. This, however, contradicts equation (3.13) for y = u since
the terms on the right side of (3.14) are both positive.

(ii). If %ﬁ’(u) =0, then %(y) must be negative over the interval [c, u|. A linear approx-
imation of equation (3.14) about the point y = u yields that for |§] < 1

dy,  2—n—F

2(1—n) d21/1
o e

0(52):R<(U+5)ﬁ)\u+6| > d—yQ(u+5). (3.16)

Since %’(u) and E are negative, it follows from (3.16) that © must be an inflection

point at which the concavity changes from down to up. However, by my definitions,
1 (y) is concave up over the interval (c,w), which brings me to a contradiction.

It follows that v (y) is strictly decreasing and has exactly one inflection point over that
interval.

Part (4): Using the backward representation of the dynamics, I have the equality
R s r(R)
[ davP@ft@) = (5 ).
R

where by assumption f € D and thus f,A,f € L?(R",w(z)dz). The function e3L™ f
can be written as

3£ f—e3B(g flro+eit™y for g:=f— (6| Nro,

where, as before, ¢ is the eigenfunction for £(!) corresponding to the leading eigen-
value E := S(L)). Note that g € D since f,¢ € D. Let E; be the largest eigenvalue
following F. I will show that eéﬂ(R)g decays uniformly with exponential rate —F; as
s — oo over any compact interval [0, L]. I have the following inequalities:

[e32 gl < €32 lgllan, (547
HAne%dR)gHQ’R < CegEl(Hg 2,R+HAn9H2,R)’ (3.18)

where the second inequality holds for some C' > 0. The first inequality in (3.17) uses
that g lies in the orthogonal space to ¢. For the second inequality in (3.17), recall from
Prop. 3.1 that A,, and £ are mutually relative bounded so that I have the first and
third inequalities below for some constants ¢, C' > 0:

805 gl (655 g, + T3l )

<ces™ (Ilgllz,R + ||5(R)9||2,R)

<P (|lglo.n + [ Angll, 5 )- (3.19)

The second inequality above follows since £ and ¢34 commute and g, £LF)g are
orthogonal to ¢.
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Next I use (3.17) and (3.18) to bound the supremum of egﬁ(mg over a finite interval
,L|. For L > 1 there must be a point x € |0, L| such that the first inequality below
0,L]. For L 1th b i 0,L h th he fi i lity bel
holds

(3.20)

|5 0)(@)] < Valle2 < gl < Ve

For a: satisfying (3.20) the fundamental theorem of calculus applied to the function

e3£™ g gives the first inequality below:

L
s, (€35 0) )] <](¢5" ) o) +/ olr
y€[0,L] dz

(eéﬁ“" g)(z)‘

s r(R)
LTQ £

9.n

<C\/fr2e3E||glla.r + | L- HA ‘ﬁ(R)gHQR (3.21)

The second inequality is by Jensen’s 1nequa11ty and R(z) < 72 The last inequality
in (3.21) follows from the relation ||%e2ﬁ( < \;EHA"W "™ gll2.r, which can be

seen from the equality (3.3). Finally, the last line of (3.21) decays on the order estn
by (3.17) and (3.18).

4 The extremal strategies

For ¢ > 0, define ¢.(z) := r1 + (r2 — r1)x(z > c¢). These functions correspond to
extremal strategies in which the random walker switches between from the lowest pos-
sible diffusion rate to the highest at a cut-off value ¢ > 0. I denote the corresponding
generator by £. := £(). An arbitrary function R : Rt — [r1, 2] that is increasing and
satisfies lim,\ o R(z) = r; and lim, o R(z) = 7o, i.e., that determines a ‘reasonable’
strategy for the random walker, can be written as a convex combination of the step

functions /.:
1 o0
Rlz) = / AR (el (x
o —"T1Jo

By the linear dependence of £ on R, the above convex combination extends to the
generators:

1 oo

£F = / dR(¢)L..
T2 —=T1 Jo

This suggests that a generator with maximizing principle eigenvalue should have the

form L. for some ¢ > 0, which is the main statement of the following lemma. The

uniqueness of the maximizing ¢ > 0 is established in Lem. 4.3.

Lemma 4.1. For any measurable function R : Rt — [r1,72], the following inequality
holds:
i(ﬁ(m) < sup i(ﬁc).
ce(0,00)

Moreover, the above supremum is attained as a maximum for a value ¢ > 0 satisfying
the following property: The unique radial inflection point over the interval (0, c0) for
the eigenfunction ¢, corresponding to the eigenvalue i(ﬁc) (see Part (3) of Prop. 3.3)
occurs at the value c.

Proof. Pick some R € B(]R*, [r1, 7'2]). Let ¢ be the eigenfunction corresponding to the
principle eigenvalue of £(") and ¢ > 0 be the unique radial inflection point of ¢. I will
prove the following:
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(i). For any R that does not have the special form R = /., there exists a small pertur-
bation R’ = R + dR such that S(E(R’)) > S(LW).
(ii). The function f : (0,00) — (—00,0) defined by f(a) := X(£,) has a maximum.

(i). The perturbations that I consider will be of the form
LEFRA) — £(B) L hA(2)A,

for h < 1 and a well-chosen bounded function A : R — R. By Prop. 3.1 the operator
A, is relatively bounded to £(/). It follows that operators of the form A(z)A,, are also
relatively bounded to £(f) since A is bounded, and I can use standard perturbation
theory [10] to characterize the leading eigenvalue of £(+"4) for small > 0:

S(LUA)) = S(LP) + h{p| A(z)And) + o(h). 4.1

I need to show that there is an A such that <q§| A(z)An¢> is positive and R + hA €
B(R™,[ry,72]) for 0 < h < 1. By part (3) of Prop. 3.3, the eigenfunction corresponding
to the principle eigenvalue must satisfy that

(Apo)(z) <0 for z<c and  (Ap¢)(z) >0 for z>c (4.2)

for some ¢ > 0. Define A : Rt — R to be of the form

ro — R(z) x> c,
A(z) = (4.3)
r1 — R(z) x <c.

Notice that R(z) + hA(xz) maps into the interval [ry,rq] for every h € [0,1]. Since the
values ¢(x) are strictly positive by Part (3) of Prop. 3.3, the property (4.2) implies that
the expression (¢| A(x)A,¢) must be strictly positive unless A(z) = 0. However, A(z) =
0 implies that R = /..

(ii). I can extend the definition of £, to a € {0,000} by setting £y = x% + r1 A, and
Lo = x% + r9A,,. Note that the principal eigenvalue of L, is the negative inverse
of the operator norm of its compact resolvent: %(L,) = —H(Ea)‘lH;l. The continuity
of g(a) := ||(La)"||, as a function over a € [0, 0] can be established through simple
estimates of the Green function of (£,)~!, see (3.9) with R(x) = (), and thus f(a) :=

¥(L,) is continuous.
22 22
For ¢o(x) = e 21 and ¢ (z) = e 272, explicit computations yield that

Logg = —neo and LoocPoo = —Noo-

Since the functions ¢y and ¢, are positive-valued, they must be the respective eigen-
functions corresponding the principle eigenvalues of £ and £,. It follows that f(0) =
f(o0) = —n. Moreover, f(a) can not have maxima at a = 0,00 by part (i), and thus a
maximum must occur in a € (0, 00).

O

By Part (4) of Prop. 3.3, it is sufficient to focus attention on the extremal generators
L.. As before let I, and K, be modified Bessel functions of the first and second kind,
respectively, with index v; see [1] for basic properties and estimates involving modified
Bessel functions. Recall that

Z\ v =) ml_,(2)—1,(2)
=) ;)m(ihu md KB 5
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where K, (z) must be defined as a limit of the above relation when v is an integer. The
modified Bessel functions have the following asymptotics for z > 1:

I(z2) = \/%(1 +0(z71) and K,(z) = \/Ze_z (14+0(z71).
Define S : RT — R* as
SF(z) :==2""K,(2) and S, (2) = 27"1,(2).

Remark 4.2. The identities I,(z) = I,+1(z) = £1,(2) and K, (2) = —K,+1(2) £ 2K, (2)
imply that

1 A[SE()] = 7255, (2)
2. £ [S7(2)] = FS74(2) - S5 (2)
3. %[zz”slﬂf(z | = F218E (2)

Lemma 4.3. Let(n,V), (n,V) be defined as in Thm. 1.1 for V := /72 and r1 < r».
The following equality holds:

max S(Le) =n(n, V) —n,

and the maximizing value ¢ € R" is unique and given by ¢ = k(n, V), /r1.

Proof. Let ¢. denote the eigenfunction of £, corresponding to the principle eigenvalue
E. := 3(L.). Recall from Part (2) of Prop. 3.3 that E. < 0; in fact, the analysis shows
that E. € (—n,0). In parts (i) and (ii) below, I discuss the equations determining the
eigenvalue E. and the additional criterion determining max..gr+ E, respectively.

(i). By Part (3) of Prop. 4.1, the values ¢.(xz) € C have a single phase for all z € Rt
that can be chosen to be positive. The function ¢, : Rt — R™ satisfies the differential
equations

do.
dx
do.
dx

The fundamental solutions to the differential equations (4.4) and (4.5) have the form
Li Eor for »r = ry and r = ry, respectively, where

0=—Epe(z) +z— () + 71 (Anoc)(2) x <, (4.4)

0=—Ecde(z) +x—(2) + r2(Anoc) (2) x> (4.5)

2

o _ TY\ _2%+y
L, (2 :z/ dyyPrr-lsE (—)e .
T 0 2 r
Hence the function ¢. is a linear combination of L, ., L:} B.,r, OVer the domain
x < ¢ and a linear combination of Lj; 5. L, p. over the domain z > ¢. In order for
the function ¢. to be positive, be an element of D, and have the boundary condition

limg~ o 2™t %(33) = 0, it must have the following unnormalized form:

LT_L,E“Tl (ZL’) z S <

4.
’YLI,EUTQ (x) T >, (4.6)

ole) = {
for some constant v € R*. The values v and E. are fixed by the requirement that ¢, is
continuously differentiable at x = ¢. Equivalently, E. can be determined first through

the Wronskian identity W (L, , ., L}

n,E¢,ro

)(¢) = 0, and then v is given by v = iiE‘i”(c)

n,Ec,rq ()
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To see that the equation W (L, E. Tl,L: E. +,)(¢) = 0 has a solution for some E. €
(—n,0), notice that the Wronskian equaling zero is equivalent to

dL -

TR (L 1y ()
dz n,E.,r
H’r(‘f?rg (EC) = 1 for H’f’:?’rz (E) = dL+ 5. -~ 2 )
davt . (C)LmE(,rl (C)
and notice that for any fixed ¢, 1, and 5
. . T2
él% HY, (E)=0 and El{‘rr_ln H, (B) = o> 1.

The intermediate value theorem guarantees that there exists a solution Hﬁc?rz (E) =1
for some E. € (—n,0) . The solution E. must be unique since otherwise it would
be possible to construct two positive-valued eigenfunctions ¢.1(x) and ¢, 2(z) for L.
of the form (4.6). However, (L") D) is self-adjoint in the weighted Hilbert space
L*(R*, w(z)dz) by Prop. 3.1 so ¢.1(z) and ¢.2(z) must be orthogonal, which contra-
dicts the possibility of both functions being strictly positive.

Note that the continuous differentiability of ¢. along with the equations (4.4) and (4.5)
imply that A,,¢. is discontinuous at z = ¢ unless lim, . (A,¢¢)(z) = (Anéc)(c) = 0.

(ii). By Lem. 4.1 the parameter value ¢ € R at which E. is maximized also has the
property that the eigenfunction ¢. has a radial inflection point at ¢. Recall from part
(3) of Prop. 3.3 that the radial inflection point of ¢, must be a continuity point for
Apge: limgc (Ange) (@) = (Angc)(c) = 0. These results can be alternatively found
by combining the relations W (L. L, g ,,)(c) = 0and % = 0. The constraint

n,Ec¢,r1?

limg ¢ (An¢c)(z) = 0 and the form (4.6) yield that

0= (AnL} 5 .. )(c) and 0= (AnL, 5, )(c). (4.7)

n,Ec,ra n,Ee,r

Moreover, combining equations (4.4) and (4.5) with (4.7) implies that the values ¢, E.
satisfy the equations

E dL'rtE r E — dL'r:E T
chZ,EC,TQ(C) = TI(C) and chmEc,rl(c) = T(Q
Denote v := =, Vi= | /22, 1 := Ectn, v = n22 and Vi (k) = [ Az 18 (zr)e™ "5
By changing variables \/LTT — y in the integrals defining L, 5 ,. (c) and L; B, ., (C), the
above equations are equivalent to
— + — dY
n—1n +(ﬂ)_ den(“) n=ny o4,
—Y' (=) =— — and —Y = ——(K). 4.8
= ten\y dz \V - Yen(F) i ) (4.8)

The left side of (4.8) is equivalent to the left side of (1.5) by the identity

dYV:f:"] + +
W(x) = _nym (.’IJ) + xYl/+1,7}+2(I)

K

for x = T The right side of (4.8) is equivalent to the right side of (1.5) by using the
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identity above and rewriting zY, ; , . 5(x) with the following:

22

o) B _z2+
Y, 11 p42(®) x/o dz2"1S,  (zx)e”

:xz/ dzz"%(zx)e_ B +x77/ dz2""'S,  (zzx)e” %
0 x 0

z2+m2

=xY,, (z) + (n — n)x/o dzz""1S,  (zz)e”

=zY,  (z) + (n — n)g 2T /0 dzz—1 (2721/+1 /0 daazyﬂsyf(a))ei%
2 2

=zY,  (z)+ (n — n)k 2+ / dzz"1 (/ daa®*1S; (za))e*%
0 0
'.2 :E > 22 LZ
=Y, () + (n — ”)IdwleiT/ da / de”flS;(za)J%) wtley

—aY, o (2) + (n— T / da¥, (a)a" e

where the second equality applies integration by parts. The third equality applies the

identity ”“( ) = 15, (z) — 2225 () and n = 2v + 2. The fourth applies the
fundamental theorem of calculus and the identity -L [z?*+25,"  (z)] = 2?**15, (z). The
fifth equality changes variables in the inner integration, and the sixth swaps the order
of integration and rearranges terms. The last equality uses the definitions of v and Y, .

O

5 Proof of Theorem 1.1

Now I am almost ready to move to the proof of Thm. 1.1, which requires finding the
maximum over all R € B, ,, of the quantity

- R
; log (j[O,e] daPé%(a))
A log(e) ’

where the integral in the log can be written in terms of the time-changed Bessel process
x; or the stationary process Z; as

daP B (a) =P, [xr < €] = E, [x( lim e~ 37, < L)} (5.1)
I e < =Eafx( Jim 52 <
for b = L. The limit in the right expectation exists by the remark (2.4). My strategy is

VT
to use previous results about the backwards generator £() of the process Z,, however,

I have no results yet that are directly applicable to the study of expectations involving
the random variable lim,_,., e *Z,. It will be convenient to use the Markov property to
rewrite (5.1) as in the first equality below:

R R R
/ daP ) (a) = / daP") (@) F")(a)
[0,€] R+
_ / dayp(F) (a) P (a), (5.2)
R+
where s = log (%) and Fe(t) R* — RT is defined as
€

Fe(}t%)( )= IP[XT < EIXT—t = a] = E\% {X(Sliﬁﬂoloe*%Zs < %)}
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The second equality in (5.2) uses that the function Fé(f) has the convenient scale-
invariance

FE(,?) (z) = F)(\Zz\zt()\x) for A > 0.

In addition, for the second equality in (5.2), I have changed integration variables % —a
and used that wl(fs) (a) = 673;?%%762 (ea) when ¢ = +/Te™ 3. The bottom expression for
f[07€] daP;f%T)(a) in (5.2) has a promising similarity to the expressions appearing in part
(4) of Prop. 3.3; Lemma 5.1 below verifies the conditions of Prop. 3.3.

Notice that Fe(f) has the form G\"(z) := E, [h(lim,—o0 e~ 2 2Z,)] for h(a) = x(a €
[0, %]) The following lemma shows that G;LR) lies in the domain of £ when h is
compact and smooth. This will be useful for the proof of Thm. 1.1 since Fe(f) can be
bounded above and below by functions of the form GELR) for h compact and smooth.
Lemma 5.1. Let h € D be smooth and have compact support and R € B,, ,,. The
function GELR) is an element of D.
Proof. T can assume without losing generality that ~(z) is nonnegative. To verify that
GEIR) € D, I must show the following:

(i). G\ e L2(RY, w(x)dz),
(i)). A,GP € LARY, w(x)dx),

dG(R)
iii). lim 2" ' —2—(z) = 0.
(iii) lim I (x)
(i). Since h has compact support, it is smaller than cl{, ;) for some ¢, L > 0. Let 7 € [0, o0
be the hitting time that e~ 2%+ reaches a value in [0,2L]. T have the inequality below:
G;LR) (x) :=E, [h(slgrolo 67525)} < cP, [7’ < o0). (5.3)
In particular GgR‘) (z) is uniformly bounded by ¢, and the problem of showing that G;lR) €
L*(R*, w(z)dz) reduces to showing that P, |7 < oc] has sufficient decay as = goes to
infinity.
The random variable e~ 2 Z, can be written as the following stochastic integral:

37 — st / (" Lir + VR(Z,)dB,). (5.4)
0 r

Assume z > 2L and let § be picked from the interval (0,1). The integral equation (5.4)
yields the equality below:

P, [r < oo] =P, ||z +/ e % ("2; Lir + \/R(ZT)dB;,) < 24
L 0 r
[ ™ _~/n—1 ,
<P, / e ( —dr+ \/R(ZT)dBT> <z-— 2L]
L0 "
<P, e 2 \Y R(Z,)dB; <z-— E:| ,
LI JO

where L := 2L + ‘”221‘, and the second inequality uses that Z, < 2L for r € [0,7]. By

Chebyshev’s inequality, the above is smaller than

Se_%(I_Z)ZEz {6 5y (fo e 3y R(ZT)dB;)T

<53 T @D, (5.5)
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-5
The second inequality above holds because f(z) = 6127212 is a convex function and
R(z) < ry. Thus the expectation in the line above (5.5) is larger when R(Z,) is replaced
by r5 and 7 is replaced by oco:

The equality uses that fooo e~ 2dB! is a mean-zero Gaussian with variance one.
Putting (5.3) and (5.5) together, I have that

2 -

C x 1 _1-9 _ 2

HG%R)HE R = / dra"lelo Waty ¢~ () )
’ r10 R+

and hence I can pick § > 0 small enough so that the integral is finite since R(y) >
and R(y) /' re and y — co.

(ii). Now I will show that AHGEZR) € L*(R",w(x)dr). Notice that by inserting a condi-
tional expectation into the formula for GéR) (z) we can write
Al

and a first-order expansion for 0 < r < 1 leads to the order equalities

G (@) = B[ Jim e752,)] =E.[E[n(e7F lim =7 2,)

§—00 5— 00

_r
2
=GP (@) + 5 ((£PEP) @) - 6P @) + 0(?), .6)

—E. |G\ (2,) - L6(2,)] + 0(r?)

where h = x%. The third equality above uses that %ﬁ(m generates the backward

dynamics for Z, and

Bfi(c i )] <6l s % 2
i )] 0

A
—G\"(z,) - 3 W (Z.)+ 0(r?).

It follows from (5.6) that

(LPGD) () = G (x), (5.7)

The function ﬁ(z) is smooth and has compact support by my assumptions on h(x). By
the analysis above, GEIR) is an element of L?(R™, w(x)dx). It follows from (5.7) that G;R)
is in the domain of £(/). Finally, AnGéR) is in L?(R™, w(z)dz) since the operator A, is
relatively bounded to £() by Prop. 3.1.

(iii). By Lem. 3.2, it is sufficient to show that there are h, € D, s € R" such that as
S — OO

180 (hs = G ||y — 0. (5.8)

Iz,

The functions h,(z) := E, [h(e”2Z,)] are elements in D since h, = e3£™ g for gs() :=

h(efgx) € D. The convergence (5.8) can be shown by using similar arguments as
above.
O
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Optimizing a variable-rate diffusion to hit an infinitesimal target

The proof of Thm. 1.1 continues from the basic setup discussed at the beginning of
this section
Proof of Theorem. 1.1. Let b = % and s = —2log(e). By the observation (5.2), I have
the equality f daPy r(a) =[x+ dZ”(/}(R)( )Fl(ff)(a). Since Fl(lf)(z) GE?)I (2), the func-
tion F1(71)( ) can be bounded above and below by GgR) (z) for h € D compact and smooth.

Moreover, by Lem. 5.1 I have that GgR) € D for such h. Part (4) of Prop. 3.3 yields the
first equality below:

n 4+ i(ﬁ(R)) = lim

55— 00

S

{ | 2o (S 220D ()60 )) }

log (f[o,s] dx’P( T( ))
log(e)

¢ \, 0. By Lems. 4.1 and 4.3, the value n + X(£®) attains the maximum 7(n, V) over

all R € B,, , when R has the form R(x) = rlX(\ﬁ (n,V)) + rgx(\/% > k(n,V)).

O

It follows from the above that n —

also converges to n + % (L) as
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