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An analogue of Talagrand’s convex distance for binomial and Poisson point processes
is defined. A corresponding large deviation inequality is proved.
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1 Introduction and statement of results

Concentration and large deviations have been active topics for many years. Apart
from theoretical interest much additional interest in these questions comes from appli-
cations in combinatorial optimization, stochastic geometry, and many others. For these
problems a deviation inequality due to Talagrand [10] turned out to be extremely use-
ful. It combines the notion of convex distance with an elegant proof of a corresponding
dimension free deviation inequality.

Let (E,B(FE),P) be a probability space. Choose n points z1,...,z, € E, v = (z1,...

.,xp) € E™, and assume that A C E™ is measurable. Talagrand defines his convex
distance by
dp(z,A) = sup inf Z a; 1(x; # y;) (1.1)
lalla=1 ¥4, 52,

where a = (a1, ..., q,) is a vector in S"~!. For A C E™ denote the s-blowup of A with
respect to the convex distance by A, := {« : dr(x, A) < s}. Talagrand proves that for all

nelN ,
PO (X € AP®" (X ¢ A,) <e™ T (1.2)

where X = (Xi,...,X,,) is a random vector with iid random variables X, ..., X,,.

To extend this to point processes denote by N(E) the set of all finite counting mea-
sures £ = Z’f 0z, v; € E, k € Ny, or equivalently finite point sets {z1,z2,..., 2k}
eventually with multiplicity.

For a function a : £ — R we denote by |||z« the 2-norm of o with respect to the
measure £. For two counting measures ¢ and v the (set-)difference £\v is defined by

fw= 3 (€x) - v(@)s b (1.3)

z:£(x2)>0
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LDI for Poisson point processes

As will be shown in Section 4, the natural extension of dr to counting measures n €
N(E) with n(E) < oo acts on N(F) and is defined by

di(n,A)= sup inf [ ad(n\v) (1.4)
lafl3, <1 v€4

for A C N(FE). Here the supremum is taken over all nonnegative functions « : £ — R.

The main result of this paper is an extension of Talagrand’s isoperimetric inequal-
ity to Poisson point processes on lcscH (locally compact second countable Hausdorff)
spaces. If 7 is a Poisson point process then the random variable 7(A) is Poisson dis-
tributed for each set A C E and the expectation En(A) is the intensity measure of the
point process. For A C N(E) we denote by AT := {x : d%.(z, A) < s} the s-blowup of A
with respect to the convex distance d7..

Theorem 1.1. Let E be a IcscH space and let n be a Poisson point process on E with
finite intensity measure En(E) < oco. Then for any measurable subset A C N(E) we
have )

P(ne AP (ng A7) <e 7.

It is the aim of this paper to stimulate further investigations on this topic. Of high
interest would be an extension of this theorem to the case of point processes of possible
infinite intensity measure. On the way to such a result one has to extend the notion
of convex distance to locally finite counting measures with £(E) = oco. It is unclear
whether (1.4) is the correct way to define convex distance in general, see the short
discussion in Section 4.

Our method of proof consists of an extension of Talagrand’s large deviation inequal-
ity first to binomial processes and then to Poisson point processes. It would also be
of interest to give a proof of our theorem using only methods from the theory of point
processes. We have not been able to find such a direct proof for Theorem 1.1.

In general it seems that there are only few concentration inequalities for Poisson pro-
cesses and Poisson measures. Apart from the pioneering work of Bobkov and Ledoux [2]
concerning concentration for Poisson measures, we mention the concentration inequal-
ities by Ané and Ledoux [1], Wu [11], Breton, Houdre and Privault [4] and the recent
contribution by Eichelsbacher, Raic and Schreiber [5]. Concentration inequalities play
an important role in application, for an example considering intensity estimation see
Reynaud-Bouret [9]. As a general reference on recent developments we mention the
book by Boucheron, Lugosi, and Massart [3].

Our investigations are motivated by a problem in stochastic geometry. In [8] Theo-
rem 1.1 is used to prove a large deviation inequality for the length of the Gilbert graph.

2 Binomial point processes

Assume that 4 is a probability measure on (E,B(E)). The sets A, B considered in
the following are measurable.

We call a point process &, a binomial point process on F of intensity ¢tu with param-
etern, 0 <t <1,n € Ny, if for any B C E we have

n

P(6(8) =) = () () (1 (B, 2.1

To link n iid points in F to a binomial point process &, we consider the following
natural construction. We choose n independent points in E according to the underlying
probability measure p and for each point we decide independently with probability ¢ if
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it occurs in the process or not. To make this precise we add to F an artificial element
A at infinity (containing of all points which have been deleted), define £ = EU{A} and
extend u to E by

i(B) = tu(B\A) 4 (1 —t) 6o (B) for BC E.

Hence a random point X; € E chosen according to /i is in E with probability ¢ and equals
/\ with probability 1 — ¢. Define the projection 7 of x € E™ unto N(FE) by ‘deleting’ all
points x; = A, i.e.

n

m(@) =m((z1,...,20)) = > _Ww; # A)bs, € N(E).

i=1

and define the point process &, € N(E) by

& =m(X) =) 1(X; # A)dx,. (2.2)
=1
If B C E, any set of n iid random points X, ..., X,, chosen according to /i satisfies

n

P(6(E) =) = P (X1, X)(B) = ) = () B - ()"

and thus by (2.1) the process &,, is a binomial point process.

Assume that A ¢ E™ is a symmetric set, i.e. if y = (Y1,---yn) € A then also
(Yo(1)s -+ Yom)) € A forall permutations o € S,,. Here S; is the group of permutations of
aset ] C IN, and we write S,, if I = {1,...,n}. It is immediate that a symmetric set is the
preimage of a set A C N(E) under the projection m where 7(A4) = Uyeim(y) € N(E).
As shown above for a random vector X = (X3, ..., X,,) with iid coordinates we have

P(X € A) = P(n(X) € n(A)) = P(&, € A). (2.3)

The essential observation is that the convex distance dr(z, fl) defined in (1.1) for
x € E™ is compatible with the projection 7 and yields the convex distance

dp(&n, A) = sup  inf [/ad({n\u) (2.4)

a3, <1 V€A

(W(E) - £.(E)), .
T e(®)) 2]

(1=l

N|=

on the space N(E).

Lemma 2.1. Assume z € E" and that A C E" is a symmetric set. Then for &, = m(x)

and A = w(A) we have
dT($7 A) - d’?"(gnv A)

Proof. Since A is a symmetric set for any function f

ian f(ylvvyn) = Alnf f(ya(1)7-~-7ya'(n))7
yeA yceA,0eS,

and we can rewrite the convex distance on E" given by (1.1) as

dp(z,A) = sup inf inf ail (2 # Yo(s))-

laflz<1 yeA €S, 2
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We write &, = n(z),v = n(y). It is immediate by the symmetry of A that dp(z, fl) is
invariant under any permutation of zi,...z,. Hence we assume w.l.o.g. that x; are
sorted in such a way that z; # A fori=1,...,&,(E)and 2; = A fori > &,(F) + 1.

&n(E) n
dr(z,A) = sup inf insf Z o 1(z; # yg(i)) + Z ai]l(yo(i) # A)]
lall=1 yeA €S L i i=En (B)+1

Here the second summand is zero if v(E) < ¢(FE). For fixed « and y we decrease
the summands if we assume that the permutation acts in such a way that the maximal
number of A’s in x and y coincide. If v(E) < &, (F) this means that the minimum over S,
is attained if y,(;) = A for all o(i) > &, (E) which coincides with the fact that the second
summand in this case vanishes. If v(E) > £, (F) then y, ;) = A implies o (i) > §,(E). To
make things more visible we take in this case the infimum over additional permutations
T € S, (B)+1,n) Of the second summand.

&n(E)
dT(m,fl) = sup inf inf ail(zi # Yori) 2.5)
lallz=1 y€ATESn ; (@)

n

+ inf Z @1 (Yr (o)) # A)]

TESlenE Ll T

The second summand equals the sum of the (v(E) — &, (F))+ smallest o;’s in {ag, (g)+1,
<oy ant. We set ag (g4 = Bi fori = 1,...,n — §,(F) and denote by () < --- <
B(n—¢, () the order statistic of the 3;. We obtain

gﬂ(E) (V(E)7§7L(E))+
dr(§,A) = sup inf inf [ > il # o) + > B(j)]

lalig+18l13=1 yeAoeSn L I =1
where from now on |2 = 325" a2, The 37 sum up to 1 — [|a[|3 so that the sum of the
k-th smallest is at most (1 — ||||3)k/(n — &,(E)). Holder’s inequality yields

. £n(E)

dr(z,A) < sup inf inf [ ;i 1(7; # Yo(i)
ledi3+Il13=1 yeA7ESn ;

(V(E)=&n () +

Hem-amn > 87)]

Jj=1
&n(E)
< sup inf inf { Oéiﬂ(lfi?éya(i))

all2<1 yEA 7ESn
(v(E) — fn(E))+(

On the other hand if we take 37 = (1 — [a]|3)/(n — &.(E)) we have ||[5 = 1 — [|o3 and
the supremum is bounded from below by setting 8; equal to these values.

Il
-

%

+

1
1—Jlal)?].

&n(E)
dr(z,A) > sup inf inf [ a; 1(x; # Yors))
laf3<1 yeAoESn ; ©
vV(E) — & (B 1
AUE =By o],
(n—&u(E))2
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Both bounds coincide so that d; equals the right hand side. Define the function o : £ —
R by

o(z) = o; ifxr=ux;
10 otherwise

so that [[af|3 . = [a?d¢ = 5267 02 — || /|2 and by the definition (1.3) of £\v
&n(B)
inf a1 (x; # Yo(i :/adfu.
et ; ( @) (E\w)

This proves

(W(E) = &n(E))+
(n—&a(E))?

dr(z,A)= sup inf [/ad(f\u) +
a3 <1 V€A

—

1
(1 llal3e.) ]

O

By (2.3) we have P(X € A) = P(¢, € A) for any measurable symmetric subset A of

E™. Recall that ¢, = n(X) and A = 7(A). Lemma (2.1) shows that
dp(X,A) > s iff d3(&,,A) > s,

so that X ¢ A, iff &, ¢ A”. Here we denote by A” the blowup with respect to the
distance d%.. Again by (2.3) this yields P(X ¢ A;) = P(, ¢ A?). Combining this with
Talagrand’s large deviation inequality (1.2),

o R $2
P(X € AP(X ¢ A;) <e™ 7T
we obtain a large deviation inequality for the binomial process.

Theorem 2.2. Assume &, is a binomial point process with parameter n on E. Then we
have

s

P(¢, € AP (€, ¢ A7) < e~ F
for any A C N(E).

3 Poisson point processes

We extend Theorem 2.2 to Poisson point processes using the usual approximation
of a Poisson point process by Binomial point processes. Assume that the state space
F is a lcscH space (locally compact second countable Hausdorff space) and that y is a
probability measure on (£, B(E)). As usual, the space N(E) is endowed with the o-field
N (E) generated by the evaluation mappings 7 +— 7n(B) with n € N(E) and B € B(E),
see [7, Chapter 12]).

Fix some ¢ > 0 and recall that p is a probability measure on E. Set t, = t/n for
n € N, t > 0 and assume that n is sufficiently large such that ¢/n < 1. The following
Lemma is known in great generality (see Jagers [6], or Theorem 16.18 in Kallenberg
[7]), we include its proof for the sake of completeness.

Lemma 3.1. The sequence of binomial point processes &,, defined in (2.2) with intensity
measure t, ;1 and parameter n converges in distribution to a Poisson point process n with
intensity measure ty as n — oo. lLe.,

P, € A) —» P(n e A). (3.1)

forany A € N(E).
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Proof of Lemma 3.1. Put &,; = 1(X; € E)dx, such that &, = Z,’f:l &, Here X; isin E
with probability ¢, = t/n. Since &,;, i € {1,...n} are independent for given n and
sup; E(min{¢,;(B),1}) < t, — 0 for all measurable B C E, the random measures
&ni form a null array. By Theorem 16.18 in Kallenberg [7] on an IlcscH space E the
point process »_ &,; converges to a Poisson point process n with intensity measure tu
if Y7, P(&ni(B) > 0) — tu(B), and >, P(&,:(B) > 1) — 0. Both is immediate for all
B € B(E) from the definition of &,;. O

The distance d7} depends on n and has to be extended from binomial to Poisson point
processes as n — co. As stated in the introduction we use as a suitable definition

d5(§,A)= sup inf /ad(f\y)

a2, <1 V€A

This is motivated by the more detailed investigations in Section 4. For A C N(E) let AT
be the blowup of A with respect to the distance d7.. It is immediate that

dp(§, A) < dp (€, A). (3.2)
This implies AT D A? and thus for a binomial point process &,
P(&n ¢ AT) < P(&n ¢ A7) (3.3)

The following theorem is an immediate consequence of Theorem 2.2 and formulae (3.3)
and (3.1).

Theorem 3.2. Assume 7 is a Poisson point process on some IcscH space E with
En(E) < co. Then we have

2

P(ne AP (n¢ A7) <e” 7
for any A C N(E).

4 The convex distance

In this section we collect some facts about the convex distances d% and d7. on N(E).
To start with we show that d}. not only gives the lower bound (3.2) for the distance
d7. defined in (1.4). We also prove that d} — d}. as n — oo which shows that there is
essentially no other natural choice for d7.

We start with the representation (2.4) of the convex distance for binomial point
processes. Assume ¢ € N (F) satisfies £(E) < oo. Set

(W(E) - &(E))+
(n —&(E))

D, = Vnelg [/ad(f\l/) + (1- HO‘”%@)%

[N

so that d}.(¢, A) = sup{D,, : ||oz||§’£ <1}

Since ¢ is finite, the map v — &\v can take only finitely many ‘values’ u1,..., tm €
N(E). Write Ay,...,A,, C A for the preimage of the measures j; under this map.
Denote for ¢ = 1,...,m by v; one of the counting measures in A; with minimal v(E).
Note that these minimizers are independent of «. Assume that v;(E) < -+ < v, (E).
We compute the infimum over v € A by taking the infimum over v € A; and then the
minimum over: =1,...,m.

o L infea, (V(E) —E(E) ;}
D, = izllr,l.l.l.l,m |:/ adlLL'L + (?’l _ f(E))% (1 ”a' 2,5)
: (vi(E) —&§(E))+ 5 ]
= dp; + (1 - 2.
Z:n711n)m |:/a i + (n— €(B)) (1 HO‘HQ,&)
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Since v;(F) is bounded by v,,(E) we have

~min /adui <D, < min /ozd,ui + (v (E) _g(El))-i-
i=1,...,m i=1,....,m (TL _ é-(Ev))§

which shows that for n — oo the distance d7. converges to

d5(§,A)= sup inf /ad(ﬁ\y).

a2 <1 V€A

Note that this is only a pseudo-distance since d}.({, A) = 0 does not imply that £ € A.
For d7.(¢, A) = 0 it suffices that A containes some counting measure of the form ¢ + v
with v € N(FE) because then ¢\v = 0.

It would be nice to have a definition of d7. which is a distance for counting measures
and which indicates extensions to point processes with possibly unbounded E{(F). One
could also use the distance d7. given in (1.4) as a definition but we could not relate it to
the distance dr for binomial processes. In applications it would be of high importance
to have such a representation and a large deviation inequality at least for Poisson point
processes on R?. To the best of our knowledge even recent results like the one by Wu
[11] or Eichelsbacher, Raic and Schreiber [5] cannot be easily extended to our setting.
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