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Abstract

We consider a d-dimensional SDE with an identity diffusion matrix and a drift vec-
tor being a vector function of bounded variation. We give a representation for the
derivative of the solution with respect to the initial data.
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Introduction

Consider an SDE of the form

dpi(z) =a x))dt 4+ dwy,
oi() (pi(x)) t 0.1)
900(33) =7,

where © € R%, d > 1, (w;);>0 is a d-dimensional Wiener process, a = (a',...,a?) is a

bounded measurable mapping from R¢ to R<.

According to [23] there exists a unique strong solution to equation (0.1).

It is well known that if a is continuously differentiable and its derivative is bounded,
then equation (0.1) generates a flow of diffeomorphisms. It turns out that this condition
can be essentially reduced [12], and a flow of diffeomorphisms exists in the case of pos-
sible unbounded Holder continuous drift vector a. Recently the case of discontinuous
drift was studied in [10, 11, 19, 20] and the weak differentiability of the solution to (0.1)
was proved under rather weak assumptions on the drift. The authors of [10] consider a
drift vector belonging to L, (0, T; L,(R%)) for some p, ¢ such that

d 2
p>2,qg>2, —+-<1.
P q

They establish the existence of the Gateaux derivative in Ly(Q x [0, T]; R%). In [20] it is
proved that for a bounded measurable drift vector a the solution belongs to the space
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On differentiability of stochastic flow

L2(Q;WLP(U)) for each t € R4, p > 1, and any open and bounded U € R%. The Malliavin
calculus is used in [19, 20].

The aim of our paper is to find a natural representation of the derivative V,p:(x) if a
is discontinuous. We suppose that for 1 < i < d, a' is a function of bounded variation on

R4, i.e. foreach 1 < j < d, the generalized derivative pfj = g“’ is a signed measure on

R<. Let p*F, 1"~ be measures from the Hahn-Jordan decomposition p/ = p#+ — ;t—,
Denote |u*| = pF + p~. Assume that for all 1 < i,j < d, || is a measure of Kato’s

class, i.e. .
‘ 1 ly — | y
lim s —_— - 3d Y(dy) = 0.
o, [ ([ g - ) b

The condition we impose on the drift is more restrictive than that of [10, 20], but it
allows us to obtain a representation for the derivative in terms of intrinsic parameters
of the initial equation (see Theorem 2.3). Our methods are different from those used
in the papers cited above. We show that the derivative Y;(x) in z is a solution of the
following integral equation

Vi) = B+ / A, (p(x))Ys(2),

where A;(p(x)) is a continuous additive functional of the process (¢.(z)):>0, which is
equal to fg Va(ps(x))ds if a is differentiable, F is the d-dimensional identity matrix.
This representation is a natural generalization of the expression for the derivative in
the smooth case.

In the one-dimensional case (see [3, 4]) the derivative was represented via the local
time of the process. It is well known that the solution of (0.1) does not have a local time
at a point in the multidimensional situation. We use continuous additive functionals for
the representation of the derivative. This method can be considered as a generalization
of the local time approach to the multidimensional case.

Our method can be used in the case of non-constant diffusion and.

The paper is organized as follows. In Section 1 we collect some definitions and
statements concerning continuous additive functionals. The main result of the paper is
formulated in Section 2 (see Theorem 2.3). For the proof we approximate equation (0.1)
by equations with smooth coefficients. The definitions and properties of approximating
equations are given in Sections 3, 4. We prove Theorem 2.3 in Section 5.

1 Preliminaries: W-functionals

In this section we collect some facts about continuous additive functionals which
will be used in the sequel. Further information can be found in [6]; [8], Ch. 6-8; [13],
Ch. II, §6.

Let (¢, My, P,) be a homogeneous Markov process with a phase space R? (see nota-
tions in [8]). Assume that &;, ¢ > 0, has continuous trajectories and the infinite life-time.
Denote NV; = o{&; : 0 < s < t}.

Definition 1.1. A random function A;,t > 0, adapted to the filtration {\N,} is called a
continuous additive functional of the process (&;);>¢ if it is

* non-negative;
e continuous in t;
» homogeneous additive, i.e. forallt >0, s >0, z € R?,

Aprs = Ag + 0,A; P, — almost surely, (1.1)

where 0 is the shift operator.
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On differentiability of stochastic flow

If additionally for each t > 0,

sup E,A; < oo,
z€R4

then Ay, t > 0, is called a W-functional.

Remark 1.2. It follows from Definition 1.1 that a W-functional is non-decreasing as a
function of t, and for all z € R?
P,{Ag=0}=1.

Definition 1.3. The function
ft((E) = ]EzAt, t Z 07 x € Rd7
is called the characteristic of a W -functional A;.

Proposition 1.4 (See [8], Theorem 6.3). A W-functional is defined by its characteristic
uniquely up to equivalence.

The following theorem states the connection between the convergence of functionals
and the convergence of their characteristics.

Theorem 1.5 (See [8], Theorem 6.4). Let A, :, n > 1, be W-functionals of the process
(&)e>0 and fp(z) = EzA, , be their characteristics. Suppose that for each t > 0, a
function f;(x) satisfies the condition

lim sup sup |fnu(z) — fu(z)] =0. (1.2)
N0 0<y<t zeRd

Then f;(x) is the characteristic of a W-functional A;. Moreover,
At = Lim. An,t7
n—oo
where l.i.m. denotes the convergence in mean square (for any initial distribution of ).

Proposition 1.6 (See [8], Lemma 6.1'). If for any t > 0 the sequence of non-negative
additive functionals {A,,; : n > 1} of the Markov process (§;):>o converges in probability
to a continuous functional A;, then the convergence in probability is uniform, i.e.

VT >0 sup |An:— A — 0, n — oo, in probability.
t€[0,T]

Let h be a non-negative bounded measurable function on R?, let the process (&)1>0
has a transition probability density p;(z,y). Then

t
At = s
/0 h(&s)ds

is a W-functional of the process (§;);>0 and its characteristic is equal to

filz) = /}Rd (/Otps(x,y)d8> h(y)dy = /Rd ke(z, y)h(y)dy,

kt(m,y)z/o ps(z,y)ds.

Let a measure v be such that [, k¢(z,y)v(dy) is a function continuous in (¢, z). If we
can choose a sequence of non-negative bounded continuous functions {h,, : n > 1} such
that for each 7' > 0,

where

lim sup sup
N0 ¢e(0,T] 2R

/}Rd ke (2, y)ha(y)dy — /Rd kt(:c,y)y(dy)‘ -0,
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On differentiability of stochastic flow

then by Theorem 1.5 there exists a W-functional corresponding to the measure v with its
characteristic being equal to [, k:(z,y)v(dy). Formally we will denote this functional

t
by fo %(fs)d&
A sufficient condition for the existence of a W-functional corresponding to a given
measure is stated in the following theorem.

Theorem 1.7 (See [8], Theorem 6.6). Let the condition

lim su z) = lim su ke(z,y)v(dy) =0 1.3
tl0 xe]llé)'i ft( ) 0 xE]}I{)d /]Rd t( y) ( y) ( )

hold. Then fi(x) is the characteristic of a W-functional A]. Moreover,

h—0 Jo

and the sequence of characteristics of functionals fot Wdu converges to f;(z) in sense
of the relation (1.2).

Let us return to the SDE (0.1). Let (¢:);>0 be a solution of equation (0.1) with
bounded measurable a. The transition probability density p; (y, z) of the process (¢:)i>0
satisfies the Gaussian estimates (see [2])

K — 2z 2 K — 2 2
td/lrzexr){kl”yt'} <pf(y,2) < td/éexp{kznytn} (1.4)

valid in every domain of the form ¢ € [0,7],y € R?, z € R?, where T > 0, K1, k;, Ko, ko
are positive constants that depend only on d, T, and ||a||cc-
Denote by kj’(z,y) the kernel k;(x,y) built on the transition density of the Wiener

process, i.e.
o ly — =||”
w — —
kS (z,y) = /o Grs) exp{ 55 }ds. (1.5)

It is easily to see ([8], Ch. 8, §1) that forall z € R%, y € RY, & # y, k¥ (z,y) = ki (|lz—yl|),
where

_ 1
T 9pd/2

%t(r) rz_d/ sd/Q_Qe_sds, r > 0. (1.6)
r2/2t

Therefore, the kernel &k} (x,y) has a singularity if = y (for d > 1) and the integral

fi(x) = [ Kk (z,y)v(dy)
]Rd

is not well defined for all measures.

Definition 1.8 (see [16]). A measure v is a measure of Kato’s class if
lim sup / kY (z,y)v(dy) = 0. (1.7)
t10 zerd JRA

It follows from (1.4) that a measure v satisfies the condition (1.3) if and only if it
belongs to Kato’s class.

Remark 1.9. A measure v satisfies the condition (1.7) if and only if

sup/ v(dy) < oo, whend=1;
z€R J|z—y|<1

1
lim sup / In v(dy) =0, whend =2;
€10 zeR?2 |z—y|<e ‘aj - y‘

lim sup / |z — y*~v(dy) =0, whend > 3.
el0 yeRrd |lz—y|<e
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The proof is a slight modification of that for the case of v(dx) = f(x)dx given in [1],
Theorem 4.5 (see also [22], Exercise 1 on p. 12). Here f is a non-negative Borel
measurable function. We use the representation (1.6) in the proof.

Example 1.10. Letd = 1. For eachy € R?, the measure v = 0, belongs to Kato’s class
and corresponds to the W-functional

.1t
Li(y) = lim —/ Lpy—c yte) (ws) ds,
0

which is called the local time of a Wiener process at the point y. Assume that v is a
measure of Kato’s class. This means now that sup,cp v([x,x + 1]) < co. Then (see [21],
Ch. X, §2) the corresponding W-functional can be represented in the form

AL = /R Li(y)v(dy).

Remark 1.11. Ifd > 2, then §, does not belong to Kato’s class. This is in consistency
with the well-known fact that the local time at a point for a multidimensional Wiener
process does not exist.

Example 1.12. Ifv(dy) = f(y)dy, where f is a non-negative bounded function, then v
is a measure of Kato’s class and A} = fg f(&s)ds.

Example 1.13. Let S C RY be a compact (d — 1)-dimensional C*-manifold. Denote by
os the surface measure. Then for any non-negative bounded function f, the measure
v(dy) = f(y)os(dy) belongs to Kato’s class.

Example 1.14. Let d > 2. Assume that a measure v is such that
Jk,y>0Ve € RTVp e (0,1]:  v(B(z,p))<kp? 2.

Then (c.f. [5], §2)
3e = c(d,y) Vz € R*Vp € (0,1] : / |z — y|?~v(dy) < ckp?.
B(x,p)

This inequality together with Remark 1.9 yields that v is a measure of Kato’s class. In
particular, the Hausdorff measure on the Sierpinski carpet in R? is such a measure (see
[5], Example 2.2).

We will need the uniform estimates on the moments of a W-functional.

Proposition 1.15 ([13], Ch. II, §6, Lemma 3). Forallm > 1,t > 0,

m
sup E;(A4:)™ < ml! (sup ft(x)) . (1.8)
zeR4 zeR4

Making use of this proposition one can easily obtain the following modification of
Khas’'minskii’s Lemma (see [14] or [22], Ch.1 Lemma 2.1).

Lemma 1.16. Let the W-function f; satisfies the condition (1.3). Let A; be the corre-
sponding W-functional. Then for all p > 0, ¢ > 0, there exists a constant C depending on
p,t, and || f;||oo such that for all x € R,

sup E,exp {pA;:} < C. (1.9
zeR4
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On differentiability of stochastic flow

By the definition of a W-functional, A} is measurable w.r.t. the o-algebra generated
by the Markov process. Since we have assumed that all the processes are continuous
and have the infinite life-times, we may assume that AY = AY(-) is a measurable function
defined on C([0,00), R?) that depends only on behavior of functions on [0, ¢] (if there is
no misunderstanding, sometimes we will consider A/ as a function on C([0,¢], RY)).

Let (vi(x))i>0 be a solution of (0.1) defined on a probability space (2, F, F;, P).
By P, denote the distribution of the process (p:(z)):>0. In Dynkin’s notation [8]
((pe(z))t>0, Ft, P) is called a Markov family of random functions (the measures P, are
measures on the space of continuous functions, the measure P is a probability on
(©,F)). The composition AY(¢.(x)),t > 0, is an additive functional of (¢:(z))¢>0 cor-
responding to the measure v. Note that A7 (¢ .(z)) is defined on (2, F,F:, P) for any
r € R4,

If the measure v belongs to Kato’s class, then the corresponding additive functionals
of (¢¢)¢>0 and the Wiener process are well defined. Denote the corresponding measur-
able mappings by A}"? and A}"". By the Girsanov theorem, for each = € R¢, the distribu-
tions of the processes (¢;(z)):>0 and (x + wy)¢>o are equivalent. The question naturally
arises whether the mappings A;"? and A;"" are the same. The answer is positive and it
is formulated in the next Lemma.

Lemma 1.17. Let v be a measure of Kato’s class. Then for any x € R,
AV (o (x) = AY¥ (9. (x)) P — almost surely.

Proof. For z € R%, denote by (w;(z)):>o the process (x + w;);>0. According to Theorem

1.7,
Auw( —11H1/ fh ws
10
Then by the Girsanov theorem,
A (p.(z)) =P hm/ filea@) % s, (1.10)
h10

where P-lim means the limit in probability.

It remains to show that the characteristics of f K Mds converge uniformly to
f]Rd v(dy) as h | 0 (see Theorem 1.5). This proof is routine and technical, so we
postpone 1t to Appendix. O

2 The main result

Let a be a bounded measurable function of bounded variation. Denote by Va the

matrix (g—;l) and for 1 < i,j < d, by p¥ the signed measure % Let p¥ =
g C7/1<4,5<d g ’
u+ — ¥~ be the Hahn-Jordan decomposition of u*. Further on we suppose that for

all 1 <i,j <d, the measure |p%| = p+ + p¥ belongs to Kato’s class.

By Theorem 1.7, there exist W-functionals A“ “ (we will denote the correspond-
ing mappings by A” jE( -)) with their characteristics defined according to the formula

ij,j:x _ W (e ij, £
@) = [k )

ij _ pidt ij,— — (AY
Denote Ay = A" — A7, Ay = (A )i<ij<a-

Remark 2.1. Assume that the measure 11/ can be represented in the form p" = g+ —
[ﬁ'j’ where it [ﬁ'j’ are from Kato’s class and are not necessarily orthogonal. Then
AR pnt Aﬁ” — ARTT
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Remark 2.2. Recall that the mappings Aij’Jr, Aij’f are continuous and monotonous in
t. So the function t — Ay’ is a continuous function of bounded variation on [0, T almost
surely.

The main result on differentiability of a flow generated by equation (0.1) with respect
to the initial conditions is given in the following theorem.

Theorem 2.3. Leta: RY — R? be such that forall 1 < i < d, a’ is a function of bounded
variation on R?. Put ¥ = ai 1 <i,j < d. Assume that the measures |p/|,1 < i,j < d,
belong to Kato’s class. Let Yt( ), t >0, be a solution to the integral equation

Vile) = B+ [ dA(ola) V(o) 2.1)

where E is the d x d-identity matrix, the integral on the right-hand side of (2.1) is the
Lebesgue-Stieltjes integral with respect to the continuous function of bounded variation
t = Ai(p(2)).

Then Y;(z) is the derivative of ¢,(x) in L,-sense: forallp >0, z € R%, h € R%, t > 0,

h) — p
EH%@+‘:) i) —Yi(2)h|| =0, =0, 2.2)
where || - || is a norm in the space R?. Moreover,

P{VE>0:¢i(-) € W, 0. (RERY), Vi (z) = Yy (2) for N-a.a. 2} = 1,
where ) is the Lebesgue measure on R?.

Remark 2.4. The differentiability was proved in [10, 20]. We give a representation for
the derivative. Note that the Sobolev derivative is defined up to the Lebesgue null set.

Remark 2.5. Consider the non-homogeneous SDE

{ dpi(z) = a(t, pi(z))dt + dw,
vo(z)

x.

Similarly to the arguments given in Section 1 a theory of non-homogeneous additive
functionals of non-homogeneous Markov processes can be constructed. All the for-
mulations and proofs can be literally rewritten with natural necessary modifications.
Unfortunately, there are no corresponding references, therefore we did not carry out
the corresponding reasonings.

Consider examples of functions a for which ||, 1 < i, j < d, are measures of Kato’s
class.

Example 2.6. Let foralll < z‘ < d, a' be a Lipschitz function. By Rademacher’s theorem
[9] the Frechét derivatives "’ a exist almost surely w.r.t. the Lebesgue measure.
It is easy to verify that they are bounded and the Frechét derivative coincides with the
derivative considered in the generalized sense. Then |1*/| belongs to Kato’s class.

Let now h € C*(R?¢ R%), D be a bounded domain in R? with C* boundary D. Put
a(z) = h(x)1,ep. It follows from Example 1.13 that for all 1 < i,j < d, |u"| is a measure
of Kato’s class because (cf. [24])

g da .
u(dx) = g(x)]lxepdx + h*(x) cos(n;(x))osp(dx),
J
where n(z) = (n1(z),...,nq(z)) is the outward unit normal vector at the point x € 9D.
ECP 19 (2014), paper 45. ecp.ejpecp.org
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Condition (1.7) is also satisfied by the measure generated by a being a linear combi-
nation of the form

ho(x) +th(x)]]-m€Dka (23)
k=1

where hg € Lip(R%, R%), h;, € C* (R4, R%), 1 < k < d, Dy, is a bounded domain in R¢ with
C" boundary.

Further examples of a can be obtained as the limits of sequences of the functions of
form (2.3).

In one-dimensional case all the functions of bounded variation generate measures
belonginig to Kato’s class (see Example 1.10).

See also Example 1.14 showing that if || are “Hausdorff-type” measures with a
parameter greater than (d — 1), then a satisfies assumptions of the Theorem.

The idea of the proof of Theorem 2.3 is to approximate the solution of equation
(0.1) by solutions of SDEs with smooth coefficients. The definition and properties of
approximating equations are given in Sections 3, 4. The proof of the Theorem itself is
presented in Section 5.

3 Approximation by SDEs with smooth coefficients

Forn > 1,let g, € C§°(R%) be a non-negative function such that [, gn(z)dz = 1, and

gn(x) =0, || > 1/n. Put

1) = (g 0)(0) = | gala = paly)dy, @ €RY, =1, (3.1
R4
where the function a satisfies the assumptions of Theorem 2.3. Note that

Sup [|anoe < flaflco, (3.2)
n

and a, — a, n — o0, in LUOC(]R‘I). Passing to subsequences we may assume without loss
of generality that a,(z) — a(z), n — oo, for almost all  w.r.t. the Lebesgue measure.
Consider the SDE

don () = an(@n,t(x))dt + dwy,
Pn,t(T) (n,t( d)) t (3.3)
(pn,o(l') =T, TEc R,
Put Va,, = (g‘:;) . Denote by Y, (=) the matrix of derivatives of ¢, ;(z) in z, i.e.,
%5 J1<i,j<d ’
Y,jft(x) = a@gigfz). Then Y, ,(z) satisfies the equation

t
Yoo(x) = B+ / Vatn (9. ()) Yo o (2)ds, 3.4)
0

where F is the d-dimensional identity matrix.
Lemma 3.1. Foreachp > 1,

1) for allt > 0 and any compact set U € R4,

sup_ (B[l (@) + lpe(2)II7)) < oo;

zeU, n>

2) forallz € RY, T >0,

E ( sup ||pni(z) — apt(m)Hp) —0asn — oo,

0<t<T

where || - || is a norm in the space R“.
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Proof. Statement 1) follows from the uniform boundedness of the coefficients and the
finiteness of the moments of a Wiener process; 2) is proved in [18], Theorem 3.4. O

For 1 < i,j < d, put u¥ = g% By the properties of convolution of a generalized
function (see [24], Ch. 2, §7),

Va, =Vaxg,.

Foreachn > 1,1 <i,j <d, put p/* = "% xg, and p§ = piJ* — i~ (c.f. Remark 2.1).
Then, according to Theorem 1.7, there exist W-functionals Aﬁf,’ti of a Wiener process on

R? which correspond to the measures ;%** and have characteristics of the form
£ @) = [ i), 1< 0 <d (3.5
Ra

The functional Aff;t = Afff — AY is given by the formula

n,t

B t g i
A;{t:/ g‘;”(wu)du (3.6)
0 J

(see Example 2).

Lemma 3.2. ForeachT >0,z € R% ¢>0,1<4,j<d,
Po(a) { sup ’Aifti - Aij’i‘ > 5} — 0, n — oo,
0<t<T
where P, is the distribution of the process (x + w¢)¢>o-

The following simple proposition used for the proof of Lemma 3.2 is easily checked.

Proposition 3.3. Letv,v,, n > 1, be from the Kato class, f, f,, n > 1, be the character-
istics of the corresponding W-functionals of a Wiener process, and the representation
Vn, = gn * v hold true. Then the relation f, ; = g, * f; is fulfilled.

Proof of Lemma 3.2. To prove the convergence of functionals in mean square it is suffi-
cient to show that foreach 7' >0, 1 <1,5 <d,

lim sup sup |f77F(2) — f5F (@) =0 (3.7)
N0 0<t<T zeRd
(see Theorem 1.5). Then the uniform convergence in probability follows from Proposi-
tion 1.6.
For each 0 < § < t,

sup fi’;’ti(x)—ffj’i(m)‘ = sup | | k(@) (1™ (dy) —u”’i(dy))’ = I* + 117,
where
I* = sup / (i (dy) — p* (dy)) /6 . eXp{—|yI2}ds (3.8)
verd |Jra o (2ms)d/? 2s 7
I+ = sup /Rd (ni = (dy) — "% (dy)) /; (2ml)d/2 exp {—ly ;f”Q } ds’ .
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We have

§ 2
' 1 |y — ||
It < J\(d _— A
= reme /R | y)/o (2ms)/? eXp{ T

s 2
1 ly — ||
| (d S Bt O S
j;l}}gd/m |1 |( y)/0 RLE exp{ s s=1+ I

Because of the condition (1.7), for each £ > 0, we can choose § so small that I5 is less
then /4. To obtain the same estimate for I, note that by the associative, distributive
and commutative properties of convolution (see [24], Ch. II, §7),

I = sup (|pn| * ks)(2) < ((|u] * gn) * ks) () = sup (|ul * (gn * k5)) () =

z€R4 z€R4
sup (] * (ks * gn)) (@) = sup (|l  ks) * ga) (@) < sup (ju| ks) (2) = I» < /4.
z€R? z€R4 z€R?

We get I+ < g/2.
Consider IT*. The functions

t 2
d i 1 =yl
i, + — E(d — d
%,t (.’L') . ‘/]Rd /’L ( y)A (27T8)d/2 exp{ 25 S

are equicontinuous in z for ¢ € [§, T]. We have

- "
sup II* = sup sup (g5 * gn)(2) — g5/ ()] = 0, n — oo.
s<t<T §<t<T zcR4
Then there exists ng such that for all n > ng, sups.,.p [T < /2. O

Lemma 3.4. ForeachT >0, t € R%, ¢>0,1<1i,j <d,

p{ s |43 (o) - A7 (ol > 2] 0, m s o
o<t<T |

For the proof we make use of the following proposition

Proposition 3.5. Let X,Y be complete separable metric spaces, (2, F, P) be a prob-
ability space. Let measurable mappings &, : @ — X, h, : X — Y, n > 0, be such
that

1) &, — &, n — oo, in probability;
2) h, — hg, n — 0o, in measure v, where v is a probability measure on X;

3) for alln > 1 the distribution Py, of &, is absolutely continuous w.r.t. the measure v;

Pe,,

4) the sequence of densities {% : n > 1} is uniformly integrable w.r.t. the measure

V.
Then h,,(&,) — ho(&), n — oo, in probability.
The proof can be found, for example, in [7], Corollary 9.9.11 or [15], Lemma 2.

Proof of Lemma 3.4. Fix T > 0 and z € R? Since ©Yt, Ynt, n > 1, are measur-
able functions of a Wiener process, we may assume without loss of generality that
Q = C(0,T],RY), F = of{w, : 0 <t < T}, P =P is the Wiener measure, and put
&n = (Pnt(@))gerer> S0 = (0e(2))gey<cps ¥ = Pyya) is the distribution of the process

(we(@)osi<r, X = C([0,T,RY), Y = C([0,T)), hif = ATF(), h§ = AP*(). Then
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{&, : m > 0} is a sequence of random elements in the space (2, F,P) taking values on
C([0,T],R%). Lemma 3.1 entails the convergence &, — &, n — oo, in probability P
uniformly in ¢ € [0, T]. This implies the first assertion of Proposition 3.5.

According to Lemma 3.2, Aff;t — Aij as n — oo, in probability measure P, uni-
formly in ¢ € [0,7]. This means that h- — h*, n — oo, as elements of C([0,7]) in
measure P, ). So the second assertion of Proposition 3.5 is justified. The absolute
continuity of the distribution of (¢, ¢(x))o<t<r W.r.t. the measure P, ,) follows from

Girsanov’s theorem. The density is defined by the formula

d]P‘Pn(I) T 1 r 2
Br = AP = €xp (an(ws()), dws(z)) — 5 llan(ws(z))|[“ds ¢ .
w(x) 0 0
As
e 2 T 2
Eexpy g [ llan(ws(@))IPds p < exp q 5 sup [la(y)[]” ¢ < oo,
0 yeR?
where || - || is a norm in R¢, we have that for each p > 1,
T 2 [T
Eexp{p [ (an(wn(@).dun(@) - 5 [ fan(wsla))|Pds =1
0 0
(cf. [17], Theorem 6.1). The uniform integrability of the family {ffp"’i"(f? : n > 1} follows

from the estimate

T T
Eexp{p ( | e, vy -5 [ ||an<ws<x>>||2ds>}—

2

T T
Eexp{p | et @).w @) - [ ||an<ws<x>>||2ds}><

exp{;p? - [ ) ||an<ws<x>>|2ds} <
ex {7 — p)lanl T} Bexp {p [ (@utwe, a2 [ ||an<ws<x>>||2ds} -
0 2 0
exp (0" = PllanlZT} < exp {6 ~ p)all 2T}

valid for p > 1. Thus all the assertions of Proposition 3.5 are fulfilled and we have

sup_ |47 (pn(@)) = AP (pl@))] = 0, n— o0,
0<t<T

in probability P. The Lemma is proved. O

4 Convergence of the derivatives of solutions

Recall that Y;(z),Y,(x),t > 0, x € R, are the solutions of equations (2.1), (3.4),
respectively. In this section we show the convergence of the sequence {Y,, ;(z) : n > 1}
in probability uniformly in ¢. This together with Lemma 3.1 allow us to prove Theorem
2.3.

Lemma 4.1. 1) ForallT >0,z € R% p >0,

sup £ sup HYn,t(m)Hp < 00,
n>1 0<t<T
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2) ForallT >0, z € R%,p>0,

E sup ||Y(x)—Yi(x)||P — 0, n — oo,
0<t<T
where

V|| = max [Y¥].
1<i,5<d

For the proof we need the following two propositions. The first one is a version of
the Gronwall-Bellman inequality and can be obtained by a standard argument.

Proposition 4.2. Let x(t) be a continuous function on [0, +c0), C(t) be a non-negative
continuous function on [0, +o00), K(t) be a non-negative, non-decreasing function, and
K(0)=0. Ifforall0<t<T,

xz(t) < C(t)+

b

/Ot x(s)dK(s)

then

o1) < (s ) exp{ ().

0<t<T

Proposition 4.3. Forallt >0,p > 0,1 <1,j < d, there exists a constant C such that

sup sup B (exp {pA77 (a(@)) | + exp {pAP*(o(2)) }) < C. a.1)

z€RI n>1

Proof. The statement of the Proposition follows from Lemma 1.16 and the inequalities
(1.4), which allow us to obtain the estimates uniform in n > 1. O

Proof of Lemma 4.1. For all t > 0, define the variation of A" on [0, ] by
Var 4) (p(2)) == A7 (@) + A7 (p(2)),

and put N
Var A (p(x)) := Si1<;,j<a Var A (p(z)).

The variations of A,, ;(vn(z)), n > 1, are defined similarly.
The proof of 1). We have

t
W) < 15| [ @ns(alo)) Vo)
Making use of the Gronwall-Bellman lemma we get

Yot ()] < exp {Var Ay, +(pn(2))} < exp {Var Ay (pn(2))} - (4.2)

The statement 1) follows now from the estimate (4.2) and Proposition 4.3.
The proof of 2). We have

<1t [ Yol d(Var A, u(a).

|m,t<x>—n<z>|sH [ @ nte) - da(o@)) Vet +

’ / (A s (2n(@)) = dA(p(2))) Yi(a)

By Proposition 4.2,

/0 (o)) (Vo) — ys(x))H .

T / 1Voa(2) — Ya(@)]| d (Var A, o(0(x))

[Ynt(2) = Yi(z)|| < sup
0<u<t

/Ou (dAn,s(on (7)) — dAs(p(2))) Ys(@) || exp {Var An i (pn(2))} -

(4.3)

To estimate the right-hand side of (4.3) we make use of the following Proposition.
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Proposition 4.4. Let {g, : n > 1} be a sequence of continuous monotonic functions on
[0,7T], and f € C([0,T]). Suppose that for each t € [0,T], g,(t) — g(t), asn — oco. Then

/f g (s /f )dg(s)

sup — 0, n — oo.

t€[0,T]

We get

sup
0<u<t

exp {Var 4, ¢(pn(2))} <

/ * (A (on (@) — dAL(p(2))) Yala)

sup
0<u<t

exp {Var A, +(on(2))} +

[ (@ o) = At (eta) Vit

sup
0<u<t

exp{Var A, :(pn(z))}. (4.4)

/ " (447 (pu(e)) — dAT (9(2)) Ya(a)

Consider the first summand in the right-hand side of (4.4). Put g,(s) = A}  (¢n(z)),
g(s) = Af(o(x)), and f(s) = Ys(x). Then Lemma 3.4, Proposition 4.3, and Proposition
4.4 provide that

sup
0<u<t

exp{Var A, ¢(pn(z))} = 0as n — oo,

[ @4 ente) - daz (o) Yito)

in probability. Similarly it is proved that the second summand in the right-hand side of
(4.4) tends to 0 as n — oo.
This and statement 1) entail statement 2) of the Lemma. O

5 The proof of Theorem 2.3
Proof. Define approximating equations by (3.3), where a,, n > 1, are determined by

(3.1). From Lemma 3.1 and the dominated convergence theorem we get the relation

E sup [ [h,(0) = ¢i(@)Pde 0, 0 - oc,
telo,7]1JU ’

valid for any bounded domain U c R%, T'>0,p>1,and1 < i <d.Soforeachl < i <d,

there exists a subsequence {n! : k> 1} such that

sup / ol (z) — ¢i(z)[Pdz — 0 as. as k — occ.
t€[0,T) Wt
Without loss of generality we can suppose that
sup / |l (x) — @i(x)|Pdz — 0 a.s. as n — oo. (5.1)
te[0,T) ’
Arguing similarly and taking into account Lemma 4.1 we arrive at the relation
sup / |Y;Jt(x) — Y (z)[Pdz — 0, n — oo, almost surely, (5.2)
te[0,T]

which is fulfilled forall 1 < 4,5 < d,p > 0.

Since the Sobolev space is a Banach space, the relations (5.1), (5.2) mean that Y;(z)
is the matrix of derivatives of the solution to (0.1).

Let us verify (2.2). We have for all z,h € R%, a € R,

Ont(x+ ah) = @ / Y, (x + uh)du.
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It follows from Lemmas 3.1 and 4.1 that
«
ot(z + ah) = p(z) + / Yi(x + uh)du. (5.3)
0

The following lemma implies the relation
Vyo € R?: Yily) = Yi(wo), v — vo, (5.4)

in probability and hence in all L,,. This completes the proof of the Theorem, as (5.3) and
(5.4) implies (2.2). O

Lemma 5.1. Let v be a measure of Kato’s class. Then foranyt >0, zo € R% ¢ > 0,
P {[A7 (p(2)) — Af (p(20))| > €} — 0 as z — zo. (5.5)

Proof. For e € R?, denote by v, the shift of the measure v by the vector e, i.e. for each
A C R4,

Ve(A) =v(z:x—e € A).

Then
A7 (p(x)) = A7 (¢p.(2) — x + o).

Note that for fixed = and z, the process (&;):>0 := (¢¢(x)—x+x0)+>0 can be considered as
a Markov process starting from zy, and its distribution is equivalent to the distribution
Py (ao) Of the Wiener process starting from x,. Indeed,

t
€ = z0+ / a(€,)ds + w(t),
0

where a(y) = a(y +x — o). Similarly to the proof of Lemma 5 it can be checked that the

family of the Radon-Nikodym densities {%%, x € ]Rd} are uniformly integrable
w(xq

with respect to P,,). By Proposition 3.1 and Lemma 3.5 to prove (5.5) it suffices to
verify that

AT (w(wo)) — AY (w(xo)), & — xo, in probability PP. (5.6)

By v (dy) = 1}, <rv(dy) denote the restriction of the measure v to the ball {y :
w 14 w V(R)
ly| < R}. Put fi*(y) = BEAY (w(y)), fg.(y) = EAY " (w(y)). Then

(R)

BAY ™ (w(y)) = [ (y+ 2 — x0), BAT " (w(y) = f,(y -+ — o).

It is easy to see that the function (s,y) — fg,(y) is uniformly continuous in (s,y) €
[0,%] x R?. So by Theorem 1.5 we have the convergence in probability

(R)

A0 (w(y)) — AY

(R)

(w(y)), = = o, (5.7)

for any y € R%.
It follows from [8], Theorem 8.4 that for any R > 0 and y € R? we have the equality

(R)

Ay (w(y)) = AY (w(y)) a.s. on the set {sup,c(o 4 [y + ws| < R}. This together with (5.7)
entails (5.6). O
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6 Appendix: The proof of Lemma 1.17

Note that Bl (¢(z)) = fg Mds is a W-functional. Let us estimate its character-
istic.

EB! (o / files(@) / du/}Rd (/ ds/ U (2, )P (x z)dz) V(dy).

From the estimates (1.4) we obtain (see also the proof of Theorem 6.6. in [8])

EB} (p()) <

N B S RCTEC S RS A
Nh/ du/Rd (/O 1 T CEPE exp{—w}ds) v(dy) =
wif (/umzww p {-HE it =
L ([ el 252} )

IA{}IL/ (f(t+u)/2k( ) — f{fj/%(x)> du.

where K = K272(2/k)%?2, K = 2K2k'~4r. Taking into account (1.1), we get

fttrwy 26 (@) = foyor (@) = Ty )01 (@) < [ f0k Moo
By Proposition 1.15,
2
sup, E. (Bl(y))” < 2K? (H /2Ic||oo> : (6.1)
€

Therefore, the second moment of B!(y) is bounded uniformly in h. This implies the
uniform integrability and, consequently the convergence in L; holds in (1.10). Then the
characteristic of the functional A} (p(x)) is equal to

*hmIE/ fh 905

h10

If we show that
Fola) = / K (2, y)0(dy), 6.2)
Rd

then the statement of the Lemma follows from Proposition 1.4. We have, for each
0<d<t,

’E/ot wds - /Rd k‘f(%y)V(dy)’ <
/ Ii( 905 ))d5+/05 </}def(x7y)l/(dy)) ds+

‘ / fh ds—/(: <[def(x,y)v(dy))ds =TI+ II+1I1I.
Consider I. Arguing as in the proof of (6.1) we arrive at the inequality
I < 1f5)20llo-
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Making use of (1.4) and changing the variables we get

a2 gpy-arz 7" ! Iy
IT < 2K7%?(k) s @B P v(dy)
< 2K7rd/2(k)17d/2||fgu/2k||00'

For each ¢ > 0, the condition (1.7) allows us to choose ¢ so small that

I'<e/3, IT <e/3. (6.3)

[as [ vtan) [ wete.2) - et <,11 / hp:f(z,ymu) &

The measure % ( foh pﬁf(z,y)du) dz converges weakly to the J-measure at the point y.

Further,

IIT =

The function p?(x,y) is equicontinuous in y for s € [6,¢], = € R%. So

1 h
/ (p% (z,2z) — pf(x,y)) <h/ pif(z,y)du> dz—0, h 10,
R4 0

uniformly in x and s. Besides, from (1.4)

® ® 1 " w
| e =) ( i/ pu<z,y>du> =

K kllz — 2|? kllz — yl? ot 2K
/]RdW(eXp{_s + exp e E/o Pz, y)du dzgw.

By the dominated convergence theorem,

<

IIT—0as hlO. (6.4)

Now the equality (6.2) follows from (6.3) and (6.4). The Lemma is proved.
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