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Inequalities for permanental processes
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Abstract

Permanental processes are a natural extension of the definition of squared Gaussian
processes. Each one-dimensional marginal of a permanental process is a squared
Gaussian variable, but there is not always a Gaussian structure for the entire process.
The interest to better know them is highly motivated by the connection established
by Eisenbaum and Kaspi, between the infinitely divisible permanental processes and
the local times of Markov processes. Unfortunately the lack of Gaussian structure
for general permanental processes makes their behavior hard to handle. We present
here an analogue for infinitely divisible permanental vectors, of some well-known in-
equalities for Gaussian vectors.
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1 Introduction

A real-valued positive vector (¢;,1 < i < n) is a permanental vector if its Laplace
transform satisfies for every (o, as, ..., a,) in RY}

1 n
Elexp{—5 Y awi}] = |T + Gal ™/ .y
i=1

where I is the n x n-identity matrix, « is the diagonal matrix diag(w;)i<i<n, G =
(G(i,4))1<i,j<n and B is a fixed positive number.

Such a vector (¢;,1 < i < n) is a permanental vector with kernel (G(4,5),1 < i,j < n)
and index S.

Necessary and sufficient conditions for the existence of permanental vectors have been
established by Vere-Jones [14].

Permanental vectors represent a natural extension of squared centered Gaussian vec-
tors. Indeed for 8 = 2 and G positive definite matrix, (1.1) is the Laplace transform of
a squared Gaussian vector: a vector (n?,73, ...,n2) with (11,72, ...,n,) centered Gaussian
vector with covariance G.
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Inequalities for permanental processes

The recent extension of Dynkin isomorphism theorem [5] (reminded at the beginning
of Section 2) to non necessarily symmetric Markov processes suggests that the path
behavior of local times of Markov processes should be closely related to the path be-
havior of infinitely divisible permanental processes. The problem is that permanental
processes are new objects of study. The original version of Dynkin isomorphism the-
orem connects local times of symmetric Markov processes to squared Gaussian pro-
cesses. The successful uses of this identity (see [1], [12] or [3]) are mostly based on
inequalities specific to Gaussian vectors such as Slepian Lemma, Sudakov inequality, or
concentration inequalities. Hence the preliminary question to face, in order to exploit
the extended Dynkin isomorphism theorem, seems to be the existence of analogous
inequalities for permanental vectors.

Here we provide some answers to this first question. We establish in Section 2 a tool
(Lemma 2.2) to stochastically compare permanental vectors with index 1/4. The choice
of the index is due to technical reasons (see Lemma 2.1), but one notes that infinitely
divisible permanental processes are related to local times independently of their in-
dexes. The obtained tool allows then to present in Section 3, inequalities analoguous
to Slepian lemma for infinitely divisible permanental vectors and a weak version of Su-
dakov inequality in Section 4. In Section 5, some concentration inequalities are proved.

2 A tool

We will use the extension of Dynkin’s isomorphism Theorem [4] to non necessarily sym-
metric Markov process established in [5]. Consider a transient Markov process X with
state space E and Green function g = (g(z,y), (z,y) € E x E). We have shown that
there exists a permanental process (¢,,z € E), independent of X, with kernel g and in-
dex 2. We have proved that infinite divisibility characterizes the permanental processes
admitting the Green function of a Markov process for kernel. Let a and b be elements of
E. Denote by (L%, x € F) the process of the total accumulated local times of X condi-
tionned to start at a and killed at its last visit to b. Then the process (L% + %qﬁm, z € FE)
has the law of the process (3¢,,z € E) under the probability mm[%, .

Now let (¢, € E) denote a permanental process, independent of X, with kernel g
and index [ (such a process exists thanks to the infinite infinite divisibility of ¢). Then
similarly to the above relation, one shows that for every § > 0, the process (L2%* +
14, ¢ € E) has the law of the process (3., z € E) under the probability mE[%, ]

We start by showing the existence of a nice density with respect to the Lebesgue mea-
sure for permanental vectors with index 1/4.

Lemma 2.1. A permanental vector (yn,s,...,%,) with index 1/4 admits a density h
with respect to the Lebesgue measure on R™. Moreover h is C? with first and second
derivatives converging to 0 as |z| tends to 0.

Proof: Denote by /i(z) the Fourier transform of a permanental vector with index 2. Then
one checks that : [p, |/i(z)]*dz < co. Hence ju * ju * y1 * 1 admits a continuous density
with respect to the Lebesgue measure. We note then that: [;, |/i(2)[*|z]*dz < oo, which
thanks to Proposition 28.1 in Sato’s book [13] (p.190) implies that the density of ;*® has
a C? density with first and second derivatives converging to 0 as |z| tends to 0. O

Let G be a n x n-matrix such that there exists a permanental vector with index 1/4 and
kernel G. For any measurable function F' on R”, E¢[F())] denotes the expectation with
respect to a permanental vector with kernel G and index 1/4. We define a functional F
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on such matrices G by setting
F(G) = Eg[F(¢)]

We denote by C;(G) the entry Gy;.
We now compute the derivatives of 7 with respect to C};. We have the following lemma.

Lemma 2.2. Let ¢ = (¢, )1<k<n be a permanental vector with kernel
(G(zk,x;),1 <k,j <n) and index 1/4. Let F' be a bounded real valued function on R,
admitting bounded second order derivatives. We have then:

0 P OF 0*F

50 EelF () = Bl - ()] + 3Bl Gp ()

)]. (2.1)

Assume moreover that v is infinitely divisible. For k # j, we have:

0 (A N 0’F
5, BolF ()] = 40y, 2Eal 5 (5 +

’ + L)), (2.2)

where L*"* is a vector independent of ¢ with the law of the total accumulated local
time of an associated Markov process conditionned to start at x; and killed at its last
visit to xj..

Remark 2.2.1: Note that (2.2) completes the extended version of Dynkin isomorphism
theorem presented above. Indeed this extended version involves the process L only
for a = b, whereas in the symmetric case, according to the isomorphism theorem for
a # b, (L + $n?) has the same law as $7? under E[nam, -], where 7 is a centered
Gaussian process with covariance G.

1
E[T]a nb]

Proof of Lemma 2.2 : Thanks to Lemma 2.1, we know that ¢//2 admits a nice density
h(z, G) with respect to the Lebesgue measure on R". Moreover, we have:

1

/ e ISEAXT —iGA TN,

(2.1) We have

I —i)G|™* = —4|T —iGX 5 I—zG)\
aC

Developing with respect to the k*" line and then deriving with respect to Cy;, gives

ac —— T —iAG|™* = 44| T — iGN\ 75\ |T — iGA™, (2.3)

where for any square matrix 4, we denote by |A|*/ the determinant of the matrix ob-
tained by deleting the k' line and the j** column. We remark then that

[T —iGAFF = |T —iGA| — )\k—\fszA\, (2.4)
hence
ac —— T —iGA™* = didg|[T — iGNt — 4iX2|T — iGA|~ 5 |I—zG)\|
= 4i\g|] — iGATH + 0N I—iG\
i\l =G +zkm| iex
EJP 18 (2013), paper 99. ejp.ejpecp.org

Page 3/15


http://dx.doi.org/10.1214/EJP.v18-2919
http://ejp.ejpecp.org/

Inequalities for permanental processes

but a%kﬁ — G| = LEg[ts, e? 2p=1*%p]  Consequently we obtain thanks to (2.3)
and (2.4)

(2,G) = / 4idpe” EAT — iGA| T4

1 . i
_5 / /\26—1<Z,A>EG [’(/}:L’kei D1 )\pwxp]dA

We have hence expressed 82}}; (z,G) in terms of the density of (¢, /2, ...,v,, /2) and of
hir the density of (¢, /2, ...,1,, /2) under W]szk, :
Tk

oh Oh a2hkk
5e, (# O =4z 0) + 4G(£Ek,xk)TZ’%(2’,G) (2.5)

Performing then several integrations by parts, one finally obtains (2.1).

(2.2) For k # j, we have:

oh 4i ; - S
ack'(z,G) = ﬁ/k Ape ™ EAZ (I —iGA) T — iGA[ . (2.6)
%l n

Indeed, we have

B
9Cr;

9
I — iGN ™ = —4|I — iGN "——|I — iG\
[ —iGA| |1 —iGA| ackj| iGA|

We develop first with respect to the j** column and derive with respect to C'k; to obtain:

I —iGX = (=1 (=i))Gy [T — iGA|M
F (=172 (—iN)) G [T — iGN 4 o A (= 1) (=i )Gy | T — iGAFT 4 .
hence
) , ) : . - . e .
aCn [T —iGA| = —i(=1)" NI —iGAM = —idi(I —iGA) ' [T — iGA
Consequently:
oh 4i NG e ia
= I<EA> (] — 11— .
50 0= oo / e (1 — iGN T — iGA|~4dA

Since v is infinitely divisible, we know that there exists a diagonal matrix

D = Diag(D(i),1 < i < n) with positive entries on the diagonal such that G = DGD~!
is a potential matrix (see [5]). Denote by L*** the local time process of the Markov
process X with Green function (7, conditionned to start at z; and killed at xj. This is
actually the local time process of the h-path transform of X with the function h(x) =

G(z, z), conditioned to start at ;. The Green function of this last process is

(G(xp,xq)%, 1 < p,q < n). Now note that this Green function is independent of
plk

D, and is actually equal to (G(xp,xq)gg:izg,l < p,q < n). To compute the Laplace

transform of L*i** we make use of a well-known formula (see e.g. [12] (2.173) but for

the Green function (G(xy, z4) gg“i’;;, 1 < p,q < n)), which gives:

Glaj, 2p)Ele Zim L = (1 —iGA)7'G)
Note that : (I —iG\)™! =1+ (I —iG)\)~*(iG)). Hence for k # j:

(I —iGN)5 = il(I —iGN) " G = iAi[(I — iGXA) " G
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We finally obtain:

(I = iGN = iMGlay, ) Ele ima Mol ™, 2.7)
Making use of (2.7), we have:
aacflij(zv G) = % /]Rn eTIEAZ NN Gz, 7)) Egle! 2= (5L,
which leads to on P
ij(z, G)= 4G(xj’xk)ﬁﬁjzj(z’ G) (2.8)

where h;, is the density of the vector (@ +Lz2"*,1 < p < n). One finally obtains (2.2)
after two integrations by parts. O

3 Slepian lemmas for permanental vectors

In view of Lemma 2.2, we see that in order to stochastically compare two permanental
vectors, we better have to choose them infinitely divisible. The problem is to find a
path from one vector to the other that stays in the set of infinitely divisible permanental
vectors. From the definition (1.1), one remarks that for a permanental vector there is
no unicity of the kernel. For an infinitely divisible permanental vector with kernel G one
can always choose a nonnegative kernel. Indeed, there exists a n x n-signature matrix
o such that oGo is the inverse of a M-matrix (see [5]). We remind that a signature
matrix is a diagonal matrix with its diagonal entries in {—1,1}. A non singular matrix
A is a M-matrix if its off-diagonal entries are nonpositive and the entries of A~! are
nonnegative. In particular all the entries of cGo are nonnegative. We can choose
(IG(i,4)|,1 <i,j <n) to be the kernel of .

Given two inverse M-matrices, the problem becomes then to find a nice path from one
to the other that stays in the set of inverse M-matrices. Unlike for positive definite
matrices, linear interpolations between two inverse M-matrices are not always inverse
M -matrices. This creates the limits for the use of the presented tool.

Here are some results of comparison of infinitely divisible permanental processes. The
proofs are presented at the end of the section.

Lemma 3.1. Let and 1[) be two infinitely divisible permanental vectors with index 1/4
and respective nonnegative kernels G and G such that for every i, j

G 1(i,§) > G714, ). (3.1)

Then for every function F' on R} such that
. O'F
Bzic’)zj

BF Zi 32F
*on T iez 20

> 0 for every i, j such thati # j

we have:

E[F(4/2)] < E[F(4/2)].

The proof of Lemma 3.1 will show that (3.1) implies that for every i, j G(i,j) < G‘(i,j).

Lemma 3.2. Let and 1[1 be two infinitely divisible permanental vectors with index 1/4
and respective nonnegative kernels G and G such that:

G~ (i, ) > G, ) (3.2)
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for every 1 < i,j < n. Then for every positive s1, So, ..., S,, we have:
POy (¢ > )] < PR (s > 50)]. (3.3)
If moreover: G(i,i) = G(i,i), for every 1 < i < n then

PNy (v < 50)] < PINy (4 < 54)- (3.4)

Under the assumptions of Lemma 3.2, we obtain for example:

. ’ < . ~"
EIF( Inf )] < BIF( inf ;)]
for every increasing function ' on R+ and when moreover G(i,7) = G(i,) for every i,
then

E[F( sup v;)] > E[F( sup ;)]

1<i<n 1<i<n

As a direct consequence of the work of Fang and Hu [8], one can stochastically com-
pare two infinitely divisible squared Gaussian processes. Indeed let (71,72, ...,7,) and
(71,72, ---, ) be two centered Gaussian vectors with respective nonnegative covariance
matrices G and G, such that > = (p%,73,...,n2) and 7> = (72,73, ...,72) are infinitely
divisible. We have then

If G~Y(i,7) > G~'(4,j) for every i, j,
then
E[F(n*)] > E[F (7%)]

for every increasing in each variable function F' on R .

With elementary considerations, this comparison extends to permanental vectors with
symmetric kernels and index 1/4. The above lemmas can be seen as extensions of this
relation to infinitely divisible permanental vectors with non symmetric kernels.

Lemma 3.3. Let ©» be an infinitely divisible permanental vector with kernel G and
index 1/4. Then for every diagonal matrix D with nonnegative entries, there exists
an infinitely divisible permanental vector ¢ with kernel (G + D). Moreover for every
positive s1, So, ..., S,, we have:

PN (¢s < 54)] > P[ ?:1(1;1‘ < 8;)]

and .
PNy (v > si)] < PNy (¥ > si)].

The following lemma is an immediat consequence of the fact that infinite divisibility
implies positive correlation (see [2]).

Lemma 3.4. Let be a n-dimensional infinitely divisible permanental vector with index
B and nonnegative kernel G. Let 1 be a n-dimensional permanental vector with index 3
and kernel D defined by
o 0 if 1#£7
DG, j) = { G(i,i) if i=j
Then for every positive s1, Sa, ..., Sp,, we have:

PN (¢ < 83)] > PN (45 < s5)]
and )
POy (¥ > s3)] = P[N7= (v > 1))

EJP 18 (2013), paper 99. ejp.ejpecp.org
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Proof of Lemma 3.1: The two matrices G and G are inverse of M-matrices: G =
¢(I — P)~'and G = &I — P)~', where ¢ and ¢ are positive numbers and P and P are
convergent matrices (i.e. nonnegative matrices such that p(P), p(]5) < 1). Note that c
and P are not unique in the decomposition of G. One can hence choose ¢ small enough
to have : ¢ < ¢. Consequently: Gi_j1 > G’Z_Jl implies that : P;; < PU, for every i, j. For 6
in [0, 1], define the convergent matrix P(§) by P(#);; = 6P;; +(1—6)P;;, and the constant
co by: ¢p = 0¢ + (1 — 0)c. Set then

G(0) = co(I — P(H)! (3.5)

The matrix G(0) is the kernel of an infinitely divisible permanental vector with index
1/4. Set:

f(0) = Ego)[F(4)] = F(G(0))

8Cs;(G(6 OP6) (i N _ P

We have: f/(0) = Y0,<; i< a2 (G(0)) 22552 Note that : 250 (i, j) = Py — Py > 0.
Hence for every integer k , (P(é)))k(z',j) is an increasing function of 8. Since ¢y is also
an increasing function of 6, we obtain: Mﬁ@)) > 0. Lemma 2.2 and the assumptions

on F lead then to: f/(f) > 0. In particular: f(0) < f(1), which means that: E¢[F(¢)] <
Eg[F (). B

Proof of Lemma 3.2 (3.3) Let N be a real standard Gaussian variable and p the density
with respect to the Lebesgue measure of N1y(. For e > 0, set:

x—c
€

Jee(®) = 1one + 119/ p(y)dy. (3.6)

—00

As ¢ tends to 0, f. . converges pointwise to 1|, ;). Note that on (—oo,c|, f. . is C? with
.c>0and f/. > 0.
Define the function F. on R™ by

Fo(z) = Tp_y fes, (2)- (3.7)

One can not directly use Lemma 2.2 for F. but thanks to (2.5), for any C kernel of an
infinitely divisible permanental vector with index 1/4, we have:

9 v
3011EC[FE(7)]

S oh
_ / Mo f. o (2)d20.don / o ({5 (2,C) +4C(1, )
n—1 0
.

82}111
92 (2,C)}dz

Note that we have:

0o oh 0?hyy
57 e A (2.0) +4C(L 1) T2, )
= (=0, A, 1)8;% e,
21
0%h1;
+ / o ()15 (2,€) + 4001, ) T 2. O
1

oh
= 4 (O)R(2,C)p 4 / h O ()1 = 1011 oy (0 GO
0

+ 401 1h(2,0) =0 fL,, (0 )+4CL1/ hi1(z,C)fL, (z1)dz
0
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by performing two integration by parts. We note then that the two densities A and
hq1 are connected as follows: 4C;1h11(2,C) = 2z1h(z,C). One obtains in particular:
4C, 1%z ) = h(z,C), which leads to:

Oz ‘z1:0 z1=0"’
Y
%11 EC[Fs(g)}

7o fe s, (2k)d2o...dzp {3 .5, (0)R(z, C)‘ZIZ0 + 4/ h(z, C)féys1 (21)dz1
0

- [
+4a4/ ha (2, C) 2, (1)dzn ).
0

Since h(z,C) = 0, one obtains:

|z1:0

HZ:gfa,sk(Zk)de--dZn/ h(z, O)ASL s, (1) + 21 fL 5, (21) b
0

-

Consequently: %HIEC[F‘E(%)] > 0. Similarly one obtains:

n—1
+

0 ()
Ec[F.(=)] >0, 3.8
s EelF(5)] > 0 (3.8)
forevery 1 < k <n.
Thanks to (2.8), one computes:
0 (0
Ec[F.(=
sor BolF(5)
n 0%ha
= 4C3, k=sfesi (2x)d23...dzp f6751(21)f6752 (22)8 P (2, G)dz1dz
R% 2 R2 210%3

= 402,1/ HE:SfE,Sk(Zk)dz3"'dzn{f€,51(O)f5,82<0)h271<z7C)|z1:22:0
RP—2

n
S1

4 Aam/ mwamhﬂﬁ@mm@+@&@/'mwam@ﬂﬂhwmﬁ
0 0
b [ hala O e f 2 de)
0 0

Note that: g 1(2,C), _.._, = ha1(2,C), _, = ha1(2,C)|__, = 0. Indeed, denote by L*
the local time process of the Markov process associated to C' conditioned to start at a
and to die at its last visit to b. Then we have: L2 > 0 a.s. and L’ > 0 a.s. We hence
obtain

l2g=

oo Eclr(Y)] (3.9

— 4Gy, / Moo (2)d2s. o / / han (2. OV f o, (1) fLs, (22)dz1dza)
R} 2 o Jo

which leads to: 35—Ec[F.(¥)] > 0.
Similarly one shows that for every i # j, %]Ec [F.(£)] > 0.

One uses then the matrices G(0) defined in (3.5) to obtain the conclusion similarly as in
the proof of Lemma 3.1 by dominated convergence.
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(3.4): Define the function Fe on R?} by:
H — fersu(z1)) (3.10)

where f. . is given by (3.6). Denote by fs,c the function (1 — f..). As ¢ tends to 0, F. (z)
converges to [T}_; 1o, <s,-
For every i, we have:

0 =
ac,, EC[FE(§

Indeed thanks to (2.8), for any C kernel of an infinitely divisible permanental vector
with index 1/4, we have, making use of the computations in the proof of (3.3)

0 = P
6011EC[F6(§

)] <0. (3.11)

)]

] = oh 9h
_ / nFo (2) o din / (1= fo =42 (2.0 + 40, 1) 2 (2 0y
R 0z 073

0

= 8011 Hfs Sk

e sz [ R CALL (2) + 21, (1))
R} 0

< 0
since 6011 [Hk 2 fe sk(%)] =0.
o) = Y
Eco|F.(=
o BolF( L)
- - - 0?ha 1
= 402,1 Hk=3.f€,$k (Zk)dzi%-"dzn f5731 (Zl)f5732(22) (Z,G)d21d22
-2 R2 021029
i +

_ 0 T 0 T U
= 8012EC[H fs,sk(7)] - WHEC[H f‘fvsk(7)] - 60 fE s H fa i (
k=3 k=2

~ 9%h
+402,1/ Z:gfe,Sk(zk)dZB‘"dzn/ f5,81(zl)f6,52(z2)8 82,1 (2, G)dz1dz2
]R172 ]R%r 21029
n 7 82h271
= 46'2,1 Hk:gfs,sk (Zk)dZSdZn fs,51 (Zl)fs,SQ(ZQ) (Z,G)d21d22
R"—2 R2 82182’2
+ ¥

- S2 S1
= 402,1 /]Rn—2 HZ:SfE,Sk(Zk)dZ?)"'dZTL/O A h271(z7C)fs/,sl(Zl)fe/,SQ(Zz)dzleQ}

+

%

0
thanks to the computations in the proof of (3.3). More generally, we obtain for every
iF ]

¥

2

0
0C;;
We keep definition (3.5) for G(0). Set: f(0) = Eq(g) [F.(1)], and for any kernel M of a
n-dimensional permanental vector with index 1/4: F.(M) = E[F.(¢)]. We have:

Ec[F.(5)] >0 (3.12)

Fo =Y 22 (o) 2D

00
1<i,j<n,i#j
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801,]' F

For i # j, we have: w > (. Besides thanks to (3.12): ggé_ (G()) > 0. We obtain:

/> 0on[0,1]. Hence: f(0) < f(1), which means for every ¢ > 0

EF.(¢)] < E[F.(¢)]

By letting € tend to 0, we finally obtain:
E[Nf=y (v < 5:)] < BNy (¢ < 84)]. O

Proof of Lemma 3.3: First we use the fact that GG is an inverse M-matrix hence for
every diagonal matrix D, (G + D) is still an inverse M-matrix (see e.g. [10]). Then for
0 in [0, 1], define the M-matrix G(0) by: G(0) = 6G + (1 — 6)(G + D), and the associated
function f on [0, 1]: }
f(0) = Eg o) [F=(¥)],

where Fg is defined by (3.10). Thanks to (3.11), one obtains the first inequality by
letting ¢ tend to 0. The second one is obtained similarly with F. replaced by F. (defined
by (3.7)). One concludes thanks to (3.8). O

4 A weak Sudakov inequality

Let (n.).cr be a centered Gaussian process with covariance function G. Define d on
E x FE by

dy(2,y) = (G(z,2) + G(y,y) — 2G(z,y))"/* = E[(n. — ny)*]"/?,

then d,, is a pseudo-distance on F.
Suppose that there exists a finite subset S of F such that for every distinct z and y
elements of S, d,(z,y) > u, then according to Sudakov inequality

E[supn,] > iu\/logISl‘ (4.1)
€S 17

We consider now a kernel G = (G(z, y), (z,y) € E x E), such that G is a bipotential. This
means that both G and G! are Green functions of transient Markov processes. This is
equivalent (see [6]) to the assumption that for any finite subset S of F, both G lsxs and
Gltsm are inverse of diagonally dominant M-matrices (a matrix (A;;)1<;,j<n is diagonally
dominant if for every i, Z;’Zl A;j > 0).

For (1., 2z € E) permanental process with index 1/4 admitting G for kernel, define the
function dg on E x E by

da(z,y) = (G(z,2) + Gly,y) — Gla,y) — Gly,2))"/>. (4.2)

As a consequence of [6], we know that d¢g is a pseudo-distance on E. When there is no
ambiguity, dg will be denoted by d.
Following [11], we define E[sup, 5 ¥] as being sup{E[sup,c  ¥;], F finite subset of E}.

Lemma 4.1. Let (¢,,z € E) be a permanental process with a kernel G and index 1/4.
Assume that:

(1) G is a bipotential and that for every x in S, G(z,z) = 1.
(2) S is a finite subset of E such that for every distinct x and y elements of S: G(z,y) < a.
Set: u = (2 — 2a)'/2. Then for every z,y in S: d(x,y) > u and

Elsup /¢] > ! u +/log |S].

z€S 1742
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Up to a multiplicative constant, permanental processes associated to Lévy processes
satisfy (1).

The proof of Lemma 4.1 is based on the following lemma.

Lemma 4.2. Let G be the inverse of a diagonally dominant M -matrix. Then for every
diagonal matrix D with nonnegative entries, G + D is still the inverse of a diagonally
dominant M -matrix.

Indeed, one already knows that G + D is an inverse M-matrix. This is Theorem 1.6 in
[10]. Making use of its proof, one easily shows that the M-matrix (G+D)~! is diagonally
dominant.

Proof of Lemma 4.1: We simply write: S = {1,2,...,n}. Set: a = sup,; G(i,j). We
have: a < 1.

Define the kernel G on S x S as follows: G(i,i) = 1 and for i # j, G(i,j) =

Set: G(A) = 6G + (1 — 0)G. For every 6 in [0,1], G(0) is a potential. Indeed, (0G + (1 —
0)Diag(b — a)) is a Green function (thanks to Lemma 4.2). Since this is also true for its
transpose, it remains a potential if we add the nonnegative constant (1 — #)a to each
entry (see e.g. [6]).

We use now the functions F. defined by (3.10) to define H. ((y:)1<i<n) = FE((\/@)lgign)),
and set: f(0) = Eg(g)[ﬁs(%)]. We compute f/(6).

re= 3 %Ecwﬂﬁa(%)}w
1<k,7<n J

Thanks to ~Lemma 2.2, we have: %MEg(Q) [ﬂ—s(%)} > 0. Besides note that that: W =
G(k,j) — G(k,j). We obtain:
o -
FO)= > ——BgelH(
< 0Cy;
1<k, j<n

Consequently we have for every ¢ > 0:

and in particular as ¢ tends to 0, one obtains:

Eg[sup /¢,] > E@[sug Viba)- (4.3)
S

zeS

Now, G is a covariance matrix, the corresponding vector v is the half sum of eight iid
squared centered Gaussian vectors with covariance GG. Denote by 7 a centered Gaussian
vector with covariance G. We have:

1
> —_Elsup i, 4.4
[Zlelg Vg 7 [Zlelgln 1] (4.4)

Note that for every distinct ¢ and j in S:
dg (i, j) = Bl — ;)7 = (2 - 20)"% = w.
Sudakov inequality (4.1) gives:
1
E[sup ;] > —uy/log|S].
€S 17
Consequently, we have obtained thanks to (4.4)

[sup Y] > %\/iu\/log|5|ﬂ
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5 Concentration inequalities for permanental processes

Here is a well-known concentration inequality for Gaussian vectors. There exists a
universal constant K such that for every centered Gaussian vector (7;)1<i<n

P[| sup n; — E[ sup n;]| > Kyo] < 2V’ (5.1)
1<i<n 1<i<n

where o = sup; <<, E[n? ]2,

The following two subsections present partial extensions of (5.1) to infinitely disivible
permanental vectors.

5.1 Sub-gaussiannity

According to [6] given a bipotential (G(z,y), (z,y) € E x E), G+ ¢ is positive definite.

_ G(z,y) G1+Gy . _
Set G; = ( CESIOTL (,y) € E x E), then =5~ is also p051tlve definite. Let n

(n:)zcE be a centered Gaussian process with covariance G1+G . Define d; on E x E by

di(z,y) = (2 — Gi(z,y) — Gi(y,x))Y? = E[(n, — n,)*"/%

Then d; is a pseudo-distance on F.
Note that G is the kernel of an infinitely divisible permanental process.

Proposition 5.1. Let (¢;);cp be a permanental process with kernel G; and index 2/d
with d integer and 1 < d < 8. We have then

Ec, [sup [v¢r — /ibs]] < KE[sup ] (5.2)
steE tcE

where K is an universal constant.
Moreover for every finite subset T of E/, and every u > 0, we have:

u?

50, -1 (5.3)

IPGJSFEPT|\/1E*\/1E|>K( [supmi] +u)} < (exp{

where p = sup, ;e di(s,1).

. Note that forevery s, tin T (,/ Gz"ﬁ, A /%)

has the same law as s (|[iul], [is]]) with (7e,72) = (0" )1<h<a, () 1<x<a), where

the couples (nt(k),ngk)), 1 < k < d, are i.i.d. with a centered gaussian law such that

En™] =1, Ep™] = 1 and E[n{*'5{"] = /G (%, 5)G1 (s, ). Hence

Uy w“
|\/G(t,t)\/( )|—f”77t Nsl| = Z\nk 1/2

One obtains for every A > 0

)\2
Ec, [exp(\* [V — Vb)) < Elexp( 5 Zmﬁ’ )P < Blexp( G ln” —nlH)P)

and consequently :
Elexp(\*[v/$r = Vs P)] < (1= A?6%(s, 1)~
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where §(s,t) = (2 — 21/G1(s,t)G1(t, s))'/%. Choosing \ = one obtains

Ecl[exp(*/M)?] <2,

which implies that (v/¢; —E(\/¢;),t € T) and (v — /s, t € T) are subgaussian relative
to the scale 59.

One obviously has: d;(s,t) < 6(s,t). But note also that: d(s,t) < v/2d;(s,t). Indeed for
every a, b in [0, 1]

a+b—2vVab < va+vVb—2Vab = a(l - vVb) +Vb(l—+a) <2—+a—Vb

and hence

1
53(s,0)’

a+b—2Vab<2— (a+Db).

Add 2 to each member of the previous inequality and obtain
2—2Vab <2(2—a—b).

Consequently (v/); —IE(\/4;),t € T) and (v/1; —+/1s,t € T) are also subgaussian relative
to the scale 5v/2d;. Proposition 5.1 is then a direct consequence of [11] Chapter 11,

p.316, Theorem 11.18 and Theorem 12.8. O

5.2 Lévy measure of infinitely divisible permanental vectors

The following concentration inequalities for infinitely divisible permanental vectors are
a consequence of a remarkable property of their Lévy measure.

Theorem 5.2. Let ) = (v;)1<i<n be an infinitely divisible vector with kernel
(G(i,4),1 <1i,j <n) and index 2. Then for any Lipschitz function f with constant o with
respect to the norm ||z|| = .7, |zi|, every y > 0, we have

4y? v

PIf(¥) ~ EF@)]| > ] < 2exp{—g min(— %, L

where M = sup; <;<,, G(i,1).

One obtains for example with the function f(u) =, _; |w

, the following inequalities

p ==t By o ) < (- miny, D) 5.4)
and
(2 1 i ) L in(22 2
P élilgn'G(i,i) - G | _E[élilgn'G(i’i) TG ]| > 22] < 2exp{—§ mln(ﬁ» E)}'
(5.5)

Proof: We use a result of Houdré (Corollary 2 in [9]) for infinitely divisible vectors X
without Gaussian component such that E[|| X||?] < o, and a Lévy measure v on R™ such

that for every k > 3
i k=21 ,
/ [l o (du) < / [l Pv(du), (5.6)
R» 2 R™

for some C' > 0, where ||.|| is the euclidian norm. For such vectors and any Lipschitz
function f with constant «, we have then thanks to Corollary 2 in [9], for every z > 0

207
av(2)’ aC

P[£(X) ~ ELF(X)]| > 2] < 2exp{ g min(
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with v(2) = [g.. |Jul[*v(du).
One can actually choose another norm than the euclidian norm and keep the same
result. We choose to take the norm : ||u|| = "7 | |u;.
We check now that (5.6) is satisfied. The expression of the Lévy measure v of ( )1<1<n
has been established in [5]. Indeed, this permanental vector is infinitely d1v1s1b1e hence
there exists a transient Markov process (Y3, ¢ > 0) with state space {1,2,...,n} and finite
Green function equal to (D(i)G(i,5)D(j)~*,1 < i,j < n) (D is a positive function), such
that for every

u;v(du) = L(;’Z) E“[L7 € duj,1 < j <n]
where (Lj, 1 < j < n) is the total accumulated local time process of Y and for 1 <i,j <
n, E¥ is the expectation under the condition that Y starts at i and is killed at its last

visit to j. In particular: E¥[L*] = G(i, k) (é((’fjj))

Denote by v(k) the quantity [g,, |[u||*v(du). We have:

(32w = (Y i) ) = 3 3 GBS L]

thanks to the definition of . We hence obtain

> G(i,§)G(,1) (5.7)

1<i,j<n

Similarly we have:

vik+1) =

l\JM—A

Zn: G(i,1)BY[ iLj)k]. (5.8)
i=1 j=1

For every i and for k£ > 2, we have thanks to Kac’s moment formula

n k
G(i, )E"[(Y_ L7)"] = G(i.1) > BT L]
Jj=1 (P1,p2,- k) E{L,...n}E m=1

= Z Z G(i, 0o (1)) G(Po(1)s Po(2))--G(Po(k-1) Po(k)) G (Po (k) ©)

(p1,p2,-,Pk) E{L,...,n}F €Sk

where Sy is the set of permutations of (1,2, ..., k).

Note that this computations are independent of D.

We use now the following necessary property for kernels of infinitely divisible perma-
nental vectors. For every 4, j, k in {1,...,n}, we have

G(i,5)G(j k) < G(i,k)G(3, ). (5.9
Indeed, denote by T}, the first hitting time of k by Y, then:
P [T}, < oc] = Ek}ék]] < 1, which leads to (5.9).

Hence for k > 2

n k_l

GG )E (> L) < > S Gl po) G oty ) [] CPotmys Potm)
i=1 (p1,p2s- Pk ) E{L,...,n}k 0ESk m—1

< M Z i) Ak, 3)I; (5.10)

where A(k,j) = {(p1,p2. ., pr)x0 € {1,....n}* xSk : pory = j} and M = sup, <<, G(i, 7).
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Note that for a fixed k, the sets A(k, j),1 < j < n form a partition of {(p1, ps,...,px) X0 €
{1,...,n}* x S}. Hence: 3°7_, |A(k, j)| = n* k!, which leads to: [A(k, j)| = n*~' k!, since
|A(k, j)| is independent of j. This leads with (5.8) and (5.10) to

v(k+1) < M Ink=1g1p(2)

which gives
v(k) < (Mn)*=2(k — 1) v(2).

Choosing C = Mn, we see that condition (5.6) is satisfied. We then remark that »(2) <
Lmn)? o
5 .
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