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Abstract

We investigate the convergence in distribution of sequential empirical processes of
dependent data indexed by a class of functions F . Our technique is suitable for pro-
cesses that satisfy a multiple mixing condition on a space of functions which differs
from the class F . This situation occurs in the case of data arising from dynami-
cal systems or Markov chains, for which the Perron–Frobenius or Markov operator,
respectively, has a spectral gap on a restricted space. We provide applications to
iterative Lipschitz models that contract on average.
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1 Introduction

The asymptotic behaviour of empirical processes has been studied for more than
60 years. The first rigorous result was the empirical process central limit theorem
for i.i.d. data, established by Donsker [22]. This theorem, conjectured by Doob [23],
made it possible to derive the asymptotic distribution of a large number of test statis-
tics and estimators that can be represented as functionals of the empirical process,
by an application of the continuous mapping theorem. Among the examples are the
Kolmogorov-Smirnov goodness of fit test, the Cramér-Von Mises ω2 criterion, and more
generally von Mises statistics.

Ciesielski and Kesten [6] were among the first to extend Donsker’s empirical process
CLT to weakly dependent data, studying the empirical distribution of remainders in the
dyadic expansion of a random number ω ∈ [0, 1]. Billingsley [5] proved the first general
result for dependent data, namely an empirical process CLT for data that can be repre-
sented as functionals of a mixing process. For an overview of the literature on empirical
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A sequential empirical CLT for multiple mixing processes

processes of dependent data, see Dehling and Philipp [19], Dedecker, Doukhan, Lang,
León, Louhichi, and Prieur [10].

Müller [37], and independently Kiefer [33], initiated the study of the sequential em-
pirical process, defined as

Un(x, t) =
1√
n

[nt]∑
i=1

(
1{Xi≤x}−F (x)

)
,

where F (x) = P (X1 ≤ x). The process Un(x, t) is also known as the two-parameter
empirical process. Kiefer and Müller showed that for i.i.d. data, the sequential em-
pirical process converges in distribution to a mean zero Gaussian process K(x, t) with
covariance structure

E (K(x, t)K(y, u)) = min(t, u)(F (min(x, y))− F (x)F (y)).

The limit process K(x, t) is called Kiefer process, or Kiefer-Müller process.
Komlós, Major, and Tusnády [34], refining a technique originally invented by Csörgő

and Révész [8], established the almost sharpest possible bounds for the error in the
approximation of the sequential empirical process by the Kiefer process in the i.i.d.
case so far. For an overview of this topic, see the book by Csörgő and Révész [9] or the
survey article by Gänssler and Stute [27].

Many authors have studied extensions of the sequential empirical process CLT to
dependent data, e.g. Berkes and Philipp [4] and Philipp and Pinzur [40] for strongly
mixing processes and Berkes, Hörmann, and Schauer [3] for S-mixing processes. Re-
cently, Dedecker, Merlevède, and Rio [13] proved strong approximation results for the
sequential empirical process of some stationary sequences, see also Dedecker, Mer-
levède, and Rio [14] in the case of functions of absolutely regular sequences. Dehling
and Taqqu [20] determined the asymptotic distribution of the sequential empirical pro-
cess in the case of long-range dependent data.

Recently, Dehling, Durieu, and Volný [18] have developed a technique to prove em-
pirical process CLTs for Markov chains and dynamical systems that do not necessarily
satisfy any of the standard mixing conditions. The technique has been extended by
Dehling and Durieu [16], Durieu and Tusche [26] and Dehling, Durieu, and Tusche [17]
to multivariate empirical processes and to empirical processes indexed by classes of
functions. Among the examples that could be treated by the new techniques are B-
geometrically ergodic Markov chains, dynamical systems with a spectral gap on the
transfer operator and ergodic automorphisms of the d-dimensional torus, for which
the empirical process CLT could be established. It is the goal of the present paper
to extend these techniques to the sequential empirical process, with a special focus on
B-geometrically ergodic Markov chain. To this aim, we shall develop a sequential em-
pirical CLT under multiple mixing (see definition in Section 2.2) that can be applied to
this situation.

To illustrate our results, we present applications to a number of concrete examples.
E.g., we establish a new sequential empirical process CLT for a class of Lipschitz mod-
els that contract on average; see Section 3.2. We also present an application to ergodic
torus automorphisms, and to expanding maps of the unit interval. These last two exam-
ples have recently also been investigated by Dedecker, Merlevède, and Pène [12] and
by Dedecker et al. [13], who obtained results similar to ours.

Sequential empirical process CLTs can be applied to the study of the asymptotic
distribution of change-point tests based on the empirical distribution function. Sup-
pose (Xi)i∈N is a stochastic process with marginal distribution functions µ1, µ2, . . ..

EJP 19 (2014), paper 87.
Page 2/26

ejp.ejpecp.org

http://dx.doi.org/10.1214/EJP.v19-3216
http://ejp.ejpecp.org/


A sequential empirical CLT for multiple mixing processes

Given the observations X1, . . . , Xn, we want to test the hypothesis H0: “the process
is stationary with marginal distribution µ” against the alternative HA: “there exists a
k∗ ∈ {1, . . . , n− 1} such that (X1, . . . , Xk∗) and (Xk∗+1, . . . , Xn) are both stationary with
different marginal distributions”. We propose the test statistic

Tn := max
0≤k≤n

sup
x

k

n

(
1− k

n

)√
n
∣∣Fk(x)− Fk+1,n(x)

∣∣,
where Fk denotes the empirical distribution function of the observations X1, . . . , Xk and
Fk+1,n denotes the empirical distribution function of Xk+1, . . . , Xn (set F0 = Fn+1,n = 0).
In order to determine the asymptotic distribution of Tn, we study the `∞(R × [0, 1])-
valued process Rn = (Rn(x, t))(x,t)∈R×[0,1] given by

Rn(x, t) =
√
nt(1− t)

(
F[nt](x)− F[nt]+1,n(x)

)
.

As proved in Section 4 (Proposition 4.1), assuming “convergence of the sequential em-
pirical process”, we obtain under the null hypothesis H0 that

Rn ;
(
K(x, t)− tK(x, 1)

)
(x,t)∈R×[0,1],

where K is the centred Gaussian process with covariance structure

Cov
(
K(x, t),K(y, u)

)
= min{t, u}

{ ∞∑
k=0

Cov
(
1{X0≤x},1{Xk≤y}

)
+

∞∑
k=1

Cov
(
1{X0≤y},1{Xk≤x}

)}
.

This process is also referred to as a Kiefer process. Applying the continuous mapping
theorem to the supremum-functional, we obtain the asymptotic distribution of the test
statistic Tn under the null hypothesis, that is

Tn ; sup
x∈R, t∈[0,1]

|K(x, t)− tK(x, 1)|.

Note that, in fact this result remains true for general F -indexed empirical processes,
(see Theorem 4.3).

The remainder of this paper is organized as follows: In Section 2, we recall some
definitions and give the statement of a sequential empirical CLT for multiple mixing
processes (Theorem 2.5). We also discuss an application of our general technique to
the situation of the ergodic automorphisms of the torus. In Section 3, as application, we
present sequential empirical CLTs for B-geometrically ergodic Markov chains (Theorem
3.5) and dynamical systems with a transfer operator having a spectral gap (Theorem
3.8). A concrete application of Theorem 3.5 to Lipschitz iterative models that contract
on average (Corollary 3.6) is also given in this section. The asymptotic distribution of
the test statistic Tn (Theorem 4.3) is given in Section 4. The proofs of the main results
are postponed to Section 5 and Section 6.

2 A Sequential Empirical CLT for Multiple Mixing Processes

2.1 Definitions and Notations

Let (X ,A) be a measurable space. For a positive measure λ on X and a λ-integrable
complex-valued function f on X , we will use the notation λf :=

∫
X f dλ. For s ∈

[1,∞), we denote by Ls(λ) the Lebesgue space of s-th power integrable complex-valued
functions on X . This space is equipped with the norm ‖f‖s = (λ(|f |s))1/s. Further, we
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denote the space of essentially bounded measurable functions on X w.r.t. λ by L∞(λ)

and the corresponding (essential) supremum norm by ‖ · ‖∞. Note that these norms
depend heavily on the choice of the measure λ; however throughout this paper it will
always be clear which measure we refer to.

Let (Xi)i∈N be an X -valued stationary stochastic process with marginal distribution
µ and let F be a class of real-valued measurable functions on X which is uniformly
bounded w.r.t. the ‖ · ‖∞-norm. For n ∈ N∗, we define the map Fn : F −→ R, induced by
the empirical measure, by

Fn(f) :=
1

n

n∑
i=1

f(Xi), f ∈ F .

The sequential empirical process of the n-th order of (Xi)i∈N is then the F × [0, 1]-
indexed process Un := (Un(f, t))(f,t)∈F×[0,1] given by

Un(f, t) :=
[nt]√
n

(
F[nt](f)− µf

)
=

1√
n

[nt]∑
i=1

(
f(Xi)− µf

)
, (f, t) ∈ F × [0, 1],

where [·] denotes the lower Gauss bracket, i.e. [x] := sup{z ∈ Z : z ≤ x}.
For fixed n ∈ N∗, we consider Un as a random element in the metric space `∞(F ×

[0, 1]) of bounded real-valued functions on F × [0, 1], equipped with the supremum norm
and the corresponding Borel σ-field. Since F × [0, 1] is uncountable, here we cannot
assume that Un is measurable and thus standard techniques of weak convergence do
not apply. We will therefore use the theory of outer probability and expectation (see
van der Vaart and Wellner [43]).

Let E∗X denote the outer expectation of a possibly non-measurable random ele-
ment X, let U be measurable, and let U,U0, U1, . . . take values in `∞(F × [0, 1]). We
define convergence in distribution or weak convergence Un ; U in `∞(F × [0, 1])

as the convergence E∗(ϕ(Un)) → E(ϕ(U)) of all bounded and continuous functions
ϕ : `∞(F × [0, 1]) −→ R. We say that the process (Xi)i∈N satisfies a sequential em-
pirical CLT if the process Un converges in distribution in `∞(F× [0, 1]) to a tight centred
Gaussian process.

Empirical CLTs usually require some bound of the size of the indexing class F . This
size is usually measured by counting certain sets, e.g. balls or brackets of a given ‖ · ‖s-
size, needed to cover F (c.f. Ossiander [38] and [43, p.83 ff.]). In our upcoming setting,
we will only deal with properties for functions of a restricted class which could be
disjoint of the class F . We thus need an adapted notion of bracketing numbers. This
notion was introduced in Dehling et al. [17].

Definition 2.1. Let (X ,A, µ) be a probability space. For two functions l, u : X → R

such that l(x) ≤ u(x) for all x ∈ X , we define the bracket

[l, u] := {f : X → R : l(x) ≤ f(x) ≤ u(x), for all x ∈ X}.

Let G be a subset of a normed real vector space (C, ‖ · ‖C) of measurable real-valued
functions on X . For given ε > 0, A > 0, and s ∈ [1,∞], we call [l, u] an (ε,A,G,Ls(µ))-
bracket, if l, u ∈ G and

‖u− l‖s ≤ ε
‖u‖C ≤ A, ‖l‖C ≤ A.

For a class of real-valued functions F on X , we define the bracketing number

N(ε,A,F ,G,Ls(µ))

as the smallest number of (ε,A,G,Ls(µ))-brackets needed to cover F .
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This notion of brackets allows to control the number of brackets needed to cover F
not only with respect to the decreasing size of the brackets in Ls-norm, but also with a
control of the increasing ‖ · ‖C-size of the bracketing functions as the Ls-norm goes to
zero.

2.2 Multiple mixing processes and the main result

In this section, we present a general result which will be applied to B-geometrically
ergodic Markov chains in Section 3. We consider stationary sequences (Xi)i∈N which
satisfy a multiple mixing condition with respect to some space of functions. Consider
some normed vector space (C, ‖ · ‖C) of functions on X . The multiple mixing condition is
defined as follows.

Definition 2.2 (Multiple Mixing Processes). We say that a process (Xi)i∈N is multiple
mixing with respect to C if there exist a real θ ∈ (0, 1), a real s ≥ 1, and an integer
d0 ∈ N such that for all p ∈ N∗, there exist an integer ` and a multivariate polynomial P
of total degree not larger than d0 such that∣∣Cov(f(Xi0) · · · f(Xiq−1), f(Xiq ) · · · f(Xip))

∣∣
≤ ‖f‖s‖f‖`CP (i1 − i0, . . . , ip − ip−1)θiq−iq−1

(2.1)

holds for all f ∈ C with µf = 0 and ‖f‖∞ ≤ 1, all integers i0 ≤ i1 ≤ . . . ≤ ip and all
q ∈ {1, . . . , p}.

As proved in Dehling and Durieu [16], multiple mixing processes satisfy a moment
bound which is particularly useful to establish empirical CLTs.

The approach developed here is useful when the indexing class F is different from
the space C. In the following we shall require the two following assumptions concerning
the processes (f(Xi))i∈N, where f : X −→ R belongs to (C, ‖ · ‖C).

Assumption 2.3 (Finite dimensional sequential CLT for C-observables). For any choice
of f1, . . . , fk ∈ C and t1, . . . , tk ∈ [0, 1]

1√
n

[nt1]∑
i=1

(f1(Xi)− µf1) , . . . ,

[ntk]∑
i=1

(fk(Xi)− µfk)

; N(0,Σ),

where N(0,Σ) denotes some k-dimensional normal distribution with mean zero and
covariance matrix Σ = (Σi,j)1≤i,j≤k.

Assumption 2.4 (Multiple mixing w.r.t. C). The process (Xi)i∈N is multiple mixing with
respect to C, and with parameters θ ∈ (0, 1), s ≥ 1, and d0 ∈ N.

To derive a CLT for an F -indexed empirical process, we now have to precise the
relation between the class F and the space C. Note that, in the particular case where F
is a subset of C, from Assumption 2.3 we can infer the finite dimensional convergence of
the process (Un)n∈N. Then, the tightness can be established under an entropy condition
on F that uses the usual bracketing number defined as in Ossiander [38]. Nevertheless,
in many examples, the functions of F do not belong to the space C. To overcome this
difficulty, we have to measure how the functions of F are well approximated by the
functions of C. We will use the bracketing numbers introduced in the preceding section
to obtain a control on the size of F which depends on the possibility of approximation
by the space C.

We can show the following sequential empirical CLT.
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Theorem 2.5. Let (X ,A) be a measurable space, let (Xi)i∈N be an X -valued stationary
process with marginal distribution µ, and let F be a uniformly bounded class of mea-
surable functions on X . Suppose that, for some normed vector space C of measurable
functions on X , Assumptions 2.3 and 2.4 hold.

If there exist a subset G of C which is bounded in ‖ · ‖∞-norm, C > 0, r > −1, and
γ > d0 + 1 such that∫ 1

0

εr sup
ε≤δ≤1

N2
(
δ, exp

(
Cδ−

1
γ
)
,F ,G,Ls(µ)

)
dε <∞ (2.2)

then the sequential empirical process Un converges in distribution in `∞(F × [0, 1]) to a
tight Gaussian process K.

Observe that for r′ ≥ 0, inequality (2.2) holds for all r > 2r′ − 1, if

N
(
ε, exp

(
Cδ−

1
γ
)
,F ,G,Ls(µ)

)
= O(ε−r

′
) as ε→ 0.

Note further, that the supremum in (2.2) appears in order to deal with the possible
non-monotonicity of the bracketing number.

Let us also mention that several classes of functions F which satisfy the condition
(2.2) with respect to a space of bounded Hölder functions are presented in Dehling et al.
[17]. Among these classes are indicators of rectangles, indicators of balls, indicators of
ellipsoids, and a class of monotone functions in dimension 1.

In this general setting of Theorem 2.5, we are unable to specify the covariance struc-
ture of the limit process. The next corollary shows that under additional conditions, the
limit process of Un is indeed a Kiefer process.

Corollary 2.6. In the situation of Theorem 2.5, assume further that

(i) Assumption 2.3 holds with covariance matrix Σ given by

Σi,j = min{ti, tj}
{ ∞∑
k=0

Cov
(
fi(X0), fj(Xk)

)
+

∞∑
k=1

Cov
(
fj(X0), fi(Xk)

)}
, (2.3)

(ii) there exists a constant D > 0 such that for all f ∈ G∪(G−G) and all ϕ ∈ F∪(F−G)∣∣Cov
(
ϕ(X0), f(Xk)

)∣∣ ≤ D‖ϕ‖∞‖f‖Cθk, (2.4)

Then the covariance structure of the limit process K is given by

Cov
(
K(f1, t1),K(f2, t2)

)
= min{t1, t2}

{ ∞∑
k=0

Cov
(
f1(X0), f2(Xk)

)
+

∞∑
k=1

Cov
(
f1(Xk), f2(X0)

)}
,

(2.5)

for all f1, f2 ∈ F , t1, t2 ∈ [0, 1].

The proof of Theorem 2.5 and Corollary 2.6 are given, respectively, in Section 5 and
Section 6.

Remark 2.7. A centred Gaussian process K with covariance structure (2.5) is often
referred to as a Kiefer process.

In Section 3, we will apply Theorem 2.5 to prove a sequential empirical CLT for B-
geometrically ergodic Markov chains, which is the main motivation of the paper. Before,
we would like to mention that other applications of Theorem 2.5 are possible.
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Ergodic Automorphism of the Torus Let T be an ergodic automorphism of the d

dimensional torus Td as introduced in Section 4 of Dehling et al. [17]. Following the
ideas of Dehling et al. [17], we can extend their theorem to a sequential empirical CLT.
Let G be a bounded subset of Hα(Td,R), α ∈ (0, 1], let µ = λ be the Lebesgue measure
on Td and assume further that F is a uniformly bounded class of functions from Td to
R. We denote by d0 the size of the biggest Jordan block of T restricted to its neutral
subspace. We can establish the following result which is not proved here.

Corollary 2.8. Assume that the class F satisfies the condition (2.2) for some γ > d0+1.
Assume further that there exist C > 0 and a > 0 such that for all f ∈ F and k ∈ N∗,
there exists gk ∈ G satisfying ‖f − gk‖1 ≤ k−1 and ‖gk‖ ≤ Cka. Then the sequential
empirical process given by

Un(f, t) =
1√
n

[nt]∑
i=1

(f ◦ T i − λf), f ∈ F , t ∈ [0, 1]

converges in distribution in `∞(F × [0, 1]) to a Kiefer process.

Note that both assumptions on F are satisfied e.g. if F is the class of indicators of
rectangles, balls, or ellipsoids (to see this, follow the proof of Proposition 3.2, 3.5 and
3.6 in Dehling et al. [17]).

This result is proved in details in Tusche [42] by application of Theorem 2.5. We just
notice here that, in this situation, the multiple mixing property holds (see Dehling and
Durieu [16]) and that Assumption 2.3 can be derived from the classical CLT (see Tusche
[42], Lemma 11.1). Further, assumption (ii) of Corollary 2.6 is not straightforward.
Instead, using the second assumption of the proposition, we can show that there exist
some c > 0 and θ ∈ (0, 1) such that for all f ∈ F and g ∈ Hα(Td,R), |Cov(f, g ◦ Tn)| ≤
c‖g‖αθn, which is sufficient to conclude as in Corollary 2.6.

Remark 2.9. As mentioned earlier, for ergodic torus automorphisms Dedecker et al.
[12] have investigated the sequential empirical process indexed by a class of the form
{1(−∞,t] ◦ f : t ∈ Rl}, where f : Td → Rl is fixed. Under some regularity assumptions
on f , and using techniques different from ours, Dedecker et al. [12] obtain weak con-
vergence to a Kiefer process. They also develop a tightness criterion (Proposition 3.13)
that can be applied to many other examples, e.g. those given in Dedecker and Prieur
[15].

Multiple Mixing of Lower Rate Processes of a lower mixing rate have been studied
by Durieu and Tusche [26]. They consider a multiple mixing condition w.r.t. the space of
bounded α-Hölder functions onRd, α ∈ (0, 1], where the term θiq−iq−1 in (2.1) is replaced
by a general term Θ(iq − iq−1) with a monotone decreasing function Θ : N → R+.
Under the condition that

∑∞
i=0 i

2p−2Θ(i) < ∞, they were able to establish an empirical
CLT. This could also be extend to a sequential version. Since it is not needed for our
application, we decide to not develop this very general setting here. We can just remark
that, in this situation, a stronger entropy condition will be needed. In particular, the
second parameter in the bracketing number which appears in (2.2) should be replaced
by a polynomial function of ε−1.

3 A Sequential Empirical CLT under Spectral Gap

We now present an application of Theorem 2.5 to establish a sequential empirical
CLT for Markov chain having a spectral gap property.
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3.1 B-geometrically ergodic Markov chains

In the following, let (Xi)i∈N be a time homogeneous Markov chain on a measurable
state space (X ,A) with a probability transition P and an invariant measure ν. We
assume that the Markov chain starts with initial distribution ν, i.e that the distribution of
X0 is ν. This makes (Xi)i∈N a stationary sequence. We also denote by P the associated
Markov operator defined by

Pf =

∫
X
f(y) P (·, dy).

Now, let (B, ‖ · ‖B) a Banach space of measurable functions from X to R. We will
assume that P is a bounded linear operator on B, and we denote by L(B) the space of
all bounded linear operators from B to B.

We will need the following properties on the Banach space B:

(A) 1X ∈ B and P ∈ L(B).

For some m ∈ [1,∞],

(B) B is continuously included in Lm(ν), i.e. there is a K > 0 such that ‖ · ‖m ≤ K‖ · ‖B.

Further we consider processes such that the action of the corresponding Markov oper-
ator on B satisfies

(C) ‖Pnf − (νf)1X ‖B ≤ κ‖f‖Bθn for some κ > 0, θ ∈ [0, 1), and all f ∈ B.

This property is often referred to as strong or geometric ergodicity with respect to B
(c.f. Meyn and Tweedie [36], Hervé [30], and Hervé and Pène [31]).

Remark 3.1. Note that condition (C) corresponds to a spectral gap property of P
acting on B, i.e. 1 is the only eigenvalue of modulus one, it is simple, and the rest of the
spectrum is contained in a disk of radius strictly smaller than one. Further, in this case
there exists a decomposition of the linear operator P in L(B),

P = Π +N,

such that Πf = (νf)1X is a projection on the eigenspace of 1, N ◦ Π = Π ◦N = 0, and

ρ(N) := limn→∞ ‖Nn‖1/nL(B) < 1, where ‖ · ‖L(B) denotes the operator norm on B.

We first show below that the conditions (A) – (C) guarantee a sequential finite di-
mensional CLT for functions in B.

Actually, we will establish a k-dimensional Donsker invariance principle, which of
course implies the desired result by a projection.

Proposition 3.2. Suppose that for some m ∈ [1,∞], (A), (B), (C) hold. Let k be a
positive integer and f1, . . . , fk ∈ B ∩ Ls(ν), with s = m/(m− 1). Then(

Un(f1, t), . . . , Un(fk, t)
)
t∈[0,1] ;W (3.1)

in (`∞[0, 1])k, where W :=
(
W1(t), . . . ,Wk(t)

)
t∈[0,1] is a centred Gaussian process with

covariances

Cov
(
Wi(t),Wj(u)

)
= min{t, u}

{ ∞∑
k=0

Cov
(
fi(X0), fj(Xk)

)
+

∞∑
k=1

Cov
(
fj(X0), fi(Xk)

)}
.

In particular this proposition shows that Assumption 2.3 holds with covariance struc-
ture (2.3).
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Proof. To prove this proposition, we will use a result of Dedecker and Merlevède [11].
An application of their Corollary 2 (see also Theorem 2 in Dedecker and Merlevède [11])
yields that a sufficient condition for the convergence (3.1) is that the centred random
vector Zi :=

(
f1(Xi)− νf1, . . . , fk(Xi)− νfk

)
satisfies

∞∑
i=0

E
(∣∣Z0||E(Zi|X0)

∣∣) <∞. (3.2)

Here | · | denotes the Euclidean norm on Rk. By Hölders inequality one has

E
(∣∣Z0||E(Zi|X0)

∣∣) ≤ E(|Zi|s)
1
s E
(∣∣E(Zi|X0)

∣∣m) 1
m .

The assumption that the fj belong to Ls(ν) gives that E(|Zsi |)
1
s < ∞. Applying (B) and

(C), we finally obtain

E
(∣∣E(Zi|X0)

∣∣m) 1
m

≤
k∑
j=1

∥∥E(fj(Xi)− νfj |X0)
∥∥
m
≤ K

k∑
j=1

‖P ifj − νfj‖B ≤ Kκ
k∑
j=1

‖fj‖Bθi,

which shows that (3.2) holds and thus proves the proposition.

Note that without the assumption that the fi belong to Ls(ν), it is still possible to
prove a finite-dimensional sequential CLT (Assumption 2.3) using the Nagaev method
consisting of operator perturbations. However, without fi ∈ Ls(ν) we do not obtain a
characterization of the covariance matrix (see Tusche [42] for details).

Now, to apply Theorem 2.5 to prove a sequential empirical CLT, we need to show the
multiple mixing property of (Xi)i∈N. To this aim, the following further condition on the
space B is useful.

(D) There exist C > 0 and ` ∈ N∗ such that, if f ∈ B and g ∈ B are bounded by 1, then
fg ∈ B and ‖fg‖B ≤ C max{‖f‖B, ‖g‖B}`.

Note that if B is a Banach algebra, condition (D) holds with ` = 2.
The following lemma is now a straightforward extension of Lemma 3 in Dehling and

Durieu [16].

Lemma 3.3. Under the conditions (A), (B), (C), and (D), (Xi)i∈N satisfies the multiple
mixing property w.r.t. B with d0 = 0 and s = m/(m− 1).

Eventually, observe that the second assumption of Corollary 2.6 is also satisfied as
it is shown by the following lemma.

Lemma 3.4. Under the conditions (A), (B), and (C), for all f ∈ B and all g ∈ Ls(ν), with
s = m

m−1 , we have

|Cov(g(X0), f(Xk))| ≤ C‖g‖s‖f‖Bθk.

Proof. Applying successively Hölder’s inequality, (B), and (C), we get

|Cov(g(X0), f(Xk))| ≤ E |g(X0)E(f(Xn)− νf |X0)|
≤ ‖g‖s‖P kf − (νf)1X ‖B
≤ C‖g‖s‖f‖Bθk.
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As a conclusion, we thus have the following sequential empirical central limit theo-
rem as a corollary of Theorem 2.5, Corollary 2.6, Proposition 3.2, and Lemma 3.3.

Theorem 3.5 (Sequential empirical CLT for B-geometrically ergodic Markov chains).
Let F be a ‖ · ‖∞-bounded class of functions from X to R. Assume that for some m ∈
[1,∞], the conditions (A), (B), (C), and (D) hold. If there is a ‖ · ‖∞-bounded subset
G ⊂ B such that (2.2) is satisfied with s = m/(m − 1), then the sequential empirical
process converges in distribution in `∞(F × [0, 1]) to a centred Gaussian process K with
covariance structure given by (2.5).

Now, let us give an example by applying Theorem 3.5 to random iterative Lipschitz
models.

3.2 Iterative Lipschitz models that contract on average

In this section, we assume that (X , d) is a (not necessarily compact) metric space
in which every closed ball is compact. Further we assume that X is equipped with the
Borel σ-algebra B(X ). Let {Ti, i ≥ 0} be a family of Lipschitz maps from X to X . We
consider the Markov chain with state space X and transition probability P given by

P (x,A) =
∑
i≥0

pi(x)1A(Ti(x)), x ∈ X , A ∈ B(X ),

where the pi are Lipschitz functions from X to [0, 1] which satisfy
∑
i≥0 pi(x) = 1 for all

x ∈ X . Thus, each step of the Markov chain corresponds to the application of one of
the maps Ti which is chosen randomly with respect to a probability distribution which
depends on the actual state of the chain. We assume that this model has a property of
contraction on average, that is that there exists a ρ ∈ (0, 1) such that∑

i≥0

d(Ti(x), Ti(y))pi(x) < ρd(x, y), ∀x, y ∈ X . (3.3)

Statistical properties of such models have been studied by Dubins and Freedman
[24], Barnsley and Elton [2], Hennion and Hervé [29], Wu and Shao [45], Hervé [30],
and by Hervé and Pène [31] in the case of constant functions pi and by Döblin and Fortet
[21], Karlin [32], Barnsley, Demko, Elton, and Geronimo [1], Peigné [39], Pollicott [41],
and by Walkden [44] in the case of variable functions pi.

As in many of the cited papers, we need the following technical properties. For some
fixed x0 ∈ X , suppose

sup
x,y,z∈X ,
y 6=z

∑
i≥0

d(Ti(y), Ti(z))

d(y, z)
pi(x) <∞, (3.4)

sup
x,y∈X

∑
i≥0

d(Ti(y), x0)

1 + d(y, x0)
pi(x) <∞, (3.5)

sup
x∈X

∑
i≥0

d(Ti(x), x0)

1 + d(x, x0)
sup

y,z∈X ,y 6=z

|pi(y)− pi(z)|
d(y, z)

<∞. (3.6)

Moreover assume that for all x, y ∈ X , there exist sequences of integers (in)n≥1 and
(jn)n≥1 such that

d
(
Tin ◦ . . . ◦ Ti1(x) , Tjn ◦ . . . ◦ Tj1(y)

)(
1 + d

(
Tjn ◦ . . . ◦ Tj1(x) , x0

))
→ 0 as n→∞ (3.7)

with pin(Tin−1
◦ . . .◦Ti1(x)) · . . . ·pi1(x) > 0 and pjn(Tjn−1

◦ . . .◦Tj1(y)) · . . . ·pj1(x) > 0. Note
that conditions (3.4) – (3.6) are verified when the family of maps Ti is finite and (3.7) is
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verified when (3.3) – (3.6) hold and each pi is positive. See Peigné [39] for a discussion
on these assumptions.

Under the conditions (3.3) – (3.7), Peigné [39] proved that the Markov chain has
an attractive P -invariant probability measure ν with existing first moment. We define
the stationary process (Xi)i∈N on X as the Markov chain with transition probability P
starting with distribution ν, that is X0 ∼ ν.

A central limit theorem for the empirical process associated to the Markov chain
(Xi)i≥0 was proved by Durieu [25] (see also Wu and Shao [45] in the case of constant
functions pi). The following theorem extends this result to the sequential empirical
processes.

For α ∈ (0, 1], we consider the space Hα(X ) of bounded α-Hölder continuous func-
tions on X with values in R, equipped with the norm

‖ · ‖Hα := ‖ · ‖∞ +mα(·),

where

mα(f) := sup
x,y∈X
x 6=y

|f(x)− f(y)|
d(x, y)α

.

Corollary 3.6. Let (3.3) – (3.7) hold, (Xi)i∈N be the Markov chain with transition prob-
ability P starting under the invariant distribution ν, and consider a ‖ ·‖∞-bounded class
of functions F . Let s ∈ (1, 2) and G be a ‖ · ‖∞-bounded subset of the space Hα(X ) for
some α < s−1

s such that (2.2) holds. Then the F -indexed sequential empirical process
(Un(f, t))F×[0,1] associated to the process (Xi)i≥0 converges in distribution in the space
`∞(F × [0, 1]) to a centred Gaussian process with covariance given by (2.5).

Proof. First, we introduce spaces of Lipschitz functions with weights that give the ge-
ometric ergodicity of the chain. For every α, β ∈ [0, 1], let Hα,β(X ) denote the space of
continuous function from X to R with ‖f‖Hα,β = Nβ(f) +mα,β(f) <∞, where

Nβ(f) = sup
x∈X

|f(x)|
1 + d(x, x0)β

and mα,β(f) = sup
x,y∈X ,x 6=y

|f(x)− f(y)|
d(x, y)α(1 + d(x, x0)β)

.

In particular, the space Hα(X ) := Hα,0(X ) is the space of bounded α-Hölder functions
from X to R and we have ‖ · ‖Hα,0 = 2−1‖ · ‖Hα . It is a subspace of Hα,β(X ) for all β > 0.
The following properties are straightforward and given without proof.

Lemma 3.7. For all α and β ∈ [0, 1],

(i) the space (Hα,β(X ), ‖ · ‖Hα,β ) is a Banach space which satisfies condition (A),

(ii) for every bounded functions f, g ∈ Hα,β(X ), we have that
‖fg‖Hα,β ≤ ‖f‖∞‖g‖Hα,β + ‖g‖∞‖f‖Hα,β ,

(iii) for every f ∈ Hα(X ) and g ∈ Hα,β(X ), we have that ‖fg‖Hα,β ≤ ‖f‖Hα‖g‖Hα,β ,

(iv) there exists a C > 0, for every f ∈ Hα,β(X ), f ∈ L
1
β (ν) and ‖f‖ 1

β
≤ CNβ(f).

Therefore condition (B) holds with m = 1/β as a consequence of (iv), and condition
(D) is satisfied due to (ii). Now, according to Theorem 1 in Peigné [39], we obtain for all
α, β ∈ (0, 1/2) with α < β that P is a bounded linear operator onHα,β(X ) which satisfies
condition (C).

We now apply theorem 3.5. Let s, α, and G be as in the statement of Corollary
3.6. By choosing β = (s − 1)/s < 1

2 , we have α < β and thus (A) – (D) hold for the
space B = Hα,β(X ) with m = 1/β. Further, for any g ∈ G, we have g ∈ Hα,β(X )

and ‖g‖Hα,β ≤ ‖g‖Hα . Therefore, condition (2.2) is also satisfied with respect to the
Hα,β(X )-norm.
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3.3 Dynamical Systems with a Spectral Gap

Let us mention that the result of Section 3.1 can be adapted to deal with dynamical
systems using the Perron–Frobenius operator in place of the Markov operator. Let
(X ,A) be a measurable space and let T be a measurable transformation on X which
preserves a probability measure µ on (X ,A). Let P be the associated Perron–Frobenius
operator defined on L1(µ) by the equation

µ(f · Pg) = µ(f ◦ T · g), ∀f ∈ L∞(µ), g ∈ L1(µ).

We have the following result which can be derived from theorem 3.5 using relativized
kernel as in Hennion and Hervé [29], Chapter XI.

Theorem 3.8 (Sequential empirical CLT for dynamical systems with a spectral gap).
Let F be a ‖ · ‖∞-bounded class of functions from X to R. Assume that there exist
a Banach space B and m ∈ [1,∞] such that the conditions (A), (B), (C), and (D) hold
with respect to the Perron–Frobenius operator and replacing ν by µ. If there exists
a ‖ · ‖∞-bounded subset G ⊂ B such that (2.2) holds for s = m

m−1 , then the process

(Un(f, t))F×[0,1], defined by Un(f, t) = 1√
n

∑[nt]
i=1

(
f ◦ T i − µf

)
, converges in distribution

in `∞(F × [0, 1]) to a centred Gaussian process K with covariance structure given by

Cov(K(f, t),K(g, u)) = min{t, u}

( ∞∑
k=0

Cov(f, g ◦ T k) +

∞∑
k=1

Cov(f ◦ T k, g)

)
.

As a possible application, we can extend the empirical CLT proved by Collet, Mar-
tinez, and Schmitt [7] for a class of expanding maps of the interval, to a sequential
empirical CLT. In the situation considered in Collet et al. [7], the spectral gap property
can be established on the space of functions of bounded variation.

We consider a piecewise C2 expanding map T of the interval [0, 1] which is topologi-
cally mixing. We assume that there is a finite partition of [0, 1] by intervals such that T
is monotone on each interval and further infx∈[0,1] |(Tn)′(x)| ≥ CKn for some C > 0 and
K > 1. As noted in Collet et al. [7] (see also Lasota and Yorke [35]), there is a unique er-
godic invariant probability measure µ such that dµ = h(x)dλ, where λ is the Lebesgue
measure on [0, 1]. The function h belongs to the Banach algebra BV of functions of
bounded variation. By application of Theorem 3.8, we obtain the following result.

Corollary 3.9. Assume that 1
h 1h>0 ∈ BV , and let F be a ‖ · ‖∞-bounded class of func-

tions such that there exists a subset G of BV for which (2.2) holds for some s ≥ 1. Then
the process (Un(f, t))I×[0,1], defined by Un(f, t) = 1√

n

∑[nt]
i=1

(
f ◦ T i − µf

)
, converges in

distribution in `∞(I × [0, 1]) to a centred Kiefer process.

Note that, in the usual case where F = {1[0,t] | t ∈ [0, 1]}, this result is not new.
It can be derived from the result of Section 3 in Dedecker et al. [13], since the coef-
ficient β2,X(n) which is considered in that paper decreases exponentially fast in our
setting (see Dedecker and Prieur [15], Section 6.3). In Dedecker et al. [13], the result
is stronger since a strong approximation by a Kiefer process is proved. This implies our
weak convergence result.

Proof. Recall (see Hennion and Hervé [29]) that the Perron-Frobenius operator P asso-
ciated with T and λ has a spectral gap on BV : 1 is a simple eigenvalue with eigenfunc-
tion h, and the rest of the spectrum is in a disk of radius strictly smaller than 1. Further,
the space BV satisfies assumptions (A) and (B) (with m = +∞) and the operator P
satisfies ‖Pnf − (λf)h‖BV ≤ κ‖f‖BV θn for some κ > 0, θ ∈ [0, 1), and all f ∈ BV . BV
being a Banach algebra, condition (D) is also satisfied.
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In general, the Lebesgue measure is not the invariant measure, i.e. h is not 1.
Thus, we define the set Ih = {x ∈ [0, 1] | h(x) > 0} and for functions defined on Ih, we
introduce the operator Ph defined by Phf(x) = 1

h(x)P (fh)(x). Note that, since µ(Ih) = 1,

every function f defined on [0, 1] is µ almost surely equal to the function defined by f on
Ih and 0 on [0, 1]\Ih. With this remark, we can easily check that µ(f ·Phg) = µ(f◦T ·g), for
all f ∈ L∞(µ) and g ∈ L1(µ). Then Ph is the Perron-Frobenius operator associated with
T and µ. Now, if a function f is defined on Ih, the function fh can be considered on [0, 1]

by giving the value 0 on [0, 1]\Ih. We introduce the space Bh = {f : Ih → R | fh ∈ BV }
equipped with the norm ‖f‖h = ‖fh‖BV . Let us check that the assumptions of Theorem
3.8 are satisfied for Ph and Bh.

Clearly, Bh satisfies the condition (A). The fact that 1
h 1h>0 ∈ BV gives (B) (with

m = +∞) and (D). From the spectral decomposition of P we derive the spectral de-
composition of Ph and we obtain the condition (C) on the space Bh (with µ instead of ν).
Thus Theorem 3.8 can be applied in this situation.

As a simple example, we can consider any class of functions F = {ft | t ∈ [0, 1]}
indexed by a parameter t ∈ [0, 1] that satisfies:

• for all t ∈ [0, 1], ft is a non-increasing function bounded by 1,

• for all 0 ≤ t ≤ u ≤ 1, ft ≤ fu,

• the function t ∈ [0, 1] 7→ µft is α-Hölder for some α ∈ (0, 1].

Indeed, in this situation the choice G = F is possible. For all t ∈ [0, 1], ft is BV with
‖ft‖BV ≤ 2. Now, fix ε > 0 and choose m = bε− 1

α c. Let ti = i
m , i = 0, . . . ,m. For all

t ∈ [0, 1], there exists i ∈ {1, . . . ,m} such that ti ≤ t ≤ ti+1 and thus fti ≤ ft ≤ fti+1
.

Further,

‖fti − fti+1‖1 = µfti − µfti+1 ≤ C(
1

m
)α ≤ Cε.

This shows that N(ε, 2,F ,F ,L1(µ)) = O(ε−
1
α ) as ε→ 0 and gives (2.2).

Gouëzel [28] gave examples of expanding maps of the interval for which the Perron-
Frobenius operator does not act on the space of bounded variation functions, but acts on
the space of Lipschitz functions with a spectral gap property. These examples also sat-
isfy the assumptions of our theorem and thus sequential empirical CLTs can be proved.
Note that the space of Lipschitz functions is a Banach algebra and thus condition (D)
is trivially satisfied. Further, the usual class of the indicator functions of intervals can
be well approximated by Lipschitz functions, and the condition (2.2) is verified for this
class.

4 Statistical applications

As mentioned in the introduction, sequential empirical CLTs can be applied to derive
asymptotic distributions in change-point tests based on the empirical distribution func-
tion. We shall consider below the natural generalization of the process Tn, introduced
in Section 1, to processes taking values in a measurable space X . Let (Xi)i∈N be a
X -valued stationary process, and F be a class of function on X . As before, we denote
the empirical measure by Fn(f) := n−1

∑n
i=1 f(Xi), n ∈ N∗, and we set F0(f) = 0. For

j ∈ {1, . . . , n}, we define Fj,n(f) := (n − j + 1)−1
∑n
i=j f(Xi) and set Fn+1,n(f) := 0.

Consider the `∞(F × [0, 1])-valued process Rn = (Rn(f, t))(f,t)∈F×[0,1] given by

Rn(f, t) :=
√
n

[nt]

n

n− [nt]

n

(
F[nt](f)− F[nt]+1,n(f)

)
.

The following theorem gives the asymptotic distribution of Rn.
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Proposition 4.1. Assume that (Xi)i∈N satisfies the sequential empirical CLT with in-
dexing class F and limit process K, that is, Un ; K in `∞(F × [0, 1]) as n → ∞, where
K denotes a tight centred Gaussian process. Then

Rn ; (K(f, t)− tK(f, 1))(f,t)∈F×[0,1]

in `∞(F × [0, 1]) to as n→∞.

Proof. Let µ denote the distribution function of the Xi. For t ∈ [1/n, 1) we have

F[nt](f)− F[nt]+1,n(f)

=
1

[nt]

[nt]∑
i=1

f(Xi)−
1

n− [nt]

n∑
i=[nt]+1

f(Xi)

=
1

[nt]

[nt]∑
i=1

(f(Xi)− µf)− 1

n− [nt]

n∑
i=[nt]+1

(f(Xi)− µf)

=

(
1

[nt]
+

1

n− [nt]

) [nt]∑
i=1

(f(Xi)− µf)− 1

n− [nt]

n∑
i=1

(f(Xi)− µf)

=
1√
n

n

[nt]

n

n− [nt]
Un(f, t)− 1√

n

1

t

n

n− [nt]
tUn(f, 1). (4.1)

Further, by definition we have Rn(f, 1) = 0 and Rn(f, t) = 0 for t ∈ [0, 1/n). Since also
Un(f, t) = 0 for t ∈ [0, 1/n), we obtain with (4.1) that

Rn(f, t) = Un(f, t)− [nt]

n
Un(f, 1),

= Un(f, t)− tUn(f, 1) +
nt− [nt]

n
Un(f, 1) for all t ∈ [0, 1]. (4.2)

Let An denote the F×[0, 1]-indexed processes given by An(f, t) :=
(
(nt−[nt])/n

)
Un(f, t).

Since supt∈[0,1] |(nt − [nt])/n| → 0 as n → ∞, by Slutsky’s Theorem and the sequential
empirical CLT, An converges in distribution (and thus in probability) to zero. Another
application of Slutsky’s theorem and the sequential empirical CLT on (4.2) yields

Rn =
(
Un(f, t)− tUn(f, 1)

)
(f,t)∈F×[0,1] +An ;

(
K(f, t)− tK(f, 1)

)
(f,t)∈F×[0,1].

Here we have applied the continuous mapping theorem in the final step.

Remark 4.2. Note that, in the setting of Theorem 3.5 and Theorem 3.8, the process K
is a Kiefer process (that is the covariance structure is given by (2.5)).

An application of the continuous mapping theorem with the supremum-functional to
the above theorem yields the following proposition about the asymptotic distribution of
the test statistic Tn defined by

Tn := max
0≤k≤n

sup
f∈F

k

n

(
1− k

n

)√
n
∣∣Fk(f)− Fk+1,n(f)

∣∣.
Theorem 4.3. If (Xi)i∈N∗ satisfies the sequential empirical CLT, then under the null
hypothesis H0 we have the convergence

Tn ; sup
f∈F, t∈[0,1]

|K(f, t)− tK(f, 1)|.
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Proof. Rn(f, ·) is obviously constant on the intervals
[
k/n, (k + 1)/n

)
, k = 0, . . . , n − 1

and further Rn
(
f, k/n

)
= k/n(1 − k/n)

√
n
(
Fk(f) − Fk+1,n(f)

)
for k = 0, . . . , n. Thus

Tn = supf∈F,t∈[0,1]Rn(f, t) and we can apply the continuous mapping theorem with

`∞(F × [0, 1]) −→ R, ϕ 7→ sup
f∈F, t∈[0,1]

|ϕ(f, t)|.

5 Proof of Theorem 2.5

As proved in Dehling and Durieu [16], multiple mixing processes satisfy the following
2p-th moment bound.

Assumption 5.1 (Moment bounds for C-observables). There exist p ∈ N∗, s ≥ 1, and
monotone increasing functions Φ1, . . . ,Φp : R+ −→ R+,

E

( n∑
i=1

(f(Xi)− µf)

)2p
 ≤ p∑

i=1

ni‖f‖isΦi(‖f‖C) for all f ∈ C with ‖f‖∞ ≤ 1. (5.1)

We shall obtain Theorem 2.5 as a consequence of the more general following result.

Theorem 5.2. Let (Xi)i∈N be an X -valued stationary process with marginal distribu-
tion µ and let F be a uniformly bounded class of measurable functions on X . Suppose
that for some normed vector space C of measurable functions on X , Assumptions 2.3
and 5.1 hold. Moreover, assume that there exist a subset G of C which is bounded in
‖ · ‖∞-norm, a constant r > −1 and a monotone increasing function Ψ : R+ −→ R+ such
that ∫ 1

0

εr sup
ε≤δ≤1

N2
(
δ,Ψ

(
δ−1
)
,F ,G,Ls(µ)

)
dε <∞. (5.2)

If

Φi(2Ψ(x)) = O(xγi), (5.3)

for some non-negative constants γi such that

γi < 2p− (i+ r + 2), (5.4)

then the sequential empirical process Un converges in distribution in `∞(F × [0, 1]) to a
tight Gaussian process K.

Proof of Theorem 2.5. Under multiple mixing (Assumption 2.4), Assumption 5.1 holds
for all p ≥ 1 and we can specify that Φi(x) = c log2p+(d0−1)i(x+1) for some c > 0 depend-
ing only on p, see Dehling and Durieu [16]. Observe that, choosing Ψ := exp(C id1/γ)

for some C > 0 and γ > 1, we have Φi(2Ψ(x)) = O(x(2p+(d0−1)i)/γ). Therefore, the con-
ditions (5.3) and (5.4) hold for sufficiently large p ∈ N∗ as soon as γ > d0 + 1. With this
choice of Ψ, the condition (5.2) is exactly the condition (2.2). Thus Theorem 2.5 is a
consequence of Theorem 5.2.

The proof of Theorem 5.2 extends the idea introduced in Dehling et al. [17], taking
into account the time parameter due to the sequential case. The main idea is to intro-
duce some approximation U (q)

n for the original process Un, which is based on functions in
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G and thus can be controlled by Assumptions 2.3 and 5.1. The approximation can be con-
structed as follows: For all q ≥ 1, there exist two sets of Nq := N(2−q,Ψ(2q),F ,G,Ls(µ))

functions {gq,1, . . . , gq,Nq} ⊂ G and {g′q,1, . . . , g′q,Nq} ⊂ G, such that

‖gq,i − g′q,i‖s ≤ 2−q, ‖gq,i‖C ≤ Ψ(2q), ‖g′q,i‖C ≤ Ψ(2q) (5.5)

and for all f ∈ F , there exists some i such that gq,i ≤ f ≤ g′q,i. Further, by (5.2),∑
q≥1

2−(r+1)qN2
q <∞. (5.6)

To approximate the indexing function f ∈ F , construct a partition of F into Nq subsets
Fq,i such that for each f ∈ Fq,i one has gq,i ≤ f ≤ g′q,i. We use the notation πqf =

gq,i∗ and π′qf = g′q,i∗ , where i∗ is the uniquely defined integer such that f ∈ Fq,i∗ . To
approximate the time parameter we use the partition of [0, 1] into subsets Tq,j , j =

1 . . . , 2q, given by Tq,j := [(j−1)2−q, j2−q) for j < 2q and Tq,2q := [1−2−q, 1]. For t ∈ [0, 1]

we define τqt := max{(j−1)2−q ≤ t : j = 1, . . . , 2q} and further τ ′qt := τqt+2−q. We extend
the notation introduced in Section 2.1 to arbitrary µ-integrable functions f : X −→ R

by setting

Fn(f) :=
1

n

n∑
i=1

f(Xi)

and for t ∈ [0, 1]

Un(f, t) :=
[nt]√
n

(
F[nt](f)− µ(f)

)
=

1√
n

[nt]∑
i=1

(
f(Xi)− µ(f)

)
.

For each q ≥ 1, we introduce the approximating process

U (q)
n (f, t) := Un(πqf, τqt) =

1√
n

[nτqt]∑
i=1

(πqf(Xi)− µ(πqf)) .

Note that this process is constant on each Fq,i × Tq,j .
The approximating processes U (q)

n will help us to establish the weak convergence of
the process Un. Using Theorem 2.1 in Dehling et al. [17], we see that it is sufficient to
show that there exist processes U (q) ∈ `∞(F × [0, 1]), q ≥ 1, such that

U (q)
n ; U (q) as n→∞ for all q ≥ 1, (5.7)

and

lim sup
n→∞

P∗
(
‖Un − U (q)

n ‖∞ ≥ δ
)
−→ 0 as q →∞ for all δ > 0. (5.8)

We will establish the conditions (5.7) and (5.8) in the two following propositions:

Proposition 5.3. If Assumption 2.3 holds, then the process (U
(q)
n (f, t))(f,t)∈F×[0,1] con-

verges for all q ∈ N∗ in distribution to some piecewise constant Gaussian process
(U (q)(f, t))(f,t)∈F×[0,1] as n→∞.

Proposition 5.4. Assume that Assumption 5.1 holds for some p ∈ N∗, s ≥ 1 and some
monotone increasing functions Φ1, . . . ,Φp : R+ −→ R+. Moreover, suppose there exists
a constant r > −1 and a monotone increasing function Ψ : R+ −→ R+ such that (5.2)
holds. If (5.3) holds for some non-negative constants γi satisfying (5.4), then for all
ε, η > 0 there exists some q0 such that for all q ≥ q0

lim sup
n→∞

P∗

(
sup
t∈[0,1]

sup
f∈F

∣∣∣Un(f, t)− U (q)
n (f, t)

∣∣∣ > ε

)
≤ η.
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Proof of Theorem 5.2. By Proposition 5.3 the convergence (5.7) holds, while (5.8) is
satisfied due to Proposition 5.4. Therefore, by Theorem 2.1 in Dehling et al. [17], Un
converges in distribution to an `∞(F× [0, 1])-valued, separable random variable K. Fur-
thermore, we know that U (q) is a piecewise constant Gaussian process which converges
in distribution to K. Thus K is Gaussian, too. Since `∞(F × [0, 1]) is complete, the tight-
ness of K follows from the separability (c.f. Lemma 1.3.2 in van der Vaart and Wellner
[43]).

Proof of Proposition 5.3. Since by construction πqf ∈ G for all f ∈ F , due to Assump-

tion 2.3, the finite dimensional process (U
(q)
n (f1, t1), . . . , U

(q)
n (fk, tk)) converges in dis-

tribution for all fixed k ∈ N∗ to some multi-dimensional normal distributed random
variable (U (q)(f1, t1), . . . , U (q)(fk, tk)), f1, . . . , fk ∈ F , t1, . . . , tk ∈ [0, 1]. All U (q)

n , n ∈ N∗,
are constant on each Fq,i × Tq,j , i = 1, . . . , Nq, j = 1, . . . , 2q. Therefore U (q) is con-
stant on all Fq,i × Tq,j , too. Since these sets form a partition of F × [0, 1], the finite
dimensional convergence yields the convergence in distribution of the whole process
(U

(q)
n (f, t))(f,t)∈F×[0,1].

Proof of Proposition 5.4. Let Z := Z − EZ denote the centring of a random variable Z
and observe that for any random variables Yl ≤ Y ≤ Yu the inequality

|Y − Yl| ≤ |Yu − Yl|+ E |Yu − Yl|

holds. Since for f ∈ F , k ∈ N we have F[nt](πq+kf, t) ≤ F[nt](f, t) ≤ F[nt](π
′
q+kf, t), using

that ‖ · ‖1 ≤ ‖ · ‖s for s ≥ 1 and applying (5.5), we obtain∣∣Un(f, t)− Un(πq+kf, t)
∣∣

≤
∣∣Un(π′q+kf, t)− Un(πq+kf, t)

∣∣+
[nt]√
n

E
∣∣F[nt](π

′
q+kf − πq+kf)

∣∣
≤
∣∣Un(π′q+kf, t)− Un(πq+kf, t)

∣∣+
√
n2−(q+k). (5.9)

Moreover, for all n ≥ 2q+k and g ∈ G

∣∣Un(g, t)− Un(g, τq+kt)
∣∣ =

1√
n

∣∣∣∣∣
[nt]∑

i=[nτq+kt]+1

g(Xi)− µ(g)

∣∣∣∣∣
≤ 2Mn−

1
2 ([nt]− [nτq+kt])

≤ 4M
√
n2−(q+k), (5.10)

where M := sup{‖g‖∞ : g ∈ G} is finite by assumption. Analogously to the processes

U
(q)
n , we introduce the processes U ′(q)n given by

U ′(q)n (f, t) := Un(π′qf, τ
′
qt).

An application of the triangle inequality, (5.9), and (5.10) yields∣∣∣Un(f, t)− U (q+k)
n (f, t)

∣∣∣ ≤ ∣∣∣U ′(q+k)n (f, t)− U (q+k)
n (f, t)

∣∣∣+ (4M + 1)
√
n2−q+k. (5.11)
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Combining (5.11) with a telescopic sum argument, one obtains for any K ≥ 1

∣∣∣Un(f, t)− U (q)
n (f, t)

∣∣∣
=

∣∣∣∣∣
{ K∑
k=1

U (q+k)
n (f, t)− U (q+k−1)

n (f, t)

}
+ Un(f, t)− U (q+K)

n (f, t)

∣∣∣∣∣
≤
{ K∑
k=1

∣∣∣U (q+k)
n (f, t)− U (q+k−1)

n (f, t)
∣∣∣}+

∣∣∣U ′(q+K)
n (f, t)− U (q+K)

n (f, t)
∣∣∣

+ (4M + 1)
√
n2−(q+K). (5.12)

To assure ε/4 ≤ (4M + 1)
√
n2−(q+K) ≤ ε/2, choose K = Kn,q, given by

Kn,q :=

[
log2

(
4(4M + 1)

√
n

2qε

)]
.

For each i = 1, . . . , Nq, j = 1, . . . , 2q, inequality (5.12) implies

sup
t∈Tq,j

sup
f∈Fq,i

|Un(f, t)− U (q)
n (f, t)| ≤

{Kn,q∑
k=1

sup
t∈Tq,j

sup
f∈Fq,i

∣∣∣U (q+k)
n (f, t)− U (q+k−1)

n (f, t)
∣∣∣}

+ sup
t∈Tq,j

sup
f∈Fq,i

∣∣∣U ′(q+K)
n (f, t)− U (q+K)

n (f, t)
∣∣∣+

ε

2
.

Set εk = ε/(4k(k + 1)). Then
∑∞
i=1 εk = ε/4 and for all i = 1, . . . , Nq we have

P∗
(

sup
t∈Tq,j

sup
f∈Fq,i

|Un(f, t)− U (q)
n (f, t)| ≥ ε

)

≤

{
Kn,q∑
k=1

P∗
(

sup
t∈Tq,j

sup
f∈Fq,i

∣∣∣U (q+k)
n (f, t)− U (q+k−1)

n (f, t)
∣∣∣ ≥ εk)}

+ P∗
(

sup
t∈Tq,j

sup
f∈Fq,i

∣∣∣U ′(q+K)
n (f, t)− U (q+K)

n (f, t)
∣∣∣ ≥ ε

4

)
. (5.13)

Recall that (πq+k, τq+k) and thus U (q+k)
n and U ′(q+k)n are constant on each Fq+k,i×Tq+k,j ,

i = 1, . . . Nq+k, j = 1, . . . , 2q+k, and thus the suprema on the r.h.s. of inequality (5.13)
are in fact maxima over finite numbers of functions. Therefore the outer probabilities
may be replaced by usual probabilities here. Now, for each k ∈ N∗, choose a set F(k)

of at most Nk−1Nk functions in F , such that F(k) contains at least one function in each
non empty Fk,i ∩ Fk−1,i′ , i = 1, . . . , Nk, i′ = 1, . . . , Nk−1. For q ∈ N∗ and i ∈ {1, . . . , Nq},
define

Fk,q,i := Fq,i ∩ F(q + k)

Tk,q,j :=
{

(j − 1)2−q + (m− 1)2−(q+k) : m ∈ {1, . . . , 2k}
}
.
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Inequality (5.13) implies

P∗
(

sup
t∈Tq,j

sup
f∈Fq,i

|Un(f, t)− U (q)
n (f, t)| ≥ ε

)

≤

{
Kn,q∑
k=1

∑
t∈Tk,q,j

∑
f∈Fk,q,i

P
(∣∣∣U (q+k)

n (f, t)− U (q+k−1)
n (f, t)

∣∣∣ ≥ εk)}

+
∑

t∈TKn,q,q,j

∑
f∈FKn,q,q,i

P
(∣∣∣U ′(q+Kn,q)n (f, t)− U (q+Kn,q)

n (f, t)
∣∣∣ ≥ ε

4

)

≤

{
Kn,q∑
k=1

∑
t∈Tk,q,j

∑
f∈Fk,q,i

P
(∣∣∣Un(πq+kf, τq+k−1t)− Un(πq+k−1f, τq+k−1t)

∣∣∣ ≥ εk
2

)

+ P
(∣∣∣Un(πq+kf, τq+kt)− Un(πq+kf, τq+k−1t)

∣∣∣ ≥ εk
2

)}
+

∑
t∈TKn,q,q,j

∑
f∈FKn,q,q,i

P
(∣∣∣Un(π′q+Kn,qf, τq+Kn,q t)− Un(πq+Kn,qf, τq+Kn,q t)

∣∣∣ ≥ ε

8

)
+ P

(∣∣∣Un(π′q+Kn,qf, τ
′
q+Kn,q t)− Un(π′q+Kn,qf, τq+Kn,q t)

∣∣∣ ≥ ε

8

)
.

Applying Markov’s inequality on the 2p-th moments, we obtain

P∗
(

sup
t∈Tq,j

sup
f∈Fq,i

|Un(f, t)− U (q)
n (f, t)| ≥ ε

)

≤

{
Kn,q∑
k=1

∑
t∈Tk,q,j

∑
f∈Fk,q,i

(εk
2

)−2p(
E
∣∣Un(πq+kf, τq+k−1t)− Un(πq+k−1f, τq+k−1t)

∣∣2p
+ E

∣∣Un(πq+kf, τq+kt)− Un(πq+kf, τq+k−1t)
∣∣2p)}

+
∑

t∈TKn,q,q,j

∑
f∈FKn,q,q,i

(ε
8

)−2p(
E
∣∣Un(π′q+Kn,qf, τq+Kn,q t)− Un(πq+Kn,qf, τq+Kn,q t)

∣∣2p
+ E

∣∣Un(π′q+Kn,qf, τ
′
q+Kn,q t)− Un(π′q+Kn,qf, τq+Kn,q t)

∣∣2p). (5.14)

We will treat the expected values on the r.h.s. of inequality (5.14) separately now by
using Assumption 5.1 and properties of our brackets used to cover F . Recall that by
(5.5) we have

‖πq+kf − πq+k−1f‖s ≤ ‖πq+kf − f‖s + ‖πq+k−1f − f‖s ≤ 3 · 2−(q+k) (5.15)

‖πq+kf − π′q+kf‖s ≤ 2−(q+k)

‖πq+kf − πq+k−1f‖C ≤ 2Ψ(2q+k) (5.16)

‖πq+kf − π′q+kf‖C ≤ 2Ψ(2q+k).

For convenience, throughout the rest of the proof will write x� y if there is some finite
constant C ∈ (0,∞) such that x ≤ Cy, where C may only depend on global parameters
of the corresponding statement. Applying successively (5.1), (5.15), (5.16), and (5.3)
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we have

E
∣∣Un(πq+kf, τq+k−1t)− Un(πq+k−1f, τq+k−1t)

∣∣2p
� n−p

p∑
`=1

n`‖πq+kf − πq+k−1f‖`sΦ`(‖πq+kf − πq+k−1f‖C)

�
p∑
`=1

n−(p−`)2(γ`−`)(q+k) (5.17)

and analogously

E
∣∣Un(π′q+Kn,qf, τq+Kn,q t)− Un(πq+Kn,qf, τq+Kn,q t)

∣∣2p � p∑
`=1

n−(p−`)2(γ`−`)(q+Kn,q).

(5.18)

For fixed g ∈ G we have by stationarity

E
∣∣Un(g, τq+kt)− Un(g, τq+k−1t)

∣∣2p = n−pE

([nτq+kt]−[nτq+k−1t]∑
i=1

(
g(Xi)− µg

))2p
 ,
(5.19)

where we consider
∑0
i=1 . . . = 0. Note that by construction τq+kt−τq+k−1t ∈ {0, 2−(q+k)}

for every t ∈ [0, 1] and therefore

[nτq+kt]− [nτq+k−1t] ≤ n2−(q+k) + 1 for all n ≥ 2q+k.

Applying (5.1), (5.5), and (5.3) to (5.19) we obtain

E
∣∣Un(πq+kf, τq+kt)− Un(πq+kf, τq+k−1t)

∣∣2p � n−p
p∑
`=1

(
n2−(q+k)

)`‖πq+kf‖`sΦ`(‖πq+kf‖C)
�

p∑
`=1

n−(p−`)2(γ`−`)(q+k) (5.20)

and analogously

E
∣∣Un(π′q+Kn,qf, τ

′
q+Kn,q t)− Un(π′q+Kn,qf, τq+Kn,q t)

∣∣2p � p∑
`=1

n−(p−`)2(γ`−`)(q+Kn,q).

(5.21)

Now, apply (5.17), (5.18), (5.20), and (5.21) to (5.14). We infer

P∗
(

sup
t∈Tq,j

sup
f∈Fq,i

∣∣∣Un(f, t)− U (q)
n (f, t)

∣∣∣ ≥ ε)

�
Kn,q∑
k=1

#Tk,q,j #Fk,q,i
(k(k + 1))2p

ε2p

p∑
`=1

n−(p−`)2(γ`−`)(q+k). (5.22)

Recall that by construction of the partitions of F and [0, 1] at the beginning of this

section, we have
∑2q

j=1 #Tk,q,j = 2q+k and
∑Nq
i=1 #Fk,q,i = #F(q + k) ≤ Nq+k−1Nq+k.
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Therefore (5.22) yields

P∗

(
sup
t∈[0,1]

sup
f∈F

∣∣∣Un(f, t)− U (q)
n (f, t)

∣∣∣ > ε

)

�
p∑
`=1

Kn,q∑
k=1

2q∑
j=1

#Tk,q,j

Nq∑
i=1

#Fk,q,ik
4pn−(p−`)2(γ`−`)(q+k)

�
p∑
`=1

Kn,q∑
k=1

Nq+k−1Nq+kk
4pn−(p−`)2(γ`−`+1)(q+k).

This implies that for any η > 0

P∗

(
sup
t∈[0,1]

sup
f∈F

∣∣∣Un(f, t)− U (q)
n (f, t)

∣∣∣ > ε

)

�
p∑
`=1

n−(p−`) max
{

1 , 2(γ`−`+r+2+η)(q+Kn,q)
}Kn,q∑
k=1

Nq+k−1Nq+kk
4p2−(r+1+η)(q+k)

� max

{
1 , max

`=1,...,p
n

1
2 (γ`+`−2p+r+2+η)

} ∞∑
k=q+1

Nk−1Nkk
4p2−(r+1+η)k. (5.23)

By (5.4) we can choose η small enough to assure γ` + ` − 2p + r + 2 + η < 0 for all
` = 1, . . . , p. Thus the factor in front of the sum is uniformly bounded w.r.t. n. Using
(5.6), we obtain

∞∑
k=1

Nk−1Nkk
4p2−(r+1+η)k ≤

∞∑
k=1

2−(r+1)kN2
k−1 k

4p2−ηk +

∞∑
k=1

2−(r+1)kN2
k k

4p2−ηk <∞

for sufficiently small η > 0 which implies that the series in (5.23) goes to zero as q →
∞.

6 Proof of Corollary 2.6

In order to simplify the expressions, set Ψ(x) = exp(Cx1/γ), where C and γ are given
by Theorem 2.5. Choose b ∈ (1, γ) and observe that,

∞∑
k=1

Ψ(kb)θk <∞. (6.1)

For f ∈ F , recall the definition of the approximating functions πqf from Section 5 and
note that, as a consequence of the entropy condition in Theorem 2.5, we know that for
every q ∈ N∗,

‖f − πqf‖s ≤ 2−q (6.2)

‖πqf‖C ≤ Ψ(2q), (6.3)

where s ≥ 1 is given in the assumptions of theorem 2.5. Similarly, for all g ∈ F and
k ∈ N∗ there exist some gk ∈ G satisfying

‖gk − g‖s ≤ k−b (6.4)

‖gk‖C ≤ Ψ(kb). (6.5)
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Let U (q) denote the limit process given in Proposition 5.3. Condition (i) implies that for
all f, g ∈ F , t, u ∈ [0, 1] and q ∈ N∗

Cov
(
U (q)(f, t), U (q)(g, u)

)
= min{t, u}

{ ∞∑
k=0

Cov
(
πqf(X0), πqg(Xk)

)
+

∞∑
k=1

Cov
(
πqg(X0), πqf(Xk)

)}
.

Since the auto-covariance functions of a converging Gaussian process converge to the
auto-covariance functions of the limit process, the covariance structure of the limit
process K of U (q) is given by Cov(K(f, t),K(g, u)) = limq→∞Cov(U (q)(f, t), U (q)(g, u)).
Thus it suffices to show that

∣∣∣ ∞∑
k=0

Cov
(
πqf(X0), πqg(Xk)

)
−Cov

(
f(X0), g(Xk)

)∣∣∣ (6.6)

+
∣∣∣ ∞∑
k=1

Cov
(
πqg(X0), πqf(Xk)

)
−Cov

(
g(X0), f(Xk)

)∣∣∣ −→ 0 as q →∞.

By symmetry, both series can be treated the same way. Let k(q) := 2q/b. We consider
the series in line (6.6). We have

∣∣∣ ∞∑
k=0

Cov
(
πqf(X0), πqg(Xk)

)
−Cov

(
f(X0), g(Xk)

)∣∣∣
≤
k(q)∑
k=0

∣∣Cov
(
πqf(X0)− f(X0), πqg(Xk)

)∣∣+

k(q)∑
k=0

∣∣Cov
(
f(X0), πqg(Xk)− g(Xk)

)∣∣ (6.7)

+

∞∑
k=k(q)+1

∣∣Cov
(
πqf(X0)− f(X0), πqg(Xk)

)∣∣ (6.8)

+

∞∑
k=k(q)+1

∣∣Cov
(
f(X0), πqg(Xk)− g(Xk)

)∣∣. (6.9)

Let us treat the terms separately. Recall that both F and G are uniformly bounded in
‖ · ‖∞-norm. For the term in line (6.7), we know by Hölder’s inequality, (6.2), and the
fact that b > 1 that

k(q)∑
k=0

∣∣Cov
(
πqf(X0)− f(X0), πqg(Xk)

)∣∣+

k(q)∑
k=0

∣∣Cov
(
f(X0), πqg(Xk)− g(Xk)

)∣∣
�

k(q)∑
k=0

(
‖πqf − f‖s + ‖πqg − g‖s

)
� k(q)2−q = 2−(1−

1
b )q −→ 0 as q →∞,

where again, we write x� y if there is a constant C ∈ (0,∞) depending only on global
parameters such that x ≤ Cy. For the term in line (6.8), by (2.4), (6.2), and (6.3) we
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obtain

∞∑
k=k(q)+1

∣∣Cov
(
πqf(X0)− f(X0), πqg(Xk)

)∣∣
≤ D‖πqf − f‖∞

∞∑
k=k(q)+1

‖πqg‖C θk

�
∞∑

k=k(q)+1

Ψ(2q)θk −→ 0 as q →∞,

where we used that Ψ is increasing and condition (6.1) in the last step. It only remains
to show, that the term in line (6.9) goes to zero as q →∞. We have

∞∑
k=k(q)+1

∣∣Cov
(
f(X0), πqg(Xk)− g(Xk)

)∣∣
≤

∞∑
k=k(q)+1

∣∣Cov
(
f(X0), πqg(Xk)− gk(Xk)

)∣∣ (6.10)

+

∞∑
k=k(q)+1

∣∣Cov
(
f(X0), gk(Xk)− g(Xk)

)∣∣. (6.11)

First, consider the term in line (6.10). By (2.4), (6.3), and (6.5)

∞∑
k=k(q)+1

∣∣Cov
(
f(X0), πqg(Xk)− gk(Xk)

)∣∣
�

∞∑
k=k(q)+1

‖f‖∞ ‖πqg − gk‖C θk

�
( ∞∑
k=k(q)+1

‖πqg‖C θk
)

+

( ∞∑
k=k(q)+1

‖gk‖C θk
)

�
( ∞∑
k=k(q)+1

Ψ(2q)θk
)

+

( ∞∑
k=k(q)+1

Ψ(kb)θk

)
−→ 0 as q →∞,

where we used that Ψ is increasing and applied condition (6.1) in the last line. To treat
the term in line (6.11), we use Hölder’s inequality and (6.4). We obtain

∞∑
k=k(q)+1

∣∣Cov
(
f(X0), gk(Xk)− g(Xk)

)∣∣� ∞∑
k=k(q)+1

‖gk − g‖s

�
∞∑

k=k(q)+1

k−b −→ 0 as q →∞,

since b > 1 and thus
∑∞
k=1 k

−b <∞, which completes the proof.
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