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Abstract

We provide a streamlined proof and improved estimates for the weak multivariate
Gnedenko law of large numbers on concentration of random polytopes within the
space of convex bodies (in a fixed or a high dimensional setting), as well as a corre-
sponding strong law of large numbers.
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1 Introduction

Let d € IN and let 1 be a probability measure on R? with a log-concave density

f = du/dx, i.e. —log f is a convex extended real valued function. Let n > d + 1 and

let (X;)} denote an i.i.d. sequence of random vectors with common distribution u. The
convex hull

P, = conv{X;}7 (1.1)

is a random polytope and, as such, is a random element w.p.1 of the space K, of all
convex bodies in R (compact convex sets with non-empty interior). There are various
metrics and metric-like functions on K4, such as the Hausdorff distance dy and the
Banach-Mazur distance 6% (for origin symmetric bodies). We refer the reader to [28]
for general background on convex bodies, and to [18] specifically for metric, and other,
structures on ;.
It was shown in [13] that if n > cexp(exp(5d)), then with probability at least 1 —
39+3(logn)~19%0, there exists z € R" and
, o loglogn
AL1l4cdd*———
logn
such that
AN Fyyp—2)+2C Py CAFiyy —x) +a (1.2)

where ¢, ¢’ > 0 are universal constants and £, is the floating body defined by

Fs=n{9:u®) >1-47} (1.3)
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Concentration of random polytopes

where the intersection runs through the collection of all closed half-spaces $) of u-mass
atleast 1 — 6 (6§ < e~ !). The body Fy,, was defined in [29] (see also [5]) in the case
of Lebesgue measure on a convex body and has often been used to model random
polytopes, see for example [4, 33]. This follows an earlier type of floating body defined
in [10].

Being log-concave, the density f decays at least as quickly as an exponential func-
tion. A bound on the decay rate of f translates to a bound on the Hausdorff distance
dy (P, F1/y). For example if the tails of ;. are sub-Gaussian (with universally bounded
constants), then diam(F,,,) < ¢(log n)'/? and (1.2) translates to

loglogn
dy (P, Fy ) < d? ——= 1.4
7‘[( ny 1/”) = \/m ( )
where ¢,/ > 0 are universal constants. This is an embodiment of the concentration
of measure phenomenon: the polytope P,, as a random element of the metric space
(Ka,d#), is concentrated around F ,,.
In the case d = 1, P,, reduces to the interval

min{ X, }7, max{X,}}]

and we see that the above mentioned result generalizes a theorem of Gnedenko [15] on
concentration of the maximum and minimum of a large i.i.d. sample (under rapid decay
of the tails of ). Other multivariate analogs of Gnedenko’s law of large numbers are
included in [14] for the multivariate normal distribution, [17] for Gaussian measures on
infinite dimensional spaces, [8, 11, 12] for regularly varying distributions, and [19, 22]
for more general distributions.

The proof of (1.2) was complicated by the fact that there is no convenient expression
for the support function of the floating body,

hey,, (0) = X (0, )

In this paper we study concentration of P, around the expected convex hull

EP, = {x € R": V0 € S (h,2) < E max (0, X;)} (1.5)

which is easily seen to be a convex body with support function

hIEJPn (9) =E max <9, XZ> (16)
1<i<n

Using the expected convex hull leads to a streamlined proof of (1.2). The notion of
the expectation of a random convex body follows the theory of integrals of set valued
functions, see for example [1, 3, 9, 20, 23] and the references therein. It was used in
[2] for the purpose of a Kolmogorov strong law of large numbers and has appeared as
an approximant to floating bodies in bounded domains [6], as well as in other contexts
e.g. [16, 24, 30, 31, 32, 34].

In the original paper [13] we were mainly interested in a quantitative dependence on
n. Although our bounds included dependence on dimension, the required sample size
was very large. Theorem 2.1 includes improved bounds on the required sample size
and is more in the spirit of the high dimensional theory. The quantitative dependence
that we achieve is essentially the same as that in Dvoretzky’s theorem, see for example
[26]. This result should also be compared to the main result in [7].

To make the present exposition brief, we refer the reader to [13] for a more detailed
discussion.
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2 Main results

Theorem 2.1. Let d € IN and let i« be a log-concave probability measure on R¢ with
center of mass at the origin and non-singular covariance matrix. Consider any € €
(0,1/2) and let n > exp(7de~'loge™!). Let (X;)} be an iid. sample from p, P, =
conv{X;}}, and let EP, denote the expected convex hull as defined by (1.5). With
probability at least 1 — 3n=5/4,

(1—¢)EP, C P, C (1+¢)EP, (2.1)

Setting ¢ = (4q + 32d)(loglogn)/logn (where ¢ > 1 can be chosen arbitrarily), we
see that whenever n > 8(q + 8d) exp (8¢ + 64d), (2.1) holds with probability at least
1 — 3(logn)~978¢, Theorem 2.1 above therefore implies Theorem 1 in [13] with im-
proved estimates. The following Theorem, which is similar to the main result in [6], is
a consequence of Lemma 5.1.

Theorem 2.2. Let d € N and let ;1 be a log-concave probability measure on R? with
center of mass at the origin and non-singular covariance matrix. Let IEP, denote the
expected convex hull as defined by (1.5), and let F';, denote the floating body defined
by (1.3). Then provided n > 12,

(1—-3/logn)EP, C Fy/, C (14 1/logn)EP,

Theorem 2.3. Let d € IN and let ;1 be a log-concave probability measure on R? with
center of mass at the origin and non-singular covariance matrix. Let (X;)$° be an i.i.d.
sample from i, and let (P,)3%, and (EP,)3 , be the random polytopes and expected
convex hulls defined by (1.1) and (1.5) respectively. Then with probability 1, there
exists N € N such that for alln > N,

<1 ~ 3loglogn

EP, (2.2)
logn

) EP, C P, C <1 + 81‘fglog”>

3 Approximation in the Hausdorff distance

Let us comment briefly on how the main results of this paper give rise to estimates
in terms of the Hausdorff distance dy. Let Eux and Cov(u) denote (respectively) the
center of mass and covariance matrix of y. If we assume, in addition to log-concavity,
that Ex = 0 and Cov(u) = I, in which case u is called isotropic, then it is easy to show
that the diameter of both IEP, and F/,, are bounded above by clogn, where ¢ > 0 is a
universal constant. In addition, it follows from the definition of the Hausdorff distance
dy that for any two convex bodies A, B C R? with 0 € int(A) N int(B), dy (A, B) <
diam(B)inf{e > 0: (1 +¢)"1A C B C (1 +¢)A}. Using these bounds, Theorems 2.1, 2.2
and 2.3 may be written in terms of dy.

For certain distributions the estimate clogn on the diameter may be substantially
improved. Consider the case where the density function f = du/dz has the form

o) = (ZT(%)ZXP (— Z |xz-|p>

for 1 < p < co. In this case Ex = 0 and Cov(u) = (F(3/p)/F(1/p))1/2 1, (see the proof of
Lemma 2, part 4 with ¢ = 2 in [27]). It follows from Theorem 2.2 above and Theorem 3
in [13] that for n > ng(d,p), diam (EP,) < (2.01) max{d*/?>~'/? 1}(logn)'/?. By Theorem
2.3, with probability 1 there exists N € IN such that forall n > N,

17(loglogn)

dy(Pp,EP,) <
(logn)' /7

max{d'/>71/7 1}
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As another example, when the tails of i are sub-Gaussian then with probability 1
there exists N € IN such that foralln > N,

cloglogn

(P ER) < T

(logn

which can be compared to (1.4).

4 Notation

If J is the cumulative distribution function associated to a probability measure i on
R, then the generalized inverse J ! : (0,1) — R is defined as

JHt)=sup{z € R: J(z) <t} =inf{z € R: J(x) >t}

If 2 has a log-concave density function then J(J~1(t)) =t forallt € (0,1) and J~!(J(z)) =
x for all = in the support of p. If (V;)7 is an i.i.d. sample from p, then Y{,,) = max;<;<n Y;
denotes the n'" order statistic.
If K ¢ R? is a convex body then the function
h =
K () = max (z, y)
is known as the support function of K. If 0 € int(K) then the Minkowski functional is
defined as
l|z|| = min{A > 1:2 € AK}
and the support function is the Minkowski functional of the polar body
K°={ycR*:Vox € K, (z,y) <1}

i.e. hig(-) = ||| x-- In the case when K is centrally symmetric, i.e. K = —K, then hg(-)
and ||| x are norms.

5 Proofs
The following lemma is a natural extension of Lemma 7 in [13].

Lemma 5.1. Let i be a probability measure on R with mean 0 and log-concave density
f=du/dx. Letn > 12 and let (Y;)7 be an i.i.d. sample from p. Then for allt > 0,

P{Y,) < (1+EYy}>1-n""? (5.1)
P{Yy > (1—-0EY;,)}>1—exp(—n'/?/3) (5.2)

Proof. Let J be the common distribution function of each Y;. Let f,, and J,, denote the
density and distribution function of Y,

Jn(t) = J)"
d

fa(t) = @Jn(t)ZnJ(t)"_lf(t)

Since f is log-concave, so is J (see for example Theorem 5.1 in [21] or Lemma 5 in [13]).
The product of log-concave functions is certainly log-concave, and therefore so is f,,. By
a standard result, see for example Lemma 5.4 in [21], J; '(e™!) < EBY{,) < J; ' (1—e™).
Just as the left tail J is log-concave, so is the right tail 1 — J, and the function u(t) =
—log(1 — J(t)) is convex. This implies that,

(I 11— =2 /) — u(J (L~ 1/n))
J (1 —nt2/n)— J1(1—1/n)

u(J~'(1—1/n)) — u(0)

2 J~H1—-1/n)
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which translates to
J YA =n"t2/n) - J (1 —1/n) o tlogn
JH1—-1/n) ~ 2(logn—1) —

Now,

P{Yy <7 (0 =0 fm)) = (1= 02 )" > 1 = /2
By definition of J,,, J,,(J (1 —1/n)) = (1—-1/n)" <e !, so EY(,) > J, ' (e™!) > J 11—
1/n) and (5.1) follows. Again by convexity of u,

u(J7H(1—=9/(20n))) — u(J (1 —9nt/271/20)) _ w(J (1 —9/(20n))) — u(0)

J=H(1—-9/(20n)) — J=1(1 — 9nt/2-1/20) = J=1(1—-9/(20n))
which translates to
J7H(1—=9/(20n)) — J~1(1 — 9nt/271/20) - (t/2)logn <
J=1(1—-9/(20n)) ~ logn —1+1og(20/9) ~

Now,
P{Y(,) < J7H(1— 90?71 /20)} = (1 — 9n'/271/20)" < exp(—9n'/?/20)

As before, J,(J (1 —9/(20n))) = (1 —9/(20n))" >1—e"!, so BY(,,) < J;'(1—e!) <
J~Y1—-9/(20n)) and (5.2) follows. 0

Proof of Theorem 2.2. Since J '(1-1/n) = J, '((1-1/n)"), where J,(z) = P{Y(,) <z},
P{Y(,,) < J'(1—1/n)} > 1/3 and by inequality (5.2) of Lemma 5.1, this can only be
true if J7'(1 —1/n) > (1 — (log 18)/log n)EY(,,. By similar reasoning, P{Y(,,) > J (1 —
1/n)} > 1 — e~1, which by inequality (5.1) of Lemma 5.1 implies that J~1(1 — 1/n) <
(1 +1/logn)EY(,). The result now follows from the definitions of [/, and EP,, see
(1.3) and (1.6). O

The following lemma appears in Lemmas 4.10 and 4.11 in [25] under the assumption
that K is centrally symmetric. We sketch the proof to show that it can also be used in
the non-symmetric case.

Lemma 5.2. Let K C R? be any convex body with 0 € int(K) and 0 < ¢ < 1/2. Then
there exists a set N' C 0K with |N| < (3/e)? such that for all § € OK there exist
sequences (w;)5° C N and (g;)$° C [0, 00) such that 0 < ¢; < & for all i and

o0
0 = woy + E EiW;
=1

Proof. Consider a subset N/ C 9K, minimal with respect to set inclusion, with the
following property: for all z € 9K there exists w € N such that ||z — w||;, < e. Such a
set can easily be constructed recursively, and we shall refer to A as an s-net. Note that
since K may be non-symmetric, we may have ||z — w||x # ||w — z|| x and order becomes
important. By the standard volumetric argument |N| < (3/¢)?. By the defining property
of NV, for all z € R¢ there exists w € N such that

o =zl g @l <ellzllx (5.3)

Now consider § € K. By (5.3) there exists wy € N such that ||§ — wyl| < e. By applying
(5.3) again, there exists w; € A such that [0 —wy — [|6 — wol| x w1l < €|0 — woll x < 2.
Iterating this procedure defines a sequence (w;)5° such that for all N € IN,

N
0 — wo — E EiWw;
i=1

< gl O

< €N+1

K

,'_1
where E; = He — Wy — Z;»_l EiW;
- K
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Proof of Theorem 2.1. Set § = 3n~¢/(*9) and let V' C 9((EP,)°) be a §-net as in Lemma
5.2. By the bounds imposed on n, § < ¢/5 < 1/10. From the union bound and Lemma
5.1, the following event occurs with probability at least 1 — (3/6)43n=5/2 > 1 — 3n—5/4:
forallw € NV,

(1 —/2) vl gp) < (1+¢/2) [wlgp, - (5.4)

For any 0 € 9((EP,)°), write § = wq + 21 6iwi, with w; € N and 0 < §; < § for all 5. By
the triangle inequality and (5.4),

16]1p, o < (L+¢/2) Zal (1+20)(1+¢/2) <1+e¢

and

161lp,e = llwoll g0 = D 8 lwill po 21 —2/2 = (L +e/2)5(1—6)"' 21—
1

and the result follows. O

Proof of Theorem 2.3. Here d and u are fixed, and we treat n — oo as a variable. In
particular we may assume that n > ng, where ny is suitably large. From comparing
successive terms in the binomial theorem and using the fact that n=* (Z) is a decreasing
function of k, for all § € (0,1/2)

(1-26/n)" = (1—6)—d+ (Z) (2;>2 + kz:(l)’“(?;) (ff)k <1-6

By Theorem 2.1, 1 — 3n~/* < P{P, C (1 +¢)EP,} = (P{X, € (1 +¢)EP,})", and it
follows that u((1 + ¢)EP,) > (1 — 3n=/9)1/" > 1 — 6n~'/* (provided 3n—°/* < 1/2).
Setting € = 8(loglog n)/logn yields

oo o0
—l—e/4 _
n;2IP{Xn ¢ (1+e)EP,} < 6n;2n /=g Z logn < 00

Therefore, by the Borel-Cantelli lemma, with probability 1 there exists N() € IN such
that for all n > N,

P, C (1 + 8(loglogn)/logn)EP, (5.5)
For each n € NN, let E,, be the event that (5.5) holds. Consider any sufficiently large
(deterministic) n € IN. Set ¢ = 3(loglogn)/logn and § = 3exp(—n~/2/(6d)). Let
N C 9((EP,)°) be a -net as in Lemma 5.2. As before, § < /10 < 1/20. By the union

bound and Lemma 5.1, the following event, to be denoted F;,, occurs with probability
at least 1 — (3/8)%exp(—n/?/3) > 1 —exp(—n°/?/6) > 1 —n~2: forallw € NV,

(1 —=e/2) [wll@wp,)e < lwlp,

The Borel-Cantelli lemma again implies that with probability 1 there exists N? ¢ IN
such that F}, occurs for all n > N, For all n > max{N") N®}, E, N F, occurs w.p.1,
and expressing an arbitrary § € 9((EP,)°) as § = wo + »_; d;w; as in Lemma 5.2 and
using the triangle inequality,

161150 > lwollp,o =D 8 lwillpo =1 —€/2-26(1-8)"" >1~¢
1

which implies (2.2). O
Acknowledgments. The authors would like to thank Mokshay Madiman and the two

anonymous referees for comments related to the paper.

ECP 19 (2014), paper 59. ecp.ejpecp.org
Page 6/8


http://dx.doi.org/10.1214/ECP.v19-3376
http://ecp.ejpecp.org/

Concentration of random polytopes

References

[1] Artstein, Z.: On the calculus of closed set-valued functions. Indiana Univ. Math. J. 24, 433-
441(1974) MR-0360985
[2] Artstein, Z., Vitale, R. A.: A strong law of large numbers for random compact sets. Ann.
Probab. 3 (5), 879-882 (1975) MR-0385966
[3] Aumann, R. ]J.: Integrals of set-valued functions. J. Math. Anal. Appl. 12, 1-12 (1965) MR-
0185073
[4] Barany, I.: Random polytopes, convex bodies, and approximation. Stochastic geometry, 77-
118, Lecture Notes in Math., 1892, Springer, Berlin, (2007) MR-2327291
[5] Barany, 1., Larman, D. G.: Convex bodies, economic cap coverings, random polytopes. Math-
ematika 35, 274-291 (1988) MR-0986636
[6] Barany, 1., Vitale, R. A.: Random convex hulls: floating bodies and expectations. J. Approx.
Theory 75 (2), 130-135 (1993) MR-1249393
[7]1 Dafnis, N., Giannopoulos, A., Tsolomitis, A.: Asymptotic shape of a random polytope in a
convex body. J. Funct. Anal. 257 (9), 2820-2839 (2009) MR-2559718
[8] Davis, R., Mulrow, E., Resnick, S.: Almost sure limit sets of random samples in R%. Adv. in
Appl. Probab. 20 (3), 573-599 (1988) MR-0955505
[9] Debreu, G.: Integration of correspondences. Proc. Fifth Berkeley Symp. Math. Statist. and
Probability (Berkeley, Calif.,, 1965/66), Vol. II: Contributions to Probability Theory, Part 1,
351-372 Univ. California Press, Berkeley, Calif. (1967) MR-0228252
[10] Dupin, C.: Applications de géométrie et de méchanique, a la marine, aux ponts et chaussées,
etc., pour faire suite aux développements de géométrie. Paris (1822)
[11] Fisher, L. D.: The convex hull of a sample. Bull. Amer. Math. Soc. 72, 555-558 (1966) MR-
0192526
[12] Fisher, L. D.: Limiting sets and convex hulls of samples from product measures. Ann. Math.
Statist. 40, 1824-1832 (1969) MR-0253391
[13] Fresen, D.: A multivariate Gnedenko law of large numbers. Ann. Probab. 41 (5), 3051-3080,
(2013) MR-3127874
[14] Geffroy, J.: Localisation asymptotique du polyedre d’appui d’une échantillon Laplacien a k
dimensions. Publ. Inst. Statist. Univ. Paris 10, 213-228 (1961) MR-0141148
[15] Gnedenko, B.: Sur la distribution limite du terme maximum d’une série aléatoire. Ann. of
Math. (2) 44, 423-453, (1943) MR-0008655
[16] Goodey, P, Weil, W.: A uniqueness result for mean section bodies. Adv. Math. 229 (1), 596-
601 (2012) MR-2854184
[17] Goodman, V.: Characteristics of normal samples. Ann. Probab. 16, 1281-1290 (1988) MR-
0942768
[18] Gruber, P. M.: The space of convex bodies. Handbook of Convex Geometry, Vol. A, B, 301-318
(1993) MR-1242983
[19] Kinoshita, K., Resnick, S.: Convergence of scaled random samples in R¢. Ann. Probab. 19
(4), 1640-1663 (1991) MR-1127719
[20] Kudo, H.: Dependent experiments and sufficient statistics. Nat. Sci. Rept. Ochanomizu
Univ., Tokyo 4, 151-163 (1954) MR-0067441
[21] Lovész, L., Vempala, S.: The geometry of logconcave functions and sampling algorithms.
Random Structures Algorithms 30, 307-358 (2007) MR-2309621
[22] McBeth, D., Resnick, S.: Stability of random sets generated by multivariate samples. Comm.
Statist. Stochastic Models 10 (3), 549-574 (1994) MR-1284552
[23] Molchanov, I.: Theory of Random Sets, Probability and its Applications, New York. Springer-
Verlag London, Ltd. (2005) MR-2132405
[24] Mosler, K: Multivariate Dispersion, Central Regions and Depth. The Lift Zonoid Approach.
Lecture Notes in Statistics, 165. Springer-Verlag, Berlin (2002) MR-1913862
[25] Pisier, G.: The Volume of Convex Bodies and Banach Space Geometry. Cambridge Tracts in
Mathematics 94, Cambridge University Press, (1989) MR-1036275

ECP 19 (2014), paper 59. ecp.ejpecp.org
Page 7/8


http://www.ams.org/mathscinet-getitem?mr=0360985
http://www.ams.org/mathscinet-getitem?mr=0385966
http://www.ams.org/mathscinet-getitem?mr=0185073
http://www.ams.org/mathscinet-getitem?mr=0185073
http://www.ams.org/mathscinet-getitem?mr=2327291
http://www.ams.org/mathscinet-getitem?mr=0986636
http://www.ams.org/mathscinet-getitem?mr=1249393
http://www.ams.org/mathscinet-getitem?mr=2559718
http://www.ams.org/mathscinet-getitem?mr=0955505
http://www.ams.org/mathscinet-getitem?mr=0228252
http://www.ams.org/mathscinet-getitem?mr=0192526
http://www.ams.org/mathscinet-getitem?mr=0192526
http://www.ams.org/mathscinet-getitem?mr=0253391
http://www.ams.org/mathscinet-getitem?mr=3127874
http://www.ams.org/mathscinet-getitem?mr=0141148
http://www.ams.org/mathscinet-getitem?mr=0008655
http://www.ams.org/mathscinet-getitem?mr=2854184
http://www.ams.org/mathscinet-getitem?mr=0942768
http://www.ams.org/mathscinet-getitem?mr=0942768
http://www.ams.org/mathscinet-getitem?mr=1242983
http://www.ams.org/mathscinet-getitem?mr=1127719
http://www.ams.org/mathscinet-getitem?mr=0067441
http://www.ams.org/mathscinet-getitem?mr=2309621
http://www.ams.org/mathscinet-getitem?mr=1284552
http://www.ams.org/mathscinet-getitem?mr=2132405
http://www.ams.org/mathscinet-getitem?mr=1913862
http://www.ams.org/mathscinet-getitem?mr=1036275
http://dx.doi.org/10.1214/ECP.v19-3376
http://ecp.ejpecp.org/

Concentration of random polytopes

[26] Schechtman, G.: Two observations regarding embedding subsets of Euclidean space in
normed spaces. Adv. Math. 200 (1), 125-135 (2006) MR-2199631

[27] Schechtman, G., Zinn, J.: On the volume of the intersection of two L, balls. Proc. Amer.
Math. Soc. 110 (1), 217-224 (1990) MR-1015684

[28] Schneider, R.: Convex Bodies: the Brunn-Minkowski Theory. 2nd ed. Encyclopedia of Math-
ematics and its Applications, 151. Cambridge University Press, (2014) MR-3155183

[29] Schiitt, C., Werner, E.: The convex floating body. Math. Scand. 66, 275-290, (1990) MR-
1075144

[30] Vitale, R. A.: Expected convex hulls, order statistics, and Banach space probabilities. Acta
Appl. Math. 9 (1-2), 97-102, (1987) MR-0900259

[31] Vitale, R. A.: The Brunn-Minkowski inequality for random sets. J. Multivariate Anal. 33 (2),
286-293, (1990) MR-1055274

[32] Vitale, R. A.: Expected absolute random determinants and zonoids. Ann. Appl. Probab. 1 (2),
293-300 (1991) MR-1102321

[33] Vu, V.: Sharp concentration of random polytopes. Geom. Funct. Anal. 15 (6), 1284-1318,
(2005) MR-2221249

[34] Weil, W.: The estimation of mean shape and mean particle number in overlapping particle
systems in the plane. Adv. in Appl. Probab. 27 (1), 102-119 (1995) MR-1315581

ECP 19 (2014), paper 59. ecp.ejpecp.org
Page 8/8


http://www.ams.org/mathscinet-getitem?mr=2199631
http://www.ams.org/mathscinet-getitem?mr=1015684
http://www.ams.org/mathscinet-getitem?mr=3155183
http://www.ams.org/mathscinet-getitem?mr=1075144
http://www.ams.org/mathscinet-getitem?mr=1075144
http://www.ams.org/mathscinet-getitem?mr=0900259
http://www.ams.org/mathscinet-getitem?mr=1055274
http://www.ams.org/mathscinet-getitem?mr=1102321
http://www.ams.org/mathscinet-getitem?mr=2221249
http://www.ams.org/mathscinet-getitem?mr=1315581
http://dx.doi.org/10.1214/ECP.v19-3376
http://ecp.ejpecp.org/

	Introduction
	Main results
	Approximation in the Hausdorff distance
	Notation
	Proofs
	References

