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Abstract

We obtain a Laplace asymptotic expansion, in orders of A, of
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the expectation being with respect to a Gaussian process. We extend
a result of Pincus [9] and build upon the previous work of Davies and
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the result.
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Introduction

There is a considerable literature on the development and use of Laplace asymp-
totic expansions in areas related to mathematical physics. The papers of Schilder
[10] and Pincus [9] dealt with Wiener integrals and Gaussian functional integrals
respectively. Schilder derived the full structure of the asymptotic expansion and
considered examples in the solution of functional equations and the calculus of
variations whilst Pincus derived the leading order behaviour for the asymp-
totic expansion and had applications to Hammerstein integral equations. In
the papers of Davies and Truman [1, 2, 3, 4] the Laplace asymptotic expansion
of a Conditional Wiener integral ( the underlying process being the Brownian
Bridge ) was developed to arbitrarily high orders and applications were made to
obtaining generalized Mehler kernel formule (for Hamiltonians including mag-
netic fields) and to the Bender-Wu formula (concerned with the behaviour of
perturbation series for ground state energies of the anharmonic oscillator). One
notable application of this work was in Davies and Truman [5] where the exis-
tence of the Meissner-Ochsenfeld effect was proven for an ideal charged Boson
gas.

Ellis and Rosen [6, 7, 8] have developed Laplace asymptotic expansions for
Gaussian functional integrals working with the L? norm throughout. This gives,
perhaps, a cleaner approach to the estimates required in the arguments but in
our view the supremum norm is easier to work with especially when one considers
applications. It was this approach that was used in the initial extension of
Schilder’s [10] work and we continued to use it in our subsequent work.

The seminal paper of Schilder has been, and continues to be, of topical
interest. In more recent years Azencott and Doss [18] have used asymptotic
expansions to study the Schrédinger equation, whilst Azencott [19, 20] has used
asymptotic expansions to study the density of diffusions for small time and both
sequential and parallel annealing. Ben Arous (and co-workers) [21, 22, 23, 24]
have developed and utilised Laplace asymptotic techniques to study functional
integrals with respect to possibly degenerate diffusions, Strassen’s functional law
of the iterated logarithm and the asymptotics of solutions to non-homogeneous
versions of the KPP equation. Kusuoka and Stroock [25, 26] have developed
asymptotic expansions of certain Wiener functionals with degenerate extrema
for processes on abstract Wiener space whilst Rossignol [27] has used the Newton
polyhedron to study the case of Laplace integrals on Wiener space with an
isolated degenerate minimum. A generalization of the expansion formula of
Ben Arous has been developed by Takanobu and Watanabe [28] in which one
can handle Wiener functionals which are smooth in the sense of Malliavin but
not necessarily smooth in the sense of Frechet.

Some preliminary notation and the statement of the main result follow in
the next section. The subsequent section contains the necessary lemmas (and
proofs in some cases) to substantiate the theorem. Those lemmas due to Pincus
are included for clarity and his proofs are noted as such. The final section
contains the proof of the theorem. The proof is an amalgam and extension of
the methods of Pincus [9] and Schilder [10] influenced by our previous work on
Conditional Wiener integrals [1, 2, 3, 4].



The Laplace Asymptotic Expansion

Let p(o,7), 0 < o, 7 < t, denote a continuous, symmetric, positive-definite

kernel. If
¢t
/ / p(o,7)*dodr < 0o
o Jo

then we may define the Hilbert-Schmidt operator A by

(Az) (o) = /0 plo, T)x(T)dr, x € L?[0,1].

Note that A is a compact, self-adjoint, positive-definite operator on L2[0,].
We call p(o,7) a covariance function if p(o,7) = p(7,0) and if for any finite
set 0 < 7 < Tp--- < T, < t the matrix [p(7;,7;] is non-negative definite.
Let E? denote expectation with respect to the mean zero Gaussian process with
covariance function p(o, 7) and sample paths z € C[0, ], the space of continuous
functions on [0,t]. Let C,[0,t] C C[0,t] denote the paths of the process.

Given that A has positive eigenvalues let {p;}5°, be the reciprocal eigenval-
ues in order of increasing magnitude. We will make use of the notation

t
(2,2) = |2 = / P(rydr,  xe 20,4,
0

and

|Z|loo = sup |z(7)], x € C0,¢].
0<r<t

Theorem. Let p(o,7), 0 < o, 7 < t, be a continuous, symmetric, positive-
definite kernel for which there is a Gaussian process generated by p(o,T) hav-
ing continuous sample paths (1), 0 < 7 < t. Let F(z) and G(z) be real
valued continuous functionals defined on C,[0,t] and suppose that the func-
tional H(z) = %(A_%m,A_%m) + F(z) attains its unique global minimum of
batz* € D(A"2) C C,[0,t]. If F(x) and G(x) satisfy the conditions below,
then

eb)‘_QIEgc7 {G(Am)e{_)‘_gF(M)}} =To+ ATy + -+ A" 3T, 3+ O(\"?)

as A — 0, where the I'; are integrals dependent only on the functionals F(x),
G(z) and their Frechet derivatives evaluated at z*.
1. F(x) is measurable.

2. F(z) > —%cl (x,2) — co where c1 < p1 and cg is real.

8. |F(z) = F(y)| < K(z —y,x = )% for |z — 2"l < 2R, [ly —2*[ec <2R
and 0 < a < 1 where R is defined by

R = max{1, (4c2/7)?, (2 + V2)(cap1 M/ (p1 — ¢1))? }.

4. F(z) hasn > 3 continuous Frechet derivatives in a ball of radius § centred
at x* in C,l0,t], § > 0. We further assume that the Frechet derivatives
DIF satisfy D’ F(z* +n)(z,z,...,x) = O(||lz[|%) if [[n]lee < 9.



5. For some € > 0, for |[n|lec < &, E2{exp{—(1 + €)D?*F(z* + n)x?/2}} is
uniformly bounded.

6. G(x) is measurable and is continuous at z*.
7. |G(z)| < caexp {cs||z||A}, c3, ca > 0.

8. G(z) has n—2 continuous Frechet derivatives in a ball of radius § centred
at z* in C,[0,t], 6 > 0.

We will only prove the theorem in the case of b = 0 since we can deduce
the corresponding result for b # 0 by use of the substitution F(x) — F(x) — b.
This Theorem is the analogue of Schilder’s Theorem C [10] and the proof follows
essentially the same route as taken by both Schilder [10] and Pincus [9].

Lemmas

Lemma 1. If the symmetric, positive-definite kernel p(o,7), 0 < o, 7 < ¢
satisfies

p(o,7) = plo’, 7)| < Ko —o'|%,

where K > 0 and 0 < a < 1 then there is a Gaussian process generated by
p(o, T), with continuous sample paths (1), 0 < 7 <t, such that ifa > & >0

Prob{||z||cc > a} < cexp{—’ya2},

where ¢ depends only on & and v =9 (w)

2mt 44K
Proof. See either Simon [11] or Prohorov [13]. O

The following three lemmas are concerned with the properties of the opera-
1
tors A and A”z.

Lemma 2. A~% is a Hilbert-Schmidt operator with a kernel K(o,7) and is a
completely continuous mapping of L*[0,t] into C[0,1].

Proof. See Dunford and Schwarz [14]. O
Lemma 3.
o) (A bal% < M@.a), M = supgcpes (0. 0).
b) (Az,z) < (z,x)/p1 where 1/py is the largest eigenvalue of the operator A.
c) (Az, Ax) < (Az,z)/p1.
d) ||Az[|3, < M(z,z)/p1.
Proof. See Dunford and Schwarz [14]. O

Let D(A™!) denote the domain of the operator A~!. Define the Hilbert
space L%[0,t] as the Cauchy completion of the space D(A~!) under the norm
(A~ lz, z)2.



Lemma 4. The domain of A~2, D(A™7) = L3.
Proof. See Mikhlin [15]. O

Now let [x,y]a denote the inner product on L%. We see from Lemma 4 that
[z,2]a = (A~2z, A~2z). In terms of L% Lemma 2 can be taken to mean that
every bounded set in L? is precompact in C.

The following lemmas deal with the functional H(z) = %(A_%m,A_%m) +
F(z) and its properties.

Lemma 5. Let F(x) be a real valued continuous functional on C|0,t] satisfying

1
F(z) > —501(13,33) — o,
where ¢y <1 p1, ca € R. It then follows that there exists at least one point
x* € D(A™2) at which H(x) assumes its global minimum over C[0,t].

Proof. (Pincus) Let B be the set of points at which H(z) attains its global
minimum, and let {z,} be a minimising sequence of H(x). We then have
B C D(A"7) and that there exists a subsequence {z,,} of {z,} such that
{zn,} converges uniformly to a point z* € B. By Lemma 3, (b), we have

“(A %z, A" z) + F(z) >

2 (p1 —c1)(z,z) —ca > —ca.

DN | =

Thus we have H(z) bounded below for all z. Without loss of generality we may
assume that the global minimum of H(x) is zero. Clearly, when
(A_%mn,A_%mn) — oo we will have H(z,) — co as n — co. From this we see
that the sequence {(A_%mn,A_%mn) = [#n,Zn]a} is bounded. By what imme-
diately follows the proof of Lemma 4 we see that {z,} contains a subsequence
{zn,} which forms a Cauchy sequence in C[0,¢]. Let lim; ,o0 2, = y € C[0, ].
We now proceed to show that y € D(A_%). {xn,} is a bounded set in L% and so
is weakly precompact. Since any Hilbert space is weakly complete we see that
there exists a subsequence of {x,,} which converges weakly in L% to a point
u € L%. We also denote this subsequence as {z,,} to retain clarity. By the
definition of weak convergence we have

(2, 2n]a = [2,ula
as i — oo for all z € L%. In particular, when z € D(A™!) we have
[2,Zn, —ula = (A" 2,20, —u) = 0

as i — 0o. Since {x,,} converges uniformly to y it follows that if z € D(A™1)
then

|(A_1Z,.Iim - y)|2 < (A_lzaA_lz)(mm — Y, Tn; _y) —0
as i — 0o. Therefore, we have

lim [z, xn,]a = (A_lz,u) = (A_lz,y)

1—00



for all z € D(A™!) which implies that u = y € D(A~%). In any normed linear
space the norm is weakly lower semi-continuous, i.e x,, — = weakly implies

|z] < liminf |z, (|z] = norm x).
n
Applying this to L4 we write H(z) = 3[z,z]4 + F(z) and obtain
1 1
71— 00 K] 2 2

Therefore, %(A_%y, A"Ty) + F(y) = 0 which implies y = * for some

z* € B. O

Lemma 6. Let F(x) satisfy the conditions of Lemma 5. Of those x satisfying
|z —2*||oo < R let x* be the only point of B satisfying H(x)=0. It then follows
that given § > 0 there exists a 8(5) > 0 such that 0 < ||z — 2*||cc < R implies
H(z) > 6(9).

Proof. (Pincus) From Lemma 5 we have that every minimizing sequence {x,}
that converges in C[0,t] and satisfies ||z — 2*||c < R must converge to z*.
Suppose that there exists a § > 0 such that 0 < ||z — 2*||c < R implies
H(z) < 6 for all § > 0. This implies that there exists a minimising sequence
{zyn} such that § < ||z — 2*||c < R. The first statement of the proof shows us
that the above is a contradiction. O

Lemma 7. If H(z) has a global minimum at z*, H(z*) = 0, and F(x) is a
continuous, real valued functional on C|0,t] then

inf [l(Am, x)+ F(Ax)] = 0.
zel? 2

Proof. Setting y = Az, we have for x € L?,
1 1, _

given y € D(A™!). Since D(A™1) is dense in L% = D(A~ %), and convergence
in L% implies uniform convergence, we have the lemma. |

We now state and prove six lemmas which give us two transformations for
the functional integral and specific bounds to ensure its existence.

Lemma 8. Let G(z) be a real valued, continuous functional on C[0,t], then
B {G(z)} = EP {G(m + y)e{—[y,y]Aﬂ—[y,w}A}}

where if one side of the equality exists then so does the other and they are equal.

Proof. See Kuo [16]. O

Lemma 9. Given p(o,T) continuous, G(x) an integrable functional and d > 0,
then

EZ{G(2)} = Dy(~d)EL { G(a + dA)el~ (Ar)/2-dlzaH |

where D,( ) is the Fredholm determinant of p(c, 7). As in Lemma 8, if one side
of the inequality exists then so does the other and they are equal.



Proof. Refer to Varberg [17] for the proof. O

Lemma 10. Let D,( ) be the Fredholm determinant of p(c,T) then we have
Dy(—d) < Kgexp {(1+2p1)tB°d* /2p1},  d>1,

where B > 0. Kg depends on 3 and may be explicitly determined.

Proof. From Lemma 9 we have,
Ef {1} = Dy(~d)Eg {e{~FAnn/2=dea}l g5,
Lemma 3, (b), enables us to write
1> D,(~d)E" {e{—(d2/2ﬂ1)(w7w)—d(w7w)}}
= D,(—d)E?, {e{—nw)}}

where n = d + d?/2p; > 0. Using (z,z) < t||z||%, we have

1> D,(—d)E" {e{—nt\lw\lio}} .
Let J = {z : ||z||co < £}, then

1> Dy(—d)Efe, {771}

where E? _ {G(z)} = Ef {X;(x)G(z)}, X(x) being the characteristic function
of the set J. Thus,

1> D,(~d)el "B, {1}
and so
Dy(—d) < Kgexp{(1+2p1)t3%d*/2p1},

where Kﬁ_1 = E?_, {1}, for d > 1. Note that K is a monotonic decreasing

x

function of 8 bounded below at infinity by 1. |

Lemma 11. Suppose F(z) and G(x) are real valued measurable functions de-
fined on C[0,1] satisfying

G (2)| < caexp {esllz|Z}
1
F(z) > —501(13,33) —c2
where c3, c4 >0, c1 < p1. If

0 <A<min{l, (p1 —c1)/(p1c1 + 2Mc3), v/(2¢c3 + 4deg/ Mt/p1)}
then

Bf { [G ()|l *F O L
= Dy (A EL {6 + Ax) el A/ ) e O

is finite.



Proof. Lemma 9 with d = A\~ gives the equality of the two functional integrals
and using the given conditions on F(z) and G(z) we may write

B {|G(0a + Az)jol ) {(o/z0m O A9 |

< caBBf {exp {esA?|[2l% + 2esA|2lloo | Ao + 3]l Az]|3 }
exp {-A"*{(Az/2 + Az, ) — c1(Az + Az, Az + Ax)/2 — c2}}}

By Lemma 3, we have

(Az/2 4+ Az, 2) — 1 (Ax + Az, Az + A1) /2 — N2e3)| Az ||

= (Az,2)/2 — c1(Ax, Az) /2 + N[(z, ) — c1(x, Ax)] — N[e1(m, ) /2 + ez Az||]
> (1= c1/p)(Az,2)/2+ A1 = e1/p1)(, ) = XN*[e1/2 + Mes/pi](z, @)

=1 —ca/p)(Az,2)/2+ A[(1 = c1/p1) = A(er/2 + Mes/p1)](z, z)
(I—=c1/p1)(Az,2)/2 + X1 —c1/p1)(z, x) /2, by choice of A
0

(A\VARY

since (Az,x) > p1(Azx, Az) > 0. Using the above and Lemma 3 again we have
£ {|G(0 + Az)jol N {(Ae/z0m O DN |
< cyexp {eaA T2 }EL {exp {eaX?||z|| % + 203)\\/Mt/p1|\m|\zo}}
< cgexp {eaA?}EL {exp {(v/2)[|z[|%}} by choice of A.

Setting f(u) = Prob{||z||cc < u} the integral above may be written as

| e arw

0

which is finite by virtue of Lemma 1. We have the existence of D,(—A"!) by
Lemma 10 and so

Ef {|G() el PO
is finite. L

Lemma 12. If the covariance function p(o,T) is continuous with 0 < a < 1,
K>0and 0< <1 then

Ef {exp {K (2,2)°/2 /37 — (2, 2)/A}}
< 2exp {KQ/(Q—a)/)\2—a/2}'

Proof. (Pincus) Let g(u) = Prob{]||z||2 < u}, then
Ef {exp {K (2,2)"//3*" = (z,2)/A}}

= / exp {Ku® /A" —u?/A\} dg(u)
0
K/(2=e)

S /A(l—a)/(Q_‘*) exp {Kua/)\Q—Ol _ 'LLQ/)\} dg(u) + 1
0



since exp {Ku®/A>~® —u2/A\} > 1 for u in the latter range of integration
and fooo dg(u) = 1. The supremum of the exponent above will be less than
Ku® /)2~ evaluated at the largest possible value of u, and so

B2 {exp (K (2, 2)*// 327 — (2,2)/A}} < exp {K3/(3) )\G-3)/ G-y g,

Since (4—3a)/(2—a) < 2—a/2 and the fact that the exponent is always greater
than 1, the lemma is proven. |

Lemma 13. Let F(x) and G(z) be real valued, continuous functionals on C[0, t]
such that the following conditions are satisfied.

1. F(z) > —%cl (x,2) — co where c1 < p1 and cg is real.
2. |G(z)| < caexp {es||z||%}, 3, ca > 0.

3. There exists an x* € C,[0,t] such that the functional
H(z) = (A 2z, A~2z)/2+ F(x) attains its global minimum of zero at z*
over C0,t] and G(z) is continuous at x*.

4 |F(z) = Fy)| < K(x —y,z —y)* for ||z — 2o < 2R, [ly — 2*[|oc < 2R
and 0 < o < 1 where

R = max{1, (4¢2/7)?, (2 + V2)(cap1 M/ (p1 — ¢1))? }.

Furthermore, suppose that ©* is the only point in the sphere
{zx € C[0,t] : ||z — 2*||coc < R} at which H(z) attains its global minimum
of zero.

5. Both F(z) and G(z) are measurable.
Then for § > 0 sufficiently small and the set J1, defined by
Ji={z € C0,t] : || Az|loo < /2, ||Az — 27|00 < 6/2}
we have
Dp(_)\_l)EZech {G()\m+Am)e{—)\_g{(Aac/2+)\ac,ac)+F()\ac+Aac)}}}
— Ofexp {~€A72})

& >0, for sufficiently small X, Ji being the complement of J;.

(1)

This Lemma lies at the heart of the proof of the Theorem. It highlights the
connection with the standard large deviation estimates (Stroock [12]) but our
interest in a fully constructive result leads to the proof being somewhat involved.

Proof. Choose a 0 such that § < min{1, R} and 6(§) < 1 where 6 is as defined
in Lemma 6 and choose A > 0 such that
A <minfl, (1 - e1/p1)/(er +2Mes/pr), (1/evr = 1/ pa), (v/4es)?,
7/2e3(1+ 20/ Mt/ pr), [min{yd® /32, 0(5/2) /4 /K7 - ley.



Let J; be as defined in the hypothesis of the lemma and split J{ into the four
sets

Js ={z: || Ar]lec £ 0/2,6/2 < ||Az — 27|00 < R}
Ji={z: R < ||A\2||oc, |[Az — 2¥||sc < R}
Js ={z: R < ||Az — ="/ }

Ja={x:0/2 < || Ar]lec < R, ||Az — 2"||c < R}

From Lemma 10 we have that
Dp(—A7") < Kgexp {(1+2p1)t5° /2p1 3%}

and we may vary 3 > 0 as we desire. We will consider the integral as given in
the hypothesis over the above sets.
Let E5 be given by

p
EaceJQ

< EZGJQ {|G()\.II+A.II)|6{_)\_ {(Aac/2+)\ac,9c)+F()\ac+Aac)}}}

Ey, =

{G()\m + Am)e{—)\_Q{(Aac/2+)\ac,ac)+F()\ac+Aac)}} } ‘

:Eﬂ

ey {|G()\m + Am)|e{_)‘_2{(Aw/27$)+F(Aw)+F(>\ac+Aac)—F(Aac)-i—()\gc,gc)}}}

Now recall from Lemma 7 that inf,cr2 {(Az/2,2) + F(Az)} = 0 and so

By < By, {|G0 + Az) el (PO An —FUD wn ) |
By condition (2)

|G(\x + Az)| < cqexp {cs|| Az + Az||2}
< caexp {es| Az |2, + 263 Az oo | Azl oo + es]| ][ }-

Given that x € Jo we have ||\z|o and ||Az||c both bounded and so we may
choose K> € R, an absolute constant, such that

|G(Az 4+ Az)| < Ks.
Also for z € J; we have | Az + Az — 2*||coc < 2R and || Az — 2*||oc < 2R giving
|F(Az + \z) — F(Az)| < K1 (\z, A\x)?

and so we obtain

Ey < KyEf ., {exp {Ki(z,2)% /N7 — (2,2)/A\}}

< Ky [B2 {exp (2K4(w, 2)F /A2 — 2(a, 2)/A}}] * B2 (X ()}
by use of the Cauchy-Schwarz inequality. Now apply the result of Lemma 1
Ef {Xj,(2)} < cexp {—8°/4N*}

and Lemma 12 to get

Ey < V2K exp {-A"2{16? /8 — X*/2K}/ 7}y (2)

10



Now consider the integral in equation (1) over the set J3. Let Fs3 be given
as

P
Eacer

< B, {160 + Ax)|el A2t r O |

Es =

{G()\m + Ag)el = A/ 20080)+F O +Aa) ) } ’

< K>BP {e{—ﬂ{<Aw/27x>+F<Ax>}}e{K1<m>%/AQ-“—<x,w>/A}}

using two of our previous arguments. Letting y = Az we have (Az/2,z) +
F(Ax) = H(y) and z € J3 implies §/2 < ||y — *||oc < R. Thus by Lemma 6,

(Az/2,x)+ F(Az) > 0(6/2) > 0, x € Js.
Therefore,

E3 < Kyexp{—A"20(6/2)}EL_, {exp{Ki(z,2)? /\>"* — (z,2)/A\}}

e 3

< 2Ksexp {—A"2{0(5/2) — )\a/QKf/(Q_a)}} @

by lemma 12.
Next define F4 by

p
Ew€J4

< EZGJ4 {|G()\.II+A.II)|6{_)\_ {(Aac/2+)\ac,9c)+F()\w+Aac)}}}'

E, =

{G()\m_‘_Am)e{—A_Q{(Aac/2+)\ac,ac)+F()\ac+Aac)}}}’

By condition (2) of the hypothesis of the lemma
|G(\x + Az)| < cyexp {cs|| Az + Az|2,}
< caexp {es]|Az[|%, + 2Acs| 2 ool Az[loo + c5| Az 1%} -

Since z € Jy, ||Az — 2*||co < R implying ||Az]cc < R+ ||2*||co. Thus,

Ey < c4e{c3(R+Hx*Hoo)2}EZ€J4 {exp {c;;HAmHzo + 2Xesl|z]| o (R + Hm*Hoo)}
exp {—)\_2{(Am/2 + Az, x)+ F(x + Am)}}}
By condition (1) of our hypothesis and Lemma 3

(Az/2+ Az, z) + F(Ax + Az)

> (Az,2)/24+ Mz, x) — 1 (Az + Az, Ax + Ax) /2 — ¢

= (Az,2)/2 + Mz, z) — 1\ (z,2) /2 — c1 M, Ax) — ¢1 (A, Ax) /2 — ¢z
(I—=c1/p1)(Az,2)/2 + X1 —c1/p1 — 1A /2)(z, x) — c2
(1—c1/p)[(Az, z) + Mz, )] /2 — c2, by choice of A

—C2.

(AVARAVARLV]

Thus,
Ey < cyexp {cs(R+ [|2*]ls0)?} exp{ceA ™2}
Efc s, {exp {eslAz]% + 2Acsl|zlloo(R + 27l 0) } }
< Ky exp{eah ™} [BL (X, ()]}
[Ef {exp {2cs]|Az|%, + 4Xcsl|zloo( R+ |2%][00) } }]

1
2

11



by the Cauchy-Schwarz inequality. Using Lemma 1 and the bound of A we may
now write

E, < Kjexp {—)\_2{7R2/2 — 02}} . (4)
We finally consider FEj,
E5 = B¢, {GOAx + Az) exp {—A"*{(Az/2+ Az, z) + F(Az + Az)}}}|
< EZer {|G()\m + Az)|exp {-A"2{(Ax/2 + Iz, x) + F(\x + Am)}}}
< il {exp {eall Al + 2Acallallcll Ao + coll A2}
exp {—A"*{(Az/2 + Az, z) + F(Az + Az)}}}
< caBfe s, {exp {esd?jalZ + 22cav/ Mt/ i )% }
exp {—A"*{(Az/2 4+ Az, z) + F(\z + Az) — csA*|| Az |2} }}
< cyexp{ca 2}EL {exp {(03)\2 + 2)\03\/W)Hm|\zo}
exp {-A"*{(Az/2 + Az, z) — (A + Az, Az + Az) /2 — cs\*|| Az || }} }
From the proof of Lemma 11 we have

(Az/2 + Az, x) — Az + Az, Ax + Az) /2 — c3\?|| Az ||,

> (L —c1/p1)(Az,x)/2
>0

and so we have

E5 < cyexp{caA *}EL ). {exp {(03)\2 + 2)\03\/W)Hm|\zo}
exp {-A"2(1 —c1/p1)(Az, 2)/2}} .
If € J5 then || Az — 2*||cc > R, and from Lemma 3 we have
R< A~
= |43 (472 — A" ¥2") |
< M%(A%m — Ag* Avg — A_%m*)%.
Now
(Am,m)% = (A%m,A%m)%
> R/VM — (A 3z* A" 3z%)3,
From the given conditions on H(z) we have
0=H(z*) = (A" %z*, A 22%)/2+ F(z*) > (p1 — c1) (", 2%)/2 — 2

and also

<er(z*, ) + 2¢
<2cic2/(p1 — 1) + 2¢2
=2cap1/(p1 —c1).

12



We now have (Am,m)% > R/VM — \/2¢cap1/(p1 — 1) and so

s < cqexp {_w {(1 —er/m) [RIVIT — V3espi o1 cl)r/2 - CQ}}
Efe s, {exp { (csA? + 22/ Mt/ pr) 212} }

Since
Bl {exp {(C3A2 n 2)\C3\/Mt/p1)|\m|\zo}}
< B, {exp { (es)? + 225/ M/p1) )%} }

< Ks/eq

for some choice of K5 € R* by choice of X we finally obtain

By < Kexp { -3 { (1= /on) [R/VET — VB —en]] 22} ).
(5)
Recalling equation (1) we see that

|Dﬂ(_)‘_1)EZle {G(\z + Az) exp {~A\"*{(Az/2+ Az, 2) + F(Az + Az)}} } |

< Dp(—)\_l)EZle {|G()\m + Az)|exp {-A"2{(Az/2 + Iz, z) + F(\x + Am)}}}
<D,(-A\"Y)[Ex+ E3;+ Es + E5).
We have the following equalities to consider.
H(—A)Ey < V2K Ky exp {—)\‘2{762 /8 — A/2K3 (=) (1 4 95 )12 /2,01}} :
L(—AY)Es < 2K 5K, exp {—)\‘2{9(6/2) 2R @me) gy 2p1)tﬁ2/2p1}} :
YEs < KgKyexp {—A"2{7R?/2 — c; — (1 4 2p1)t0%/2p1}},
s < KpKsexp { =X 2{(1= /) [RIVET = Ve (i —en)] /2

—c—(1+ 2,01)7552/2,01}}-

Dp(=A~
Dy(=A~
Dy(=A~
Dp(=A~

p

We choose 8 > 0 such that
52 = (2p1/t(1 + 2p1)) min{76? /32, 0(5/2) /4, (YR?/2 — ¢2) /2,
(1 =er/py) [RIVM = \2epi[(or —en)| /2= e2)/2}
and we have
A < [min{y0?/32,0(5/2) /4}/ K}/ )2/
giving

(
(

YE; < V2K5K; exp {—\"%y6%/16}

Dy(—A~
D,(—A"")E3 < 2KzKsexp {—A%0(5/2)/2}

13



Our choice of R gives

Dp(—)\_l)E4 < KgK,exp {—)\_27R2/8}

1 2 2
Dp(—)\_ )E5 < K5K5 exp {—)\_ (1 — 61/,01) [R/\/M — 262,01/(,01 — Cl):| /8}
If we define £ by

min {1,762/16, 0(6/2)/2,vR2/8,(1 — c1/p1) [R/\/M — V2cap1/(p1 — cl)} ’ /8}

then we have

Dp(—)\_l)EZle {G(\z + Az) exp {—A"*{(Az/2 + Az,z) + F(Az + Axz)}}}

= O(exp {~€A7%})

proving the lemma. O

Proof of Theorem

Proof. First pick a § that satisfies both the hypothesis of the Theorem and the
conditions in the proof of Lemma 13. Let X (§/A, * /), z) be the characteristic
function of the set {x € C,[0,t] : [[Ax — 2*[|c < 0}. We now consider the
integral
E2 {[1 - X(6/X, 2" /X, x)|G(Az) exp {-A"*F(\z)} }
=D,(-A"MEL{[1 - X(§/\, z* /N, z+ A" Az)|G(\x + Az)
exp {—A"?{(Az/2 + Az, z) + F(Az + Az)}}

(the integral above is over the complement of the set {z : | Az+Ax—z*||oc < d}).
If z € J1, with J; as in Lemma 13, then

Az + Az — 27|00 < [[AZ[loo + [[AZ — 27|00

<6/2+6/2
=6

and so z € J; implies z € {z : || A\x + Az — 2*||o < 6} and thus
{x: X(6/N\ z* /N, x+ A" tAz) = 1}° C Jf. From Lemma 13 and the hypothesis
of the Theorem we have

B2 {[1— X(6/X, 2% /A, 2)]G(Az) exp {—A"*F(Az)} } = O(exp{—¢A7%})
for X sufficiently small. We need now only consider the integral
E1 =E2{X(5/\z* /A z)G(Ax) exp {-AT*F(\z)}}

since O(exp{—&X~2}) < O(A"72) for any n. We now use the translation of
Lemma 8 with z — x + 2* /X to give

By = E;’{X(é/)\, 0,2)G(\z + %)

14



From Taylor’s theorem for functionals we have

F(\x +x*) = F(z*) + ADF(z*)x + \>D*F (2*)(x, z) /2 + k3(\x)
= fo(0) + Af1(0,2) + A2 £2(0, ) + k3(Az), say for convenience',

where [ks(Az)| = O(X?|l]3,) for [|Az]|o < 6. Therefore,
B = EQ{X(&/A, 0,2)G (A + z*) exp { (") 4+ (A", A ) /2
A UDF(z*)z + (A" ¥, A E )] — £(0,2) — A—ng(m)}}
= g{ (6/X,0,2)G(\x + m*)exp{ — F2(0,2) — A—ng(m)}}
since

F(z*) + (A 22", A" 32%)/2 =0
DF(¢*)z + (A™%2* A %z) =0

except possibly on a set of zero measure by definition of x*.
The Taylor series for exp{z} is Z?z_ol 2" /il + Ry (z) where

|R,(2)] < {(z”/n') exp{z} z>0,

|2|™/n! z < 0.

We may now write F; in the form

n—3

By = Y (1/E{ X(3/2,0,2)G (A + 2% exp { — £2(0,2) J[-A"2ks(Aa)]'}
- Viioa(N)
Setting B(, ) to be the characteristic function of the set {z : ks(A\z) > 0},
[Va—2(V)]
< (1/(n —2)EZ {X(5/A 0,2)|G(Az + 2*)||A"%ks (Ax)["
exp{ — f2(0 } (A m)}
+(1/(n —2)))E" {X(é/A 0,2)|G(Az + 2*)||A~2ks ()" 2
exp { = f2(0,2) = A~ 2ks(Aa) }[1 = B )]}
From Taylor’s theorem for functionals it follows that if [ Azl < 8, then
N £5(0,2) + ks(Ax) = ka(Az) = A2 fa(n, )

for some n € C[0,t] with ||n]|c < J where by hypothesis |k3(Az)| < C323||z||3,,

1f]'(7],:v) = DIF(z* +n)(z,x,...,x)/3!

15



C3 being a constant. Thus

Va2 (M)
< (1/(n = 2)HEZ {X(5/A 0,2)|G(Az + «")|(CsN)" 2|1z 3"~

o { = 10,0} B0}
+ (1/(n = 2)Eg {X(5/A 0,2)|G(Az + &")|(CsN)"|l2]| 3~

exp { — faln, ) }1 - B\ )]}

By using the Cauchy-Schwarz inequality (or Holder’s inequality) and condition
(5) of the theorem we have that V,,_2(\) = O(A"~2). We have now proved that

n—3

E=Y( /u)Eg{X(é/A, 0,2)G(\z + 2%) exp { — £(0, x)}[—x%g(m)r}

=0
+O0(\"?).

Since G(x) has n — 2 continuous Frechet derivatives in a neighbourhood of
¥ we may write

n—3
GOz +a*) =Y Ngi(0,2)+ Sn2(Az)

3=0
where S, _2(Az) = O(||\z||%2). Thus, using a similar argument to before we
have

n—3n—3

=3 S )\J]Ep{ (6/X,0,2)g;(0, ) eXp{ - fQ(o,x)}[—A—ng(Ax)]i}

7=0 ¢=0
+0(\"?).

However k3(Ax) = A3 f3(0,x) + -+ A" "1 f,_1(0,2) + kn(Az) where
A2k, (Az) = O(A"2||z||%) for || Az||oo < & and so by using the above, condition
(5) of the theorem and Holder’s inequality

n—3n—3

By =3 Y () (1/iOVEL{ X(5/2,0,2)9,(0,2) exp { — £2(0,) }

=0 i=0

A3(0,2) 4 -+ A" fua(0,2)) } + O(N"2).

It can be seen from the Holder inequality, Lemma 1 and condition (5) of the
theorem that

n—3n—3

>3 (1 a/VEL] [ - X (3/A,0,2))g;0. @) exp { — £2(0,2) |

=0 i=0

A 3(0,2) + -+ X" 1 (0,2))'} = O(P(N) exp{—nA~2}),

16



where P is a polynomial and 7 is a positive constant. Replacing X by [1—(1—X)]
finally gives

n—3n—3

By =Y Y (-1 (1/iNEL{ g (0,2) exp { - £(0,2)}

=0 i=0

Af3(0,2) + -+ A" 3 f,_1(0, m)]i} o2,

so that

By =T+ Al + A To+ -+ A" %, 3+ O(\"2),

where the I'; are only dependent on the Frechet derivatives of F' and G at z*
for i =1,2,3,...,n — 3. This completes the proof of the theorem. O
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